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DiGENERATE UNSTEADY COMPRESSIBLL FILOWS

ABSTRACT

Characteristic conditions are derived for non-linearized three dimen-

sional compressible flows in which the entropy of any fluid particle re-
mains constant,

Irrotational isentropic flows for which the maps x, y, 2, ¢

—> 3(/ox, 3¢/3y, 30/32, a¢/ot

have fewer than four dimensions have been studied by applying a degenerate
Legendre transformation to the equation of the velocity potential function,
@+ The class of such flows includes steady conical flows and pseudo-

stationary flows, for example, All results presented are in the nature of

statements about geometrical properties of the map, of certain characteristic
hypersurfaces in space-time, etc.

A number of problems which could be expected to lead to pseudo-station-
ary flows are outlined, Most, but not all, are well known problems that have
been solved at least in linearized form.
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1. Introduction.

The development of the theory of compressible perfect fluids has been
impeded by the fact that the basic equations are non-linear, Therefore it
has been profitable to consider special examples to discover general
prineiples and to gain insight into the structure of flows., Specializations
are uswally based on such properties as irrotationality, reduction in number
of dimensions, radial, cylindrical, or axial symmetry, etc.

For steady irrotational flow it has been found instructive to study
those flows for which the mapping (x, y, z)-»(u, v, w) = V@, where ¢ is
the velocity potential, takes the physical space onto a one-or two-
dimensional image in the hodograph space [5 1, fThis leads to consider-
ation of the class of conical flows which are interesting and important
not only in their own right, but also for the fact that they appear to
be connected with the singularities of steady flow fields near the tips
or edges of bodies with discontinuous normals, That is, the limits
attained by the velocity components and other flow functions at the tip
will depend, in general, on the direction from which the tip is approached.
An argument can be devised which makes it plausible to conclude that the
(u, v, w) image or hodograph is the same as that for the flow which would
occur about the tangent cone at the tip under the same free stream con-
ditions,

Such considerations have suggested that it would be equally profitable
to undertake the study of non-steady irrotational flows for which the
mapping (t, x, y, z) =(¢/dt, u, v, w) = (F/at,VH#), where # is the
velocity potential, takes space-time onto a one-, two-, or three-dimensiomal
image. The image will be called the hodograph, and when it has fewer than
four dimensions, the hodograph and the Ilow will be said to be degenerate.
The study leads, eventually, to the consideration of non-steady conica
flows, also referred to as pseudo-stationary or self-similar flows, Such
flows occur in the establishment of steady conical flows about conical
bodies in shock tubes, not to mention other examples discussed at the
end of the paper, It is to be expected that they are also related to the
behavior of flow fields near singular points in space-time. That is, the
limits attained by velocity components and other flow functions at the
singular point should depend, in general, on the direction from which the
singular point is approached. If this is in a region of potential flow,
one would conjecture that the (3¢/at, u, v, w) image or hodogrsph is the
same as that for one of the degenerate unsteady flows considered here.
This phenomenon would occur, for example, in the one-dimensional flow
behind a piston which is withdrawn with increasing speed and which
experiences a discontinuous increase in speed at some instant., The
singular point would be on the piston curve at the time and place where
the discontinuity in velocity occurs,

I, Bracketed numbers designate references at the end of the paper,



Much of the discussion is concerned with charachteristic subspaces
of space-time or of the hodographs., To clarify this discussion, and
also because it casts some light on the general wave nature of unsteady
flows, a section on the characteristic conditions for general unsteady
flows has been included,

2. Fondamental Equations,

Non-steady, non-viscous flow is governed hy the equations of motion

L,
(2.1) aui/at + ujaui/aui/axj -n ap/axi

the equation of coptinuity

O

(2.2) dp/at + 3 (p uj)/axj s
a pressure density relation
(2.3) p = /%y oY

and constancy of entropy far a fluid particle (between passages through
successive shock fronts)

(2.4) 3s/ot + uSAS/axj =0

Here ui(x,' t) (1 =1, 2, 3) are cartesian velocity components at time
t at the point with rectangular coordinates X5 Xps Xq3 p(x, t), p(x, t),

and s(x, t) are the pressure, density, and entropy per unit mass,
respectively; and ¢ is the ratio of the specific heat at constant pressure
to that at constant volume, The convention has been adopted that repeated
indices in any sum and imply summation over their range, The pressure can
be eliminated from (2,1) by means of (2.3). It will be assumed hereafter
that this has been done.

Occasionally it will be more advantaseous to use vector notation.
Then the preceding equations take the form

(2.1v) /ot + VT = - p'lvp

(2.2v)  dp/ot + Ve (oT) = 0
(2.hv) asfat +u- Vs =0

In some parts of the following discussion it will be convenient to
consider irrotational isentropic flows., For these s = constant, and

(2.5) 3 ui/axj = auj/ax:.L



Now there exists a velocity potential function @ such that
(2.6) u, =9 Q!/ax:.L

Then (2.1), (2.3); and (2,6) imply Bernoulli's equation 3g/ot + % w U ko p/(y-1)p =

af/dt for some function f(t). Since £(t) can be absorbed into ¢ without affecting
(2.1) to (2.6), Bernoulli's equation can be expressed as

(2.7)  a®=ap/op = yp/fo = - (¥ - l)(% u U, + 3¢/at)

where a is the speed of sound, Finally, eliminate p and p from (2,1) and (2.2)
by means of (2.3) and (2.7) to obtain ’

2 2 2472
(2,8) (a 8 5 - uiuj) d ¢/axiaxj - 203 ¢/axjat ~-3°gNnc =0
where Kroneckerts delta, 53._3. =1 (0) accordingly as i = (¥) j.

3. Characteristic Conditions.

A standard exercise in the theory of partial differential equations is
Cauchy's problem, For the system (2.1v), (2.2v), and (2.Lv) this can be
stated as follows., Consider a three-dimensional initial hypersurface
in space-time,

(3.1) X= X(r]_: Toy r3) = X(r), t = T(I‘l, Tos r3) = T(r)
where the
(3.2) rank of || a¥/ar;, ar/ary |l = 3

Construct solutions u(X, t), p(X, t), and s(X, t) which assume on (3.1) the
prescribed initial values :

q(R(r), T(r)) =T(r)
(3.3) p(I(r), T(r)) =R(r)
s(X(r), T(r)) = S(r)

subject to appropriate assumptions about the continuity and differentiability
of the functions (3,1) and (3.3).

]

]

If the function T(r) is a constant, T , then (3.1) is merely some three-
dimensional region of the X XoX4 Space at a2 fixed time t = To'

Tf T(r) is not a constant function, then for the solutions of T™(r) =T
= constant the functions X(r) define a surface in the Xy Xp¥ 4=Space,

o



the shape, location, and orientation of which depend on the time Toe

In other words, (3.1) can be interpreted as defining a moving twisting,
deforming surface in the x.lx2x3-space.

1f ¥, T, U, R, and S are analytic in v, 1y, and ry, try to expand
X, t), o(X, t), and 5(X, t) in Taylor's series about some point X#, T#
of (3,1). The values of

(3.k) V%, au/at, Vo, a/at, Vs, as/at

required for this expansion must satisfy (2.Iv), (2.2v), (2.4v), and
the strip conditions:

(3.5) X, +Viena/en =T,

(3.6) X Vo + T /3t = Ry

(3.7) ii *Us + 'rias/at = Si

where f. = af/ar; for any f(r), and i =1, 2, 3. If these twenty

equations have a unique solution (3.4) on (3.1), then the values of
all partial derivatives of all orders are uniquely determined on (3.1).
By the Cauchy-Kowalewski theorem, the Taylor's series for U(X, t),

p (%X, t), and a(X, t) are unique, converge near X¥, T#, and satisfy

(2.1v), (2.27), (2.4v), and (3+3).

In all flow problems ’i'f, p, and s must be continuous in regions of
space-time between shock fronts or contact discontinuities, but (3.4)
or the partial derivatives of higher order merely need to be continuous
almost everywhere, so W, p and s are not necessarily analytic. Hence
some partial derivatives of W, p, or s may have a discontimuity. If
this is interpreted as a weak disturbance, it is important from physical
and computational considerations to determine how this is propagated.
For simplicity, suppose some of (3.4) are discontinuous at X, T on
(3.1), though the discussion can also be adapted to partial derivatives
of higher order. Then it must be impossible to determine (3.4) uniquely
at ¥, Tx from (2.1v), (2.2v), (2.4v)y and (3.5) to (3.7), but this
system must still be compatible. For theoretical and numerical appli-
cations the most interasting situation is that in which (3.4) fail to
be uniquely determined everywhere on (3.1) rather than just at e, T,
In this case (3.1) will be said to be a characteristic hypersurface,
and the compatibility conditions for the system of twenty linear
equations, which are expressed solely in terms of (hyper-)surface data
(3+1) and (3.3) and their surface (tangential) derivatives, will be
called characteristic conditions.

S
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An application of Cramer's mle to (3.4) yields X, 12 !3) Vi =
2 (X)X X, ) (T, - 7,35/at), where (KB T) = T-BT for any

vectors X, B, C, and j +land j+ 2are to be reduced mod 3, Now
the four components No> N of a nomal to (3.1) satisfy

(38) N1 + N =0

By (3.2) this system has one linearly independent solution ’No = (JTi iz fB),
== 3 5T3T3+1"7j+2° Hence
N VU = Fau/at + 23 jij,»l’ﬁj».zvj
(3.9) N, Vo = Wap/at + 3 j“xj+1x‘2
N, Vs = Fas/ot + zjxj

J+2R;
+1X7—{;j+28;]
Then by (2.1v), (2.2v), (2.4v), and (3.9)
(N, + T-W)au/at + Rl Y [A2ap/at + (ae/d s)as/at] +
- c . =1/, 2 '
S %y XXy, [ouuj i B (%R s @/8)] = 0

(3.32) (N, + TMan/a ¢ + KNG ¢ + 2/ (X, ) XX, )O(ED), = 0

(3.10)

(3:12) (N, + Tias/a t + 2 (T X50%500)8, = 0

where P = es/ VRY and 42 = /3R, The scalar product of ¥ and (3.10) yields
(N + TR)N8T/at + RN [Azap/at + (3p/as)as/at |+
- - =] i
Zﬂfﬁo‘ﬁ‘j(‘ﬁ Xi41 Xjap) + R (A2113+ S;3%®/:) (¥ X, 4 XJ+2)] =0

The determinant of the coeficients of
(3.14)  Weau/at, do/dt, 3s/at

in (3.11) to (3.13) is
(315) A=y, + TH [(r, + TW?2 - AQNZ]




If 4#0, then (3.14) are uniquely detemined, and since N + 0% #0,
du/at are unique by (3.10) If in addition No#o, then by (3.9)Va, Vo,

and Vs are unique., ‘Thus a necessary condition for non-unique values
of (3.)4) is

(3.16) N, A=0

Case 1: If the Jacobian

(317 N, = (X X, Iy =0

its rank is two by (3.2), and also 'ri;to for some i, Hence F(X) = 0 for

some F. In other words, the initial surface in the x)x,x, - space does
not vary with gx_g passage _c_:_f_ time. Now (3.9) are compatible since
'ﬁ-i; = 0, and hence N X (X +1X1j +2) = O« Their unique solutions satisfy

Wea/et = 2 (N X, T 0, wae/at = M T,,, X, 0m,

2 -
N°3s/at = Zj b T X,0)8;

By means of these equations eliminate du/at, &/3t, and 3s/at from
(3.10) to (3.12) tq abtain ' "

- 2 WY, T, [0, » 522, 5 @/) ]+

W (%, %3, ) [}'ﬁﬁj + R (4R, + 5,0/a8) ] -0
(319) X JEE T Xy + N""‘x"mxijﬁ]. (RD) 5 = ©
Ga0) I [URE Ty T+ 0 R, Ty )5y -0
Case 2: Suppose N(;#o, but
(3.21) N +TW=0
Then the compatibility conditions for (3.10) become

‘ -1 9 ‘
-(3.22) , RXZJ(IJ&XIJ‘Q) _[‘WJ +R (A Rj + sjal'/as)] = 0

10
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If these are satisfied, then (3.10)is equivalent to the single equation
(3.13), which now takes the form

(3.13,2) 0=R"W? 4%p/ot +(3P/3S)as/at +

-1 ‘
while (3,11) becomes
(3.11.2) RN-3U/ob + ;(Ryy  Rypp) @D = 0

Finally (3.12) yields

By (3.11.2) and (3.13.2) three of the five functions (3,1L) are
arbitrary. Hence there is a three-parameter family of solutions (3.k4).

To interpret (3.21) proceed as follows, Suppose a solution

u(x, t), p(X, t), (X, t) of (2.1v), (2.2v), and (2,hv) is known. First
seek an integral t £ f£(X) of (3,21). In this case N, =-1,N=VUf=D, l
and (3.21 becomes "

(32h) wP-1=0

where U = U(x, f). Solutions of this first order partial differential '
equation can.be constructed by passing throuch each point of some two-
dimensional initial manifold

(3.25) X =%x(ry, r,), t = ti(ry, r,)

integral curves of the system
ds‘c/dr3 =, ' cn-,/dvp3 =D =1
(3.26) dp/dry = - ( U9 - (p+30/ot)p

with initial conditions 1 = TJ.*(rl, r2)(known, of course) andp = p*(rL, r2)
chosen to be solutions of Wt *Pw = 1 and at*/ara + D °a':':*/ara =0

(¢ = 1, 2). By (3.26) assume r, = ¢ with no loss of generality. Hence
d%/dt = G, In other words, at all times t the surface x = x(rl, Tos t)

is always composed of the same particles, i.e., the integral surfaces
t=f(x) of (3.21) are particle fronts,




Integral surfaces of (3.21) which cannot be represented by t = £(X)
must satisfy some equation g(¥) = O, where g is independent of t. On
such a surface N = O, contrary to the hypotheses for this case,

Case 3: “Suppose N (N + U'N)# 0, but

(3.27)  (, +TMZ - 422 =0

By (3.12) as/at is unique, A compatibility condition for (3.11) and
(3.13) is

., {(U Ty %0 [(No + TORG - R owla%R, + 50 P/E-)S)]

(3.28) (WX, ¥y,p) (0 + TMR%R, + 5,0 P/os) -

j*l J+

A‘II (‘Jj xj+1 Xj+2 )} = 0

If this is satisfied, only three of (3,10) and (3.11) are independent, and
there is a one-parameter family of solutions (3.L).

To interpret (3.27), again supnose a solution of (X, t), p(X, t),
s(X, t) of (2.,1v), (2.2v), and (2.ﬁv) is known., Seek integrals t = f (%)

of (3.,27). Again N = -21,2 =V £ =7, and (3.27) becomes
(3.29) (D - 1)2° - a® p°= 0

Solutions of this first order partial differential equation can be
constructed by passing through each point of some two-dimensional initial
manifold (3.25) integral curves of the system

&/dry =(TF - 1) - a%3, dt/dry = PrdRfdry = TF - 1
(3.30)
dp/dry = - (@ - 1) (VDF +p° aVa
'—(u-n -1)n 0, ‘D - aatpzjlﬁ
with initial conditions 'fSa'e(rl, r2) determined by
a-:s2 2

(3.31) (usepr = 1)2 - P#° = 0

(3.32) at*/ara + PrdRefor, =0, a=1,2

e e




et s e s

7 s

e

Bl

An important special case is that for which (3.25) degenerates into a
single point Tt = constant, t# = constant, Then (3.32) need not be
considered, and (3.31) yields a two-parameter set of initial values
P (ry rp)e The set of all integral curves of (3.30) through %%, t*

for each set of initial values forms a characteristic hyperconoid.
Eliminate ry from (3.30) to find

(3.33) d&/dt = T - a%p/(E-D - 1)

and a similar equation for dp/dt. At each instant t, the points E(‘rl,rz 3 t)

on the characteristic hyperconoid integrals of (3.33) determine the boundary
of the region into which a weak disturbance at (or sound xgavezi‘rom x* at

time t# has propagated, By (3.29) and (3.33) (dx/dt - U)“= a°, Thus to find
the possible initial velocities dx/dt at time t#, to draw all vectors from
the point ¥* in X XpX4-Space to the surface of the sphere with center at

X + W% and radius a%, This yields the well known result that weak disturb-
ances at X at time t% vpropagate in all directions in subsonic Tlows, but

only inkto the downstream nappe of the Mach conoid With vertex ab x* in super-
Sonic T1oWS. — - T

To put the results just obtained into a more familiar light consider
one-dimensional unsteady flow. Now (3.1) can be given the formt = t(rl) s

% = (x(rl), Tps r3), and 1 = (u(rl), 0, 0)e (3.21) and (3.23) yield

.(3.33) dx # udt, ds = 0
" while (3.27) and (3.28) yield (dx - udt)? = a?(at)?, and if dx # O,

(dx - udt) du + p"ldt(‘a2dp + dp/ds ds) = 05 1In their usual form these are

1

(3.35) dx = + adb, du = + "1(adp +a'lap/asds‘)

Similarly, for

u = (uwx/r, uy/r, 0), 2= x> + y2

‘['1"1. = (ux/r, uy/r, uz/r), rl= %% + y2 + zz]

where u = u(r, t), and for (3.1) of the form t = t(rl),
X = (r(rl) cos 1y, r(rl) sin rg, r3)
l:?: = (r(rl) cos r, coS Iy, r(rl)sin Ty COS Ty r(r1)4 sin r3]

equations (3.21), (3.22), (3.27), and (3.28) reduces to the dharacteristic
equations for unsi:,eady cylindrically [sphericany—] symmetrical flow,

13



L. Specializations. Degenecrate Legendre transformations, (2.1), (2.2),
and 12,547 Torm & system of non-linear partial diilerential equations for
five functions of four independent variables, At present the theory

is much more highly developed for systems with two independent variables
than for three or four. Hence it is profitable to consider examples of un-
steady flows with special properties that make it possible to reduce the
number of independent variables, A common procedure is to consider one-
dimensional or cylindrically or spherically symmetrical flows, A slightly
more general technique which has proved fruitful in the study of steady
flows [ 5] is to seek solutions of the form

(ba1)  wy = w(p), p = o), s = s(u)

Where p = gy eesse WHps Ky = ua'(xl, Xos Xq5 t) = p,a(x, t)s @ =1, eeeyn;
1< nZl; and the

(L.2) rank of " aua/axi, apa/at “ = n

As in the steady case, this leads to very interesting classes of flows,
Several important examples of this type, investigation of which should
yield valuable results both in fluid mechanics and in the theory of partial
differential equatlons, will be mentioned in Section 8. For simplicity
the discussion in this and the three following sections will be restricted
to irrotational isentropic flow., Now s = constant, and v

(4.3) W = a¢/axi

where ¢f, p, and p satisfy the partial differential equation (2.8) and
Bernoulli's equation (2.7). Let

(Loly) X, =t, u =3f/st

[¢]
where by (2.7) u, = uo(p). Assume that the

(L.5) rank of " auI/aua ” = n,

whereI =0, 1, 2, 3.

By analogy with the usage in [5] » the image u. of x. under the mapping
X = u will be called its hodograph, Now (L.1) defines an n-dimensional sub-
space in the hodograph space, The flow will be said to be a single, double,
or triple wave accordingly as /=1, 2, or 3; n-dimensional subspaces of

either the hodograph space ar of space time will be called curves for n = 13
surfaces for n = 2 and hypersurfaces for n = 3, If n £3 the hodograph and

. S
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the flow will be said to be degenerate. With no loss of generality assume
that 1£n£3, Nowlet k(x, t) = ¢ = xeur(p). Then 3k/3x, = =

(xIauI/ap.a) (3u,/0%;), and the rank of I dk/oxy, By, /ox; | =n also, which
implies k = k(p)e Now

(be6) @ = k(u) + xpu(u)
and by (L.2)

(b.7)  xBu fop, + dkfop, =0
whence

(5:8)  (x 3%y /on dug + 3%k/ou,Pug g/ = = 3 uyfou,

Again by (L.2) the
(4s9) rank of " X 3’ uI/ap,a&)p,[3 + azk/ap,a ap,ﬁuz n

.

Hereafter, assume that uI(p) and k(p) have been chosen to satisfy (L4.9).

Than (L4.7) can'be inverted to yield TEIN

By (L.1) a point on the hodograph is determined by setting By =

Heo
The set of points in space-time which is mapped onto uI(p o) will be called
its prototype. .(L.7) implies

Theorem L,1: Suppose the coordinate axes of space-time and the hodograph
spaces are parallel, Then the prototype of a point ur (1) on an n-dimen-

sional hodograph is the (L - n) - dimensional intersection of n {xl?er§lanes

(5.7) with normals parallel to the Tangent vectors 8 u /op, at ur (k)

Let D, = (3u, /3, )(du, /ou,), where a is not swmed., If D, = O, but
) uo/app‘ # 0 for some B, then (4.7) defines a (L4 - n) - dimensional region
of X X,X,-space at time ¢ = 1 (ak/apﬁ)/(auo/aug). If Dcal 0 for all ¢, then
(4s7) corresponds to the intersection of a set of n planes in x1x2x3-8pace
which move with constant velocities - (auo/ap a)(aui/apa )/Da’ where a is not
summed, That is the points %, that bear given values ui(p. o) s p(p.o), and
o (p,o) move with 2 constant velocity that depends on Bao® This suggests

15
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examining the possibility, considered at length in Section 8, of seeking
flows with uniformly expanding geometry, in which all flow functions
depend only on xi/t so-called unsteady conical flows [2_] or pseudo-
stationary flows [L,6] .

So far ¢ has merely been compelled to yield a degenerate map, For
an unsteady compressible flow (2.7) and (2.8) must also be satisfied, In
(2.8) a® gif/axIaxJ is required, By (4.3) and (L.h)

(L.10) 62¢/ax‘laxJ = (dup /o) (du,/ox;) = (duyfop ) (u /o x;)
Let vIr(p,) be 4 - n mutually orthogonal unit normals2 to W = uy (w)o
That is,

(b11) vip Ao/, = 0, Ve Vpa® Sra

By (k.10) (auI/a bhgy) (3, /3 xJ)‘va.= 0, and by (4.5)

(h.12) (ap-a/a XJ )VJ‘-” 0
By (4.5) and (4.11)

(L.13) aua/axJ = A&BauJ/au‘3

for some A g, Now by (Le8), (4.10), and (4.5) (xIazuI/aauI/apLaau'B +

azk/‘apaauﬁ ),{&Y = - aw. The general solution of (L4.7) is of the form

LY " %o*TrVir

where X0 is a particular solution, and r-are independent of the pt's’and
each other, Write

(415) %0 = A, B up/op,

2, To summarize the conventions regarding indices in the following
discussion, Roman lower case range from 1 to 3; Roman capitals from
0 to 3; Greek lower case from 1 to n; and Greek capitals from 1 to L - n.
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Then by (L.7)

(L.26) Aa(auI/aua‘)‘ (au_[/aug) + ak/al-'«B =0

defines Ac(”)" and

(La17) [("10 * T )aau.‘I /apL&apLB + azk/a |J.a8p.‘3] ApY = . ﬁw
defines Aa‘( ([J., r)o Finally, by (208), (holO), and (holB)

© {2 [0 ung) G ugong) - gy @ uony)] -
(k.18)

(@ uo/a“a + 1.3 ui‘/apa) (3 u.o/ap.B + 3 ui/ap.B)} AGB =0

5. Simple waves, Whenn =1, Aa;3 consists of a single element, and
(4.18) yields

' 2 _ 2.
(5.1) (u:,, +uu)” = atuwlu
where primes denote ordinary derivatives with respect to s and by
Bernoullits equation

) 1
(5.2) a" = - (y -1) (uo + ’Zuiui)
If a° # 0 (5.1) and (5.2) imply
(5.3)  wuw = bar®/(y - 1)
Now let
1
(5.4)  dofduy = (uy w)? =2 281 /(y - 1)

to obtain

(5.5) o+ 2f(y'-1) =0 + 2 /(y - 1)

where % and a, are constants. Note that o is simply the arc length of

, the projection of U = uI(p,) onto any hyperplane u, = constant, In a

one-dimensional simple wave (5.5) reduces to the familiar form (3.25)
with s = constant, _ Since (5.1) is of the form (3.27), the prototype

17
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hyperplanes are characteristic hypersurfaces, Since u., p, and s are
constant thereon, (3.20) 1S satisiied. rYurther note that each proto-
type hyperplane corresponds to a plane mo{ing with constantlvelocity

- wt(e)ud (/g (e Ge) = [ugusCaw) "7+ aupGypun)” 2

1
Since u‘_ju‘!j (ul'{u.l'{)" ? is the component of fluid velocity normal to this
plane, its speed is exactly what one would expect in one-dimensional flow.

In general k(o) and two of the functions uI(o) can be chosen arbi-
trarily in constructing a simple wave in accordance with (L.7), (5.2),

and (5.5).

6. Double waves, When n = 2, let gaﬁ be the covariant metric tensor of

the surface u; = uI(“) based on the euclidean metric ds’= du du,, and let

€
bab be two second fundamental tensors [3] « By definition

(6.1) Byp = (3 up/oug)(® up/o pup)
€ 2
(6.2) Bep = Ve 3 We/d g O Bg
where w, . are two mutually orthogonal unit normals which satisfy (he11).
Also

(6.3) wd w /o p, = adafd u,

where q2 =u w. Write aq/aua = q,, where the subscript denotes the
3
covariant derivatives with respect to ey and based on gaB

By (L15), (4e16), and (6.1)
(6.4) Xo = = (0 k/ou, )e*°(a u/oug)

where g¥0 is the inverse of g,q+ Since the Christoffel symbols of the

. . ‘ 2
first kind, based on Eqpe € [ B, y] = (3 uI/apY)(a uI/auaapB), the
second covariant derivative of k becomes

(6:5) K 4o = 0%k/ougdug = (3k/ou )e"(® up/oug) 3%y /ou,dug)

e . »
Now (L.17)becores (k,ap *re bap )Aﬁ’fs - 5ay' Since (4.18) is homogeneous

18
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. r € - c...B‘ €
in Ay only the adjoint of (k:'lﬁ * Ibyg = (<1) (k,a+l B+l *Te Paa1 f3+l)

is required, Then since all four of r. and By are independent, (L.18)
yields

2 Py
(6.6) [a (ge:ﬁ'uo,auO,[i‘) - (uo,a'bqb‘,G)(uo,B*qq,{S):l (-1)* p ba...l pel = 0

5 .
(607) [a (gap'uo,auo’p) = (uo,a+qq,a)(u0,ﬁ+qq',ﬁ)] ("' 1)3"" .3G'|'1 §3+l x 0

Note that the
2 ' |
(6.8) rank of “ " (8yg = ¥, g% g) = (g o +99 )(u, 5 + 2 g) |>o0

For, suppose the rank were zero., Then u +qq ¥ 0 for some a since g
0, ] ap

is non-singular, Let L, be a non-trivial solution of (uo <t uiui,a)La = 0,
s ‘

Now rank zero implies (ui,a La)(ui,sl’ﬁ) = 0, whence ui,cLo: = 0, Thus ui,a =
Ai(uo,a + ujuj,a) for some A;. If A, =0, then ui,a‘ = Aiuo,a’ and gap =
(1 +44;) Uy, a0, 87 which is singular, If wA; =1, thenu, =0, sou, =

a¢/at = constant, and ¢ = ut + f(xl, Xys x3) which yields a steady flow field,

0,0

to be excluded from the present discussion, If w4, ¥ Oor.l,. w, .
L]

2 2
= A uo,a/(l - ujAj)’ whence (1 - uiAi) 8sp =[(1 - uiAi) + AiAi]uo,ano,B
] is singular.
i

‘(646) is a system of two second order quasilinear partial differential
equations for four functions, To determine u'I(u) requires two more
equations which may be obtained by assigning ~a special form to the co-~
efficient tensor of (6.6). The resulting systems are classified according
to the nature of the characteristic curves of their integral surfaces, A
characteristic is a curve on whnien the coordinate functions, their first
partial derivatives, and hence the metric tensor are continuous, while the
components of the second fundamental tensors may have discontinuities,
Suppose aui/apa are known along p, = p.(t) on u, = uI(p.). By (642) the strip

conditions d(au,/au,)/dt =(3%u,, "t Dy Jug /2 imply
(6.9) - b:B Gug/at = vy, A(d uy/on, )/dt

Then b:‘j fail to be uniquely determined along p, = u,(t) by (6.6) and (6.9)
if and only if

(6.10) [az(gaﬁ - uo’auo’ﬁ) - (uo’a'ﬁ qq,a)(uo,a+ qq’B)](dﬂa/dt)(d{-lﬁ/dt) =0

’ 19




This defines the characteristic directions dp /dt. By (6.5), if uI(p)‘ are

known, then (6.7) is a linear partial differentlal equation for k which
also has the characteristic directions (6.10). EBquations (6.6) and (6.7)
will be said to be of hyperbolic, parabolic, or elliptic type whenever )=
det ”‘az(g ap = Yo,a o 13’) - ( + )(u + qq !3)“< 0, = 0,20, Here-
after (6.,6) and (6 7) will be a.s"umed to be hyperbollc.

If g, is the arc-length of a characterlst:.c, then (6410) becomes
(6,11) (cdu /cu + qdq/da ) a? [: du /da )

which is ldentical with (5.1), Hence

"hecrem 6.,1: The characteristics of the hodographs of double waves are one-
dimensional hodographs,

By (6.11) the component of uo ot qQq _ along either characteristic

is(uo,ai-qq )dp,/da =+a[l-(du/da).l . Hence

Theorem 6.2: On the hodographs of double waves the curves of constant
speed of sound and thelr orthogon:l trajectories misect the angles between
The characteristics.

Tn general, curves X = xI(t) (where t is any parameter, not necess-
arily tirme) in space-time are mapped onto curves ey = a(t) on the hodograph.

Tt is convenient to know the relation between tangent vectors of a pair of
corresponding curves, By (L.7), (L.1L), (6.4), and (6.5) (6.12)

(6.12) (dx./dt) (Bupfop, ) + |:r (4)b.% e * K aB] dug/dt = O
for some ré(t.). Unless det ”re baeB + k,a[} “ = 0, this determine. dyg/dt.

Conversely, if the curve By = p,a(t) is given on a hodograph surface, its
prototype is the hypersurface

(6:13)  xy(r, 8) = xpf8) + [r = Ae(8) | 8)

Te
- by (6.4), and A (t) vy dAe/dt = Vo deO/dt (to make the three families of

c'wrves of paramcters Ty, ¥y O t mutually orthogonal, as a matter of

where the normals v__ to the hodograph satisfy (L.11), (t) is defined
%o

convenience), For (6,13) an analog of (6.12) is
(6.1k) (axI/at)(auI/ap.a) + [:(r€ -Ag )bm?3 + k’aﬁ] dp,ﬁ/dt =0

20
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Since "Teaxr_/at’ = 0, (6.14) implies

(6.15)  axp fot = = (Bu/ou )™ (re - Ae dogy ¥k g /b

In general the direction of axI /ot varies with ry and r, on the
prototype of pa(t), so the hypersurface (6,13) need not be flat., This
raises the question, what curves on the hodograph have flat prototypes?
Since aé“xI fer,ary = 0, (6.13) #ill be flat if and only if [3]

(6416) det " axI/rl, axI/arz, axI/at, asz/ar( 3t " =0
The product of (6.16) and det " Vg2 aul/ap,!3 “ yields
(6.17)  rank of | b’éY du /t =1

where bgp = k,aB’ Now let ng qxp/db = 0, Dl = 1. Then for some B,, C,,

and D, , bEY = Byngn, + Ci(ngcnY/dt + anLB/dt + ni(wp/dt)(det). By

(6.17) the rank of ” c; ng* D; de/dt "él. Hence C; = CE;, D, = DE, for -same

C, D, and non-null Ei'. Now

(6,18) bl = Bingn + T [c(ng%/dt + 1, dug/dt) + Ddug/t) (d, /)]

Suppose Bi and Ei are linearly independent, Let Fia be two linearly

. . i
independent solutions of EF; = O, Then F, op (BiFic)nan, (6.6), and

(6.7) imply (6.10), i.e. B, = ”'u(t) is a characteristic,

Next show that the prototypes of both families of characteristics are
flat. Let By = uae(t) define one characteristic from each family through a

given point P of the hodograph. At P, by (6.18)
2 | =
2 [a (Bag = Vo pt,s ) " (uy a* 99,) (uo,,g+qq,5)]
(= P [(ug /)@, /00 + (@b, /o) (@2, /a0) | £
for some £ ¥ 0. Then by (6.6) and (6.7)

(6,19) b, (du *1/dt) (dus/dt) = 0
af e B

where € is not sumed. Since these have mon-trivial solutions dp.f;.l/dt,

(6,19) implies (6.417) for My = u:.
21
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Now 1nvestigate the relation hetween tangents to character:.stics and
unit normals nf to protot.ypes xI (r, t) of characteristics o = By € (1),
By (6.13) n§ v ™ ‘axi/ar = 0. For some AS

(6.20) nf= A a"I/a”a

Since ngax[‘/at = 0, then by (6.18)

(6.21) A, [(r - 8 )80 + ,aB] Qus/dt = 0
If

(6.22)  detf e blg + k of¥0

where c_ = T = A, then by (6.19) the general solution of (6,21) is a A=

€
gdpa*l/dt for some g. By (6.20)

(6.23) o= g(@up/op, ) (o ) (dy,, o+ /)

i.e, the tangent to p_ = p.a‘”l(t) is normal to the prototype of p.= n <.

These considerations and elementary calculation yield

Theorem 6,3: If for a double wave the rank of “b‘:l'is ’ bip, k ap "s 2, then
— -— Sm— —— ’ ——

(1) The characteristics are the only curves on the hodograph with flat
prototypes.

(2) The tangent at point P of a characteristic is narallel to the normal,

at points on the wrotobype of P, to the prototype hypersuriace of the other
Characteri "Ei"'-EhF""ITF"

(3) The prototype of a characteristic is a (sound wave) characteristic
hypersurface.

For the omitted cases, first suppose (6.22) is false for all Gy e

Then b*:B =X,BBy and k o = KB/By for some By, K, and K. Now the
Riemann tensor. of‘ uI UI (1) 15 o
(6:2h)  Ryg = bE bk - bS b

[3‘] s where&€is summed, But now Raﬁﬂ\,5 = 0, so the parameters pa can be
chosen so that '

(6025) gGB - ﬁap

22




which implies

(626) (au /o w)(aauI/auaapp) .0

50 by (4u11), (6.2), (6.25), and (6.26) 87 w /o dugev; K B, By end by
(645) 82k/3p.aap.ﬁ = KB,Bg+ Hence the rank of ” x..Ia21.1:[/3%3“p +

aek/apaauﬁ Hél, contradicting (L.9)e.
Next suppose the rank of “ bi'p, bﬁﬁ’ % ap "4 2, Then
3

i

(6;27) bap‘ =B e

for some Ei and a

ape 1€ B, =0, then

(6.28) b:ﬁ = Vrg E)z’u:[/ap,aap.‘3 =0

which implies RﬁB‘(ﬁ = 0, Choose parameters such that (6.25) and (6.26)

hold, Then azuI/aum apé = 0, and

(6.29) Up = Apgltg * by

where ar, and bI are constants with arg aIB = ch. Since Ve may be

chosen to have constant components, the hodograph is the intersection
of the two hyperplanes vy é("I - b.) = 0. This implies that the velocity

potential must be of the form
(6.30) ¢ = byx; + Py, Yp)

where‘tpa =4, X and F is arbitrary. If both A = 0, the flow is a
steady plane flow in planes normal to the lines aia(xi - x{)ﬁ 0. Now
assume a . is non-null., Since the rank of g is two, rotate space axes

to obtain the same form for ¢ with =t cosa+x sinay, =x,sng+
1 i 2 2

(:zlcos @ -t sin @) cos B for constants ¢ and 8, and suitably redefined
by, Since .:*,.¢’/a:~;3= uy = by, these are swept x;x, - plane flows, If

sin ¢ sin B ¥ 0 the basic plane flow is any plane flow steady relative
to axes translated with uniform velocity xi, xé, 0 defined by cos a +

x4 sinaso,('cosa-sincc)cosﬁ-bx sin B = O, Now pu, = 3FQY .
! Ha a

1
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If sino sin B = O,by a rotation of xkx2 ~ axes at most, ¢ can be reduced
to the form ¢f = beI + F(xl, t), which “corresponds to any swept unsteady

one-dimensional flow.

Finally, suppose Eaanl O. Then ¢ € bag = 0 for non-trivial solutions
of ccBe= 0. Since u = constant leads to steady flows, assume u, = u,

2
o = Uge Then CgVy & v.‘Y/ap.uap,{3 O If both cg¢ Ve e 0, then Vee" r‘vEé

for some r, .. Now v, = - E T2 u, /oy, and Ve - E.r 24, /0. Then &

be

. 2 2. . . .
Visire = Bgle [(raaudauc/ap.l) + T T, (raauc/ap.z) Jls impossible, Hence

assume
(6.31) 62112 /ap.aap,p = cazul/apaapﬁ

If ¢ is a constant, then by (6.31) the hodograph lies entirely in a hyper-
plane aI(uI - bI) = 0 for some constants a; and by, with a;a; ¥ 0, After

a rotation of space axes this yields a¢/ax3 - Adf/ot = B for some constants
A and B, with the general solution f = Bxq + F(xl, Xy, AXg + t)e IfA=0

this is a swept unsteady plane flow, which still has to be chosen to have a
two-dimensional hodograph, If A # 0, the flow will be steady relative to
axes translated with uniform velocity 0, O, l/.A..2 If ¢ is not constant, the
integrability conditions of (6.31), (3 c/ap¥) (® u.l/apaapﬁ) =

2 . 2 , -
(ac/ap.p)(a ul/apaa: Y) yield 3 u,Y/apaayLB = a B Bg for some B, ac/amcz and
some 3, 5 whence baB =K B, B‘3 for some Ke¢ » IfKgKgB, B, ¥ 0, then by
(6.27) k op KBaB[B for some K, which yields a previously obtained contra-
3 L] . ’ I . u 3
dicition, If KgK¢ B, By, = 0, then b:ﬁ = 0, a case discussed in the
preceding paragraph,

The foregoing discussion and an application of (6.17) yield

Theorem 6.l If for a double wave the rank of " bip, b:B, K:GB “ £ 1, then

(1) The flow is a uniformly translated swept steady plane flow or a swept
unsteady one-dimensional Ilowe -

(2) Any curve on the hodograph has a flat prototype,

(3) Conclusions (2) and (3) of Theorem 6.3 apply to these flows.
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7, TIriple waves, When n = 3, let 845 be the covariant nmetric, tensor of
‘ J vy 2
the hypersurface w - \JI(p,) based on ¥ the euclidean metric ds® = duIduI,

and let by 3 be its second fundamental tensor [___3] By definition
(7.1)  gyy = (S /2y, ) (Buy /3p)

(7.2) bij = \»Ia‘zuu.r/ap‘_j O pi
where w. =V, is the unit normal defined to within sign by (4.11)e Also
(7.3) ~ wdu /opg= 4da/ouy

vhere q2 -wu . Write 3q/op, = q 12 where the subscript den'otes the
1 ] ’i
covariant derivative with respect to By and based on 4 i
By (4.15), (L.16), and (7.1)
(7.14) X0 * - (Bk/api)gl‘](aul/ap.j)
where ghi is the inverse of gjk‘ Since the Christoffel symbols of the
. s - 2 . ‘
first kind, based on gij’ are [13, k] (auI/apk)(a uI/apiauj), the second
covariant derivative of k becomes '
2 hk, . N o
(7.8) K gy 3k/ou;duy - (Bk/oup)e (3o P (A /o)
Now (L.17) becomes (k,ij *> rbij)Ajk = - &, , where r=r,. Since (4.18) is
homogeneous in A, 5 only the
) . . = ph=lpm
(7.6) adjoint of (k,ij + rbij) r ]Rij
is required, where
1 . 2 _n 3. .
Ry« R g g0 ke gp)s Ryg = ROGyp Byg)s By 3 = Ribypo Byy)
(7.7) ROk 345 Byg) = K 50501000 je2 K, 115420002500

+ k k

,i+2j+2bi+1+1;)+1 - ,i+2j+1bi+1j+2

Since all four of r and p, are independent, (L.18), (7.6), and (7.7) yield
2 n

(1.8)  [3ey =5 10,0 - (oa¥ 20,3000,5 ¢ 30, ] Ry =0

Since R? is a relative contravariant tensor of weight s the
system (7.8) may be considered to be tensor equations, Furthermore, note
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that

3 =
(749)  R{y = Diynjerbieogea-DiarjecPisegel Ris1ieaje1jen
are che components of the Riemann tensor of the hodograph hynersurface.,

(7.8) is a system of three second order vartial differential equations
for the five functions w, and k. If k ¥ (=) 0, to determine ui(p.) and k (p)

requires two (three) additional equations, which may be obtained by assigning
a special form to the coefficient tensor of (7,8). The resulting systems are
classified according to the nature of the characteristic surfaces of their
internal hypersurfaces. In the present context a characteristic is a surface
on which the coordinate functions, their first partial derivatives, and hence
the metric tensor, are continuous, while the components of the second funda-
mental t ensor may have discontinuities there,

One might hope, by analogy with Theorem 6.1, that the characteristics of
the hodographs of triple waves would be two-dimensional hodographs. Although
it has not been possible to prove this, it will be shown that two of the
equations for these characteristics are consequences of the equations (6.6)
and (6,7) for two-dimensional hodographs,

To find the characteristic conditions corresponding to (7.8), consider a
triple of functions M, (t;, t,) of class C, with Jacohian matrix || aMi/ata | of
rank two. Assume that on the surface

(7.10) u; = Mi(tl, t,)

the values of

(7.11) u; (M(t)) = U(t), k(M(t)) = K(t)
(7.12) auI/ui = PIi(t), ak/aui = Q, (%)

are known, Also on this surface let gij = Gi.j’ bi;j = Bij(t), and k’ij = K, ij(t)
be the values of the three dimensional metric tensor, second fundamental tensor,
and covariant derivative of k, which will now be calculated. Define non-trivial
Li’ NI, and NIy by

(7.13) N P =0y Ny Np =1

(7.14) N‘IY du fBt, = (NIY Pry) oM, /ot = O,asy = 1, 2.

1

Npglpp = 0

(7.15) Lj amj/atnt =0
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Py (7.13) and (7,1k)
(7:16) N =C¢ Nyg €=1, 2

for same C¢ (t)., Since

? o
T.17) & ot ot,.= (87 ANIE-T aar fe ke )
( ) ]'L/Gtaotﬁ (5 UI/)(Jicpj)(OI:i/c ta)(.an/f,tg’ Ii F r /at 3‘33
then by (7.2)

(7.18) Bij(aMi/ata) (an/atB) = N UI/E»b(' atg

Also (7.13) implies

(7.19) By, an/atd = Ol /ot

-
Since aMi/bta and I; are independent
(7.20) Bij = HGB (aMi_/atc) (an/tﬁ) + H (LjaMi/ata + L an/atc)', BL; T4
for some Haﬁ, Hy» and B. Let
(7.21) b B = (oM, fot, ) (3, /otg), hcﬁh?*" = &,
(7. 22)b NI‘_a U/at atB
Then by (7.20), (7.18), and (7.19)
- €x .ay ,B0
(7.23) Hog Ce baﬁ Y h

(72h)HuL1aY‘aﬁMaMi/at + Pry /at=o

Since these determine HaB’ and Hys everything in the right hand member of
(7.20) except B can be found in terms of surface data on (7.10).

Next, consider Ky; ;. First note that

(7.28) ap, /ot = (azuI/auiauj) CIW

By (7.5) and (7.25)

(7:26) K,y 5 My/oty = 3Q; /ot = Q0 0P, 3P, /ot

et
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Now let K g be the second covariant derivative of X(t) with respect to
Cooox

By (6.5)
(1.27) K*5 = 3% /0ty Bty - (/o )E™O(0U; /ot )07y /ot 2t
By (7.5), (7.25), and (7,27)

(7.28) K; i3 (aMi/ata) (an/atB) -k o =

n K "
- (@ P - K/ o, g YﬁaUI/ata) a‘2UI /o3t

Since the vector in parentheses in the right hand member is normal to aMi/at €
-k #* 4bapr -
then for some S¢ () QB Py, - /ot g" Yo /otg = 5, M <

(7.29)  K,35 (3M;/0t,) (aMy/otg) = ks o - Se_b:g

AS in the case of B, 3 expand

(7.30) Ky3q =M q(aM/3t,) (3M/otg) + M (L3N, /oty + L;3M, /06 + CL Ly

for some Maﬁ’ M,, and C. Then from
Maphw h‘36 = sy aM].L/at-,Yan/at6
LM, haY + Mg hEY = sy an/a’c,‘f

and with the aid of (7.25) to (7.29) one can find Magg and M, in terns of

surface data.

Only B and C remain to be found, if possible, from (L.18) which may
be rewritten as

for all r, where B;, and K’ij are to he evalnated by moans of (7.20) and (7.30),

J

where
‘ - AC -
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The fundamental equation may also be rewritten in the form

1

1 .

and || gy [|= || o /oty, oM, foty, 1y ||+ Now B and ¢ appear in the adjoint

in (7.32) only in the combination (C + r B) (LiLi)z. Then B and € will fail
to be uniquely determined if the coefficient of this product vanishes, d.e, i

‘ €
F'mg(~1)q*ﬁ[lﬁia+1g+1+(rcé 'Sé)b¢*+13+1].o

where Fij aMi/ataan /atB=
’ #Z., 3 #* *
Flasxa(gap—uo;auo,ﬁ

o) (g, g+ T, o)

Since r is arbitrary, this yields

(1,33) CeFy g (TP o 1m0
t ) * *
(7.34)  F, B (-1)* * P ;a+1B+ 1% Pgay) =0

Owing to the presence of C¢ Se (7.33) and (7.34) are implied by but
not equivalent to (6.6) and ( 6.76). The three consistency conditions
obtained from (7.33) by requiring the coefficients of 1, r, r? to vanish
and formally setting B = C = O may conceivably contain additional
information which can be combined with (7.33) and (7.34) to obtain (6.6)
and (6.7), but the author has been unable to reach a conclusion on this
matter,

Tt should be remarked that the form of (7.33) can be simplified

= By M; Mgy Where My, = aM; /ot . Then (7.33) becomes

a+p -
FpgByy(= 107" MpMaghs o piMygey = 0
Since the terms with r = 1 and s = j vanish, this may be rewritten as

(7.3) (BysFiarge = Baagfiger ~ Bigerfiang * BrengeaFigllasclyee = O
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where solutions Li of (7.15) may be defined as

(7e30) Ly,p = MigMierp = MagMium

In a given triple wave B, j(M) and F, j(M) are known functions of M. If
the form (7.35) is not definite, then as one would expect, (7.35) with L
defined by (7.36) is a first order partial differential equation for the
Mi(tl, t5)e If k = 0, as in the next section, (7.34) is satisfied

trivially. If k # O, one must also verify that (7,.3h) is satisfied
oy the selected solution of (7.35).

8, Examples, Homogeneous Flows:

To construct a simple wave k (p) may be chosen arbitrarily., To construct
double or triple waves it must be chosen to satisfy (6.7) or the first two
equations of (7.8)s In all cases k = O is a possible solution, and then by
(L,7) the corresponding p. o 2Te homogeneous of degree zero in the Ko This

suggests considering flows, not necessarily isentropic, in which Uss Py Ps
and s are homogeneous of degree zero in the Xpe If all of these functions are

independent of t, a steady conical flow field is obtained, If some of these
functions actually depend on t, let (8,1) X, = x, /t. Then u, p, p, and s may

be taken to be functions of X., and the geometry of the flow field simply ex-
pands at a uniform rate with the passage of time, Let ¥ = a/axl, a/axz,

a/ax3. Then (2.1 v) to (2.4 v) become
(8.2) @-1.V*T=-pT g%
(8.3) @-X).V¥p+pvam=0
8. (E-%Vgao
In a homogeneous flow it is natural to seek characteristic hypersurfaces,

defined by f(X) = constant, These are conical hypersurfaces with vertices at
the orisin of space-time, Now the characteristic conditions take the form

(8.8) (@-X)V* £=0
8.6) [(1‘1 -T).V* f] 2 a2 (V*)?

Note that if U is too close to ¥, for example U = ¥, there are no solutions of
(846)y iee. one cannot construct a conical characteristic hypersurface of the
sound-wave type.
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Three classical one dimensional examples of degenerate unsteady flows
come immediately to mind, TFirst, the early stages flow in a shock tube,
Second, the very closely associated flows produced when a piston impulsively
starts to advance into or recede from stagnant gas at constant speed. Third,
the early stages of Lagrange's problem in interior ballistics, in which a
mass of gas initially in a uniform state of rest propels a projectile down
a tube without friction. These suggest the followine generalizations to
homogeneous unsteady flows.

1, Flows about cones 3._13 a shock tube _9_1: infinite cross-section.

Consider flows produced when an infinite plane shock moving with uniform
velocity into stagnant gas and followed by an infinite region of uniform flow
encounters a conical obstacle, Such flow include:

A. Development of Prandtl-Meyer flow around a corner (Fige 1A 6, 7, 8).
This would also arise in the early stages of the flow out of a plane shock
tube with a flared exit (Fig. 1B).

B. Development of steady conical flow_about cones not inclined too
much relative to the flow (Figs 2) [6]]

C. Shock diffraction ahout and reflection from conical obstacles at
large inclination to the flow (Fig. 3) [1, h]

2. Conical Piston Problems.

These involve the flow about a conical object impulsively started into uniform
translatory motion advancing into or receding from stagnant gas.

3. Conical Boundaries in Relative Motion.

An example of this type is an idealized model of an emerging projectile, Con-
sider a plane block sliding along a fixed wall with a corner, and eventually
separating from the corner., Assume that behind the block there is a region of
uniform flow at high pressure, while between the block and the wall is stagnant
gas at low pressure. Consider the homogeneous flow field after the block sepa-
rates from the wall (Fig, L),

J« He GIDSE
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