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The accompanying paper on game theory consists of two parts of a
1*:port which in final version will have four parts. The omitted narts will
vuver d-person theory and tho relation between game theory and various
topics such as statistics, linear programming, etc. I am sending you this
incomplete version because I should like to receive criticisms of the work

as soon as possibdble;: to this end let me cite the nltimate purpose of the
renors.

It is one of a series of reports bdeing written by various people
on mathematical models in the behavioral sciemces. They are exnository in
nature and they are designed primarily for tvo audiences:

1. social scientists with some, but limited, mathematical $~Taining
vho wish to f£ind out some of the structurs and of the conclusions of the
various mathematical models, but who have neither the interest nor the
mathematical sophistication to follow detailed formal proofs;

3. mathematicians interested in mathematical applicntions in the
social sciences who want a quick survey of the area and vho can, if they
Yecome interested, obtain the mathematical details from dooks and articles
referred to in the exposition.

Vhen these renorts are finclly issued sne a tnis, thay will be
accomvanied by a short exposition of scme dasic mathematical concepts and
notations. TYor example, terms like set, function, relation, product space,
etc., and notations 1ike € , U , (), C,etc., wvill be explained. It
was felt that it was bettar to do this in one place rather than to try to
make each report completely self-contained.

I would very much appreciate it 1f you can spare the time to give
tids partial renort a critical reading with thece aims and facts in mind,
and you may de sure that in preparing the final draft I shall put to good
use any (preferabdly detailed) cosments you care to make.

Sincerely,

R. Doncan Luce

Bareau of Applied Social Research
427 W. 117th Street

Yew York 27, New York

Avril, 1952
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Part I

Genera) Inroduction

In all of man's written record there has dbeen a preocccupation
with situations in which there 1s a conflict of interest; possibly only
the subjects of God, love, and inner struggle have received comparable
attention. The scientific study of interest confiict, in contrast to its
description or its use as a dramatic vehicle, comprises a small, but grow-
ing, portion of this literature; as a reflection of this trend we find today
that conflict of interest, both among indivicuals and among institutions,
is one of the more dominant concerns of at least saveril of our academic
departaents: economics, sociology, political sclience, an' other areas to a
lesser degree,

It is not difficult to characterizz in an imprecise way the major
aspects of the .problem of interest conflict: An individual is in a sttuation
from which one of several possible outcomes will result with respect to
which he has certain personal preferences. Howev r, though he may have: some
control ovar the sariables which determine the outcore, he does not have
full contrul. Scmetimes this is In the hand: of s=veral ‘ri’viduslz ho
Like - ip have [rafarences among the possible outcomas; but o in 2ernaral

do not agree in their preferences. In othsr cases, chance events (which are

sometimes known in law as "acts of God"™) as well as other individuals (who
may or may not be affected by the outcome of the situation) may influence

the final outcome. The types of behavior which result from such situations

have long been observed and recorded, and 1t is a challenge to devise theories

to explain the observations and tc formulate principles which should guide
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intelligent action.

The literature on such problems is so vast, so specializaed, and
30 rich in detall that it is utterly hopeless to attempt even a sketch of
it. -However, the attempt to abstract a certain large class of these problenms
into a mathematical system forms only & small po~tion of the total literature;
in fect, aside= from sporzdic forays in economics, where for the most part
attemots have been made to reduce it to a siample optimization problem which
cuan be dealt with by th~ calculusa, or in more sophisticated formulations by
the cilculus of variations; the only mathematical theory so far put forth
is *he theory »of games, our topic here, In some ways the na = 'Game Theory'
is unfortunate, for it suggests that the theory deals witnh only the soclally
unimportant conflict of interest found in parlor games, wherc.s it 13 far more
general than thit. Indeed, von Neumann and Uorgenstern entitled their now
classical book The Ihsory of Games and Economic Behavior, preswmably to
forestall that !nterpretation, although this does not emphasize the even
wicar ap.licability of the theory.

The modern mathematical approach to interest conflict - game
theory - is generally attributed to von Neumann in his papers of 1928 and
1937 [ 1; although recently Frechet has raised a question of priority
»y suggesting that several papers by Borel in the early '20's really laid
the fuundations of game theory., These papers have been translated into
‘rgiish and republished with comments by Frechet and von Neumann [ ].
r1le Sorel gives a clear statement of an lmportant class of game theoretic
pronjems, it is pointed out by von.Neumann that he did not obtain one crucia!

result - the minimax theorem - without which no theory of games can be

siid to exist; In fact, Borel conjectured that the minimax theorem is
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false in zensral, aithough he did prove it is true in certain special cas=zs,
von Newaann proved it true under gencral condtions.

‘i wore interest than a debate on priority is the fact that
neither griup of papers ~ the one in France and the other in Uermany -
attractsr. much attention on punlication. There are almost no other papers
than ‘hose mentioned bafore the publication in 1944 of the book by von “eumann
and '‘orgenstern, and those were confined to the mathematical journals.
Apparently no interest was stimulated in the empirical sciences most con-
c~med with conflict of interest., Fortunately, von Neumann and Morg-nstern
attempted to write their book so that a patient scientist with limited mathe-

mitical training could absorb the motivaticn, the reasoning, and the con-

ciustons of the theory; Jjudging by the acclaim and interest evidenced in
| non-mathematical journals, as well as in the mathematical ones, they were

not without success in this aim. Only a very few scientific volumes as

nathematical as this one have attracted as much attention and admiration, and

yet we know that much of the material had lain dcrmant in the literature

|
|
|
|
) for two decades. OJre can only speculats on the soclological factors zt
!
| w3r¥ tc alter the response, but presumably the recent war may have been one |
|
! of the most imjortant. During that period there developed a considerable
i
interest in a scientific, or at least systematic, approach to problems which
0 previously had been ccnsidered the exclusive ;»-ovince of men with "experlonce.”
These inciude such topics as logistics, submu.rine search, air defense, etc.
: Jame theory certainly fits into this trend, and it is probably the most sophlis-

ticated theoretical structure so far resulting from it. The sustained activity

and interest in game theory is in soms considerable measure atiributable to
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the KAND Corporation; which 1s itself very much a product of the same war
and pnstwar phanomene.

it i3 aiso of interest, though not directly reievant to the tneory
tself, that pane theory is primarily a product of mathematicians and nnt
of sclent{iats from the empirical fields. 1In large part this results from
the fact that the theory was originated by a mathematician and w~as, to aill
intents and puruoses, first presented in book form as a highly formal (though,
for the most part, elementary) structure; thus ilending to make 1t acces:ible
as a research vehicle only to mathematicians. Tndeed, the total impact of
game theory has been greater in mathematics than in the empiriral sciences,
where 1ts technijues, though no longer its results; have czused a not in-
considerable revolution in the formulations of mathematical statistics.

jame theory coes not, and probably no mathematiczl theory couid,
encompass all the diverse problems which are included in our brief character-
izatlon of conflict of interest, In this introduction we shall try to cite
the main features of the theory and to present some substantive problems
included in its framework. The reader wili easily f1l11 in examples not
now in the domain of the theory, and as we discuss our exaples we shall point
out some other important cases which are not ccovered,

Firgt, with respect to the possible outcomes of the given situationg
it is assuied that they are well specified and that each individual is able,
elther dirsctly or indirectly, to assign a numerical utiliny (%o all intents
and purgoses a noney value) to sach of them in such a fash.on that one with
a larger numerical util ity is preferable to one w#ith a oma'ler utility.

Thus, the assumed individual desire for the preferred cutcomes becomes, in

game theory; a maximization problem with respsct to a numerical utility
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defined over all possidble ou'.comes-

SHecond, the wvariables snich conirol the pessible cutcomes era
Also assuma] to S wail sjecifiad, that i3, one can precisecly charscterize
all the varlsties ant all the vaiues ~hich they may assunme, Actually, one
may beat thine -1 these variabies as groupod in nt) classes i{f there are
n individuals in the situmtion, or in the terminology oi' the theory, if it
18 an n-perzon gsme. To each per-on is associated onz of the classes, which
regrenents his domain of choice, and the one left over is within the province
of chancae,

As we said earlier, in this type of conflict situation we are
interested in only some of the resulting beshavior. Actually, our curiosity
may Ancompass ail of 1t - the tensions resulting, sulcide rates or frequency
of nervous disorder, aggressive behavior, withdrawal, changes in personal
or business strat«gy, etc. = but of these, any one theory will, presumably,
deal with only a small subset. At present, game theory deals with the
chuices people may make, or, better, the choices they should make in a
sense to be dafined, in the resulting equilibrium outcomes, and in some
aspects of the communication and collusion which may occur among sets of
players in their attempts to improve their outcomes. Vhile much of what
1s socially, individually, and scientifically interesting is not a part of
the theory, certain important aspects of our social behavior are included,

A theory such as we are diszcuesing cannot come into existence vwithe
out assumptions about the individuals with which it purports to be concerned.
ve have already stated one: each individual strives to maximize his utility.
Care must be taken in interpreting this assumption, for - person's utility

function may not be identical with some niumerical measure given in the game,
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For example, poker is a game with numerical payoffs assigned to each of the
outcomes when it 13 played for money, and one way to play the game is to
maximize one's expected outcome, but there are players who snjoy the thrill
of bluffiny for its own sake and they do so with little or no regard to the
expected payoff. Their utility functions cannot be identi ied with the

game money payments., Indeed, there are those who feel that the maximization
assumption itself 1s tautological, and that the empirical question is whether
or not a nunerical utility exists in a glven case, Assuning maximization

of a numerical utility, it ia quite another question how well the person
knows the functior, 1.e., the numerical utility, he is trying to maximize.
Game theory assumes he knows it in full., This, and the kindred assumptions
about his ability to perceive the game situation, are often subsumed under
the phrase "the theory assumes rational players.®” Though it is not apparent
from some writings, the term "rational™ is far from precise, and it certainly
means different things in the different theories which have been developed,
but loosely, it seems to include any assumption one makes about complete
inowledge on the part of the player in a very complex situation, where it

is knom fi xm experience that any human being would be far more restricted

in his perceptions, The immediate reaction of the empiricist seems to be
that such assumptions are so at variance with known fact that there 1s little
point to the theory, except possibly as & mathematical exercise, ¥e shall
not attempt a refutation so early, though we feel we have given some defense
in the body of the report. Usually added to this criticism is the patient
query: why does the mathematician not use the culled lmowledge of human
beshavior found in psychology and sociology when formulating his assumptions?

The answer is simply that, for the most part, this knowledge is not in a

- e - &
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sufficiently precise form to be incorporated as assumptions in a mathematical
model. Indeed, it 18 to be hoped that the unrealistic assumptions and the
resulting theory will lead to experiments designed in part to improve the
descriptive character of the theory.

In summary, then, one formulation of the game theoretic situation
is the following: There are n players which we may label by the integers
1,2,...4no FEach player i will be required to make one choice, let us call
the ors he makes &4, from a set Si of possible choices, and these cholces
will be made without any knowledge of the choices of the other players.

The set Sy, the domain of possible actions of player i, may include as
elements such things as "playing an ace of spades,” or "to produce tanks
instead of automobiles,™ or, more important, a strategy covering the actions
to be taken in all possible eventualities (see below). Now, given the
choices of each of the players, i.e., the elements (sl,az,...,an) of the
product space Slxszx.”xsn, then there is a certain outcome, utility, for
each of the players. Clearly, the outcome is a function of the element
selected in the product space Slxszxn.xsn and so it may be denoted
Mi(8),82,000,8,), where 1 runs from 1 through n, The function i; is real-
valued and it prescribes the utility to player 1 of the outcome of the
situation., This characterization of the game we shall come to know as the
normalized form of the n-person game. Two other forms -~ the extensive and
the characteristic function form -~ will play important roles in our sub-
sequent discussion; but there is no need to go into that now.

Next we should consider what significant problems of conflict of
interest are included in this formulation. Our brief examination will cover

four areas: econauics, parlor games, military problems, and politics. One




basic econamic situation involves several producers, each attempting to
maximise his profit but each having only a limited control over the variables

which determine it. One producer will not have control over the variables

controlled by another producer, and yet these variadbles may very well in-~
fluence the outcome for the first producer. One may objesct %o treating this
as a game on the grounds that the game model supposes that each producer 1
makes one choice from a domain S; of possible choicez, and that from these
single choices the profits are determined., But it is obvious to all that
this is not the case, else industry would have little need for boards of
directors and the many elaborate executive apparatus. Rather, there is a
series of decisions and modifying decisions which depend on the choices

and the timing of other members of theeconomy. However, in prineciple, it is

possible to imagine that an executive foresees all possible contiagencies

and that he describes in detail the action to be taken in each case instead

of meeting each problem as it arises, By "describe in detail®™ we mean that
the further operation of the plant can be left in the hands of a clerk or a
machine and that no further interference or clarification will be needed from

the executive. For example, in the game tic--tac-toe, it is perfectly easy

to write down all different possible situations which may arise and to specify

what shall be done in each case (and for this reason it is considered by

1‘ adults to be a dull game). Such a detailed specification of actions is

i called a (pure) strategy. There is, of course, no reascn why the domains

of action S4 need be minor decisions; they may have as elements the various

;] pure strategies of the players. Looked at this way, a player chooses a
strategy which covers all possible specific circumstances which may arise.

\} For practical reasons, it is generally not possible to specify sconomic strate-
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gies in full, and as a result a business strategy is usually in practice

only a gulde to action with respect to pricing, production, advertising, hiring,
otc., »hich does not state in detail either the conditions or the actions to

be taken, The game theory notion of strategy is an abstraction of tris

ordinary coucept in which it is supposed that no ambiguity remains with

respect to either the conditions or the actions, and it serves the function
of aliminating the apparent difficulty in applying the game theoretic model
to economic problems. The notion of a pure strategy, and some related concepts,
will receive considerably more discussion in part III,
A more important difficulty obtains in most economic problems which
' . prevents them from being put in game form, except approximately. In general,
it is not possible to specify the spaces Sy, the strategy spaces. This 1s
not merely a practical difficulty, as suggestsd above, but it is in many

cases not even possible in principle, for tomorrow's new invention or sci-

entific discovery may open a whole new range of activities to one producer,
How can such a possibility be imbedded in a theory? One can only hope to
obtain limited prediction when such a possibility exists, using the present
spaces . This seems to be regarded by many social scientists as a ter-

rible inadequacy, and yet it is a common difficulty in all of physical science. |

BN | = R N

It is analogous to a physical prediction based on a physical theory and
A certain boundary conditions, which is surely invalidated if the boundary condi-
! tions are changed, either externally or through the very process which is
- . being predicted. In many ways, soclal scientists seem to want from a mathe-—
natical model more comprehensive predictions of complex social situations

than have ever been possible in applied physics or engineering; it is almost

certain that their desire will never be fulfilled, and so either their aspira-

,_
Y
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tions will be changed or formal deductive systems will be discredited as
far as they are concerned.

To twn from economics, it is well lmown that for parlor gamo:
there is always a clear-cut scoring procedure. JIn some games which are
played for money, such as poke:r, there is a finely graded nimerical scale
assigned to the outcomes. In others, such as chess, the outcome is simply
winning or losing, but one can assign a more or less arbitrary aumeiical
scale, such as O or 1. Very often it ies the aim of the piayer to maximize
his expected gain as described by the numerical scere of the game; but, as
we pointed out earlier, there are cases when this score function cannot be
identified with the person's utility, such as vhen an adult purposely loses
. to a child.

In a parlor game, as in our economic example, each player makes

not one choice but a whole series whose order and nature depend upon the

previous choices both ha and the other players have made, that is, on the
previous play of the game, In exactly the same way as in the economic situ-
ation one is able to show that the strategy notion allows the reduction of
this extensive form to the above-mentioned normal form. In part III we
shall do this in some detail. It should be pointed out here that while .

. A B ——e - B So— - .

parlor games have been characterized in extensive form and while it has
been rigorously shown that any such game can be put in normal form, the cor-

responding statement of the extensive form of an economic situation and its

o ——p

reduction to normal form has not been given. The argument that game theory
) 1 is applicable to such economic situations is therefore by analogy and so 1is

no more than heuristic. Apparently a major difficulty in describing the

extensive economic model is the role played by time and the timing of decisions.
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There is not,as in parlor games, any fixed sequence of decisions; t.ming
in a production situation is often as important as the decision 1.s11f,

Another difference between the parlor game and the econsz.c
problen is of the utmost importance in the theories developed. It .s almont
always a part of the rules, or at least of the social mores, that there shall
be no collusion among the~ players of a parlor game. In economics. the concept
of a coalition, 1.e., of collusion among some of the producers so 1t each
betters his position at the expense of the other producers or the consumer,
is widely recognized in theory, in the law, and in everyday discourse. It
thus behooves a theory of games which purports to have application beyond
parlor games to be concerned with this common phencmenon of conflict situ-
ations.

A mlitary conflict is, by definition, a conflict of int:xest in
which neither side has complete control over the variables determiidng the
outcoms, and in which the outcome is determined through a series ¢!’ battles.
We may naively take the outcome to be wimming or losing, to shich re might
assign the numerical values 1 and O, Mcre subtle interpretations >f the
outcomes are obviously possible, based on, say, the degree of dertruction,
etc. Again we have the same two difficulties as in the economic jroblem:
there 1s actually a series of decisions on each side, the timing ¢! which
is of vital importance, and the domain of cholces for these decisions is
not usually well specified. The first problem can be surmounted :e before
by the notion of & strategy, and indeed the concept of a military strategy
is coimon, even if it 1s not alweys clearly fermulated. The seco 1 prebdlea

is again more profound, and it appsars to provent a game theczeil: anslysis

o e S



of many impr ~;ant military situations; but certainly other important ones
ai® gudlect to the theory., Oune of the simplest 1s the "duel™, which \n its
simplest for» consists of two players 1l ard 2 having pand q "ahot-';
respectivel; . For each player 1 there is a given function py(t) which
glves the pi :bability densiiy that a shot fired at time t will result in
a "hit", le!. us suppose a fatzl hit. We may suppose that the domain of t
is 1limited, us it would be in an alir engagement by fuel supply. The problea
is then to cdatermine when each player best take sach of his shots, arsuming
that he knov:n how many shots his opponent has already taksn, 50 as to maximize
the probabi. ity that he will hit his opponent bsfore being hit. For most
duel situat: ns of interest, pi(t) is a monotone increasing function, as,
for examples , in the classical duel of two men walking towards each other
with guna l::valedo

1+ 48 hardly necessary to labor the point that political situ-
ations invo .ve conflicts of interest. In addition to the difficulties of the
economic ari i military problems with respect to 1ll-defined domesins of action,
we know thni here there is considerable ambiguity as to the outcome, or
payoff, fw: tion even over a known domain of possible actions. This is to
some exteni: true in the other situations we have described, but it is over-
whelmingly sbviocus in the political realm, where, for example, the defea*
of a candid ite has sometimes been attributed (after the fact) to a single

sentense oi ¢ of the thousands he spoke in a campaign. (There i5 a case
of an Amer! :an orstor reading, one supposes for the first time, a speech
] in which 1' 756 came out "one thousand, seven hundred, and seventy-six".)
i *za the above comments we see that there is some hope that the

(]
" ; l normalized rorm of a game includes some socially important phenomena, but it
1

‘ -
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is clear that with respect to many situations there are serious difficulties.
This, however, is not the entire picture. In developing the n-person game
theory, von Neumann transformed the normal form into s mathematically simpler
structure, simpler in that msuch of the detail of the normal form is condensed,
which, 1t appears, will allow a broader application of the theory than the
above discussion suggests. This is more appropriately discussed in part I1I
than here, and we shall content ourselves with remarking that to attain
this application approximate estimates of the "characteristic (mction" will
have to be obtained, presumably by empirical techniques.- This does not
appear to be beyond the scope of some of the techniques under development
in social psychology and sociology, and it is to be hoped that some empiricists
will be attracted to this problem. However, this is conjectural, and we
have the historical fact that many social sclentists have become disillusioned
with game theory. Initially there was a naive bandwagon feeling that game
theory solved innumerable problems of sociology and economics, or that,
at the least, it nade their solution a practical matter of a few years®
work, This has not turned out to be the case.

“hat then is the significance of game theory to the social scientist?
First, because there has not been a plethora of applications in 10 years,
it is not clear that it will not ultimately b~ vital in applied problems.
Judging by phyeics, the time scale for the impact of theoretical develop-
ments to be felt is often measured in decades, Second, while the present
form of the theory may not be totally satisfactory - in part, presumably,
because of its so-cslled normative character -~ this does not necessarily mean
that abandonment by the sccial scientist is the only possible course. Much

of the theory is of very general importance, but some revision may be

- —— et
— e gt e
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required 1or fruitful applications. Attention to the theory is needed; and
not attention from the mathematician slone, as is now the case. Third, game
theory is the first example of an elaborate mathematical development centered
solely in the social sciences. The conception derived from non-physical
problems, and the mathemutics - for the most part elementary in the mathe-
matical sense ~ was developed to deal with that conception. The theory
draws on known mathematics according to need - on set theory, on the theory
of convex bodies, etep furthermore, new mathematics was created when it

was not already available, Most other attempts at mathematization (with the
exception of statistics which plays a special role) have tended to take

over bodily small fragments of the mathematics created to deal with physical
problems. If we can judge from physics, the main developments in the mathe-
matization of the social sciences will come - as in game theory - with the
development of new mathematics, or significantly new uses of old mathematics,
suited to the problem., No one of these theories should be expected to be

a panacea, but their cumulative effect promises to be revolutionary.

It is the singular genius of the von Neumann and 'forgenstern book
that in this, the first major publication on the subject, we find a clearly
formulated abstraction of considerable breadth, drawn from the relatively
vague social sciences, and an elaborate and subtle superstructure daveloped
with masterful scope — a rarity in sclence. The depth of their contribution
can be appreciated, in part, from the fact that today the mzterial still

must be presented according to their outline; there have been additions,

true, but the main conceptions are unchanged.

A word about the organization of this report. The main body 1is

divided into three parts, the first devoted to games having two players,
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the second to general games, and the third to miscellaneous topics in one

[' ' way or another closely related to game theory. The division of the first

two parts is dictated by von Newmann's develoument of the theory, in which
the study of n-person games rests on the already completed study of the
2-person games. In addition, the subsequent contributions to the theory
have in the main continued this dichotomy, and so the material is most easily |
presented in two parts.
We do not in any way intend this report to serve as a text on the
subject, nor as a research reference; rather, we hope to lay bare, with a
minimum of mathematical notation, the main structure of the theory, the
assumptions, and the conclusions, A consequence of this aim was our decision

to omit all proofs. It is a report directed toward the social scientist

who has found the long chains of argument in von Neumann and Morgenstern

too tedious and the crisper style of McKinsey too spare, but who still

would like to inow the principal features of this important theory. Anyone
interested in pursuing research in game theory, or in its applications, will
have to consult at least one of these two books and some of the research

papers referred to, but his task may be simpler -- at least we hope it will

be - for having read this less technical outline.

|
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1. Intreduction

The theory of games would be a very incomplete edifice, both
esthetically snd practically, if it were restricted to the 2-person case.
It is not. In this part of the report we there:'’ore turn to an examination
of the n-person theory, which is, in the main; very different from the 2-
person theory.

Intuitively, it is reasonable to suppose that ths two most signi- '

ficant notions of the 2-person theory - strategies and equilibrium points -

can be extended to games with more than two players. This we shall discuss
in section 3, Were this extension of definitions and the resulting theorems
the totality of n-person theory, we should have presented it in a unified
mamner for all n 2 2, However, it has long been recognized in sociology,
and in practical #ffa:lra, that between two-person situations and those involv-
ing three or more persons thsis is a qualitative difference which is not as
simple as the difference between 2 and 3. Georg Simmel writes, "The easential
point is that within a dyad, there can be nc majority which could ocutvote
the individusl. This majority, however, is made possible by the mere addi-
tion of a third member.” [26, p. 137] And again, "The typical difference
in socioclogical constellation, thus, always 'renins that of two, as over
against three, chief parties.” [26, p. 144] The recognition of this feature -
that of goglitions in the language of von Neumann and Morgenstern [21] - has
resulted in an n-person theory markedly different from 2-person theory.

A major cobstacle to developing a satisfactcry theory cof coalitions

is that in the present formalizations of a game no explicit provisions are




made about communication and collusion among the players. Thus any theory
of collusion, or of coalition formation, has a distinctly ad hoc flavor,
The difficulties in making explicit assumptions about communicstion appear,
at least superficially, to stem from the variety of rules which are found in
empirical situations, Collusion in parlor games is prohibited by social
sanctions and by a sense of sportsmanship; that the rules are well heeded
is, ons supposes, because so little is at stake, Of course, there are known
oxceptions in the history of gambling. In the economy one finds the whole
gamut from no rules at all,through moral sanctions, to elaborate legal codes
< ! as in the anti~trust laws. In international affairs, coalitions and their
disruption bulk large in the history of at least the past 300 yearspy the
rules obeyed have been few,

One point of view which has been presented, and which we shall

discuss in section III.3, is to the effect that non—cooperative games are
theoretically basic, and that cooperative ones can and should be subsumed

under that theory by making communication and bargaining formal moves of
the xion—cooperativa game, This view has never been fully elaborated and

ST SIS SHRE ST AT W e

so criticism is difficult, but McKinsey has pointed cut, "It is extremely

! difficult in practice to introduce into the cooperative games the moves
corresponding to negotiations in a way which will reflect all the infinite
variety permissible in the cooperative game, and to do this without giving

o ——

~

one player an artificial advantage (because of his having the first chance

1 to make an offer, let us say)." [13, Po 359}
! In sddition to the conceptual complications of collusion, there

! 4 ( ’ are inherent practical complications as n gets larger, for the number of pos—
-t
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sibilities increases at a fantectic rate; the difficulty of a detailed
%, analysis of a 2-person game such ar chess is minor compared to a similar

analysis of mcst n-person games., One of the principal features of the
current theory is to by-pass such a detalled anal ysis. That we can success-
fuvlly avoid at the conceptual level the combinatorial problem does not seem
to solve all empirical problems of verification, for an empirical study must
deal with specific games in all their complications, Fortunately, what we
suggest does not seem to cover the iassue entirely, but we must postpone
more discussion to section III.7.

The principal order of our presentation - extensive form of a

game, normalized form, characteristic function, and solutions - is essenti-
x . ally that of von Neuzann and Morgenstern [21]. The work on n-person games
I since the publication of their book has been centered primerily within this
framework, and while therec have been criticisms of this general organization,™

no new approach has been commonly accepted. It must, however, be added that

! the vast majority of the work in the 10 years since the first printing of
their bock hes bsen davoted to the 2-person game and to extensions of it
which are either beyond the scope of this report or are studied in Psart 1IV;

the number of papers on the n-person game is less than a score, Several

. e e - ————— - -

facts may be mentioned which seem relevant to this phenomenon: the relation 1

of the 2-person game to linear programming and to statistics has attracted

-

considerable attention; mathematicians have been intrigued by the current

! 2=person theory because it draws on more advanced mathematics

~

|ieadh . - e -

' * Von Neumsarn and Morgenstern themselves raised objections and questions about
( the organization to which they were forced, and they suggested that when the
theory is more mature we may find it unified for all n 2 2 and find the now
important characteristic function only an unnecessary technicality,
[21, p. 606 - 608, particularly p. 608]
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than does n-person theory; many workers Lave felt dissatisfied with the
present formalization of n—person theor