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Dispersion of Sound in a Turbalent Flow

V. A, Kruriln“i‘kw and, V I ;Tdta'r‘gkyf ‘

Dispersion of sound in a turbulent flow is caused by the fluctuations of- N P
the velocity of the flow and by the fluctuations of the temperature, distrib- ' -
uted irregularly in the flow, We shall assume that a turbulent flow can be
described by the equations of an incompressible viscous fluid. In an incom-
pressible fluid the dispersion by temperature irregularities and the dis-
persion by fluctuations of the velocity of the flow are mdependent.. The
total effect of dlspersmn is the sum of these effects..

Sound propagation in a turbulent flow is described by the wave eqntl.on
of the acoustics of a movnng medium:

AV — —(T+vv)nw 0, SV e
vhere ¥ is the potential of the sound field, ¢ the speed of sound, and v the
velocity of the motion of the medium. In a system of coordinates t.lut moves
with the average velocity of the flow, v refers to the turbulent velocity.

If we assume that the fluctuations of the velocity of the flow are consider-
ably mller ‘than the speed of sound in the medium, we can disregard the term
containing v* in Eq. (1). This equation then becomes A

. 167 2 ¢ 09 o¥ |
AT — i =& Vg o + 3 oy 2

In this expression and hereafter we omit the summation sign from 1 to 3 {
for the indices that are repent.ed twice. In order to compare the values of ‘
the first and second terms in the right-hand side of (2), we must examine
the composition of the spectrum of the veloclty field of the flow. If the high-
est frequency contained in the spectrum of v is Q, then Qv;/Ot is of the
order v;; and O¥/Ot is of the order of w¥, where W is the sound frequency. A
Thus, if the condition w > Q is satisfied, we can disregard the second temm L~
in the right-hand side of Eq. (2). According toexpenmul data, the ‘v’nlne‘
of Q does not exceed 100 cycles/sec, and the second term in the right-hand - . _ipia
side of Eq. (2) will have an effect only for tle lowest sound freqnencl.u. N
(It must be noted that. for the frequencies cnandale with the frequencies
of turbulent fluctuations the use of Eg. (1) is justified only when the
fluctuations of pressure in the flow considerably exceed the: sound pru-uu.) i L

The: equation {

s

x5

2 _ 2y ' o
AY —EGE = d0 st
(nthont the tem containing the acceleration) can be solved by the method
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of successive approximations. As a first approximation, one chooses t'luffpliu‘;e'
monochrometic wave

R

A.e' (U] :j otif)

with the smplitude 4o, t.he frequency w, and the wave vector k;. Cbukhov'
(assuming the statistical homogeneity and isotropism of the fiw) cbtained
the folloving equation for the mean square of ‘the amplitude of the dispersion

. in the direction of the single wave vector m: A .
e ASSEEV o \
W= S R e ® L
o . where V is the magnitude of the dispersed voltne, r the dut:ance fmm this ‘

. voltlle to the referenoe point, and.

Ry@B=uo e o @

We dehne the z was by the vector k — kn and the x, z plane by the vectors. S
k and k — kn. If we denote by O the angle between k and n (the angle between T

the directions of the incident and dispersed waves), we obtain
k—in= {0. 0, 2k s'ml‘}‘ k= { k cos--g‘. 0,k sin,—}:} ;
p =p{cospsiny, sincp sini ¢, cos ¢} =pm. ()
Here 0, 9, and ¥ are the apherical coordinates of the point . In terms of
these coordinates, Eq. (3) becomes ‘ ‘ ;
- Qe . . - | S
-'—r,,n‘-SRu(p) T ™ prgin g dpdyay. (6) e
Blt as we know (see, for instance, reference 2), : - E
o RU(P) = (R;r — Ru) mim; — Ry, n o
}’ ! | where Rrr(0) and Ree(p) are functions only of the distance between the points
i ’ in quesuon. In order to evaluate (6) we need only the components R, Ris, 7
: Ras, since only k; and kg are different from zero. They have the fom i
3 Ry (p) = (R,, — Ry)cos* g sin*$ + Riss R;a(9)= (Rrr — Ru) 08 ¢ 8in ¢ cos §: a
? Rus(p) = (Rrr— RuYcos™y + Ru. 8) -
f‘ ) In an incompressible fluid R;, and Ry¢ are related by Karman's equation, | B ti‘. s
£ n-ely ‘ '
) | ‘Ra=Rr+WeRn ® !
S If we use this relation, we can establish the form of the dependence of l!;l v -
L%\ on O (the indicatrix of dispersion) without defl.nmg the form of the function o
S Rrr(p). When we introduce the notation ‘ e
£ 5y 9) *‘ISA-RU(;) S *o*ain pdp e dy, | (10) 7
' we can write (6) as ‘
AL an R
. B
3 ‘5\ N
S S - : - ‘ < E
L . LI T N R N et
L : A ] e S




) 3

- I the functioms Nyp(p) and ll,n(p) docrense: ripidly enough with incremsing
p throughout the volume V, thmt.h\ntqneunmrpu (10) can be wxtended
from 0 to = (this requires that the coadition V »1° be satisfied; here 1 is
the distance at which the correlation. fmun &cm cnnndonbly)

“Since Ry contains the. factor cos ¢, it is
shall now show, Eg. (9) implies that Iy, is tlao 2610, &im:nuug I.lt (10)
the Rss from (8) and u\t.egratmg over ¢ and V. we find thet -

1' - 4' {Rrr (P) [M + 08 & '_
~ Rup) [ﬁ?;‘;!-“—' an

vhere @ = 2k sin 6/2. When we replace R"(p) by R,.,(p) + 1/20R7+(p) end iste-
grate by parts the terms containing Rfr(p), we find that Ieo =0 if ouly llm

PR" 'P) =0,
Thus, Iys =Tes =0, and hence (11) becomes 7
i('mr’u(')“"-:‘ , Cud

We shall show now that I,,(0) = I,y (n) =0, For this purpose, let us inte-.

grate the expression for I1,(0) = I3 (%) over @ and ¥ and again wse Eq. (9).

We find that. Ig;(ﬁ) = Iga(t) =0 if le Ilmp'R"‘(p) =10

Thus, it follows from the ucqmnhu\ty Teatures of the turbulent
motion of a fluid that. tlle indicatrix of sownd dqunu has mn- for
6=0amd®=x

For further computations, we wust det.emne ‘the form of the f-ctton Riro).
We assume for it the expression

w,,r(,;).g%‘?u‘i;ﬂ; aw

Here u® is ‘the mean-asquare value of the tuhluee velocity of the flow, snd
1 the scale of the correlation defining the average magnitwde of the fluc-
tustions. We cam find Ru(‘ ) from Eq. (9).. Substituting these empressioms in
ilO) -; find [,1(6). For |¢,|* we dbtain (omitting the intermediate calca-
ationma )

—— T o

O = 1w - sy
where " -‘u/c mmmmmu
kmlu. Figs. 1 and 2 show two indicatrices of dispersien

mtlnewluuﬂ*l/f-dﬂ = 10. When k1 »>1, nlmtd‘lw
nchududfornﬂ.ﬂum&muuihhmﬂo W

e,
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stegrating (16) over all the values of the angles, we find the dispersion

coefficient 2a:

% = _%-_[w: grpr_z""‘) .;.71":‘1“(17 ¥ Aﬁq-);]; . i a1y
Hence, for kl >} 'e obtain , | l |
| 2t (R o | o
Since at high frequencies the main part o'f"the, di;per:aéd energy is directed
forward, we may be interested here in the part directed backward. Let us find

the corresponding dispersion coefficient, which we designate 2a. When kil > .1,
we. have ‘ R l

Sy A‘p."‘ o sin® 6. ) 4 ~ y.' | p - T S
g = WS ‘(1+ < J2rsinddd = (1—1n2) =014, (19)
CANRE ) o ,

Thus the coefficient of the “backward dispersion” becomes constant at
high frequencies. When we are interested in the phase relations in a wave,

Incident®
wave ' .4
—

Fig. 1. &l = 12, Fig. 2. kl = 10.

we must take the value of 20 as the dispersion coefficient (since phase re-
lations vary in a dispersed wave, depending upon the magnitude of the wave
vector, etc.). However, if the given wave interests us only from the view-
point of energy, we must take as the dispersion coefficient a considerably
smaller value, namely 2a. ‘ :
We note here that if the term.allowing for the acceleration of the flow
is kept in the original Eq. (2), then the following extra term sppears in
the expression (15) for the mean square smplitude of the dispersed wave: -

V(@) (I—cos@)t " (20)
2alr (‘u'?‘l(i g "-A-‘.cos"o‘)i" S
: , \ Ca )

dtere ;; is t.he-ean-aqum value of the f,l‘uctmt.‘i_oml'of‘ acceleration and
l, is the correlation scale of the field of accelerations. In deriving (20),
the correlation function of the field of accelerations a;; was taken in the
form ayy(p) =wi(F)w;(t+p)=_(ar— i) mm; + Gudy and ay(p) = swde—oh,
while d,, was determined” from the equation a,, * G¢¢ + Paygq. :
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It is quite possible that the dispersion of aound by the fxeld of accel-
erations may serve to explain better a demping of infrasound in the atmos-

phere, which damping is greater than that accounted for by the t.heory of dis-
peruon through viscosity and t.heml eondncunty.
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