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The propagation of weak shocks in a stratified atmosphere 

by 

G, 3. Whitham 

Introduction 

In a previous report [l], a complete theory was presented 

of the propagation of weak spherically symmetric shocka in air- 

of uniform density, pressure etc:  Later, the theory was extended 

[2] to a case in which the undisturbed fluid into which the shock 

moved was not uniform, but the property of spherical symmetry 

was preserved.  In the present roport, a combination of the meth- 

ods of [lj and [2] is applied to the problem of a shock (produced 

by an explosion say) propagating in the atmosphere, taking into 

account the variation of the density, pressure etc. of the air 

with height above the ground.  Since the air is stratified and, 

in the most important problem, the shock is initially spherical 

(approximately) only the symmetry about a vertical axis remains; 

the physical quantities are now functions of two space variables 

and the time.  The introduction of an additional Independent var- 

iable Into the problem is far from a trivial extension, and if 

the theory can be worked out successfully in this particular 

case, %t  will s^rvc as a prototype for many other investigations 

(in the theory of three dimensional s^ :ady supersonic flow, for 

example).  The present account constitutes a "progress report" 

since certain points require further consideration and justifica- 

tion before a final report can be written. 

Only weak disturbances are treated here, and as before the 

linearized (acoustic) theory forms the starting point of the method. 

The linear results are inadequate in certain ways, as explained in 

[l], but their shortcomings can be remedied,, to give a valid descrip- 

tion of the flow.  The work, therefore, falls Into two sections: (I) 

the derivation and conrideration of the appropriate results of linear 

theory, and (II) the improvement of those results and the determina- 

tion of the shoe...  The first section, strangely enough, is the more 

troublesome and.   the more incomplete, since explicit solutions of the 

linear equations are not known in general, and wo have to be satis- 

fied with a certain expansion solution.  This expansion , 
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however, is of considerable interest for its own sake and is of 

general application to linear hyperbolic equations of second order. 

The first section extends the methods of treating the linear theory, 

which were developed in [2], to include an additional space variable 

(the treatment of linear theory is trivial in the problem of [l], 

.since the explicit solution of spherical sound waves is well-known), 

while the second section extends the applicability of the basic 

ideas described in [l], 

I.  The linearized theory 

The physical quantities are functions of the distance, r, from 

the (vertical) axis of sy-.i  'ctry, the height, z, above the ground, 

and the time t.  If u and w are the velocity components in the di- 

rections of the r and z axes, respectively, the density is p and 

the pressure is p, then the equation^ of momentum (including the ac- 

celeration of gravity g) are 

(1) ut + uup • wuz = -i pr 

(2) wt + uwp + wwz = -i pz-g, 

and the equation of continuity is 

(3) Pt + upr + wpz + p(ur + p + wz) = 0. 

It may be assumed, since entropy changes are negligible for weak 

disturbances, that p is a given function of p»  Then, introducing 

the velocity potential fy9    equations (l) and (2) may be integrated 

to give Bernoulli's equation 

(k) it + |(<^ + <J>f) +J&. +  gz = constant. 

In equilibrium u = w = 0, and p = P(z), p =.R(z), a = /dp/dp = 

A(z), say, 

i\nc.   from  (2) this equilibrium configuration is determined by 

(5) P'U) + gR(z) = o. 

To obtain the linearized equation of motion, th„ 'Vvi.i linns of |>,p, 

p, and a from their equilibrium values (the undisturbed value 

of it is zero) are assumed to be small, and in the above equations 

only the first order terms in these small quantities are retained. 
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Equation (I4.) becomes 

(6) p - P(z) = -R(z) I t, 

and (3) becomes 

(7) 3r + i  + ^ + t^R* ) = 0. w' R   Trr   r   R ^z  Tz; 

In addition, since a = dp/dp, pt ~ (p-P) /.\ (z); hence, frcra 
(6), (?) is 

(8) A, = A2(Z) IA  +!<!>+<},  + |U4i <j>, *tt    v ' ) frr  r*r  Tzz  R(z)  T
J 

The solution of this equation for j>   is not known, but an ex- 

pansion valid near the front _f the disturbance x-?ill prove to 

be of value.  To motivate this expansion we consider two special 

cases; (i) the case of a uniform atmosphere with A equal to a con- 

stant 4 and >j) a function :>f r alone (this is tho problem of cy- o 
lindrical sound waves), and (ii) the case of plane waves propagat- 

ing vertically so that  |>  is a function only of z,  In each of 

these problems only one space variable appears, and the equation 

reduces to the type considered in [2]j (i) and (ii) are now con- 

sidered in turn. 

(i) Cylindrical sound waves 

In this case (8) reduces to 

(9) $  +i>£=&tt 
A. 
O 

and   it   is  w^ll-known   that   the   solution  which  represents   an  out- 
going vjf.vc   starting  at   t  = 0   is        ,      /. 

f*-r/~o      h(t')dt»  
C10>       i  .  K (pr/A0, h(t) = I      y-_7_7_2  

Whore h(t) is an arbitrary function, K  is the Besscl function, and 

p donotu-s the operator in tho Hcaviside calculus.  (T,.-o .rv.ssurc 

has also boon denoted by p, but no confusion will ensue, since the 

pressure does not appear again in this section). 

It is found in these pr>blu:na (see [l] and [2]) that in order 

to determine the head shock the linearized solution is required in 

tho region where A^/r Is small} here, £,   is the characteristic vari- 
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able t-r/A which measures the bimc after the arrival of the first 

disturbance (which travels on E,  = 0) . Although small £ corresponds 

to the front of the disturbance in the linearized theory, the solu- 

tion for small £,  is not sufficient. For in the improved (non-lin- 

ear) theory, characteristics are continually meeting the shock so 

that eventually at large distances the appropriate value of the 

characteristic variable near the shock is no longer small.  Hence, 

roughly speaking, we require the solution for small E,  and, in addi- 

tion, the solution for large rj more precisely, the solutions for 

small A£,/r is needed. 

The expansion can be obtained from the integral in (10), but 

is found more quickly from the Heaviside representation of the so- 

lution*  Small values of £ correspond to large values 3f p in the 

Heaviside representation} in foci, l/p plays a role corresponding 

to 4 so that the expansion of (j> for small values of A ,£/r is found 

f r :>m the Heaviside representation by assuming A /pr is small.  Ex- 

panding the Bossel function for large values of its argument, 

pr/A , ana interpreting term by term, we have 

.  1 . X 2. 
« (>)2 r(t-r/Ao) - |(^)2 fl(t-r/Ao) + ^C^ t#^ - ... , 

where .  

at) .y*«t).i ('hui)^,, 

an.1 f (t) Icn-ituS the nth rcp-atv,.1. integral from 0 to t.  To a 

first .r.Iv-r approximation -ni;,- the first term in (11) noe 1 be re- 

tained j using it, the linearize.; the. ry may be improved ana the 

head shock determined by thu- pr >co.luro 1escribed in [lj.  The de- 

tails ore not given here, since this special case is  nly use I to 

m tivatv. the later treatment ;.f the linear equation (6); in any 

cose, the results are very similar to these of [3J. 

(ii) Vertical propagation of p'onc waves 

It i. o aesumod n >w that the air is polytropic i.e. the .-ressure 

is r.qual t J kp**, where k and y are constants.  It follows then from 



(5) that R(z) oc(z -zJfSx, and thorofore that 

1 
(12)        A = A1(zo-z)7, 

where z„ and A_ are constants,  -"-s Z -*• z , R and A tend to zero, but o     1 o' 
of course the simple polytrooic ceases to apply to the atmosphere bc- 

2 
fcrc z = z  is raachod (for example, the tropopause, at which T cc A 

i.r; discontinuous, intervenes)j however, the behaviour acecx-ding to (12) 

of A near z = z will prove interesting mathematically. With these 

values of R and A, and i> a  function of z alone, (8) reduces to 

It is convenient to introduce 

in place of zj then 

2 <«> *«-*^-s»«. 

where  v — *f( 3-y)/( Y~l) >   anc*  the   characteristics  are   t + ft =  constant. 

Replacing <J>..   by the  operational  form p  <p,   the general   solution of  (lp)   is 

(16) J> =^V+?   Jlv„l  (^pJl^Ct)  + Kv4l(^p)h2(t)>, 

whore 1,1 and K..1 denote Boscol functions of imaginary argument, and 

h-(t),h-(t) arbitrary functions. For simplicity, consider the special 

case v = integer for which 

Then, it is easy to pick out the solution representing propagation on 

the 'outgoing' characteristics t+?7 = constant (note: with the definition 

(ll|). ^7 decreases as z incror.se3, hence the outgoing wave ha3 tho posi- 

tive sign in the characterisbic equation)| it is 

(1?)       J> =^VL(??p)j(t), 

where h[K)   = ?/+   (y^P") (%") * CU1(^ 3(*) is an arbitrary function. 

Interpreting (17), we have the solution 
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where ,1n(t) denotes the nth integral of j(t), the lower limits 

being the value of t + >}   at the head of the wave.  Near the 

head of the wave, the successive terms decrease in magnitude 

provided ?f   ^ 0, and the solution is of exactly the same general 

form as (11)j that is, 

(19) <j>^<j>(o)f(£) + (}»(1)f1(^) + ..., 

where 4 is tnc characteristic variable defined to be zero at the 

head of the wave, f(g) is on arbitrary function (j(t+^) = f(4)), 

and the <j>'s are certain functions of the space variable.  In the 

particular case (18), there are only a finite number of terms, 

but for non-integral values of v the series would be infinite. 

We note, however, that in this case the series is valid only 

for small £ arid >p \  0; as**-*- 0, it is not uniformly valid. 

For fixed £, the last term of (16) dominates for sufficiently 

small values of ?7  j th-. order of the terms should be reversed, 

and the expression (13) (which in general is replaced by an in- 

finite scries) would involve successive derivatives of j (t). 

Thus, wc sec that although. (19) is valid in the initial stages 

of the propagation, it may not apply in later stages. 

(iii) Discussion and generalization of the results of (i) and (ii) 

An expansion of the form (19) can be found quite generally 

for an equation of the form 

(20)   <f>tt = :?{z)hz + B(z) 4>z + cuH j , 
even though the explicit solution is not known, by substituting 

(19) in the equation and equating the coefficients of the f's 

to zero.  This was used extensively in [2jj in all eases (apart 

from the occurrence of singularities as in the problem discussed 

above), (19) is valid for small £, and in certain cases such as 

(11) its validity extends into the region ^£/r small.  The ex- 

pansion is intimately connected with the W.K.B. method ..f find- 

ing asymptotic solutions of ordinary differential equations. 

For, the operational form of (20) is 

and the asymptotic solution for largo p (corresponding to small 

£) is obtained in the W.K.B. method by the substitution 
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4,~e-P^2) 4 *<0>(z) + i^1}(z) + ...[ F(p), 
I P j 

where  f(p)  is an arbitrary function of p.  It is found that 

q(z) =JA~ dz, hence, letting f(p) be the representation of 

f(t), the expansion is exactly (19). 

Another interesting feature of (19) is in the significance 

of '|>   .  Suppose, there is a discontinuity in f(^), then, since 

£_(£) is continuous for n > i, (19) shows that an initial dis- 

continuity w.-uld ue propagated along a characteristic and its 

magnitude is proportional to -j)   .  (Since ip is the vclocity 

poteniial, discontinuities of -\>   itself w mid not arise.  How- 

ever,!)- is proportional to thy pressure increase, and 

i|)t ro f 0,r«(?) + <J>^f(£) + ... J therefore, the. sane result 

is obtained f->r pressure jumps by considering a discontinuity 

in f'(f;)).  0n the other hand, the propagation of • such discon- 

tinuities can bo deduced by certain standard methods directly 

from the coefficients of equation (20)• if this is done, exactly 

the same function cjr0' is found for the magnitude of  the dis- 

continuity as it moves Along the characteristic.  Thus (19) al- 

ready contains the correct (linearized) propagation of discon- 

tinuities,  Moreover, since we have a complete expansion near the 

head -jf tliL wave, additional information is furnished about the 

variation in the magnitude of th. higher derivatives.  For ex- 

ample, suppose as a special case of (19) wo have 

4> ~ 4(j)u) e + i-|(1)(z) 42 + ... . 

Then, the liscontinuities in {fc and $     on g - 0 are proportional 

to ^°^   and - A"^   j 'the discontinuities in <{>tt, $tz   and <j> 

£ = 0 are proportional to <|>(l) , d.^'^/dz - h'1^1',   and 

k"2^^ - 2P~l&^°}/dz  + A"2<l>(o'WdZ^ , respectively an'1 so on. 

v    Independcntly, M, Kline has c is1dored a special case >f 

(19) (an- • f the extensions which will be describe I in (iv))j 

he cc: .. i err; periodic waves and; thus  f(f) = c    ^.     Although 

it is convenient in our work i ; take the-, lower limits of the 

integrals in (19) as £ fe 0, the expansion is a solution of the 

equation whatever the limits are, or oven if the Integrals are 

indefinite; hence,  fR(S) may — t^'ton as elw?/wn.  In this 

way Klino has an expansion valid for large w (for any £). 

on 
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(iv) Btt general proble-m 

The extension of (19) to include an extra space variable is 

now discussed and in a similar way, any number of space variables 

could be treated.  When an additional space variable is introduced, 

there no longer exists a unique set of characteristic surfaces 

£(t,r,z) = constant, since the characteristic conoids from any 

curve ir. the plane t = 0 have an envelope which is a characteris- 

tic surface.  However, the wave front t = u(r,z) is uniquely de- 

fined, and the obvious extension of the. £ used in (19) is £ = 

i t - a(r,z), so that at any point in the  (r,z) plane, £ meas- 

ures the time v;hich lias elapsed since the passage of the wave 

front.  In addition, the (j>fs of (19) now become functions of r and 

z.  <*.s before, this expansion will be valid near the head of the 

wave since f /f  , = 0(£), and in certain cases the region of va- 

lidxty may be extended to include points at large distances, as 

in (i).  When the polytropie assumption is made a behaviour simi- 

lar bo (i.i) is expected; in fact, near A=0, any wave will tend, 

by refraction, to become parallel to the line A=0. h^nce the simi- 

larity to (ii) should be very close. 

By substitution of the extension of *. 19) into the equation 

(8), wo have 

(21) K  +  4.   =  1/^(2), 
\'-c-l T> 

TY» 7. "<?. I     -r>r> r> 9.9. RlZ) Zj 

(23) 

r z         ' »      ' > 

2a    <J,(°) ^ r ^r • z»„ ^o) + \ a      + HI + a 1   rr       r          zz 

?~     l(n) 
r Yr 

+ *» *£n) + fa         HI + a       + rr     r          zz 
i(n-l) 

r             Tzz = A<n-D 

*ffK}*(nl 

• f^^fem*!. 

The first equation is the well-known eiconal equation which 

must be satisfied by the wave front.  If, for example, the initial 

wave front at t = 0 is known i.e. the solution of a(r,z) = 0 is 

given, (21) is sufficient to determine the function u(r,z). Geo- 

metrically, tho surface  t = a(r,z) in the (t,r,z) space is the 

envelope of the characteristic conoids drawn from points on the 

initial wave front• the successive wave fronts in the (r,z) plane 

for different times are the projections (on the (r,z) piano) of 

the curves of intersection of the surface t = a(r,z) with planes 

t constant. 
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It is convenient, in addition to the set of wave fronts a = 

constant, to consider the 'rays' which are the orthogonal tra- 

jectories of the wave fronts (Figure 1).  ftie direction cosines 

of a ray at any oint are (Aa t  Aa )   (by (21) the sum of the squares 

is 1). and therefore the rate of change of any quantity along a 

ray is dete.-T-_.rted by the operator 

(2ii) 4-=*!* sr- + Act -2- v *' ds "**   7}v z az 

i 2 2     / In particular, da/ds = A(a +a) = l/A, therefore the wave front ex- 

pands out along the rays with velocity A.  In terms of the ray deri- 

vative the left hand sides of (22) and (23) become d<})(n^/ds + K^n\ 

where K is a known function of r and z, assuming that a(r,z) has 

already boon determined.  The equations for the <f>'s thus become 

simply first order r>dinary differential equations along the rays. 

Again, the propagation of discontinuities in the solution of 

equation (8) can be studied directly by an alternative method and 

exactly equations (21) and (22) arc obtained for the wave fronts 

and the magnitude of the discontinity.  For this reason the treat- 

ment of these equations - the theory of geometrical optics and 

acoustics (aco [i|]) - is already knownj the relevant part is repeated 

here*  Equation (22; can be written 

integrating this expression over the region ABCD (Fig. 1) contained 
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betwoen any two wave fronts an" two adjacent rays, the divergence 

theorem give 3 

(25) /Uar+mazU
{ ']   rR&xf = C, 

where the integration is over the boundary of A3CD, an1. i,n are 

the lircct ;>n cosines of the  utv^ri normal.  Since (Aa , ^CLZ) are 

the direction cosines of the r:\yr., -^a +na = 0 on AC and BD, 

wh'.lc on ;.B and CD, -€a +ma, = A(cf? + a? = 1/A.  Therefore, (25) 

gives approximately 

U(o)  rRAtT/A]1-[|
( ;) rRiAo'/A]o = 0, 

where£s&denotes the length of bho small segment of wave front 

cut „ff by the rays, and subscripts o and 1 indicate that the 

quantity Is evaluated at i.B   an:": CD respectively.  Defining the 

expansi.n ratio E = lim £$r-l/&?0t wo have ^ rRE/A is con- 

o 
stant on each ray, and in particular equals its value at the ini- 

tial wave front.  In this way, we may consider a(r,z) and 

cj^  (r,z) to bo determine:!. 

Equations (23) for the later functions <b   , even though they 

are reduced by (2l\.)   to equations along the rays are complicated to 

deal with. An investigation >t   them would be of interest in yield- 

ing additional information about the region of validity of (19); 

also, these later terms show, in a similar way to that described in 

(lid), h:>w discontinuities in higher derivatives vary, according to 

the linear theory. 

II  Improvements of the linearize-1, theory .and determination of 

the- head shock. 

According to the linearized theory, in the early stages of 

the propagation and even later in certain cases, we- have a solu- 

tion ;f the form (19), and as r   first approximation we take only 

the first term 

(26) <j> = X(r,z)f(t-u(r,z)), 

where f r convenience in writ in:- \:K°'   has been replaced by X.  It 

is n w sh.'wn how (26) mny be improved and the head sh-ick deter- 

mined.  The method will apply wh...r...ver -j> is of the approximate f erm 

shown in (26) even if it no longer cornea from an expansion (19). For 
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examplo, in the problem I^jeribed in (ii), (19) did not apply near 

"Q   -  0, but, near- K- * 0, another expansion whose dominant terra 

was atill of the f• rm (26) (wioh different X and f), was validj 

thf 1ef;i-e, t :o  method described below could still be applied in 

that region, 

The functions u(r,z) and X(r,z) are assumed to be known from 

the geometrical acoustics described in the previous section ana* f 

is an arbitrary function which is fixed by applying some appropri- 

ate boundary or initial condition. Unfortunately, appropriate 

boundary conditions would be applied in regions outside the range 

of validity of the expansion (19)*  For example, if the acoustic 

waves in I(i) are produced by the small motion of a "cylindrical 

piston" of initial radius equal to zero, the boundary condition is 

applied where r is small, and >| .•"*•»/&, r" \  h(t')dt' there).  However, 

in explosion problems, the general form of f is known from examina- 

tion of special cases such as the problem in [l]j therefore, a 

suitable form can be assumed when required. 

Henceforth, we shall be m re interested in the values of u,w, 

and a than in the velocity potential <{>• these are now set down. 

Tho dominant terms in u and w are 

(27) u = arXF(t-a) , 

(28) w = azXP(t-a) , 

where F(£) = -f'(£) . The sound speed a is obtained from Bernoul- 

li's equation (i|), but it involves the pressure-density relation; 

for simplicity, we assume that the air is polytropic, although the 

general caa., could be carried out in the same way.  Then 

(29) a A A, - ygjk $t  = A. + ^}L XF(t-a) . 

In ace .rdance with the by,..> thesis which has been developed and 

discussed in detail in previous papers ([l], [2J, [3]), the linear- 

ized theory, which becomes inadequate after the disturbance has 

propagated for some time, may bo corrected quite simply to providec 

n 
For integral values of v, the two 'expansions' were the same 

expression written in different order| from the present point of 
view, however, they may be treated as distinct, since they would be 
in general. 
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valid description of the motion.  In the exact non-linear theory, 

small '• wavelets' (whose paths arc characteristic surfaces in the 

(t,r,z) space) move at the iocal sound speed a relative to the fluid 

velocity (u,w).  The linear theory, however, approximates this value 

by the undisturbed sound speed, A, on the grounds that a-A, u, w 

arc small compared to A.  But, as a wavelet travels the error intro- 

duced by this assumption becomes large, since the small leviations 

in the propagation velocity accumulate.  To correct Ihis, the linear- 

ize- characteristic variable  t-a(r,z) must be replaced in (26)-(29) 
by "C (t,r,z). wh^re "CTis a sufficiently accurate approximation to the 

exact characteristic variable.  Thus (2?), (23), (29) become 

(30) u = cytFte), 

(3D w = c^XFfe), 

(32) a = A + 3gl XF(TT), 

where c(t,r,z) remains to be Jetermined. 

A surf ace~C( t,r,z) = constant in the (t,r,z) space corresponds 

to th>. propagation of a wavelet, and gives a set of curves in the 

(r,z) plane, each curve corresponding to a single value of t and rep- 

resenting the position of the wavv-lot at that tine.  It is easy to 

shew that the velocity of the wavelet normal to itself in the (r,z) 

plane is a - XT./ V^+C2 •  The velocity of the particles of fluid 
r z 

normal to the wavelet is (uT£ + wz£)/\fcir+Z?   J therefore the char- 
acteristic condition, that the velocity of the wavelet differs from 
this particle velocity by  the sound spued, gives 

-Xfc   __ uxr + wtr 

v    T Z   r   r    Z 

± a» 

or 

(33) F=L + uxr + wrr)2 = a2cc2 + rf) . 
\j X*      Z I*     z 

Since expressions for u,w and a in terms of "cr are known, (33) Tives 

an equation to determine *tr,  Now, although "TTdiffurs from t-a by n.n. 

amount which becomes large (this being one of the crucial points in 
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thc riiscusslon) , the 'if forencta is still snail compared to a. 

Hence, we may set 

X: = t - «.(r,z) + \i(v$z) , 

where u./~ is small.  Th^n, substituting in (33) and neglecting terms 

of second order in small quantities, we obtain 
ua + wa     , 

A 

(using (21)).  From (30), (31) and (32), the right hand side of (3U) 

is W(Y+1)XFCC)A •  Eence, u. may be taken equal to 3(r,z)Ff73, where 

(35)       *A • aA - ^z1 i > 

from   (2J+),   the   left  hand   side  may bo   replaced  in  terms   of a  deriva- 
tive  along a ray,   to give 

{36) g£«x£Li# ^JOJ ds 2       3 

T:i  cfioe p uniquely, it is stipulated that 8 = 0 :n the initial 

wave frontj then 3 is determined by integration along the rays.  The 
solution (30^»(31)1(32) is n>w completed by the addit'on of the im- 
plicit relation f or ~C{ t,r,z ): 

(37) t = a(r,z)-|(Y+D3(r,z)FC^ + TT. 

In the problems of principal interest (in which the disturbance 

is caused by an explosion) the pressure and the sound speed increase 

at the nead of the disturbancej thus, FCO is initially positive. 

It follows from (37) that the. characteristic surfaces on which Ff^ 

is positive will eventually intersect the characteristic surfaces, 

t - a = constant, of the undisturbed region ahead where FCO * 0. 

(iuaothor way of expressing the same thing is that, in the (r,?) 

plane, wavelets carrying greater values of Ffc2 travel faster and 

overtake the others).  If this is allowed to occur, the solution is 

no longer single valued on' ceases to have physical significance; 
the h.L.a-"' shock must be fitted in this region in ^rdor that the char- 

acteristic surfaces meet it on 1 are cut off by it before they inter- 

sect each other. 

ivt any time, the following conditions must be satisfied across 
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the shack in tho (r,z) piano: 

(a) The component v.   of th. particle velocity tangential to the 

shock must be continuous. 

(b) v = 2(a-A)/(y-l) where v is the component of th^ particle ve- 

locity normal to the shook, v and a being measure! just behind tho 

shock. 

(c) U = ^(A+a+v ) where U  is the normal velocity of the shock. 
n  2     n'       n 
Those are deduced from the Rankino-Hugonist sh:-.ck relations, 

neglecting terms of second and higher order in the strength of the 

shock. (:-) and (c) are tho obvious extensions of the two shock con- 

ditions v.hich were used in [l] and (a) follows hLroctlv from the 

conservation of the tangential component of m menturn.  It may be 

n.tel that (c) expresses the fact that the shock velocity is the 

mean :f the velocity of tho wavelets on either side of it; in the 

(t,r,z) space, it shows that tho shock surface bisects tho angle be- 

tween the characteristic surfaces meeting it from either side. 

It is clear that the sh ck may be assumed to be 

(38) t = a(r,z) - o"(r,z) s£jr,z), 

whore a/a is small, but a :ain a crucial point is that c becomes 

lar :e compared to t-a.  The component v.   of the particle velocity 

is Aua -Awa to the first order, and this must be zero by (a).  But 

(30) and (3l) show that the condition is already satisfied by our 

solution.  The component v  is Aa u + Aa w to first order, and from n     r     z 

(30),(3D this is A(a^+a^)XP(d =XA"1FCcO; hence (32) shows that 

(L) is also satisfied.  The final condition (c) determines the 

shock.  From (35), 

u =    1   ^b*A+A3(a cr'+a rf ) r r z z' 

iince t/a is small; therefox'e, from (c), (32) and the above expres- 

sion tor v , 

(39) vt^-^^***- 

In addition, equating the values of t-a given in (37) an ' (38), we 

have 
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(ij.o) d = ppftr) - "cr. 

In principle, by eliminating "C, (39) and (lj.0) determine o" as a 

function of r and z.  It is more convenient, however, to find the 

relation between r. z, amd the value of-^rat the shock; this re- 
lation specifiesTTas a function of r, z and then (lj.0) gives 

d\v,z) . For this purpose, the right hand side of (39) is replaced 

from (35)   by 4(a-P-+a„P )F(T3, and (I4.O) is substituted for d  to 

give 

tkl) |(arPr+azPz)F(Tl + (pF'tc)-l)(arrr+aTr7) = 0, 

On multiplying by F(T7) , (I4.I) can be written 

iU2) (ar^ + az0\¥F2(&'   I  W>*C4    = °- 

Since the operator is the derivative along the rays, the 

terra in brackets is constant along each ray; but this quantity is 

zero on tho initial wave front, therefore 

(U3)        |{Kr,sO F2CC)- I F(r')dc* = 0, 

at all points on the shock.  It is of interest to observe that 

(I4.3) is exactly the formula which was found for the shock in the 

problems involving only one   space variable, except in those cases, 

of course, f} vjas a function only of the one variable. 

As already mentioned, (I4.3) givesX;as a function of r and z 

at trie shockj from it, d[r,z)  may be obtained by (I4.0) and the 

values of u,w and a just behind the shock by (27), (28) and (29). 

The strength of the shock is found similarly from 

''^' "     PTZ)       ^2 
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