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ON THE SMALLEST SCALE TURBULENCE 

IN THE ATMOSPHERE 

by 

EIICHI INCUE 

ABSTRACT 

This paper deals with the smallest scale of turbulence in any- 

turbulent flow, in particular that in the atmosphere near the ground, 

to provide guidance in designing instrumentation for measurements of 

atmospheric turbulence. Discrepancies between G. I. Taylor's "smallest 

eddy" or "microscale of turbulence" and the concept of "the smallest 

turbulon" or "internal scale of turbulence", arising from the modern 

similarity theory of turbulence are pointed out.  Physical character- 

istics of the smallest turbulon in the atmosphere near the ground are 

studied, and their practical applications discussed,. 
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ON THE SMALLEST SCALE TURBULENCE 

IN THE ATMOSPHERE 

by 

EIICHI INOUE 

1- Introduction 

To make successful measurements of turbulence elements, such as 

turbulent velocity, vorticity, pressure, or temperature fluctuations in 

the atmosphere, it is obviously necessary to have preliminary estimates 

of the anticipated characteristics of these elements. Indeed, the choice 

of instrumentation must largely be governed by such preliminary estimates. 

In this paper, we will discuss some anticipated characteristics of small 

scale turbulence in the atmosphere near the ground. This discussion should 

be of some help in designing instruments for measuring atmospheric tur- 

bulence. 

The "smallest scale of turbulence" has two distinct definitions which 

must be discriminated quite clearly. One was first defined by Sir Geoffry 

Taylor (1935) as "the smallest eddy" of turbulence and is still called 

"the microscale of turbulence" by many authors, which hardly seems an 

appropriate designation. The other was first defined by Kolmogoroff (l°Ui) 

and Obukhoff (19U1) as "the scale of the finest pulsation" and now is called 

"the internal scale of turbulence" by the originators, (Kolmogoroff 19^9, 

Obukhoff and Yaglom 19S»1) or "the smallest turbulon" by the present author 

(Inoue 1950). 

Though the former has been frequently considered by many authors 
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(R. J. Taylor 1952, Priestley and Sheppard 1952, Sutton 1953) as the 

characteristic length of the small eddies which are responsible for viscous 

dissipation, following Taylor's original speculation, it does not seem 

a very reasonable interpretation. Indeed, the length of "the smallest 

eddy" or "the microscale of turbulence" is nothing but a kind of special 

geometrical mean of the lengths of "the smallest turbulon" and of "the 

largest turbulon" and is not the length scale of the eddies responsible 

for most of the dissipation U-ioue 1952b, Batchelor 1953). The concept 

of "the largest turbulon" clearly corresponds to one of "the mean eddy" 

defined by Taylor (1935), which is frequently called "the integral scale 

of turbulence", and is the same one that has been called "the external scale 

cf turbulence", by the originators of the modern similarity theory of 

turbulence (Obukhoff and Yaglom 1951). In other words, the concept of 

"the smallest eddy" is nothing but a kind of "mesin eddy" and, on the other 

hand, that of Taylor's "mean eddy" is nothing but "the largest eddy". 

The aim of the present author in using the special designation of the 

"turbulon", has been to avoid confusion. Since the length of the character- 

istic scale of turbulence has been called "the smallest eddy length" and 

"the mean eddy length", and so on, it seems necessary to make use of such 

another single designation in order to avoid any possibility of confusion. 

Indeed, even in some recent papers such confusion has been found, as will 

be pointed out in this paper. 

This problem of terminology has tended to prevent the interchange of 

knowledge between aerodynamicists, who deal in "microscales" and "sr.allest 

eddies", and meteorologists, who talk of "parcels" and "gusts". 
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2. Relations Between the Smallest Turbulon and Taylor's Smallest Eddy 

The idea that in any turbulent flow field there is a certain smallest 

scale in which the molecular viscosity is predominant and beyond which 

the turbulent viscosity coefficient is predominant has been proposed by 

many meteorologists, such as L. F. Richardson (1926) and Kampe" de Feriet 

(1936). The concept of "the smallest turbulon" or "the internal length 

of turbulence" first proposed by Kolmogoroff (19U1) and Obukhoff (I9ljl) 

seems to the present author as a physical description of this proposed 

microscale. The scaleA« and the velocity V^o of the smallest turbulon 

are given by 

A.- clt/'V
A ^2,) 

v« =• c2v
,/+ &,/4 u.-z; 

respectively, where ]) and p denote the molecular viscosity of the tur- 

bulent fluid medium and the mass rate of turbulence energy dissipation per 

unit time. The C-, and C„> also other C's used hereafter, are all regarded 

to be universal numerical constants of the crder of unity. 

On the other hand, the concept of "the smallest eddy" introduced by 

G. I* Taylor (1935) for a homogeneous and isotropic turbulent flow field, 

such as wind tunnel flow, also relates jj   and p,   as follows: 

where <f u \ denotes the mean square of the turbulent velocity u and may be 

regarded as determined by the largest turbulon. That is to say, in the 

definition Taylor's "smallest ertdy" not only the contribution of the 



small eddies is considered, but also that of the large eddies, which must 

be affected by the turbulent viscosity coefficient. 

In fact, from the relations (2.1) and (2.3) we can get an interrelation 

between the smallest turbulon _A-or and the smallest eddy A, as follows: 

^\f2        Li1  A~J    ~ LMTT/ U-TJ 

or 

At   ^v„f    ^"U.y - ^{~j 

.2- „       A       A        (   A 
\l/3 

AT - c7AoAJ-^j u.sj 
/l 0/      j 

where _A_o > v0 
and" KQ denote the scale, the velocity, and the diffusion 

coefficient of the largest or the effectively largest turbulon respectively; 

they are connected with each other according to the similarity thecry of 

turbulence by the relationsi 

2f = 3t   « c   £ (2.0 
Ao A, ; 

V0 Ao        T£o Aoo _   _ (•>   7 ~) 

the relation (2.5) implies explicitly that the length ^ is a kind of 

the geometrical mean of J\.ct.   and J\_0  . In other words, the scale of 

Taylor's smallest eddy denotes a kind of mean length of the internal 

and the external scale of turbulence, but does by no means denote a measure 

of the small scale eddies which are responsible for viscous dissipation. 

j^oo  does appear to be the scale of these eddies, and thus, such a 

designation as "the microscale of turbulence" does not seem to be very 
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appropriate.* Indeed, in the atmosphere the ratio (K f)J )  can be as great 

as lO"1" or so and K>   can be as great as ICr  cm or so. On the ether hand, 

we can freely choose the scale of phenomena in the atmosphere, as, for 

example, an observation of wind velocity fluctuations during a relatively 

short time interval or a mean observation using a short averaging time, 

in which (KQ/ \J )  will not be large. In such a case ^ can be quite 

close to Aoo » so to&t  Priestley and Sheppard's speculation that the 

length (yy £ ) ' is much smaller thaa the microscale \,  would not 

necessarily be confirmed. Another interpretation of \,   has been given by 

Lin (1953) as a small scale introduced by space differentiation of the 

velocity field. 

It would appear desirable to call \ "Taylor's dissipation length 

of turbulence" or something similar, and A*n   » introduced by G. I. Taylor 

(1953) as another "smallest eddy", "Taylor's diffusion length" or something 

similar. Then the designation "smallest eddy" might better be applied to 

A.»x} and also.A_o might be called the "largest eddy". These suggestions are 

offered at the risk of still further increasing the confusion of terminology 

in the hope that better nomenclature may assist in the understanding of 

the problems of turbulence. Until such a revision of terminology becomes 

general, the author is forced to use the artificial term "turbulon" in place 

of "eddy" to avoid confusion. 

The concept of the smallest turbulon does not prohibit the existence 

of velocity fluctuations of scales smaller than -A.ee » DU^ indicates that 

*In a wind tunnel flow, where (KC/)J)  is not large, A, is very close 

to -A.00 . However, in this case Jv.fl also is close to \ . 
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such extremely small scale fluctuations are in the regime of laminar motion 

which does not result in the formation of yet smaller eddies. Some authors 

(Heisenberg 19U8, Inoue 1950) have studied the probable nature of such fine 

fluctuations, but in order to verify the theoretical considerations exper- 

imentally, we must find an instrument which can faithfully follow such 

fluctuations* 

As to the experimental technique of determining the scale Aco, some 

work has also been done by a few authors (Kolmogoroff 19u9, Baranaev at al. 

19h9, Inoue 19?0), but more experimental work see?"3 to be needed. 

Problems concerning the experimental determination of Taylor's scales 

of A, and A,* have also been considered (Inoue 1952 c, d). 

Since the scale A^cc  decrease with the increase in £. , at an ex- 

tremely great value of P , ca. lCr" erg. g"1 sec", A©oin the air may tend 

to the scale of the molecular free path and ^, to the molecular velocity. 

Though this value of £ may be of some interest from the viewpoint of 

supersonic turbulent flow, no work in this direction seems to have been 

done.  (Inoue 19$C). 

3. The Smallest Turbulon and the Smallest Eddies in the Atmosph ere Near 

the Qround 

From the fairly well verified empirical, relation of Richardson (1926), 

K = 0.2 iV3 cm2 sec"1, (3.1) 

where L is the scale of atmospheric turbulent phenomena measured in cm, 

we can get a value of J\-oo of the order of 1 cm. Of course, this value 

is of quite a statistical nature, and more detailed information can be 

obtained from micrometeorological considerations. The quantity £, must 



be a complicated function of the height from the ground surface, the 

surface roughness, the wind velocity, the thermal stability, and so 

on. "hen the vertical distribution of mean wind velocity can be expressed 

by the well-known logarithmic law, which is reasonable under the con- 

dition of adiabatic lapse rate, P may be shown to be in reverse proportion 

to the height Z, and thus A-eowill be in proportion to Z '**, provided that 

the change in \)   can be neglected. The interrelation between JLoo  ex- 

tremely near the surface and the concept of the laminar boundary sublayer 

has also been considered (Inoue 1952b). 

The concept of Taylor's smallest eddy, or the microscale of tur- 

bulence, has been applied to atmospheric turbulence near the ground sur- 

face by a few authors, Kawaroura (19u9) has calculated the Eulerian corre- 

lation coefficient naking use of the horizontal wind velocity fluctuations 

obtained with a hot wire anemometer*, and has obtained the value A.= 11.8 cm 

applying an osculating parabola to the correlation curve at its vertex. 

R. J. Taylor (1952) has estimated AJ  under several conditions with his 

observation of turbulent energy and the dissipation rate £ i  making use 

of a theoretical relation similar to that of (2,3)**". He finds values from 

A, —   2 cm at a height of 2 m to (\. *=•  13 cm at 30 m (Priestley and Sheppard 

xypt j.    To the author, however, it seems that these values must be affected 

by the change in the averaging time as well as the sensitivity of the 

measuring instrument and that it is rather difficult to give them much 

*Piatinum v.lre of 1 cm length and of 0. C03 cm diameter was used. The 

height of measurement was 10 m.  The averaging time is not shown. 

**The author fears that in his paper R. J, Taylor confused /\, and the 

vertical largest turbulon or the mixing length 1. 
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physical significance. 

U.  Turbulent Vorticity in the Atmosphere Near the Ground 

It is generally supposed that within thi inertial range, the smaller 

the sc.de of turbulon the greater becomes its vorticity, which is connected 

vvith the ! cale and the velocity as follows: 

60 = OK, V/A 

=   c„ t'/aA3'3. C4.0 

Thus the vorticity of the smallest turbulon, the scale of which should not 

be greac.Vy different from that of the smallest turbulon of the inertial 

range, 

•n  - r   ,r'/2 c 'I1 (4 2) UJoo - C/2 y) t ^-^y 
• 

The turbulent, vorticity should be closely connected with the fluctuations 

in angular velocity of a swinging wind vane in the atmosphere.  It seems 

natural to suppose that the smaller the wind vane the more violently it 

shoul'l swing. However, detailed observations of this nature have not yet 

been carried out. In this case, also, the vertical distribution of £, 

in che atmosphere near the ground may play an important role, 

5.  Turbulent Pressure Gradients in the Atmosphere Hear the Ground 

Since the turbulon pressure P is considered to be proportional to 

2 
y°V statistical characteristics of atmospheric pressure fluctuations may 

be derivsd (Batchelcr 1953, Inoue 1952b, Obukhoff and Yaglom 1951). Though 

obser"-?.t.icn3 of pressure fluctuations in wind-tunnel flow do not appear 

to have been made, observations of extremely large scale atmospheric 
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pressure fluctuations seem to verify the theory (Syono an<* Gambo 1?52). 

In the medium scale range it may be possible to make such observations by 

means of an instrument described by Glaser (1952). 

Recently Ldn (1953) has considered the problem of the observation of 

pressure fluctuations with an instrument of a certain definite length, or 

surface, or volume scale, and has discussed some interrelations between 

the scaxe of the instrument =uiu the scale of the turbulence. In his dis- 

cussion, Taylor's microscale of turbulence was used, and here again th« 

term "micro" seems to have caused unnecessary confusion. 

The pressure gradient XL   is given formally by 

% = cup/A 

= c^pe^A1" (.5.1) 
and has been shown to serve as a coherence force against the disruptive 

effect of centrifugal accelerations (Inoue 1950). This force is shown 

to be maximum at the rank of the smallest turbulon, being given by 

^ =C,5/o^'
/+ 53/4 ^5-2) 

Some possibilities of measurement exist along the line of the method used 

and discussed by Kolmogoroff (19U9) and Baranaev et al. (19U9), who have 

worked with the disintegration of droplets in turbulent flow. 

Y/hen the turbulon acceleration C is defined by 

% = clfc v/-c , (5.3) 
vrVipT»» i      denotes the life-time of a turbulon. bsir.tr Riven by \T / $* 

* CmA/V = C|8(ir'> ifc mav be easily seen to t>e related to the pressure 

gradient as follows: 
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= Cii  S//° . (5.4) 

This quantity is known to be maximum at the smallest turbulon, being given 

l„ «   C,a  V-x/*ti!\ (5.5) 
Under logarthmic-law conditions, the quantity £ can be expressed as a 

function of the mean wind velocity at a fixed point near the ground sur- 

face as follows: 

t    co UHO . (5. 6) 

^ 30 becomes proportional to the 9/U power of the mean wind velocity 

U (a). This characteristic has been pointed out by Obukhoff and Yaglom 

(1951). 

6. Design of the Instrument 

The fluctuations in wind velocity which are measured by any wind in- 

strument may be regarded as caused by the action of turbulons carried in the 

mean wind, and it is obvious that both the geometrical and the temporal 

characteristics of the instrument have an important influence on the in- 

dicated values. For example, any instrument of a scale larger than L may 

not be able to detect the behavior of turbulons of a scale smaller than L, 

and thus the results obtained with such an instrument may give rise to 

false smallest scale corresponding to its own characteristics (Inoue, 

1952 b, d). 

It is desirable to anticipate the general features of the fine struc- 

ture of the turbulence before embarking or. a program of practical obser- 

vations. 
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For experimental work in the v«jlr>i tunnel flow, some work has bet;.* done to 

determine the effect of the length and the diameter of v,he hob wire ane- 

mometer, in earlier studies, the length /L of Taylor's smallest eddy has 

been chosen as the characteristic smallest scale; presumable it should be 

replaced by the length -A_co of the smallest turbulon. However, in general 

the Reynolds number of turbulence, (Ko/v* ), in wind tunnel flow is not 

large, less than a few hundred, so this confusion of scales may be ne- 

glected. 

The characteristic smallest period of turbulent fluctuation in vdnd 

velocity may be expressed by the passage time Too  of the smallest turbulon, 

where U denotes the mean wind velocity carrying the smallest turbulon.  In 

wind tunnel flow T   can be shown in general to be proportional to lT 3/2 

In the atmosphere near the ground TM can be expressed by a function of the 

height of Z, and mean wind velocity U (a) at a certain height and the rough- 

ness parameter Zo of the ground surface as follows: 

T.C») - c« v* U~7%) z'/A(\o,^-T(ln^-)~l (6.2) 
V 0  —0/       \ v ^_,0 / t 

Thus, both the scale and the passage time of the smallest turbulon in 

the atmosphere near the ground are shown to depend upon a number of factors, 

such as wind velocity and the height from the ground surface, so that the 

choice of a reasonable combination of length and diameter of a hot wire 

anemometer, which is to be used for the detection of the smallest turoulon^ 

must also be dependent upon such factors. 

For such practical problems in atmospheric turbulence as the turbulent 

flux of momentum, heat or moisture from the ground surface, the concept of 

the coupling turbulon which transfers such properties most effectively seems 
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to be ir.pcr'tai'it..  The uuupliufj i,urbuion oi wr.icn one vBioitcu. tuolc i;ui»oi- 

ponds to the ordinary mixing length has been investigated both theoretically 

and experimentally (Inoue 1952b, Frankenberger 1952; S'nictani 1953). *n 

order to experimentally detect the behavior of the coupling turbulon the 

instrument should be sufficiently sensitive both geometrically and tem- 

porally. The scale of the coupling turbulon J\.oz  is supposed to be 

7j > J\_nz   > 0. 1 Z *  where Z. denotes the height, and thus its passage 

time may be given by T0* {Z) «A0z/tJ(Z), */kf?< Jj^ >Taz 2  -—•- . 

Observations published by MacCready (1953), in which Z — 70 cm and U 

(70 cm)=lil8 cm/sec, show that the passage time of the coupling turbulon 

may range between 0.17^'0.017 sec. Thus the desirable sensitivity of the 

instrument may be easily estimated. MacCready points out that under these 

conditions "about half of the heat flux at 70 cm is transported by eddies 

?rlth periods under 2 sec." 

At the present stage of knowledge of atmospheric turbulence the concept 

of the smallest turbulon seems of no practical importance, and estimates 

of its magnitude have been regarded as being merely of theoretical interest. 

However, this concept may become important in problems of wind erosion and 

atmospheric pollution, in which the floating, the atomizations, and the 

coagulation of particles in the atmosphere may be closely connected with 

the characteristics of the smallest turbulon in the atmosphere. Further- 

more, such particles may eventually be used as one of the effective instru= 

ments for measurement, of the smallest turbulon range in the atmosphere. 

7. Conclusion 

In reviewing several recent papers by a number of authors in fields 
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cf ccth rsstecrclogy ?»«^ aprnHynsmins. the author has tried to make clear 

the aistinction between Taylor's microscale of turbulence or -one smallest 

eddy and Kolmogoroff's internal scale of turbulence or the smallest tur- 

bulon. It is pointed out that Taylor's microscale is a kind of geometric 

mean of the smallest turbulon and the largest turbulon, and that Taylor's 

microscale can be of the same order as, or greater than the smallest tur- 

bulon, depending upon Reynolds number of turbulence.. The Reynolds nurber 

of turbulence in the atmosphere depends upon many parameters, such as the 

mean vdnd velocity, the height, the averaging time, and so on. 

In order to carry out effective experimental work in atmospheric tur- 

bulence, it seems very desirable to first estimate the interrelations 

between instrument response and the anticipated characteristics of the 

smallest turbulon in the atmosphere. 

Similar considerations might be applied to the problems of turbulent 

fluctuations in temperature and humidity, and might be extended to the 

problems of oceanographic and hydraulic turbulence. 

Acknowledgement - I wish to express my sincerest thanks to Dr. Arnold 

H. G^aser for extended discussion and for his help in putting the manuscript 

of this paper into acceptable English, 
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