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SYBOLS
rectangular position courdinates
velocity vector
rectangular velocity components
polar ccordinates of velocity
speed of radial flow on initial circular arc
local speed of sound
ratio of specific heats (=1.4 for air)
Mach number (=q/a)
inclination of bounding ray of radial flow
curvature of nozzle i
characteristic coordinates (& varies on the patching
characteristics)

L = a2 -v2

R = a(q@-a2)L/2

Y

direction cosines of straight line {ox = const.) simple
wave characteristic

jength of X = const. simple wave characteristic
density

X, ¥ along characteristic which patches the transition
and simple wave regzions

arc length along transition section of nozzls
parameter governing rate of growth of curv#ture of

transition section
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ENTAC COMPUTATION OF TWO-DIMENSIONAL SUPERSONIC NOZZLES

ABSTRACT

A procedure based on the method of characteristics is described in
detail for computing two-dimensional supersonic nozzles with continuous

curvature everywhere. The results of ENIAC calculations of a series of
nozzles by this method are surmarized briefly.




SLCTION I
INTRODUCTION
This report will describe a method of determining two-dimensional
supersonic nozzles on the basis of plans isentropic flow of a perfect

gas. The cemputational procedure is based on the method of character-
istics (ref. [1] Jis

e

Fig 1.1

The procedure commonly used for designing these nozzles (ref;&ﬂ)
is to patch a Ysimple wave" cnto an assumed initial radial flow to obtain
the "cancellation" region which leads to uniform flow., These several
regions are indicated in Fig 1.1, which shows a representative two-dimen-
sional nozzla. {Becausc of symmetry we need only refer to the upper half
of the diagram.) The radial flow originates from a two~dimensional source
at point 0, the ray OR being tangent to the contour TBJ at the "inflection”
point B, BD and DJ are characteristics (or Mach lines)#*. The problem is
the determination of BJ.

Nozzles designed in the above manner will, in general, have discon-
tinous wall curvaturs at points B and J (Fig 1.1). While this condition
is permissible for fixed throat tunnels, i% is unsatisfactory for flexible
thrcat tunnels, the walls of which must have continuous curvature every-

where. The process used in the calculations described in this report aveids

¥ See, €.+Zey PP. 259 - 286 of ref. [3] for discussicn of simple waves and
Mach lines.
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this trouble by inserting between the radial flowv and the sinple
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wave a transition section (EDFE in Fig 1.2) the wall curvature of which
varies continuously from zero to the value at the beginning of the can-
cellation section. The transition section can be fitted in many ways.
The particular method used here is described in Section II by eqn. (2.6)
and its accompanying discussion,

A series of calculations described in Section IV were performed on
the ENIAC to provide design data for the 13" x 15" flexible nozzle wind
tunnel (No. 1) now under constructicn for the Supersonic Wind Tunnels
Branch of the Exterior Ballistics Laboratory. These shapes were selected
from a three-parameter ( Qg 8 , A9) family of nozzles. The particuiar
choices of parameters were guiged by factors such as physical 1limitations
on tunnel lengths and permissible plate curvatures., The object was to
get a continuously varying family of nozzles from which could be obtaiined
reasonable shapes of curves ("jack displacement" vs. Mach number) for the
design of cams governing automatic settings of the jacks which hold the
wall in place,

To obtain the final family of eighteen nozzles required about one

hundred and ten trials at about forty-five minutes per case, Clearly
computations on this scale would never have been undertaken by hand.



SECTION IT
EQUATIONS AND BOUNDARY CONDITIONS
The equations describing the two-dimensional flows are (ref. [1], p.l2)

Hau/ax o+ K (ou/ay + dv/3x) + L av/ay = 0 1
av/ox - dufdy = J

1 . 2 2
where H=z a -u’, K= -uv, L= a =-v,

(2.1)

The flow field is divided into four regions (Fig 2.1): I == radial
flew, II -- general two-dimensional flow, III -- simple wave, and IV -=-
uniform fiow. Thesa regions are serparated by the characteristic curves

m Y
F

\
\/ v
'F

q e e - ————

Fig. 2.1
BD, EF; and FJ:; BB! is a circular arc.
The boundary conditions are
a) ve0 when y=0;

that is, the air flows along the center line of a cross-section of the
nozzle.

b) v/u = £' (x) along a centour £ (x), which is to be
determinaed as part of the solution to the problem. This contour is sub-
ject to the following conditions: f! (x) = tan ® oo " (%) = 0 at point
B; £' (%) = 0 at point J; £ (x) has continuous curvature1< (x) every-
where between B amd J.
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e first establish the coordinate system. The origin is deter-
mined so that x, = 0, yp = 1 (Fig 2.2},

/
M

(o) - 0,0

Fig. 2.2

The initial ianformation 2t our disposal is the radial flow, with
speed g, on BB!'. Since the streamlines coincide with the rays from
point O, 0 measures the inclination of both. The angle € _ is divided

into oy intervals of magnitute §'6 =6 /nl, where n is an integer.
Cleuriy, on equally spaced points on BB!

~

x(n) = csc 0 cos (6, = nGO/nl) - cot 8

y(n) = e¢sc 9_sin (6. - _/n,)
o) o o/l S (2.2)

n

u{n) = q_ cos (8, - 9 /n;)

v(n) q, sin (60 - /hl)

-

where n = 0, 1, 2, .,.,n . Accordingly, n = O for point B and increases

along the curve up to n.:L at point B!,

We designate X as the variable along BD, the Mach line patching
together the regions I and II. In the soiution of problems by charac-
teristics the choice of characteristic parameter along certain bounding
Mach lines is arbitrary (see ref. Lﬂ’ P. 21). Thus we are able to
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chooseQi=n along BD; that is, X wil). vary continuously with 6 from zero
at B to n; =G, at D, and at any point P (Fig. 2.2), where 0=80(1-n/n1),0f

will be equal to n.

Since the hodograph of the¢ piane characteristic BD is a Prandtl-
Busemann epicycloid, the velocity distribution on BD is described by

6, -9 = £(M) - f(Mo), where

7
cos (1) - VD /D) tan Wil {r-1) /o)),

(see ref. [h], p. 26) and M(q) E\/qu// [(V-l)(l-qe)J 3 also M = M(qo).

£(M)

To determine the curve BD, consider the streamline OP (Fig. 2.2)
/ 1
OF/0F = yP/SrPr

0P = ¢s¢ 90

Thus fp= OF = (yp/ ypr) csc @ .

P and P! may be_taken as two points on a two-dimensional nozzie sur-
face. Then (ref. [5], p. 3b)

yP/yP' = (AP/A*) / (AP’/A*)
A/A% is the ratio of the cross-sectional area at arﬁr point in a two-~dim-

ensional nozzle to that at the throat of the nozzle (according to one-
dimensional theory, Ml at the throat) and is a2 function of q.

A/ = (L) [{m(x -1)»12}/(_)«»1)] (¥ +1)/(2¥ -2)
Since qp, (=q,) and qp-(c() ar: known, {P () can be determined.,

Let 6 = 60(1 - n/nl) = 60(1 -O(/O(I) =0 () at point P.

Then . R
xl) = i’P cos (1 -otfxg) @ - cot o
Y(or) = [P sin (]- -0‘/0’1) eo L
(2.s)
u(ef) = gq(x) cos (1 -O‘,(’Xl) o,
v{e) = q{&) sin (1 -9/7) 9
J




Consequently x({o), y(©), ul), v} are determined at Ofl*-l points on ED.

We transform to the characteristic (X,B) plane to determine the flow
in region II. The characteristic equations are (ref. [1 »

-j
(KR) yox = Ixge= 0 (Y Toy/%%, Ve =3y/eB, etc.)

Hyg - (K-R)xﬁ =0

- (2.5)
Hue+ (KR)vx = O

K-R)u, + Lv 0

(K-R)uq 8 b
where B ={kK2 « fiL. Fig. 2,3 shows the map of region II in the character-
istic plane. The two bounding streamlines BE and DF map into the lines B=o

B
! e ._.7/,:
o 4
/ B= O -,
8 D -
Fig. 2.3 ‘

and Pmoi=of respectively (dB/dct= 1 on them). :

We arbitrarily demand that the inclination of the nozzle on BE be
of the fcrm

0 =0_ ~ox2 Ao C(2.6)

where A@ >0 is a prescribed constant, The curvature on BE is
K, =®B/As = - 2K Q0 /5, -

At B, &= 0, so f(‘i = 0, Thus the condition of zerc curvature of the nozzle

at point B is setisfied. More generally 6 = © -O(zg(O(), where g(&) is an
arbitrary function of ¢, satisfies this condifion. '

Since

3s /a0 = (ax/oo) V1 + (dy/dx)2 = (3x/0%) /1 + tan® ®, -orer),

R IT T oo =

e A el



the curvature is

K, = - 20(Ae/£(ax/acx) ;/1 + ten® (ﬂo-mz Ae)] (2.7)

The flow in region III is a simple wave; that is, the velocity is
constant along the characteristics Of = constant, which are gtraight lines.
Consequently the points on EJ, the remainder ¢f the nozzle, are simply
functions of X, In particular, ‘3J =0 (Oq) = 0, and e 1is the speed of
the final unifeorm Tlow, -

nik

Fig. 20’4

We wish to locate a point, say T, on EJ (Fig. 2.4) which corresponds
to the point G on EF. Let x =&, y =7) on EF. Then x, = @), y5 =1 ().

The slope of GT is
m(e) = [(ay/as) / (ax/a'sﬂ! o= (KR) /'H  (from egn. (2.5) ).

The unit vector tangent to GT is ( A,u), where

A=~ H/,/-I;.E + (K-R—)_é , b=~ (K-R) o+ (K-R)z. (2.8)
Then on EJ

x(@) = § @) +1 (@) r (&) = xﬂ —

r (o) = GT

y) =N &) + p (X)) r (&) = Yo

fio) = - > (2.9)

v(O() = =VT

o

We find r(o) esscntially from the equation of continuity by equating

L —
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the mass per second of air flowing across GT to the mass per second across
EG.
G ® mass /sec. across GT = p (&) [u(O() p () ~ v(o) X(Of)] (),

{upp = YA) is the scalar product of the vector g = (u,v) and the vector
(by =N}, & unit vector normal to the line GT. It is &lso the component
of the velocity normal to the characteristic GT, which is equal %o a(or),
the speed of sourd.

From ref. [1] » .12, p = pg (1 - q2)1/(y'1) (p, being constant

D,
for the flows considered here; h=l), and al = 0-1)(1-9q")/2. Hence

Ay = Py (1 - ML) a0 ¢ 9.
A unit vector, normal to the curve EF is (-7) /V aocz*' Y)C:Z,
£ k2.2 X (CEG [ .
o(/!/ﬁq +N )3 and Qg = mass /sec. across EG = c Lp(vs-".o;- uNy)/

Vo
I 2 _—21

Voo ¢ ijx st.
0 =2
But ds/4dci = '/-é',“ +7')0(2 3 SO
: = 2y1/(r-1)
Cgg = Po Sa (1) 2 (v& - ung) dox.
‘ E ;
Equating Qpq and Qs we get (taking?= 1.k} .

r (o) = [&t(l_qZ)Z.S (v&gr U ) da] /l}(_l-qz)z'S]

According to eqn. (2.5) Vo= [L/(K-R)]E,q= (K+R)E,, /H 3 so

finally fa
r (&) ={ an (1~-<:12)2"S [v - (K+R)u/'H] E,ocdoi} /{a(q) (1-q2(°<)j|2'5}
i (2.10)
Along BEJ dy/dx = v(&) fu(o), dzy/dxz = Ld(v/u)/dox /(dx/d ).
The cuerture is] I 1 3/2 I_ 1
VS -y J Y IO PN = (w/q)3latv ) fao J(ax/ao) .
K_LQY/Q-X J/ tL\.Y/ -lJ '-1/‘-1) L(, \/ J,(d‘,d, (2.11)
At point E, where r = O, we note that (by eqn..(’c‘.?))
(ax/do)]p = (A& /ao)] o + % (ar/ae) ] ¢ (2.12)
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This leads to the relation

axfoci| _ = { &/ (s )} ag fax |
which upon substitution intc egn. (2.12) 1eads to i
ax/dX| . = —{ZXquQ - a2 /(a - u‘)]dg / dOfJ B (2505]

By egn. (2.5), A du/da + p-dv/da = 0, and
d{v/n) / dx = (uver - vua)/u2 = - (Vq" =-a°/ uuz) Uise o

Substituting this relation and eqn. (2.13) in%o eqn. (2.11) we finally
obtain

K, = |_\a - u?) /’(anu)] (uor /& (2.1k)

Actually, the length of the transition section is not known a priori,
In the computation a% each point on BJ (Fig. 2.1) both K. (eqn. {(2.7)) and
Xz (eqn. (2.14)) are computed. When a point E where X -'KE is found,

generally br interpolation, the characteristic EF is constructed and the
canzcllation section thus started. To achiev: a desired design Mach number
at tie uniform flow region s=veral trials must generally be made with
various initial q,'s on BB',

13



SECTION III
COMFUTATIOIAL IROCEDURES

The initial data for determining the flow on BD (Fig. 2.1) are
available on IRM output cards as a result of a previous ENIAC compu-
tation of Frandtl-Meyer fiow. (See eqn. (2.3%) A/A¥ and q_ have been
tabulated at .05 degree intervals of w =9+ const, The 1np8t deck for
a computation is extracted from this main deck by seleciing first the
card with g = q (on which o is, say, ), then thooe cards with
m=mo+d\9 m=m +2€9,...,w-wo+xmde =0, *+9 . Egqns. (2.4)

then yield x,y,u,v at a,+1 ejually sraced points on BD (ﬁ=O) in the
characteristic plane ("Fiz. 2.3).

For region II there are three computational routines: the stream
process for points on

— ™
Sy

o>
iow
P
O'\

Fig. 3.1
DF (Fig. 2.1), the nozzle process for points on BE, and the general

process for all other points. The second order 1terat1ve method
described in detail in ref. [1] is used to solve the differential

1y

——
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equations numerically ., The partial derivatives are repiaced by differences,
so that for a point P (Fig. 3.2), with information knownm

bpoomooe

Q N

o
- X

Fig. 3.2

at points L and U, eqns. (2.5) become
N

0

(K-R) gy (vpry,) = Lgpy(xpmzy) =

H@_I(ap-uL) + (K-R) W(Wprvi‘) =
(K=R) gy (up=ay) + Lp(vp-v) =

[
o
y—

(3.1)

(@

(@

—r

The notation H.,, means that H is evaluated first at ‘G, then in the

second iteration at M. HQ=(HU+HL)/2 s HM-(HP+HL) /23 HN=(HP+HU) /2, where
HP is computed from Ups VP determined in the first iteration. This

notation applies similarly to all other coefficients.

The solution {general process) to egns. (3.1)

xpé(K-R)QM@Q'N Yy = (K'R)QN xu}/D =

HQN {(K-R)@VI s L@Vi X'L}/ D

¥p = Igy {HQN ¥y = (K-R)gy xu}/D =
(K-R)gy, {(K-R)QM 7L = Ty xL} D
up = Loy {"go: Uy (K“R),@vva}//A -
(4R}, {(K-—R)QN uy + Ly ¥}/ 4
vp = Hyy ’{(K-R)QN uy + LQNVU} [a-
(KR) gy {igyg ug, + (KR v} /0

-’

is
D

e (3.2)

kIt should be remarked that the ENIAC coding used was actually adapted
(tg save coding time) from existing axisyimetric flow coding by suppressing
a*v/y terms.,

15



where
frr o\
D Lw H¢N « (1 R);féM K n.)QN. and
A= H@V’ LQ‘I‘] =) (I{-R)QN \l\-ﬁ/@l

Similarly, the stream process computation (DF in Fig. 3.1) for
roint P in Fig, 3.3 is

—p— X

Fig' 3-3
- W
xP_xI.-={(K'R’/L( wd, YpTO
uP = uL + {(K-R)// H} ]ZM ‘v’L > .VP = ()

= Y. I P ~ d ] 30
Tne egquabions used for the nozzle process (BE in Fig. 3.1) are

(3.3)

- (K-R) X‘e =0 ]
(R-R)ug + L vg = O (3.1)
"dy/dx = tan (a;cxaAe)
|
I
J

v = u tan (60 -GZAG)

B
i P p!

Pa
c




In difference form they are (see Fig. 3.4)

{ H/(K-R)} ¥a (ypory) = (xp=xy) = 0

(3 - wyp) + (/) J pvE ) = O -

(YP - ¥,) /(xp=x,) = tan , (8 -ot?26) = 0|

(3.5)

up tan (60 »G%AG) -vp =0 D

where tan, (8 ~w240) = (1/2) [tan(e -o240) + tan (8 _ ~cx3ae )] .

The scluticn to eqns. (3.5), which locates the nozzle points, is
-

Xp (l/A){L'%/(‘i-R)_j wo Yy - "U}L
(l/A){[H/(K-R)j o l_y‘k."'XA tanM(G -O(2Ae)|f\

Ve = (1/a) {YA + x, tan 1(9 -of AG)} L(B.é)
(1/A) ( [8/(eR)] g yU*'xUl tan, (9 - o(°A6)
up = (l/B){l_L/(K-R)] Q V'TWU}

hig

. 2
‘ vy = (1/3) {[L/(K-R,wq vU+uU} tan (9, ~549)

b3
»

,
A= {B/R) Ly tan g (0, -0289) = 1
= {L/(K-R)} e tan (90 "O(%AB) + 1

The flow is computed at &, + 1 equally spaced points on'B = 1, then
on B =2, B=3, and so on,

The partial derivatives in the curvature expression eqns. (2.7) and
(2.14) are approximated by linear difference quotients. Thus (see Fig. 3.4)

| (ox/o0), ¥ (xpy =) /Ope=0)3  (2u/00), ¥ (upymup) /(S =0 -

17
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For every nozzle pomt.‘i(_L ard‘f(_ [(a -u )uJ /[ q3>\p ch‘l
re computed, and d —t l’ is recorded. d varies monotcnlcally along
the nozzle; and when 1t changes sign at some point G (Fig. 3.1), we

Know that the point T, where the trancition region curvature equals that
for a simple wave, has been reached and passed. Using the information
at G and the two preceding nozzle points, we determine by three point

interpolation the varisbles ford = 0; namely, Xps Yp» U Vps % Bge

The characteristic $=B, (EF in Fig. 3.1), on which x=& (@), y=7) (1)
is then computed in the same manner as the preceding £ = const. character-

-istics., The Machk number at I 1z the final axit Mach number.

The remainder of the flow is the cancellation region and is computed
from egns. (2.9) and (2.10).

In evaluating the integrand in eqn. (2.10)

1 e } —
L P R
Fig. 3.5

we approximate the der: vatlve.s S \9|f) by central differences (1.e.,
Sale)y [REH1) - § (= _1)] ) for all points but the first

two and the last two, For the 11rsc two points 3§ /a% P"’[(ER )/(or Ot )_\

(see Fig. 3.5), and for the last two points of/o% _IP ”-‘{gs,- -5 )/ (o _O‘L)..

We approximate the integral in egn. (2.10), which we write as
T () = J: J () dx , by Simpson’s formula for all points but-the first

two and the last one: na.mely,

T () ¥ T (or-2) +{[J (or2) + b3 (or )+ 3 @] /3
T {&=07) = 0 for the first point. TP [(J + JP) (O‘ -orL)/2]
{s0a Fuz. 3.5) for the second and last po:mts.

Finally,; for the wind tunnel designer's cocnvenience, the coordinates

of the nozzle points were transformed so that the exit point F has the
coordinates XF = 0, Y = B, an assigned constant., This calculaticn places

all the nozzles on a scale based on a fixed height of the wind ounnel test
section, The transformation was accomplished vy

X = (Bfr) (e = )]
¥ = (E/yll;) Y Jr . (3.7)

18
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SECTICN IV
SUMMARY CF COMPUTATIONS

Fig. L.l indicates the flow regions and Mach lines of a typical
nozzle calculatiocn.

The nozzles computed for the ¥ind Tunnels ich are summarized
graphically in Fig. 4.2. Contours were oonpwt intervals of .25
for exit lach numbers 1anp1ng from 1.25 to 5.5, e actual numerical
computations arc available in the files of the Datz ieduction Unit of
the Supersonic Jlnd Tunnels Branch, Exterior Rallistics Laboratory.

Q-LTJ
H!DQ)
S‘d"l

The designs for the remaining sections of the wind tunnel walls
("subsonic" and "expansion" sections - ST and TB in Fig. 1.1) were
cbtained eirpirically after the ENIAC data became available. Boundary
layer corrections were included in all the jack settings,
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