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ABSTRACT

Characteristic conditions are derived for non-linearized three dimen-
sional compressible flows in which the entropy of any fluid particle re-
mains constant.

Irrotational isentropic flows for which the maps x, y, z, t

vlaxWy
have fewer than four dimensions have been studied by applying a degenerate
Legendre transformation to the equation of the velocity potential function,
0. The class of such flows includes steady conical flows and pseudo-
stationary flows, for example, All results presented are in the nature of
statements about geometrical properties of the map, of certain characteristic
hypersurfaces in space-time, etc.

A number of problems which could be expected to lead to pseudo-station-
axy flows are outlined. Most, but not all, are well known problems that have
been solved at least in linearized form.
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1. Introduction.

The development of the theory of compressible perfect fluids has been
impeded by the fact that the basic equations are non-linear, Therefore it
has been profitable to consider special examples to discover general
principles and to gain insight into the structure of flows, Specializations
are usually based on such properties as irrotationality, reduction in number
of dimensions, radial, cylindrical, or axial symmetry, etc.

For steady irrotational flow it has been found instructive to study
those flows for which the mapping (x, y, z)-,-(u, v, w) = v0, where 0 is
the velocity potential, takes the physical space onto a one-or two-
dimensional image in the hodograph space CSJ I . This leads to consider-
ation of the class of conical flows which are interesting and important
not only in their own right, but alpo for the fact that they appear to
be connected with the singularities of steady flow fields near the tips
or edges of bodies with discontinuous normalso That is, the limits
attained by the velocity components and other flow functions at the tip
will depend, in general, on the direction from which the tip is approached.
An argument can be devised which makes it plausible to conclude that the
(u, v, w) image or hodograph is the same as that for the flow which would
occur about the tangent cone at the tip under the same free stream con-
ditions.

Such considerations have suggested that it would be equally profitable
to undertake the study of non-steady irrotational flows for which the
mapping (t, x, y, z) -u-(/at, u, v, w) = (/at,V0), where 0 is the
velocity potential, takes space-time onto a one-, two-, or three-dimensional
image. The image will be called the hodograph, and when it has fewer than
four dimensions, the hodograph and the flow will be said to be degenerate.
The study leads, eventually, to the consideration of non-steady cocal
flows, also referred to as pseudo-stationary or self-similar flows. Such
flows occur in the establishment of steady conical flows about conical
bodies in shock tubes, not to mention other examples discussed at the
end of the papero It is to be expected that they are also related to the
behavior of flow fields near singular points in space-time. That is, the
limits attained by velocity components and other flow functions at the
singular point should depend, in general, on the direction from which the
singular point is approached. If this is in a region of potential flow,
one would conjecture that the (4/at, u, v, w) image or hodogravh is the
same as that for one of the degenerate unsteady flows considered here.
This phenomenon would occur, for example, in the one-dimensional flow
behind a piston which is withdrawn with increasing speed and which
experiences a discontinuous increase in speed at some instanto The
singular point would be on the piston curve at the time and place where
the discontinuity in velocity occurs,

1. Bracketed numbers designate xeferences at the end of the papero
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Nuch of the discussion is concerned with charachteristic subspaces
of space-time or of the hodographs. To clarify this discussion, and
also because it casts some light on the general wave nature of unsteady
flows, a section on the characteristic conditions for general unsteady
flows has been included.

2. Fundamental Equations.

Non-steady, non-viscous flow is governed by the equations of motion

(2.1) au./at + u.8u./Ui/ax. = - ) D/ax.
31 2. 3 2

the equation of cointinuity

(2.2) ap/at + a (p u.)/ax. = 0

a pressure density relation

(2.3) p = eS/Cv

and constancy of entropy for a fluid particle (between passages through
successive shock fronts)

(2.4) as/8t 4u. s/ax- o

Here ui(x, t) (i = 1, 2, 3) are cartesian velocity components at time

t at the point with rectangular coordinates xl, x2, x3 ; p(x, t), p(x, t),

and s(x, t) are the pressure, density, and entropy per unit mass,
respectively; and y is the ratio of the specific heat at constant pressure
to that at constant volume. The convention has been adopted that repeated
indices in any sum and imply summation over their range. The pressure can
be eliminated from (2.1) by means of (2.3). It will be assumed hereafter
that this has been done.

Occasionally it will be more advantai.eous to use vector notation.
Then the preceding equations take the form

(2.lv) -/at + --l

(2.2v) ap/at + V. (pU) = 0

(2.hv) as/at + 7. V s = o

In some parts of the following discussion it will be convenient to
consider irrotational isentronic flows. For these s constant, and

(2.5) a Ui/ax. = au./ax
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Now there exists a velocity potential function such that

(2.6) uI = C Waxi

Then (2.1), (2.3), and (2.6) imply Bernoulli's equation a9/8t + p/(Y-l)p

df/dt for some function f(t). Since f(t) can be absorbed into without affecting

(2.1) to (2.6), Bernoulli's equation can be expressed as

(2.7) a2= ap/ap = Yp/p - (Y - 1)(1 u..u + Ul/t)

where a is the speed of sound. Finally, eliminate p and p from (2.1) and (2.2)
by means of (2.3) and (2.7) to obtain

(2.8) (a2 8i - uuj) 8 V/ax Ix j - 2uja2./axjCt - 8 2/t2 = 0

where Kronecker' s delta, 5.. = 1 (0) accordingly as i = ( )j.

3. Characteristi Conditions.

A standard exercise in the theory of partial differential equations is
Cauchy's problem. For the system (2.1v), (2.2v), and (2.4v) this can be
stated as follows. Consider a three-dimensional initial hypersurface
in soace-time.

(3.1) x = 7(r l , r r 3 ) = 7(r), t = T(rl, r r 3 ) T(r)

where the

(3.2) rank of a !/ari,9 aT/ar i II = 3

Construct solutions 11(3 t), p(-, t), and s(l, t) which assume on (3.1) the
mrescribed initial values

C- (r), T(r)) =(r)

(33) p(7(r).9 T(r)) =R(r)

s(!(r), T(r)) = S(r)
subject to appropriate assumptions about the continuity and differentiability

of the functions (3.1) and (3.3).

If the function T(r) is a constant, T0, then (3.1) is merely some three-
dimensional region of the xlx2 x3 space at a fixed time t T0 .

Tf T(r) is not a constant function, then for the solutions of T(r) T 0
= constant the functions Y(r) define a surface in the Xlx2 x3 -space,
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the shape, location, and orientation of which depend on the time To .0

In other words, (3.1) can be interpreted as defining a moving twisting,
deforming surface in the xl 2 x3-space.

If I, T, 1, R, and S are analytic in rl, r 2 , and r3, try to expand

i(5, t), p(i, t), and s(i, t) in Taylor's series about some point 7*, T*

of (3.1). The values of

(3#4) V'1, alat, Vp, ap/at Vs, as/at

required for this expansion must satisfy (2.1v), (2.2v), (2.4v), and
the strip conditionso

(3.5) Vii. Ti /at -

(3.6) 71 Vp + Tia/at = Ri

(3.7) " s + T as/at S

where f af/ari for any f(r), and i 1 19 2, 3. If these twenty

equations have a unique solution (3.4) on (3.1)., then the values of
all partial derivatives of all orders are uniquely determined on (3.1).
By the cauchy-Kowalewski theorem., the Taylor's series for U(X, t),
p (3, t), and s(x, t) are unique, converge near X*, T*., and satisfy

(2.1v), (2.2v), (2.4v), and (3.3). 1
In all flow problems u, p. and s must be continuous in regions of

space-time between shock fronts or contact discontinuities, but (3.4)
or the partial derivatives of higher order merely need to be continuous
almost everywhere., so U, p and s are not necessarily analytic. Hence
some partial derivatives of U, p, or s may have a discontinuity. If
this is interpreted as a weak disturbance, it is important from physical
and computational considerations to determine how this is propagated.
For simplicity, suppose some of (3.4) are discontinuous at I*, T* on
(3.1), though the discussion can also be adapted to partial derivatives
of higher order. Then it must be impossible to determine (3.4) uniquely
at 14, T* from (2.lv), (2.2v), (2.4v), ad (3.5) to (3.7), but this
system must still be compatible. For theoretical and numerical appli-
cations the most interesting situation is that in which (3.4) fail to
be uniquely determined everywhere on (3.1) rather than just at *., T*.
In this case (3.1) will be said to be a characteristic hypersurface,
and the compatibility conditions for the system of twentylinear
equations, which are expressed solely in terms of (hyper-)surface data
(3.1) and (3.3) and their surfaco (tangential) derivatives, will be
called characteristic conditions.

8
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* An application of Cramer's rule to (3.4) yi elds (1 1Y

(7.) j+2) (Ij Ta/t) . where (I for any

vectors r, ' and j + 1 and j + 2 are to be reduced mod 3. Now
the four components Nop V of a normal to (3.1) satisfy

(3.8) NoTi + = 0

By (3.2) this system has one linearly independent solution: - (k 2 X3 ),

I m , £ jTj j 
X+ j+ 2 

o  Hen ce

(3.9) No VP I- ap/at + , I j+IX2J+2Rj

Novs as/at Zjxjl j+2sj

Then by (2.1v), (2.2v), (2.4v), and (3.9)ii

(3i) (No° f -'Nl) Elat + R71 R [A 2ap/at + (apla s)aslat] +

(3.11) (N0 + Vi-N)a/a t * R. t + o j2 -0

(3.12) (N + I-,Nas/a t + ( ({U )s -0

where P - eS/CvR¥ and A2  8P/aR° The scalar product of 17 and (3.10) yields

(No + f-IT)Na6/at + R-1N2 [A2ap/at + (ap/-G)as/at ]+

zj"'Ur 7 j+ J2) + R1 (AN + S Was 1  AJ2 0
, _lj~l- ( Xj XJ2 )  RIA i'J S,/a)I J+l J+2i)] 0

The determinant of the coeficients of

(3.14) "°aN/atq ap/at, as/at

in (3.11) to (3,13) is

(315) . (No + I.) [(No + .) 2  A2 N 2]

9
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1,f 4t0, then (3.14) are uniquely determinedg and since No + 1.1 1 0,

a /at are unique by (3.10) If in addition NoO#, then by (3.9)V'U % ,

and Vs are unique. 'Thus a necessary condition for non-unique values
of (3.4) is

(3.16) No 4 0

Case 1: If the Jacobian

(3.17) No X( -i3) -0

its rank is two by (3.2), and also TiAO for some i. Hence F(7) - 0 for

some F. In other words, the initial surface in the xlx2x3 - space does

not vary with L passage of time. Now (3.9) are compatible since

N. - . and hence NX ( I J) X 0. Their unique solutions satisfy1j+l J+2

N 2a/at .Z(~!IT + 2)17 N ap/at w2' (V 7J jJ Il+2 i jj+l J,2)R

N as/at 2 - fg t2j + j

By means of these equations eliminate ZE/at, 2/at, and as/at from

(3.10) to (3.12) to obtain

J jl ) -j + R '(A2Rj + SjaP/a) ]+

(3.19) ~ ~ + 'f +2)N1 4 . X 4 2 I10

Case 2: Suppose NQ#O, but

(3.218)

Then the compatibility conditions for (3.10) become
(3.22) ,"!,x 1X+.,2 .., I +u ,,'R.(A2R, + s '/,)] -o..,

~10
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If these are satisfied, then (3.10)is equivalent to the single equation(3.13)s -which now takes the form

(3.13.2) 0 = R-N 2 2 ap/at +(aP/aS)as/t +

Thj+h (U 1j 2 ' + s P+s) !j+i !j 2)

while (3.11) becomes

(3.3-1.2) R11.2r/ct + (7
( (j+l j+ 2 )'(Rr)j 0

Finally (3.12) yields

(3.23) j(-U Xj+l 7j+2)Sj= 0

By (3.11.2) and (3.13.2) three of the five functions (3.14) are
arbitrary. Hence there is a three-parameter family of solutions (3.4).

To interpret (3.21) proceed as follows. Suppose a solution

uC7, t), p(l, t), s(R, t) of (2.lv), (2.2v), and (2.4v) is known. First
seek an integral t f x) of (3.21). In this case N = - , N = Tfz p,
and (3.21 becomes o

(3.24) '.' -1 o

where i = uC(, f). Solutions of this first order partial differential
equation can be constructed by passing through each point of some two-
dimensional initial manifold

(3.25) 1 - 3*(rl, r 2 ), t = t*(r1 , r2 )

integral curves of the system

cr/dr =1, dt/dr =' i. .
3 3

(3.26) c I/dr3 - (a 13 - (p ru/at) p

with initial conditions a = i*(rl, r2 )(known, of course) and- = p*(rl, r 2 )

chosen to be solutions of i* * * = 1 and at*/ara + S* "a3*/ar a = 0

(a = 1, 2). By (3.26) assume r = t with no loss of generality. Hence

c d-/dt = -. In other words, at al times t the surface *x =(rl, r2 ; t)

is always composed of the same particles, i.e., the integral surfaces
t-f(x) of (3.21) are particle fronts.

I3.
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Integral surfaces of (3.21) which cannot be represented by t = f(3)
must satisfy some equation g(M) = 0, where g is independent of t. On
such a surface No = 0, contrary to the hypotheses for this case.

Case 3: -Suppose No(N o + 1'7*1), 0, but

(3.27) (N 0 + 1'7)2 _ A2N2  0

By (3.12) as/at is unique. A compatibility condition for (3.11) and
(3.13) is

j fm 7j+l 3j+2) [(No + ' -R -R 2 (A2aj + Sja P/aS)l +

(3.28) (I 'j+l T j+2) (No + ' 'I)R1 (A2R + Sja P/as) -

A J j3jl 7j+2 0

If this is satisfied, only three of (3.10) and (3.11) are independent, and
there is a one-parameter family of solutions (3.4).

To interpret (3.27), again suDno3e a solution of u t), p(l, t),
s(., t) of (2. &v,) is known. Seek integrals t = f x)
of (3.27). Again N' = - i, = - f B-, and (3.27) becomes(3.29) a2 p 0

Solutions of this first order partial differential equation can be
constructed by passing through each point of some two-dimensional initial
manifold (3.25) integral curves of the system

dx/dr 3 =(u-7 - l)- - a27, dt/ch-3 = .d/dr3 = u. - I

(3.30)
c /d3 -y;' - 1) (17*) .7; p2 a V a

- --
Lt

with initial conditions T*(rl, r2) determined by

2 - *2 2
(3.31) (u*.p*- 1) -a P* in0

(3-32) at*/ara + i3*.rx*/ar =0, a =1, 2

12



", I An important special case is that for which (3.25) degenerates into a
single point x* = constant, t* = constant. Then (3.32) need not be

considered, and (3.31) yields a two-parameter set of initial values
t (rl, r 2 ). The set of all integral curves of (3.30) through 7, t*

for each set of initial values forms a characteristic hyperconoid.
Eliminate r 3 from (3.30) to find

2-
(3.33) di/dt = - aj/(U.' - 1)
and a similar equation for d /dt. At each instant t* the points (rl,r2 ; t)

on the characteristic hyperconoid integrals of (3.33) determine the boundary
of the region into which a weak disturbance at (or sound Wave from I* at
time t* has propagated. By (3.29) and (3.33) (cf/dt - u) = a 2 Thus to find
the possible initial velocities dR/dt at time t*, to draw all vectors from
the point I* in xlx2x 3- space to the surface of the sphere with center at

x* + u* and radius a*. This yields the well known result that weak disturb-
ances at 3* at time t* propagate in all directions in subsonic flows, but
~nyin-o-he d_treamnannf- he Mach conoid with verte at- isu-

o i-~7~ -TZE -a -ap -f 7 -Z i V - - -~x insuper-

To put the results just obtained into a more familiar light consider
one-dimensional unsteady flow. Now (3.1) can be given the form t - t(rl),

X = (x(rl), r 2 , r 3 ), andl = (u(r1 ), O, 0). (3.21) and (3.23) yield

(3.33) dx W'udt, ds = 0

while (3:27) and (3.28) yield (dx - udt)2 = a2 (dt) 2  and if dx 0 ,

(dx - udt) du + p -dt(a 2dp + apfi/s ds) = O In their usual form these are

(3.35) dx + adt, du = + (adp a-1 8p/asds)

Similarly, for

=(uxr, uy/r, 0), r2= x2 + y2

= (ux/r, uy/r, uz/r), r x + y + 2

where u = u(r, t), and for (3.1) of the form t = t(rl) ,

= (r(rl) cos r 2 , r(rl) sin r 2 , r 3 )

E= (r(r) cos r2 cos r3, r(rl )sin r2 cos r3, r(rl) sin r31

equations (3.21), (3.22), (3.27), and (3.28) reduces to the dharacteristic
equations for unsteady cylindrically [spherically] symmetrical flow.

13



4. Specializations. Degenerate Legendre transformations. (2.1), (2.2),
r and kZ24) form a system of non-linear partial differeti'al equations for

five functions of four independent variables. At present the theory
is much more highly developed for systems with two independent variables
than for three or four. Hence it is profitable to consider examples of un-
steady flows with special properties that make it possible to reduce the
number of independent variables. A common procedure is to consider one-
dimensional or cylindrically or spherically symmetrical flows. A slightly
more general technique which has proved fruitful in the study of steady
flows [5] is to seek solutions of the form

(4.1) Ui - U.(P),p P pfij'), s = s40)

where 1± = I' " ' ~ 1n; = Ia(XI' x2 , x3 , t) = Pa(x, t)l a 1 1, ... ,n;

i n! - 4 ; and the

(4.2) rank o

As in the steady case, this leads to very interesting classes of flows.
Several important examples of this type, investigation of which should
yield valuable results both in fluid mechanics and in the theory of partial
differential equations, will be mentioned in Section 8. For simplicity
the discussion in this and the three following sections will be restricted
to irrotational isentropic flow. Now s = constant, and

(4.3) u i = Ax i

where V, p, and p satisfy the partial differential equation (2.8) and
Bernoullits equation (2.7). Let

(4.4) xo = t, uo = /at

where by (2.7) uo = uo(p). Assume that the

(4-5) rank of 11 au/apalin,

wherel = O,1 ,2, 3.

By analogy with the usage in [5] , the image u, of x, under the mapping

x -- > u, will be called its hodograph. Now (4.1) defines an n-dimensional sub-

space in the hodograph space. The flow will be said to be a single, double,
or triple wave accordingly as M"], 2, or 3; n-dimensional subspaces oT-
eit he'I ograph space or of space time will be called curves for n = 1;
surfaces for n = 2 and hypersurfaces for n = 3. Tf n -3 the hdograph and

14!



the flow will be said to be degenerate. With no loss of generality assume
that 1A- n ' 3. Now let k(x7, t x -. 1 (&). Then akx/xj = -

(xIa~u/xa) (a1L/axj), and the rank of ak/ax., ap.ax II - n also, which

implies k = k(g). Now

(4.6) = () xju(g)

and by (4.2)

(4.7) xaui:/a a + ak/aa =o

whence

(4.8) (ic a2 ,/a±a 1t + a2k/agajl,)agi/ax, = a u/ag,

Again by (4.2) the

rank of 11 x a2  /aa + a2 nk/- agpiI=I
Hereafter, assume that m1(g) and k() have been chosen to satisfy (4.9).

Than (4.7) can-be inverted to yield p,(x).

By (4.1) a point on the hodograph is determined by setting p =gMo"

The set of points in space-time which is mapped onto ui(vo) will be called

its prototype. (4.7) implies

Theorem 4.1: Suppose the coordinate axes of space-tine and the hodogaph
spaces are parallel. Then the protot-ype of a point o (o)n an dimen-

sional. hodograph is the (4 - n) - dimensional intersection of n hyperplanes
(4.)-with normal parallel to the tangent vectors a /ag't u, (po).

Let D = (aui/a%)(aui/a±), where a is not summed. If Dp = 0, but

a uo/app 9 0 for some P, then (4.7) defines a (4 - n) - dimensional region

of xlx2 x3-space at time t = 1 (ak/ap)/(auo/ap ). If Dal 0 for all c then

(4.7) corresponds to the intersection of a set of n planes in xx 2x3-space

which move with constant velocities - (auo/cp)(auj/ap.)/D, where a is not

summed. That is the points xi that bear given values u. i(go), p(po), and

p (go) move with a constant velocity that depends on p o" This suggests

I,
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examining the possibility, considered at length in Section 8, of seeking
flows with uniformly expanding geometry, in which all flow functions
depend only on xi/I so-called unsteady conical flows [2] or pseudo-
station flows [l,6].

So far V has merely been compelled to yield a degenerate map. For
an unsteady compressible flow (2.7) and (2.8) must also be satisfied. In

(2.8) a2 JaxiaxJ is required. By (4.3) and (4.4)
(4.io) 2 / ax -(au/a ()ujpP/a.) (at," x)

Let lir(V) be 4 - n mutually orthogonal unit normals 2 to u1 - u, (L).

That is,

(4.11) 0, ViV/ 6FA

By (4.10) (au./a t'.) (aas/ xj)vjF= 0, and by (4.5)

(4.12) (2j'a xj)vjr= 0

By (4.5) and (4.11)

(4.13) a4axj = Ataujl/av

for some AV. Now by (4.8), (4.10), and (4.5) (x1a -) 2 /aLaa8 +

a2k/gattp ) - . The general solution of (4.7) is of the form

(4.14) '1 ' xo + rr v

where x0 is a particular solution, and r are independent of the 's*and
each other. Write

(4.15) -o - Aa a u/a

2. To summarize the conventions regarding indices in the following
discussion, Roman lower case range from 1 to 3; Roman capitals from
0 to 3; Greek lower case from I to n; and Greek capitals from 1 to 4 - n.

16



Then by (4.7)

(4.16) A,(au/apL) (au,/aIt,) + ak/ap, -0

defines A,(1., and

(4.17) + rr Vr a2 + 2k/a j'"a81] - -

defines A , (V, r). Finally, by (2.8), (4.10), and (4.13)

(Ia2 [(a uz.A/ ) (a u:/ai1p) - (a u,/a v,) (8 uo/ap)
(4.18)

(a Uo/6p± + ui? u./ a) (a u/a + uia ui/app)} Amp = 0

5. Simple waves. When n = 1, AP consists of a single element, and

(4.18) yields

(5.1) (,%' + ,u,)2 . a2.u! u!

where primes denote ordinary derivatives with respect to pI' and by

Bernoulli, s equation

2 1
(5.2) a -- (-l) (% + 72uiu i)

If a2 9 0 (5.1) and (5.2) imply
(5.3) uu = 4a2 2

Now let

(5.4) da/dj1i = (u. u) = /(y

to obtain

(5.5) a + 2a/(y(- 1) = ._ 2a0/(Y - 1)

\. where ao and a° are constants. Note that a is simply the arc length of

the projection of ur = u,(p) onto any hyperplane uo - constant. In a

one-dimensional simple wave (5.5) reduces to the familiar form (3.25)

with s - constant. Since (5.1) is of the form (3.27), the prototype
, 17
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hyperplanes are characteristic ersu .faces* Since u., p, and s are
constant thereon (3.20) is satife.Frher note %hat each proto-
type hyperplane corresponds to a plane moying with constantlvelocity

- Ia(IOu1(0)/u ()u (1) = Euju(I + i mm ° "  .
--= 1

Since uju(I(j )" 1 is the component of fluid velocity normal to this

plane, its speed is exactly what one would expect in one-dimensional flow.

In general k(a) and two of the functions ui(a) can be chosen arbi-

trarily in constructing a simple wave in accordance with (4.7)p (5.2),
and (5.5).

6. Double waves. When n = 2, let g be the covariant metric tensor of

the surface ut r Y() based on the euclidean metric ds 2= dulduI, and let

ab be two second fundamental tensors [3] . By definition

(6.1) g (p (a uu/A4)(a /a tip)

(6.2) b' v,4, a2  P/ . a tp

where v,, are two mutually orthogonal unit normals which satisfy (4.11).

Also

(6.3) uka uk/a p, - qaq/a [L,

where q2= uk uk" Write aq/apa = qc where the subscript denotes the

covariant derivatives with respect to p and based on gap

By (4.15), (4.16), and (6.1)

(6.4) _o " (a k/ty ) 8(a u 1, )

where g7 6 is the inverse of g *" Since the Christoffel symbols of the

first kind, based on gapare a p, 'ri (a ui/atL Y)(a 2 u./2)ap. ±)p the
second covariant derivative of k becomes

(6.5) kp = a2k/aa, - (ak/apy)g8(a u,1/ap,)(a 2 u,/:/a )

Now (4.17)becomes (k,ap + r b )A- - 8¥. Since (4.18) is homogeneous
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J4

+ br, (-)1 k +l + +r., b4+
in Aq, only the adjoint of (kap + r ap ( ka+l a )

is required. Then since all four of r6 and V. are independent, (4.18)
yields

(6.6) [a2(gapuuo,p) - (uo,-+ ,,)(uop .q ,)] (-Iq,'f b: il 0

(6.7) [a ' - (uO+qq )(u o ,qqp) 1 + 0

Note that the

(6.8) rank of 1I a- 2(gap uoauop -(uo,a q )(U ..+qq,) )I>0

For, suppose the rank were zero. Then Uo a + qq 9 0 for some a sinceogoa

is non-singular. Let La be a non-trivial solution of (uo, + uiu.,,)L,  = 0.

Now rank ero implies (u. L I )(uL) =O, whence ui,.L. =0 . Thus u. i
.a a 1,13 [p 1,

A.(Uoa + UPj,a ) for some Ai. If u.Ai  = 0, then u, - Aiuo,a, and g I

(1 + AiA) uo,auo,p, which is singular. If uiAi = 1, then uo,a = 0, so uQ -

W/8t = constant, and = U t f(x , x2 , x3 ) which yields a steady flow field,

to be excluded from the present discussion. If uiAi J Oor.l,. ui.,
= Ai u /(l - ujAj), whence (1 - ui)2gp 3. ) + Ai ]UoCUop

is singular.

iS a system of two second order quasilinear partial differential
equationj for four functions, To determine ui( ) requires two more
equations which may be obtained by assigning a special form to the co-
efficient tensor of (6.6). The resulting systems are classified according
to the nature of the characteristic curves of their integral surfaces. A
characteristic is a curve on wnacn the coordinate functions, their first
partial derivatives, and hence the metric tensor are continuouss while the
components of the second fundamental tensors may have discontinuities.
Suppose Fm./av are known along tta = V,(t) on u T = u.T(g). By (6.2) the strip

conditions d(auM/atta)/dt -( 2 a ml

(6.9) - 'c 4 /I dt =  d(a uMlapa)Idt

Then b' fail to be uniquely determined along V = p(t) by (6.6) and (6.9)

if and only if

(6.10) [ 2(p - Uo,auo,p) - (uo,a qq, )(Uop qq ) (da ,/dt)(tp/dt) 0

19
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This defines the characteristic directions dIa/dt. By (6.5), if (i) are

known, then (6.7) is a linear partial differential equation for k which
also has the characteristic directions (6.10). Equations (6.6) and (6.7)
will be saLd to be of hyperbolic, parabolic, or elliptic type whenever -

det 11a2(g Uo,, U ) - (u,,,, + qq,,,)(u, + qq -) 1<0, - O,>o. Here-

after (6.6) and(6.7) will be assumed to be hyperbolic.

If ac is the arc-length of a characteristic, then (6.10) becomes

(6.11) (duo/k, + qdq/d) 2 m a2 [I1 - duo/dc)2]

which is Identical with (5.1). Hence

Theorem 6.1: The characteristics of the hodographs of double waves are one-
dimensional hodraphs.

By (6.11) the component of u03 + qq p along either characteristic

is (u + qq ) d/da c = + a "(duo/dc) 2] Henceoja ,cta c -0L

Theorem 6.2: On the hodographs of double waves the curves of constant
speed of sounr-nT-&eir orthogon- 1 TralecT es-sect__he -ngles between
th-ch7acersTs-' --- -

In general, curves x, = x,(t) (where t is any parameter, not necess-

arily trie) in space-time are mapped onto curves tc = 11(t) on the hodograph.

Tt is convenient to know the relation between tangent vectors of a pair of
corresponding curves. By (4.7), (4.14), (6.4), and (6.5) (6.12)

(6.12) (d< dt)(auj,*lk) + [r(t)b + k,] 4lp/dt - 0

for some r.(t). Unless detI1 I determine; Pp I dt .

Conwrsely,, if the curve c = ( t ) is given on a hodograph surface, its

prototype is the hypersurface

(6.13) x1(r, t)= xlo(t) + [re - A (t)] v'(t)

where the normals VI'E to the hodograph satisfy (4.11), X1 0 (t) is defined

by (6.4), and A,(t) by dAe/dt = vl dx1 o/dt (to make the three families of

cu ves of Darameters rl, r 2 or t mutually orthogonal, as a matter of

convenience); For (6.13) an analog of (6.12) Ls

(6.14) (ax.i/tu/a ~a ) +[re A )be% + k , pd

20
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Since . /at o 0, (6.14) implies

(6.15) ax, /at - - (Su/D 1 ,)g c p (r E - AO )bap * kpY

In general the direction of ay,/at varies with r I and r 2 on the

prototype of a(t), so the hypersurface (6.13) need not be flat. This

raises the question, what curves on the hodograph have flat prototypes?

Since a2  /ararp = 0, (6.13) will be flat if and only if [3]

(6.16) det IxI/r, x r a t2

The product of (6.16) and det jII aVup 11 yields

(6.17) rank of dpb,g/dt 1115-1

where 0 k . Now let n /dt =0 , n n . Then for some BTi Ci,ap ,ap*pn

and Di, b ine + i.(ny/dt + n ctt/dt + Di(dtl/dt)(du/dt). By

(6.17) the rank of 11 C, n,+ D. *p/dt Il. Hence Ci M CEi, Di - DEi for some

C, D, and non-null E1. Now

(6.18) bi  = Bin +n E1 [C(npdy/dt + n7 dp/dt) + D(d /4t) (dc4Ldt)]

Suppose B. and Ei are linearly independent. Let Fi. be two linearly
1

independent solutions of E.Fi = 0. Then Fibi a (BiFi.)nmnp, (6.6), and

(6.7) impl (6.10), i.e. pa = pi(t) is a characteristic.

Next show that the prototypes of both families of characteristics are
flat. Let gc = ji6 (t) define one characteristic from each family through a

given point P of the hodograph. At P, by (6.18)

2[a2(g. -U,.Uo, 3  ) - (u + qq) (uoi+qqp) ]

(1 )a4J. [(4jL+l/dt)(d 2 p+l/dt) + (d±i1 p+/dt )(di.L+/dt)] f

for some f 9 o. Then by (6.6) and (6.7)

(6.19) (ti,+lidt) (. p/dt) 0

where £ is not summed. Since these have non-trivial solutions V /dt

(6.19) implies (6.17) for 11= Ila
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I
Now investigate the relation between tangents to characteristics and

unit normals n to prototypes x - (r, t) of characteristics i A , (t).
By (6.13) fvj- =  naxr/Sr = o. For some Ac
(6.20) I = A auIa

Since z4axi/t - 0, then by (6.18)

(6.21) A. [(rT - Aby+ ksp] 4/dbr 0

'f

(6.22) detll c, bT + ksap 0 0

where c = r - Ay, then by (6.19) the general solution of (6.21) is a Ale

gclg±, /dt for some g. By (6.20)

(6.23) n,=g(u^ )(pr/t

iLeo the tangent to L l)a is normal to the prototype of I ,-

These considerations and elementary calculation yield
Theorem 6.3: If for a double wave the rank of 11b , ba, k 11= 2, then

(1) The characteristics are the onl curves on the hodograph with flat
protof"3es .

(2) The tangent at any point P of a characteristic is narallel to the normal,
at po''-1inth ThotEtype of Pto the prototype hy-rstwrace ot_- ote-"-
M dt c h6 P. - -

(3) The prototype of a characteristic is a (sound wave) characteristic
hyp crurnace. ----

For the omitted cases, first suppose (6.22) is false for all c7 .

Then b f. =  B.B and k KBB., for some Bt, K, and K. Now the
Riemann tensor of u,= (it) is

(6.24) H - b" b b

[3], where4Fis sumnmed. But no. RP.Y8 - 0, so the parameters pa can be
chosen so that

(6.25) gap 68 i
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which implies

(6.26) (aul ,)(a2u/a1.Laa13) -

so by (4.i), (6.2), (6.25), and (6.26) a2 Y/tijtzrv, K Ba B and by

k (6.5) 2kh ai = KBB. Hence the rank of 11 2 +e

a2k/apat 11-, contradicting (4.9).

Next suppose the rank of b 1 b 2 kap142, Then

(6.27) bacp mEi ahp

for some E. and a,,. if Ea = 0, then

(6.28) ba - I a lu/2a tp = 0

which implies R,, = 0. Choose parameters such that (6.25) and (6.26)

hold. Then a2UV aap - 0, and

(6.29) u, = aibt, +

where ar and b are constants with arm ap = 6,. Since v,, may be

chosen to have constant components, the hodograph is the intersection
of the two hyperplanes v i(u - l ) = 0. This implies that the velocity

potential must be of the form

(6.30) $ b1x + F(W1, 'P2)

where 'a - al X and F is arbitrary. If both ao, = 0, the flow is a

steady plane flow in planes normal to the lines aia(xi - xj)= 0. Now

assume a o is non-null. Since the rank of a,, is two, rotate space axes

to obtain the same form for 0 with )1 - t cos a + x. sin aP 2 
= x2 sin P +

(rcos a - t sin a) cos P for constants a and P, and suitably redefined
b1 . Since ' O 3= u 3 a b 3 , these are swept x1X2 - plane flows. If

sin a sin p 9 0 the basic plane flow is any plane flow steady relative
to axes translated with uniform velocity xj, x , 0 defined by cos a +

xi sin a -0, (x- cos a - sin a)cos P + x sin 0=O. Now pc =F/a~p.
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If sin Ot sin P = orby a rotation of x X2 - axes at most, $ can be reduced
to the form 0 = hxx + F(xl, t), whic corresponds to any swept unsteady

one-dimensional flow.

Finally, suppose EaaI 0. Then ce ba = 0 for non-trivial solutions

of cjez 0. Since u 2constant leads to steady flows, assume g = Uo'9

a u Then 0 a u/ava p - . If both ce = -0, thenv - r E

for some r,. Nowv - E. ra8 u /lap and v3  -Eercau/1 2 . Then 566..

= E6E, [(r au aP 2 + rare (ruc 2 )is impossible. Hence

assume

(6.31) A2u2i aP -ca2 aaalp

If c is a constant, then by (6.31) the hodograph lies entirely in a hyper-
plane aI(u I - bc) = 0 for some constants a: and b , with aiai J 0. After

a rotation of space axes this yields aa/ax. - Aao/at - B for some constants

A and B, with the general solution $= Bx 3 + F(Xl, x2 , Ax 3 + t). If A = 0

this is a swept unsteady plane flow, which still has to be chosen to have a
two-dimensional hodograph. If A j 0, the flow will be steady relative to
axes translated with uniform velocity 0, 0, 1/A.2 If c is not constant, the
integrability conditions of (6.31), (a c/av.) (a u/l/ app)
(ac/app)(a 2 ui /ulaa.) yield a 2u /a p = a B B for some B. ac/p a and

some a , whence b$ = K B B for some Kr. IfK KdB c  Ba # 0, then by
ap a IfEeaBP0teb

(6.27) k = KBaB for some K, which yields a previously obtained contra-

dicition. If Ke K Ba Ba = 6, then b% = 0, a case discussed in the

preceding paragraph.

The foregoing discussion and an application of (6.17) yield
bl1 , b 2 , K cp I., the

Theorem 6.4: If for a double wave the rank of 1 a a ap it

(1) The flow is a uniformly translated swept steady plane flow or a
unsteW -- 9iieis=ton low. - - - .

(2) Any curve on the hodograph has a flat

(3) Conclusions (2) and (3) of Theorem 6.3 pply to these flows.



7. Triple waves. When n= 3, let g.. be the covariant ietric.)tensor of

the hypersurface u - u1(g) based on 3 the euclidean metric ds2 w duidu ,

and let bij be its second fundamental tensor [3] By definition

(7.1) gij - (/ )(a/ L)

(7.2) b i - Y~a 1 / Aj 2 f
where v is the unit normal defined to within sign by (4.11). Also
(7.3) Ukc-uk/caj i7 qaq/ i

where q2 - UkUk" Write Bq/i - qi, where the subscript i denotes the

covariant derivative with respect to gi and based on gij.

By (4.15), (4.16), and (7.1)

(7.4) X1o " - (ak/ai)gi(a I )

where ghi is the inverse of gj.. Since the Christoffel symbols of the

first kind, based on gij' are (ij, k] - (- /atk)(a /iapj)0 the second

covariant derivative of k becomes

* (7.5) k ,= a21k/8iagj - (akla~h)ghk(8uIla[k)'(A2 lai.a'j

Nowf (4.17) becomes (k~i . rbij)Ajk = - ik, where rr I. Since (4.18) is

homogeneous in Aij , only the

(7.6) adjoint of (k j + rbij) = rmA j

is required, where

2R1 R n(k., k ij)$ 2 R(k, bi ) 2 j - R(b. , b

(7.7 b ~ -kj =b -(7.7 R~ki j , bj
=  ,i+lj+ibi+2 j+2 -,i~lj*2bi+2j+l

+ k,i+2j+2b illj+l - k,i+2j+ibi+lj+2

Since all four of r and gi are independent, (4.18), (7.6), and (7.7) yield

(7.8) [a2(gij uo io,j) - (Uoi+ qqi)(uo,j qqj)j -0

Since Rm is a relative contravariant tensor of weight , the

system (7.8) may be considered to be tensor equations. Furthermore, note



that

3 b-(7.9)r~j- i~lj~lbi 2J 2-bi~lj 2bi 2j~l -ORi+li 2j+lj 2

are .he components of the Riemann tensor of the hodograph h. ersurface.

(7,8) is a system of three second order partial differential equations
for the five functions u, and k. If k I (i) 0, to determine u1 (g) and k (p)
requires two (three) additional equations, which may be obtained by assigning
a special form to the coefficient tensor of (7.8). The resulting systems are
classified according to the nature of the characteristic surfaces of their
internal hypersurfaces. In the present context a characteristic is a surface
on which the coordinate functions, their first partial derivatives, and hence
the metric tensor, are continuous, while the components of the second funda-
mental tensor may have discontinuities there.

One might hope, by analogy with Theorem 6.1, that the characteristics of
the hodographs of triple waves would be two-dimensional hodographs. Although
it has not been possible to prove this, it will be shown that two of the
equations for these characteristics are consequences of the equations (6.6)
and (6.7) for two-dimensional hodographs.

To find the characteristic conditions corresponding to (7.8), conaLder a
triple of functions Mi(tl, t2) of class C2 with .Tacobian matrix 11 8Mi/8tc B of
rank two. Assume that on the surface

(7.10) Pi -Mi(tl' t2)

the values of

(7.11) ui (M(t)) - U(t), k(M(t)) = K(t)

(7.12) au1/ui - P1i(t), ak/ pi  = Q(t)

are known. Also on this surface let giJ Gij, bij Bij(t), and kij K,

be the values of the three dimensional metric tensor, second fundamental tensor,
and covariant derivative of k, which will now be calculated. Define non-trivial
Li, Ni, and NIY by

(7.13) N o N1 Nt * 1

(7.14) NjY auT/ata (Nt,, P.ti) aIi/ata= O, n,y- 1, 2.

NIINI 2- 0

(7.15) Lj N/at - o
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Py (7.13) and (7.lh)

(7.16) i .cc z,, 2 2

for some CC (t). S"nco

(7.17) ZIP' ,tatp (

then by (7.2)

(7.18) Bij(aMi/ata) (aMj/at8) -NB 2 u /O, a

Also (7.13) implies

(7.19) Bi. am /,)t all )N/~

Since m~t. and L. are independent

(7.20) Bi j H (aMi/ata) (aM/tp) + H(LjaI/t + LL S/ %)+ BL-
for some H a H., and B. Let

(7.21) h (aMi/ata) (aMi/at ), hChPI 6Ta

(7.22) b NI, a 2 UI/at atp

Then by (7.20), (7.18), and (7.19)

(7.23) Hap =Cc be" hay hP6

(7.24) % Lih + Hap hpy BMi/ata + Pui aN/It T = 0

Since these determine H. , and H., everything in the right hand member of

(7.20) except B can be found in terms of surface data on (7.10).

Next, consider Ki j . First note that

(7.25) aPli/at6- (a 2u I ±.tav±) (aMi/ata)

By (7.5) nd (7.25)

(7.26) K~i j a.j/ tc = aQi/ata - QhGh P lapukta
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Now let K , be the second covariant derivative of K(t) with respect to

taD, t based on g4 - (aU at) (aul/at)"

By (6.5)

(7.27) K*, a -
2K/ta -at

By (7.5), (7.25), and (7.27)

(7.28) Ktij (aNi/ata) (aMj/at ) K

-(Qk k'ih - aK/aty g* Y68 UjI/at 8 ) a 2U /atat

Since the vector in parentheses in the right hand member is normal to aMi/tW,

then for some Se (t) Qkkhh - aK/t * y8aU /6t 8 - S N £

(7.29) Kij(aMi/ata) ( P1j/at )=K*; ap- S ba

As in the case of Bj , expand

(7.30) Kij = Map(aM/ta) (MtP) + Ma(LjaMi/ata + LiMj/ata+ CLiLj

for some Map , Ma, and C. Then from

M hay hp8 m K,ij ia/YMj/at 6

LiA hay + Map h Py = Kij aM/at

and with the aid of (7.25) to (7.29) one can find MN. and M. in terms of

surface data.

Only B and C remain tobe found, if possible, from (4.18) which may
be rewritten as

F i adjoint (K, j +r Bij)= 0

for all r, were B.. and Ki j are to bIe evaluated by neans of.(7.20) and.(7.30),

where

(7.31) Fij A 2(j - Po- i P ,) -(Po.i + UhPhi) (Poj + UkPkj)
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The fundamental equation may also be rewritten in the form

7.32) adjoint (K j + B 0

where F =Fij Jhi Jkj) Klij r B .(K,hkiij =h (Kj'i' r"~±j) Jh~k .

and j1 Jhi 1 ' i/c tiY aNli/t 2 , Li Now B and C appear in the adjoint

in (7.32) only in the combination (C + r B) (LiLi) 2. Then B and C will fail

to be uniquely determined if the coefficient of this product vanishes, i.e. if

F, q '; a +1 p + 1 (r C -S, )ba1l + -0

where Fij aMi/taMj/Atp

a ' 2.( * *

q * ); (uo;

Since r is arbitrary, this yields

(7.33) CF. (-l)a + b 1  = 0

(7.34) Fa' (-l)a rf(K* - b + 1) = 0

Owing to the presence of C Se (7.3 ) and (7.34) are implied by but
not equivalent to (6.6) and (6.7). The three consistency conditions
obtained from (7.33) by requiring the coefficients of l, r, r 2 to vanish
and formally setting B = C = 0 may conceivably contain additional
information which can be combined with (7.33) and (7.34) to obtain (6.6)
and (6.7), but the author has been unable to reach a conclusion on this
matter.

It should be remarked that the form of (7.33) can be simplified
considerably. By (7.2), (7.13), (7.16), and (7.22) Cfba N '/t-at-
Biji j, where N. = aNi/ata" Then (7.33) becomes

Frsllij(-1)11+PNp Ncsmia+lmjp4.l =0

Since the terms with r = i and s j vanish, this may be rewritten as

(7.35) (BijFi+lj+l - B i+lFij+l -B ij+iFi+Ij + Bi+j IF.ij)Li .2.T 0
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where solutions L. of (7.15) may be defined as

(7.36) Li+2 = l"i+12 '12Mi II

In a given triple wave Bi(M) and F ij(M) are known functions of Mi . If

the form (7.35) is not definite, then as one would expect, (7.35) with L

defined by (7.36) is a first order partial differential equation for the

Mi(tl, t2). If k - O, as in the next section, (7.34) is satisfied

trivially. If k 0 0, one must also verify that (7.34) is satisfied
oy the selected solution of (7.35).

8. Examples. Homogeneous Flows:

To construct a simple wave k (p) may be chosen arbitrarily. To construct
double -r triple waves it must be chosen to satisfy (6.7) or the first two
equations of (7.8). In all cases k = 0 is a possible solution, and then by
(4.7) the corresponding ji are homogeneous of degree zero in the xI . This

suggests considering flows, not necessarily isentropic, in which ui, p, p,

and s are homogeneous of degree zero in the xI . If all of these functions are

independent of t, a steady conical flow field is obtained. If some of these
functions actually depend on t, let (8.1) X. = xi/t. Then u1, p, p, and s may

be taken to be functions of X., and the geometry of the flow field simply ex-
pands at a uniform rate with the passage of time. Let 174 = a/aXl, a/aX2,
a/aX3 . Then (2.1 v) to (2.4 v) become

(8.2) (u -). V* " p-1 V*p

(8.3) (1 -!). V p 0 p 0
| (8.4) (1i- -f)" 0 =

In a homogeneous flow it is natural to seek characteristic hypersurfaces,
defined by f(X) = constant. These are conical hypersurfaces with vertices at
the orlr<in of space-time. Now the characteristic conditions take the form

(8.5) u f '0*
0.)[- ). f1 2 = 2 (V f) 2

Note that if I is too close to 7, for example 1i - Y, there are no solutions of
(8.6), i.e. one cannot construct a conical characteristic hypersurface of the
sound-wave type.
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I
Three classical one dimensional examples of degenerate unsteady flows

come immediately to mind. First, the early stages flow in a shock tube.
Second, the very closely associated flows produced when a piston impulsively
starts to advance into or recede from stagnant gas at constant speed. Third,
the early stages of Lagrange' s problem in interior ballistics, in which a
mass of gas initially in a uniform state of rest propels a projectile down
a tube without friction. These suggest the followins generalizations to
homogeneous unsteady flows.

1. Flows about cones in a shock tube of in te cross-section.

Consider flows produced when an infinite plane shock moving with uniform
velocity into stagnant gas and followed by an infinite region of uniform flow
encounters a conical obstacle. Such flow include:

A, Development of Prandtl-Meyer flow around a corner (Fig. 1A 6, 7, 8).
This would also arise in the early stages of the flow out of a plane shock
tube with a flared exit (Fig. 1B).

B. Development of steady conical flow about cones not inclined too
much relative to the flow (Fig. 2) [6]

C. Shock diffraction about and reflection from conical obstacles at

large inclination to the flow (Fig. 3) [1, 4]

2. Conical Piston Problems.

These involve the flow about a conical object ipulsively started into uniform
translatory motion advancing into or receding from stagnant gas.

3. Conical Boundaries in Relative Motion.

An example of this type is an idealized model of an emerging projectile. Con-
sider a plane block sliding along a fixed wall with a corner, and eventually
separating from the corner. Assume that behind the block there is a region of
uniform flow at high pressure, while between the block and the wall is stagnant
gas at low pressure. Consider the homogeneous flow field after the block sepa-
rates from the wall (Fig. 4).

J .GI TSE
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