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The propvagation of woolt shoclkzs in a stretified atmosphere

G, B3, Whitham

Intrcduction

In a previous report [1], a compictc theory was prescnted
of the rropagetion of weak spherically symmetric shocks in air
of uniform density, pressure etc: Later, the theory was cxtended
i2] to 2 cuse in vhich trhz undisturbed fluid into which the shock
moeved was not uniferm, but the property of spherical symmevry
wasz preserved. In the present roport, a comblnation of the neth-

=

ods of [1] and [2] is applicd to the problem of a shock (produced

by an explosicn say) propasating in the atmosphere, taking into

account thc variation of the density, pressure etc. of the air
with neight above the ground. Since the air is stratified ond,

in the wmost important problem, the shock is initially sphoerical

(approximately) only the symmctry about a vertical axis rcmains;

the physical quantitics ere now functions of two space variables

and the time. The introduction of an additicnal independent var-

into the problem is far from a trivial extension, and if
cry can be worked out succeosfully in this particular

ass, 3t will scrvec as a prototype Ter many other investigations

he theoey of three dimensionel s*t.ady supcreonic flow, for

e
5
ct .

amplce) . The present account cunstitutes = "progrcess report™
justifica-

<

incc ccrtain points require further consideration and

e

on before a final report can be written,

Only weak disturbances are hrsated licre, and as befnre the
linearized (acoustic) theory forms the starting peint of the method.
The lincar results are inadequate in certain ways, as ¢xplained in
£1], but their shorteomings can be remcdicd to give a vali descrip-

tion of the flow. The viork, therefore, falls into two sections: (I)

ct

he derivetion and conrideration the appropriate results of lincar
ES
v

of
theory, and (II) the improvement of those results and the determina-
tion of the shoce:.., The first scction, strangely cnough, is the nore
trounblesonc and the more incomplete, since explicit solutions of the
lineor cquations arc not knoewn in general, and we have to be satis-

ficd with a certain expansicn golution. This cxpansion ,
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however, is of considerablc interest for its own s2z¢ and is of
general application to linecar hyperbolic sguations of second order.
The first section extends the methods of treating the linear theory,
which were developed in [2], to include an ndditional space varisble
(the treatmcnt'of lincar thcory is trivial in the problem of [1],
since the explicit solutisn of spherical sound waves is well-known),
whilc the sccond sectinn extends the applicability of the basic
idcas dcscribed in [1],

I. Thc lincarized theory

The physical guantitics are functions «F th: Aistence, r, from
the (vertical) axis of sy« :ctry, the height, z, above the ground,
and the time t. If u and w arc the velocity comporncnts in the di-
rections of the r and 2 axes, respeatively, the density is p and
the prissure is p, then the equations of momzntunm (including the ac-

celeration of gravity g) are

(1) u

% + uur + wuZ = -5 pr
: A
(2) we touw +oww, = o pP,~g,

ani the equatiocn of continuity is

(3) Py +upr+wpz + p(ur+%+wz) = 0,

It may be assumed, sinco entropy changes are ncgligible for weak
disturbznces, that p is 2 given function of pe Thon, introducing
the velocity potential ¢, equations (1) and (2) may bc integrated

to give Bernoulli's eguntion

(L) &t + %(¢i + ¢§) t/%g + oo = gomstants

In cquilibrium u = w = 0, and p = P{z), p = R(z), a =¥dp/dp =
A(z), say,

ané from (2) this equilibrium configuration is i .tormined by

(5) P'(z) + gR(z) = O.

To obtain the lincarizcd cquation of motion, th. Yevialinns of $,p,

p, amd o from their equilibrium values (the undisturbed valuc

of b is zuro)

ol

re agsumed t2 be swall, and in the ~above cquntions

only thice first order terme in these small quantitics are retained.



Equation (I4) becomes

(6) p - P(z) = -R(z) ¢ t,
and (3) becomes
R P R

.2 e e
In ndditicn, since 5e = ap/dp, Py 135(p-P)t/3 (z)3 hence, from
)

(8) d’tt - AZ(Z) {¢PP i %¢r ¥ ¢zz + giz?' ¢z 3

The solution of thismequat'dn for 4 is not known, dbut an ex-
ansiocn valld near the front o2 the disturbance wiil provs to
be of value. To motivate this cxpansion we considsr two specical
casess (i) the case of 2 uniform atmosphere with A squal to a con-
stant &o and $ a function »f r alone (this is the problem of cye
lindrical sound waves), and (ii) the casec of planc waves propagat-
ingz vertically o that § 1is a function only of z. TIn each of
thes¢ problems only onc spacc variable appears, and the cguation
reduccs to the type considered in [2]s (1) and (ii) ar: now con-
sidered in turne.

(i) Cylindrical sound waves

In this casc {8) reduces to

(9) b + B = B2E

4

O N
-

and it is well-known that the soluvlicen wnich relLrrsents cn out-
grin; wave starting at t = 0 is ?

5 L-r/a 5 1Y A+t
i o h(t?)dt

(10) ¢ = K (pr/a_) h(t) = J Vit-t1)? - ro/a2

whore h{t) is an arbitrary function, K, is the Besscl function, ond

p denctos the operator in the Heaviside calculus. (T, .rossurc

has alsn been densted by ¢, dub no confusion will cnsuc, since the
pressurc 2ses not appcar ag~in in this scetion).

It is found in these pr:bluns (see [1] and [2]) that in order
to detirmine the head shock the lincarized soluticm ic reguired in

the region where AE/r is smally hore, £ is the charactoriztic vari-



e

able t-r/&o which moasurcs the time 2fter the arrivael <f the first
disturbance (which travels on & = 0). Although smnll € corrosponds
to the front of the disturbance in the linearized theory, the solu-
tion for small & is not sufficicnt. For in the improve?l (non-1lin-
cor) theory, characteristics arc continually meeting the shock so
that cventunlly at large Jdistances the appropriatc value of the
choerocteristic varlable ncar the shock is no longer small, Hence,
rouzhly spcaking, we require the solution for small £ and, in nddi-
’tion, the scolution for large ry morc precisely, the solutiosns for
small 4L&/r is necded.

The cxpansion caen be obtained from the integral in (10), but
is founl morce quickly from the Hcecaviside representation of the so-
lution. ©Smcll values of & corrcsgon? to large vnlucs of ¢ in the
Beavisisle rcpresentationy in fact, 1/p plays a role corrusguaniing
to £ so that the expansion of ¢ for small values of ﬁﬂg/r is foun?
from the Heaviside representatin by assuming Ao/pr i; sm2l1ll. EBx-
panding the Besscl function for larsge values of its crguwacnt,

pr/A_, anl interpreting term by term, we have

: 5
7 . ( - A 8
(1) by /52 PR 1y -3 2+ 5y 2 - 1 h(t)
pr )

2
\/ 2pr L pr
- 2 .
- DB £( /. l(“o)Z o>t 9 (nO a
= (;—) t=r/A ) = g 1( —I‘/Ao) + 1"2-8'?) fa(t-l'/%-... ’
whore
L
[ n(ut)ags
L«v UGt ’

sl fn(t) ttnotes the nth rep:onic ) Intoegral from © to t.

first wricr apuroximation wnly the first term in {(11) nse® he re-
teincid; using 1%, the lincariz.! the ry may be im.rHve? -nd the
hea? shick Jetermined by the preclure described in [1]. The de-
toils ~re nit iven liere, since bhilc special case is nly usce!l o
r-tivate the later treatment :f the lincar equation {8); in any

ge8e, the results are very simil~y to these of 13].

(ii) Vertiecl propagatisn »f ;ronc wives

FORPEINI W i

mcd new that the »dr 1s polytrople i.c. tie crosgur.
r

¢ k and ¥ are constants, It follows trhon from
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(5) that R(z) cc{z -zfékf, and thorcetrore that

1
(12) A= 4q(z -2)2,

whoere z, and Al arc constants., g 2 —=» 2. R and i tend to zero, but

of cuursc the simplce polytrooic ccascs to apply to the atmospherc be-
2

ferc 2z = z, is reached (for cxamile, the tropopause, at which T o A
is dlscontinuous, intervenes)y hoewcever, the behaviour according to (12)
of i ncar z = z, will prove intcorcsting mathematical 1y, With these
valucs of R and A, and b a function of z alone, (8) rcduccs to

L2 1 4z
(13) by = hy(2,-2) &zz " %Iz -2 5

It ig convenicent to introduce
z 1
) » Y =f [o} dZ = ﬁ-l s 2
(1h) 72\2) ) T 249 (ZO z)

in »lace of zy then

(15) = 0;2)2 ——)24
whiere v 2(3 Y)/(y-l), and thc ciucracteristics sre t ,z constant.

Rerlacing &tt by the cuerationcl form p & the genoeral solution of (15) i:=
1
o v o i e 3
(16) &"‘:? +2- {I‘Jll %P)sll(k}) s Kvli(zp)nz(t) [

whaere I +§ and K +2 denote Beszoel functions of imaginary arjument, and
hl(t) 2(t) arbitrary functions. For simplicity, considcer the speeial

casc v = integer for which

-y
I, =1/§[ (m)v[e > } k(%) = (-1)z” /%(zué)"(é e

Then, it L5 casy to nick ouL tl:c solution representing prozagation on
the eutgoing! characteristicc t+2= constant (notc: with the definition
(lu),)? deereascs ags 2 incrcoscs, hence the ocubtpoing wave s thoe posi-

tive sign in the characterisiic cquation)sy it is

(17) b= Lipp) i),

where L(Z) = §v+1(2%2)v(%r), and j(t) is an arbitrary function.
In*crarceting (17), we have the solution

I L s L s e
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where jn(t) denotes the nth integral of j(t), the lower limits
being the value of ¢ +i7 at the head of the wave., Near the
head of the wave, the successive terms decrecasc in mognitude
provided » % 0, and the solution is of exactly the same pyenecral
form as (il); that is,

(19) pro p0e(g) + 4 e (@)ean,

where £ is thc characteristic variable dafined to be zero at the
head of the wave, £(&) is an arbitrary function (j(t+}) = £(&)),
and the ¢'s are certain functions of the spacc variable. In the
particular case (18), therc are only a finite number of tcrms
but for non-integral values of v the sceries would be infinite
Wc note, however, that in this case the scries is valid only
for small & "nd,7 $ 03 asf—b 0, it is not uniformly valid.
For fixed £, thc last tcrm of (18) dominates for sufficiently
small valucs of 7 s th. order of the terms should be reversed,
and the cxpression (18) (which in gencral is replaced by an in-
finite scrics) would involve successive derivatives of jv(t).
Thus, wc sce thot 2lthouigh (19) is vnlid in the initial stages

of the prospagation, it may not apply in l-ter stages.

(i11) Discussion cndé gencralization of tiie results of (i) and (ii1)

An cxpansicn »f the form (19) can e found quite generally
for on cquoation of the form

(20) bpp = :-.2(z)1~4>zz + B(z) ¢,Z + C(z)d>}

cven though the 2xplicit selution is noyt known, by substituting
(19) in the cquation end cquating the cocfficients of the f's
to zero. This was uscd cxtensively in [2i3 in all cascs {apart
from thc occurrcnece of singularitics as in the problem discusscd
above), (19) is vazlid for small &, and in certain cascs such as
(11) its v~lidity cxtends into the rogisn #+&/r small, The ox-
pansion 1s intimat.ly connected with the W,K.B., mrthael f find-
ing asymptotle sclutione »f srdinary Aifforential cquations,
For, the uperntisnnl f)gp of (20) iq

bop * B2)b, +P(2) = pP/8F ()} =
and the asymptotic solution for large p (c>“rvsL0n‘ing ts small
Z) ia obtainced in the W.K.B. mcthed by the substitution
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proe~Paiz) trb“’(z) + L (2« ){ T(p),

where i(p) is an arbitrary function «f p. It is found that
a(z) =_}A'ldz, hence, lctting f(p) be the representation of
f(t), thc cxpansion is exactly (19).

Another intercsting feature of (19 is in the significance
of +(O). Supposc, there is a discontinuity in f£(£), then, since

fn(g) is econtinusus for n > 1, (19) shows that an initial dis-

&)

comtinuity w.oulld ve propagated along & chuaracteristic cnd it
magnitude is propaortional to ﬁ(o). (Sinc¢ ¢ is the velocity
potential, discontinuitics of $ itself w:uld nst arisc. How-
cvcr,bt'i§ proportional to the pressure increase, and

¢t ~ @‘o)f!(g) + ¢(l)f(g) * ¢es 3 thorcfore, the. same result

is obtaincd for pressure jumps by considering a discontinuity

in £'(g)). On the other hanil, the propagation of -such discon-
tinuities cn be Aeduced by certain standard methods directly
from the cocfficients of equatinn (20)3 if this is d-.nec, cxactly
the same function ¢(o) is found f:r the magnitude of the dis-
continuity ns it moves @long the characteristic. Thus {19) 2l-
ready contains the corrcet (lincarized) propagation of iiscon-
tinuitics. Meroover, since we have a complete cxpansion near the
head Lf the wave, rdditionzl inf-rmation is furnished about the
variation in the magnitude »f the higher Zerivatives. Por ox-

ample, supposc 28 a special case »f (19) we have

b 4@ e BB ) 25 Ll

1

Then, the l!iscontinuities in 4, an: *z on £ = 0 are proporticnal

+
) { a 5 i )
to ¢(O) and - A 1¢‘l), the discontinuitics in ¢, $t and $zz on

z
= 0 arc proportional to ¢

/
{ - z) ;
)A'2¢\l) - 2A‘1d¢(°)/dz + A 2¢( '1u/¢z§ , TeSDCC
i

t
Tzred a4 special case of

= g5y

ively an? s> on.
L Inlepun’ently, M. Kline hag ¢ s
(19) (an: ~f the cxtensions which will be <deseribol in (iv))s
he ¢o. . % crs puriodic waves anl thus  f£{g) = oiwé. fltuoush
it is counv.nienrnt in our work L bR the lower limits of the

on is a salution »f the

b

intograls in (19) as £ = 0, the cxpans

equation whatever the limits are, or oven if the integrels arve
Y iwé—; i 8

. . . o “ = P SPR P s =

inlefinite; hence, £ (§) may Lo Eakon as e Jw'e In this

way Kline has an expansion valid for large w (for any £).
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(iv) Zbe goneral protlem

The c¢xtension of (19) tc include an extra space variable is
now discussced and iIn a similsor woy, any number of space variables
could be trcated. When an additional space variable is introduced,
therw no longer sxists a unique sct of characteristic surfaces
g(t,r,z) = constant, since the characturistic conoids from any

curve ir thc pleanc t = O have an cnvclope which is a charactcris-

ot

ic surfoce. However, the wzve front t = «(r,z) is uniqucly de-

-y

inerl, and thc obvious extension of the § usced in (19) is & =
=t - «lr,z), so that at any point in the (r,z) planc¢, & mcas-
ures thce tine which has slapscl since the passaize of the wave
front. In addition, the é's ¢f (19) now becomc funciions of r and
1

z, &3 hofore, this expansion will Le vnlid ncar the hceod of the
wave sincce fp/fn & 0(g), and in certain cascs the rogion of vaw
lidaty may be cxtended to Inclule paints at large Aistances, as

in (i), YWhen the polytrouic assumption is made s behaviour simi-
lar te (ii) is expectcd; in Iacet car A=0, any wnve will tend,

3

b
by rcefraction, t: become jarallisl to the lince A=03 hence the simi-
larity to (ii) should be very clo
By sabstitution of the <xtoncion of {19) into the cquation

(8), we have

¢

-
(RS
-

=

[&]
~

6}
e

e

(21) a2 + o = 1/F(2),
(22) Sl d’r(-o) + aa, 4’:&0) * iarr S By, BRL%}QZ}‘#(O) =0,
(23) 25, éﬁ,n) + 2a_ L) +{arr 1%}"— *a,, + %—az%cb(n)

= ¢£?‘1) + ¢(n_&l e 4 ¢(n’l) §1¢;n:i),fbrrgg}

The first equation is the well-known ciconal cguation which
must be satisfied by the wave front., If, for cxamplc, the initial
wave front at t = 0 is known i... the sclution of al(r,z) = 0 is
given, (21) is sufficient to “ctermine the function a(r,z). Goo-
metrically, the surface t = a{r,z) in the (t,r,z) spac. is the
envelops of the characteristic conoids drawn from itoints on tuce
initial wave front, the suscoscive wave fronts in the (r,z) plane
for diffirent times are thoe projoctions (on the (r,z) plane) of

the curveg of intcersection of thic surface t = a(r,z) with planes
t constant,
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It is convenient, in addition to the set of wave fronts a =
constant, to consider the 'rays! which are the orthogonal tra-
jectories of the wave fronts (Figure 1), The direction cosines
of a ray at any :oint are (Aar, Aaz) (by (21) the sum of the squares
is 1), and ther:.fors the rate of change of any quantity along a
ray is dete~wnined by the operator

.

-

> g =
(24) Eohe e, Z

In particular, da/ds = A(ai+a§) = 1/A, thoereforc the wave front ex-
pands out along the rays with velocity A. In tcerms of the ray deri-
vative the left hand sides of (22) and (23) becone dé(n)/ds + K¢(n),
where K is a known function of r an? z, assuming that a(r,z) has
alrcady boon determined. The equsations for the ¢'s thus become
simply first order ~»dinary difforential equations along thc rays.

Again, thc propagation of discontinuities in the solution of
equation (&) can be studied dircectly by an altcrnative mothod and
cxactly cquations (21) and (22) arc ohtaincd for the wave fronts
and bthe magnitude of the discontinity. For this rocason the trcate
ment of these equations - the thcory of geomctrical optics and
acoustics (ace [4]) « is alrcady known; the rclevant part is repeated
hceres Equotion (22, can be writtcen

é%(arﬂo)ia) +£(az¢(o)2rR) = 0;

intcgrating this cxpression over the rcgion ABCD (Fig. 1) containod
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s |

between any two wave fronts an’ two adjacent rays, the divergence

theorem zives

2
{25) kaar+ma7)b(’) rRlg = C,
where the integration is over the boundary of ABCD, an? ;@,m are
the lircct -n easines of the utver? neormal. Since (Aar, ﬂaz)are
tho “Airocti-n cosin »f the roys, «(&r+maz = 0 on »C and BD,
wh-1lc sn B and CD, Jear ma, = i(aZ + a2 = 1/A. Therefore, (25)

cives approximately

(0)2 ()2
[$ rRZ}o/AJI-[t * raggc/n]o = ©,

vherc A enostes tne length of thic small scgment of wave front
cut off by th;'rﬁys and subscripgts o and 1 indicate that the
quantity is evaluated at »B ~nt CD res )ec31vcly. Duefining the
expansi.n rotio E = 1im A /Q&o,an heve ¢(°) rRE/A is con-
7’—ao
stant on cach ray, and in particaloer cquals its volue a2t the ini-
tial wave front. In this wey, wo may consider a(r,z) an?
¢(O)(r,z) to be determine:i. .
Equntisns (23) for the lutir functions ¢(n)
arc roluced by (24) to equati.ns long the rays ars complicated to
deal with. in investigation . them would be of intersst in vield-

, c¢ven thouzh they

iny «iditional information absut the reginn »f valildity of (19);
also thesce later terms show, in o similar way to that described in
@ii), how liscontinuities In hizher dcrivatives vary, aceording to
the lincar theory.

IT Improvements of the linearize” thenry and determinaticn of
the head shock.

Aocuriding to the linearizced theory, in the early strges of
the propagation and even later in cortain ceases, we have 2 salu-
tion »f the form (19), end ns » £irst npproxismil.n we bnke only
the first term
(26) p = X(r,z2)0(t-u(r,z)),
where f:r convenience in writive. p¢°) las been replnced by X, It
is n'v sh.wn how (26) may be in.rsve?! and the head shick Jdcter-
mine?, The method will apply whorever $ is of the approxiante form

shown in @6) even if it no Innger comes from ar expansion (19), For
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exampls, in the proclem logeribea in (1i), (19) did not apply near
? = 0, Lut, nsaxr Q~= 0, another expansion*'whose aominant term
was 3ti21l of the Srm (26) (wizsh different X and ), was validy
theraf-re, t ¢ methed 2escribed nelow cnuld still be applied 1In
that region.

Ths functions u{r,z) an? X(r,z) are assumed to be known from
the geometrical acoustics described in the previous section and f
is on arb:iirary function which is fixed by applying some appropri-
ate boundary or initial conditisn. Unfortunately, appropriate
boundary conditions would be applied in regions outside the range
of validity of the expansion (19). For example, if the acoustic
wavcs in I(i) are produced by the small motion of a "cylindrical
piston" of initial radius equal to zero, the boundary conditicn is

applied where r 18 small, and ¢'N)Aor'1£th(t')dt‘ there). However,
in explosion problems, the gencral formof f is known from examina-
tion of special cases such as the problem in [1]; thercfsrc, a
suitable form can be assumed when rcquired.

Henceforth, we shall be m.rc interested in the values of u,w,
and a than in the velocity pctential ¢; these are now sct down.
The dominant terms 1n u and w are

(27) u

arXF(tna)

’

(28) w

a, XF(t-a) ,

where F(g) = «f'(g). The sound spced & is obtaincd from Bernoul-

1li's squation (L), but it involves the preasure--ensity rciationg

for simplicity, we assume that the air is polytropic, although the
general cas: could be carric¢! cul in the same way. Then

(29) aei - Bl =4+ BLxr(soa),

In acec .rdance with the hy . .thcsis which has been 2evelaped and
discussed 1in detail in previous sapers ([1], {2], {3]), thc lincar-
ized thoory, which becomes inadlcquate after the disturbance has

propagnted for some time, may bc corrected quite simply to provide o

Por integral values of v, the two !expansions! werce the same
expression written in different ordery from the prcscnt pcint of
vicw, however, they may be treatced ag distinet, sinco thecy would be
in general.
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valid description of the motion. In the exact non-lincar theory,
small fwavelets! (whosc paths 2ri characteristic surfaccs in the
(t,r,z) space) move at the locul sound speed a rclative to the fluid
vcloeity (u,w). The lincar thcory, howcver, approximates this value
by the undisturbed sound speced, A, on the grounds that a-A, u, w

arc small compared to a. But, as a wavelet travcls the crior intro-
duccd by this assumption becomes large, since thce small cviations

in the propagation veclocity accumulate. To corrcct ithis, the lincar-
izod characteristic variable t-a(r,z) must be rcplaccd in {26)-(z9)
by = (t,r,z), where 7o is a sufficicntly acenratc approximntion to the
excct charccteristic variablc. Thus (27), (2%), (29) become

(30) u

ur}{}* (),

(31) W= o X,
(32) n= a4+ L xR(o),

where T {t,r,z) remnins to he lctermined,

A surfaccdt,r,z) = constunt in the (t,r,z) spcce correspends
to thi propagation of 2 wavelet, 2nd zives oo sct of curves in the
(r,z) planc, cach curve corrcsponding to a singlc valuc of t and rep-
rcascnting the pesition of thi wovelct at that time. It is 2asy to
show that the vclocity of the wavelct normal to itscif in the (r,z)
plone is a -1:£/ﬁﬁ£§;t§ o« Thie wvelicaty of the particles of fluid
normnl to the wavelet is (uzg + wc;%fxé;:Egni thercfore the char-
acteristic condition, that the velocity of the wavelet Aiffers from
this particle veloncity by the ssunt specd, glves

-t uT + w
b I B P

Ver ity Veaieg

or

Since cxpressions for u,w ani a in terms of T are known, (33) =ives
an cquation to determine = . Now, although TAiffurs fror t-a by ~n

amount which becomes large (this being onc of the crucial voints in
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the discussiorn), the ‘iffcrencs is still small comparcd to a.

Hence, we may set
-C =t - -.‘.(I',Z) + H(P,Z),

where p/e is small. Then, substituting in (33) and neglecting terms
of seccnd order in small quantities, we obtain

uar + V]CLZ a-A
(34) Q + uzuz = Az R A e

(using (21)). From (30), (31) and (32), the right hand side of (34)
is %(Y+1)XFGC)/Au. lence, p may be taken equal to B(r,z)F(T), where

o _x+l X
(35) up By * 4,8, == Sy

from (Z24), the left hand silc may be replaced in terms »f a deriva-
tive =long a ray, to give

~ B o yrl X
(36) L= 5o

i

Ty ‘eiite B ounjquely, it is stipulates that 8 = 0 °n the initial
wave frunty then B is determine’ Ly integration alon;: the rays. The
snlutioh (30Y,(31),{32) is n.w completed by the aldition of the im-
plieit relation for ©it,7,2)8

(37) t = a(r,z)-3(y+1)B(r,2)F(D) + T

In Lhe problems of princiral interest (in which the Jdisturbance
is causc(d by an explosion) thc pressure and the sound specd increase
at the head of the disturbancey thus, F() is initislly positive.

It follews frem (37) that the characteristic surfaces on which F&O)
is positive will ecventunlly intorscct the charactcristic surfaces,

t = a = constant, of thc uniisturbed region aheal where F(Z) = O,
{(dnother way of expressing the same thing is that, in the (r,2z)
plane, wavelets carryln; sreater values of PO trovel faster and
overtake the others). I thiis is sllowed to ncecur, the sniution is
no lenser single valucd an ' ccasss to have physical significances
the hent shock must be fittel in this re:ion in ~rdcvr that the char-
actcristic surfaces meet it =nl arc cut off by it befre they inter-
sect c¢nch other.

nat any time, the following conditions must be sntisfied across
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the shoek in the (r,z) piane:

(a) Thc component Ve of th. pnrticle veloclty tangential to the
shock must be continuous,

(&) v, = 2(u-A)/(y=-1) where v, 1is the component of the particle vew
locity normel to the shoosk, LA and¢ a beings measurel just behind the
shoclz,

(

e) Un = %(A+a+vn) where Un is the normal velccity of thc shock.

Tracse are deduced from tho Rankine-Hugonist shock relations,
neizlecting terms of secon?! and higher order in thce strength »f the
shock. () and (e¢) are the obvious extemsions of the two shock con-
Aitions vhich were uscd in [1] and (a) follows lircctly from the
conscrveotion of the tanzontial component of momentum. It may be
n.te? that (c) cxpresscs the fact that the shack vel-ocity is the
meon :f the veloeity »f thos wevelots on either side of it; in the
(t,F,z) space, it shows that thoe shock surfacc biscets the angle be-
twcen the characteristic surfaces meeting it from cithesr side.

It is clear that the sk cit may be assumed to Lo

(38) t = a(r,z) = o (r,z) = z:(r,z),

whore o/a is small, but a:ain 2 ecrucial point 1s that o becomss
L

larse compared to t-a., ‘The component v of the particle velocity

tan
is Aua,-awa, to the first o-rler, and this must be zero by {a)e But
(303 and £31) show that the condition is already eatisficd by our

solution. The component v o 1= Aaru + Ao w bo first oricr, and from

&)
(30),(31) this is A(a§+a§))&?({7‘) = XAT*F{®); hence (32) shows that
(:) is also satisfied, Tho final con'ition {(c) Acetecrmines the
shick. From (38),

Do A ;3 +a
n At (G.rO;_. L.,ZOIZ) y

3
1\1

sincc a is small; thercfor., from (c), (32) an? the ~Lsve expres-
sicn foar v

n’
. ~ Yyl X
In ad'ition, equating thc valucs «f t-c glven in (27) aat (28), we

have



B
(40) o = prE) ~ T.

In principle, by eliminating T, (39) amnd (40) determine o’ as a
function of r and z. It is more convenient, however, to find the
relation between r, z, amd the value 5f~— at the shocksj this re-
lation specifies™T as a function of r, z and then (40) gives
oir,z). For this purpose, the right hand side of (39) is replaced
from {35) by %(arﬁr+azpz)F(c3, and (L0} 1is substituted for ¢ to
give

(41) La 8,40 B, )F(T) + (BF'{T)-1) (0 75+a,75) = O

On multiplying by F(T), (4l) can be written
g

et

(42) (0, £ +a, £ %@Fam-l F(‘c*)ar:'r = 0.

Since the operator is the derivative along the rays, the
term in brackets is constant along each ray; but this gquantity is
zcero on tho initial wave front, therefore

(L3) 18(r,2) F(T)- ! Fézgt)aet = 0,

at all points on the shock. It is of interest to owserve that
(43) is exactly the formula which was found for the shock in the
problems invelving only one spacc varioeble, except in those cases,
of course, 3 was a function only of the one variable,

As already mentioned, (43) gives @ as a function of r end z
at the shocky from it, olr,z) may be obtained by (40) and the
values of u,w and a just behind the shock by (27), {28) and (29).
The strength of the shock is found similarly from

-P _  R(z)$t _ yXF
(bl s b P%z) o Aétﬂ
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