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AESTRACT

Tihw equations of motion of a body with slight asymmetsries, such as
8 baed with a bent tall, are derived, uiing linsar aserodynamics,

The "resonant® effect of coincidence between yew and spin rates is
discussed., Conditions that the spin and yaw be “locked in" (apin rate
equals yaw rate) are found, applicable in the simpler cases.
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I, INTRODUCTION

projectiles differ appreciadbly in form o;' ;eight distribution from the
perfect symmetry assumed in ordinary ballistic theory. This report sets
up the differantial equations of motion cf a projectile with certain small

asymmetries, and discusses qualitatively some features of the motion.®

Because of manufacturing tolers&nces; damage in handling, stc,, some

To fix the ideas, the analysis will be made for a rigid bomb with a
symmetrical tiody whose principal axis of inertia coincides with the axis
of symmetry. The tail will be assumed weightless, with its center of
pressures not on the axis of the body and its lines of sero 1lift and moment
not parallel to this axis, If the body is unbalanced, it can be considered
asrodynamically as a balanced tody with an appropriate fictitious tail,
&nd the analysis will have the same form.

II, SYSTEM OF FORCES AND MOMENTS

Lot xy, Xy, X3 be a right handed syatem of unit vectors on axes

rigidly attsched to the projectile, with origin at the center of gravity,
X, pointing in the forward direction along the axis of symmetry (hereafter

called the axis), and the other axes so chosen that the center of preuure"
of the tail iz at - tdx_l + hdx,, where d is the diameter of the body. Let 3

be a unit vector along the trajestory. Iet § be the vsctor angular velocity
of %ha projectile, measured with respest to fixed axes. When resolved on

the moving axes, § = O, x) ¢+ 0 , X, ¢ 3 Zye It u be the vector
wvglocity of the center of gravity, u = u 3. See Figure 1,

The line of sero normal force for the tail™ " will be the unit vector
£ix + 1,2+ {3 X3 ™ &!, vhere [1 is nearly unlty.

*Semewhat less genersl treatments of the problem have been given before;
ses Ref. 3,

*conter of _pressure for normel force. Since the analysis is intended
chiefly to suggest the form of the system of forces and moments, not
numerical relations among the members, the fact that ths centar of
ressurs for Magnus force, say, is not at this point can e taken care
of by the size of the corresponding aerodynamic force coefficient. It
is assured that all centers of pressure for the tail lie on a line
through the center of gravity.

Ey the normal force on the tall will be meant the difference between the

normel force on the complete bomb with straight tail and on the bocdy alone,
&3 measuwred, for example, in a wind tunnzl,
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The following forces and moments will be assumed to act:
1. m“vity: :
2. (2) A force on the body whose axial and cross components are

respectively given by the axial and cross components of the velocity of
a representative point on the axis; i.e., the components of uz + L x X3

vhere L is a constant length. This force includes axjial drag, normal
force, and cross-spin (pitching) fores.

(b) A corresponding force on the tail, with the resolution
along and perpendicular to the line of zero mormal force. The velocity
componerts are found by writing the welocity of the center of pressure
of the tail as:

u(z . 2') 3' s [_z_.-(g.g') 3._'] + Q x (-tdx; + hdx,).

3. (a) A force on the body givenby d x(us+L O x Xy}, the

Magnus force and Magnus cross force., This generalizes the Magnus force
on a baseball; O x u.

{b) A similar force or. the tail, given by { x { ul{g « 27) 8!
su [(z-(2.20 2] ¢ O x (~tax +hag)} . .
L. The moments of these forces, givenby x; x (uz + L O x :_51), etc.
S5e Other moments: Spin damping, spin accelerating if the fins are
canted; and moments resulting from non-coincidence of the lines of zero
normal force and moment of the tail,
To compute the detalled form of these forces and moments, write:
Uz =u X)4u X ¢ uyXge Then w/u = cos §, where 5 ia the angle of

yaw, and (u,‘,2 + 1132)/11a = sin’6, Then 2(a) gives {arces proportional so

The iactors of proportinaality must have the dimensions '1, and sero-
dynamic theory and experience indicate thst they sheould be pd¢ uK, where
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p is the density of the air and K is a dimensionless constant. Then
these farces will be written

(1) - pa ui Kpig % - pd? k(0 Xy ¢ vy x5) = p&° WKy (033 -0, T3),
the axial &r n:rmal force, amd: cz'oss- n force, with the subscript
ors IndYcatIng that The is re o« The mimus #igns make K,y
and Kn positive. ’

In working out 2(b) it will be assumed that u,/u, u3/u, Ly end [3
sre 8o smell that the product of two of them is negngible. Alao, L
will be taken as unity. The cosfficients pd u sz, '] “Nz’ and
pd u K., will be spplied to u(z . ") 3', u [ 3 - (g . z') z'] 3
O x (-tdxy + hd&) respectively. The reczult is .

-2 wu Ky (5 ¢ £y X ¢ M3 %) = P Ky, (U 2p ¢ uy Xy)
(2)

ot wy Ky 5, s £y55) < puky (0,5 -0,x)
*p uky (/1) (Qym -0, 1)),
The Magnmus forces in 3{a) are proportional to:
0’1 (v3 Xy = U 53), vy ( 03 X - QZ '53), Ol ( 2, X + Qs.-_.B),
and ( O ?2 * .032) X+ The first gives the ordinary Magnus force,

pd3 ‘n Q’l (u3 X, - §3). The second has the same form a: the cross-spin

furce, except for the factor L instead of u. Since the assumption

cos 6 = 1 will be made later, this force will be included in the cross-
spin force of 2(a). The third term gives the Magnus force due tc ocrosy-

L )
spin, pd ‘31“1(92’-‘@’“3 53). The fourth term is of second
order in small quantities; it would give a farce pd? X ( O 22 + O 2)
or pdl‘ K (0, /u + O 2/u2) , vhere the parenthesis is of the order

of 82 , 80 it will be dropped. Then the Magnus forces on the body will
be written

3) "’dB"an(“B"-e'“z?-‘a)*Pduxxngl(oz’-?e*ﬂs’-‘a)‘
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In computing th: forces from 3(b), the velocities along and normal
to the vecter [, x4 + [y % + { x3 will be képt separate. Thus (2 . z') 2!

will be written u; x,/u, neglecting small terms, and z - (2 ~ 2') z' will

be uritten (“2’u -w Iz/u) X, + (us/u - ,(3/11) X3 the term - (u2 [2/11

* Uy la/u) X, being dropped hocmse it is of second order in small Jquantities.
Then 3(b) gives terms

“1v(n3§2‘02_x_3): '01 (“3!'2'11253): Qlul (13’_2'[22‘.3):

-tdﬂl(OZ:E? +03§_3), and - td (h/t)le X,; terms in O 22;

Q 32, and 02 (h/t) have been dropped because (h/t) is regarded az small.

The first term will be absorbed in the KS?. term as before, the second gives

the ordinary Magnus force on the tail, the third gives the Magnus force due
to the tail's line of gero 1lift not being parallel to the axis, the fourth
is the Magnus cross=forcs, and the fifth is a2 Magnus force resulting from

the fact that the tail has a wvslocity hd O 1 X3 across the air stream when

the missile is spun. Then the Magmus forces on the tail will be uwritien
-pd 0 Ky (uy x5 = Wy %) “’dhﬂlxné (Qpx + 03x3)
(L)
epd ) 0y Ky 3z - L xp) - od (n/t) thpey 097 xpe

Ia adding (1), (2). (3), (L), terms cf the same form will be combined
aixi a coefficlent X with no mmerical subscript will be assigned. It is
not intended to imply, for exampls; thet KF below i= KFI + KFZ but merely

L4

that & force proportional to & 1 (u3 Xy = Uy 53) may be expectsad to appear.
(KFI + sz may be a useful first estimate.) Then the aerodynamic force on
the projectile will be assumed to be:

- pd® wy Kpy Xy - pd’ uKy (up Xy + u3 x3) + od’ ukg (85 x5 =0, x5

3 | . 4
mpd” Kp 0y (w33 -uyxg) +pd Ky Oy (2535 + 85 x9)
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(5)
vodd au Ky (X * 4 x) + 08wy Q) Ky (35 - By Xy)

pa* Bty G4 X * pd’ upy, (031 -0, x5

Here p = h/t ard K, - Kppg = Fpps the 1ift cosfficiont of the tall,

The moments of the farces about the centeir of gravity can be fcurd thuss:
The farces (1) and (3), acting on the b>dy, are assumed to act through points
on the axis. Then their moments can s fournd by taking the vector products
with x,, raising the powers of d by one, and changing the assrodynumic coef-
ficients to allow for the positions of the centers of pressure. If the new
K's are given the additional subscript ¥, the result is:

o ulgy (3 % = X3) = o gy (D, %, + 03 5y)
(6)
- pd Ky 0y (0 5 + a3 E;) 208 Ky 05 (055 - Oy 5.

The forces (2) and (L) are essumed to act through points on the vector
- td X+ hd Xoe Therefors, this vector rmust be used instead of X to find

uns moments. The result is:
- pd3 utk, (u3 X, - u, :_:3) + pdh utk, (a, X, + O3 53)
- ot Oty (i xp +uy k) 468 0 tEgpy (G 3 - 0, Xy
v oy by (x5 - x5 - o 0, tKF; (L x5 ¢ £y 25)
+ ppd’ {('“*-Kuz uy Uy K, fy - Qutkg, O, +d D, thy, o
- 0, g, O 3=du Qg tE, L - Bau 0y tK)x) - duld, tEgp x,

¢(uu1tKDA2+dtQ KXFZ) 53}.
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Some small terms, e.g., in 32 Kgp and PK, [2, have been kept; not
becsuse they are effective but because they are easily seen pliysically.

When these moments are added_to those in (6), correspording terms
will be lumpeg together; e.g.; pd3 u(l(m.:L - tKNZ) (u3 - 53) will
be written pd” uKy (u3 Xy = Uy §3). The notation will be according to
the following schemes:

Force Coef{. Associated Moment Coeff.
Ky Ky
K Ky
b3 Ky
e Ere

The coefficients of moments due to asymmetry, (thoss containing f,, f;,
or h/t) will k= isft as they are; not because tKgy, for example, is

necessarily the correct coefficient, bubt to show the derivation and

help in making rough ectimatss. The system of moments, given by L.
above, is then:

pd’ { Ky (v3 25 = vp X3) = dully (O, X5 + O3 %)

- 40, K X+ uy Ky -4 01 Ky (03% - 0, %)

s g, (G - fE) - dn O v, (b2 + 5]
n |

- 440 - 2
T80, W 03 -duy By thy Bl X
-dufl ¢t e (uu tKo,, +a2t20 .2 X ) x, |
1 tKgp Xp + (uyy tKpy, S1 5d m e
In addition, there will be assumed: (2) Spin demping moments,

proporticnal to Q) 1 X; for the body and {Q . (=td X+ 52)‘}
(-td %t hd ﬁ) for the tail, the aerodymamic coefficients heing cailed

10




KAl and KAZ' (b) A spin gensrating moment on the tail, prorortional to:

{ € = (r/u) [Q. (-tdx + hdfé)].‘ \-tdxl + hdx ), where € is the angle

of cant of the fins and r is the distance from the sxis of the tail to the
center of pressure of ons fin; the coefficient will be KE. (c) 1If the

axis of zsro moment of the tsil does mt coincide with the axis of zero
3 2 \
1ift, s additional moment pd” u” X (n1 X) ¢ My Xy 4 Ny X,) will be

assumed, whers n22 + n32 = 1 approximately and n, is small. When second
order terms are dropped, these moments are:

N R S A
(8)

+ (~upky € +rPK; &) + dpky 3, + &K, 1)) x, + WK, n353} J

The sccond and third terms in eesch parenthesis will combine, as will
the first and fourth, so only the first and second will bs written. Im
sny ectual problem these combinations must not be forgotten. Then (7)
ard (8) givs the moments considered hereafter.

Tha force of gravity will be represented by the veator
(9)

E 8 X + 8 X * 8y X3

111, EQUATIONS OF MOTION
These will be:

n (d/dt) (u1 Xy + Uy Xp + Uy )_ca) = sum of the forces, and

(d/at) (A Q 1% +B Q o X +BQ 3 53) = sum of moments about
center of gravity,

whers m is the mass, A is the axiai moment of inertis, and B the moment

of inertia about a transverss axis through the center of gravity. Before
writing down the equaticns in compenent form, the force aquations will be
divided by m and the moment equations by B. Wherever B divides an aero-
dynamic . coefficient it will Le replaced ly mk2dZ where k is the transverse

11
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radine of gyration in csiilers; and any combination (pd3 /mgK will be
fapl?cgd by J. The equations of motion are then, using (5), (7), (8)
an? (9},

(8) &) - v, Sy ¢ uy Oy == (I/d) way + Wbl Qg0 gy,
(b) B =uy 0y ¢ 03 = -u(l/d) vy ~wig B, - L O, vy

* g O g ooy /) Ly + 0y 3y 04 [ - B0 % ¢ gy,
(€) G3-w @y +u 0y =-ulyd) uy+ulg O, + 50,y

safp O Qg e uny (3,/d) £y - uy Jpp By £ - uplg, By + g3
(10)
@ 0 1" (B/n2d?) {uz Jp ¢ -uds, O, + 3 [wy tap, {3 = utdy, uy >

2
- utdlgy 0y ¢ Oy tAlpy wp = Oy W6 Iy O3 - wy B taly, L

-, tag }}'

2 2 2
=044 Jpp O3 % uny dp, K3 = uy Oy i, L - u® pige
2,2
+uwd pJ, O, - pu ), thszl/kd,
(£) Q3+ 0y Qp Q=B = [=ujyuy -uddyly= Q) dip vy
2

2
¢y 3% Ggp Dy - uwy W Ly - uy Q) W, £y ¢ 0 K 0y

12
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+ B (uny tip,, + 0,° d° t° 3pp) ] /4 &

To these must be added the equations for 815 8ys 33, obtained by
differentiating

glﬁ+32:_:e4~33§_3-constmtz

(8) il'gan*ngZ-o’
(10)

(h) ;2‘83'0'1"8103‘0:

(1) 83 "8102 "32 01-03
and the sguation

(10)
D w2+ u? u32 -l

Equations (1C) give the motion of the projscti

tile under the assumptions
mede .,

The algebraic signs have been chosen thus:

K", K‘H’ KF, Kﬂ. are positive if the corresponding forces act ahead of the

cenvar of gravity; e.g., Ky is negative for a statically stable bomb,
Aerodynamic coefficients for the tail alons are positive, provided ths

Magmus {oreca is given in direction by (spin vector) x (velocity vector),
and acts bekind ths under of gravity. '

Before proceeding with the enalysis, dimensioniess variables will
be irntroduced. Let:

Vv e ‘l/d’ Vi - ui/d, i - 1, 2’ 3,

t
wy = {) i/"’ “}i = gi'l/ug, i=1,2, 2, and a -S vdt.

o]
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Since the system of ssrcdynamic forces and moments is only plansible
Lor small yaws, let \_x%,/u neoos b =1, Lot primes denote diffarentiation
with respeci to 2. Then ihe equations of metion become:

(a)

- (b)

(11)

(c)

(d)

(e)

(£)

(2)

(h)

vl'/v - (v2 ®3 = Vq mz)/v = = Jdpp + Blgs Wy 9,
vz'/v- (v3‘°1"’1°’3)/v"JNv v-dg - levB/v

2
* g @y @p + I Mo+ 0pp @y M3 = Briymp o, ¢ Oy

V3V = (V= vy MV R s Ay vV U@ ¢ by v/
*igp oy 03 % 9pp My - Ipp @ fp = Blgy @ ¢+ O35

ot + o vi/v = (B/MK) [ Jg € = Jy 0+ BWliy fy = dyp Vofv

= Jsp @y * 0y Jpp Vo/V = @) Ippp vy =y Iy '{2""“1"32)-‘: ’

wp! 4y TV =y @y (1= AB) = [ Gy va/v = iy @ - oy Jp T/
=) Jgp oy ¢ tipy 03 = oy ey fp = BIp €+ BUy @y - Bay Wgy | /K5,
R VARE (l-A/B).- [- 3y TV = Gy @y = @y Jp vy/v
Yoy Jyp @ tipp fp @) tdpy M3 ¢ J Ny ¢ B, ¢ Bay” 7 Jn?]/kz;

,

Gyt #26) VV/v 0, 0y +0ywy =0,

2

02!‘*2027'/7.‘03‘1\1*0103‘09

1k
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(1) 03' - 203 v'\/v - Gy wy + Gy & = 0;

2 2 2
{(J) + -v12+v2 * vy,

(k) wvv! -V Vi) *V, Vg 4 vy Vg

Now velocities are in caliberas/sec., anguiar velocitie: in radians/
caliber of travel, and derivatives are tsken with respect to calibers of
travel; and (v2/v) s /v) - sin°6.

Iv. THE YAWING MOTION

let (v2 IS iv3)/v =g, @, * i:oB = u, and G, + J.Ci3 =T , Then from

(11} (o) and (c); (e) and (£f), and (h) anmd (1),

(8) &'+ (v/v + tm) ¢ dn(vy/v) =€ (<Jy + 0y dp) = w(iJg + wydyp)

= Upp - W) + #3) ¢ 1pdgoy ¢ By’ - T

E\

(B) u! s uv'/v e Lo (-A/B) = & (13 + oy 30« w(Jy=de) Jp0)
- Uy + 1 L) (3801, + o bdy) + 43 0y« B(3LT,,, + 10 800,

- Jg€ + Jy0 - mlthz),
(¢) r*e+2l v/v+ 1T -i0u=0

Then the complex numbers & , u, I represent the sine of the angle of yaw,

the component of the angulsr velocity perpendicular to the x, axis (cross

component\, and the component of gravity perpendicular to the Xy ads,
respectively,

15
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It is now convenient to change to axes not fixed in the projectile,
The substitutions

a a
(13) £adaxp (4 f da), p = pexp (i J o) da),
o o
AC
o =T exp (4 J @, da),
o

rotste the axes back ag fast as the projectile spina forward. Then by
proper choice of the zero point of a, the axes csn be taken as (say)
forwerd along the projectilets axis, and spproximately down in a vertical
plans containing the axis, and to the left, horizontally, for small yaws
end over wmoderatsly long pisces of the trajectory,

Equations {12) become

(a) p'+lvi/vs+ipv/ve f(.J . ml.,F) - p(iJg + aolJn.) -G

- [ - 1oy "rz) (£ + $03) = 1hoy g, = fooy*tipy, | oxp “f ®yda),
)
(1)

(®) p & p(v/v = soya/8) = { £ gy + wydp) - pOy - ey Ipy)

S R RYTATRRR

. :
+ B(itJDAz + ic»latszz - Jgft+ Jp0 - mltJSz) ] axp(if Zolda)}ﬁta,
(o]
(c) G+ 2Gv'/v~iﬂlp = 0,

To get the differentisl eguation for the yawing motion, differentiate
(1L)(a), substitute for p!' and G! from (iL){b) and (c), and tken substitute
for p from (14)(a). Products of J's will be omit:ted from coefficients of
£ and £ ' in the final equation, but retained (to the second order) in the
right member. The exponential terms in (lh)(a) and (b) will be denoted by
q, and q, for converierce. Since vl/v - ul/u = cos 6, it will be set equal

16
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to unity.* The coefficieni, of p in (14)(2) will be taken as constant, since
(Jn,.ml)' can hardly be sppreciable in most cases. The expressions 9y and 9

will be treated as of sccond order. It is shown in Ref, 2 that good
approximations to 01 and G are

0, = - (g/v°d) ain 6,

G= (g/'vzd) sin 6 - £ + (g/vzd) cos 8,

where © is the angle from the horisontal to the trajectory, positive up-
wards; these aspproximations will be used in(1h)(c) to compute G! and (g/v2 d)
will be called y and assuwmed small, All J's will be treated as constants;
their derivatives can hardly be larger than second order, except in very
unusual csses. The quotient v!/v will be amall for shell and bombs, but
miy be fairly large for rockets, so it will be left in wherever il sppears.
The squation for the yawing motion then becomes

e [2v'/v +Jy+ JH/'kz +y 5in6- i) A/B - 10, (Jp+ Jn./kz)] )
A R R Y AR GV L CIV O TE MR S SN 7Y F
(15)

= im (A/B)(v!/¥ + Jy + ¥ 8in0) + ioo]_v»‘-r/k2 = imy (v*/¥) Jr]
=y 00808 (vi/v - JH/k2 “y sin@+ 1y A/B + iJn/kz)

+q (vt/v - i A/B) + qf - 1qy.

(The resder mey note that in the simple case of vertical fire in a
vacuum, this equstion is incorrect, because the term +42sinc® in the
coefficient of / has rwcn dropped. If this term is put in,.the equation
will give the correct result.s

*Mis is not really necessary here; the important assumption is that (vl/v)'
is negligible, However, in combining certain force terms earlier this .
assumption was made; and certainly for the moticns of grestest interest the
yaw is =mall., ~

17
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Except for some changes in notation, and the addition of the terms
in q, and g,, this equaticn is identical with equatiou (1.,23) of Ref. 1,

as corrected in Ref. 2.

The yawing motion will have (usually) a transient oscillatory part,
compourded of two damped circular motions with rates

(10 (,/28)(1 + o),

where o° = 1 = /s, s = i wlz "kz/thJM, ard 1/s is < 1; and a "steady®

yaw, a particulir integral of equation (15), The formulas (16), and
conditions for the damping of the transient motion, are discussed in Ref, 1.

V. RESONANCE

The steady yaw ran be broken into two parts. The first is commuted
by putting 9h *G " 0, and is shown in Ref. 1 to give a small y=w causing

drift.* The meccnd can be computed by putting ¥ = O in the right member
of (15). In general, no convenient analytical expression is available for
this result, However, it is useful to consider the case of a projectils
moving at nearly constant velouity, with ®, changing slowly.

if 4 ia set equal to sero in the right member of (15), the equation
can b written

(17) pre(CeiD) pre(BeiF) L =Qexp( [ imda).

If a solution is sought in the form - exp( f " rda), where r is a slowly
changing function, substitution gives.

f-Qexp(f:;.mlda.)/[r!+r2+(c+iD)r+(E+iF)] "

Now if the variation in Q, C, D, E and F can be meglected, this is a
solution of {17) if r = iy, Bul the denominator is the left member of .
the Riccati equaticn obtained when seeking the expression for the transient
oscillatory yaw, Thus if is one of the natwral rates (16), the denomi-
nator is very =mall; the phénomenon is similsr to the resonance of a damped

Tiios wreil is fMezd st lrese angles of elevation, the yaw nesr the summit
oi0 ke trajeclory wuay L too large for the simple theory of this report,

18




c¢sciliating system in one degree of freedom; the magnitude of j,' is re-
stricted only by the samount of damping. This resonance carn be illustrated
by plotting | ¢/ [- @? ¢ 10 (C +1D) +E + ¥ ]| s a function of @y,
assuming that wi is negligible,

QOraphs to illustrate resonance in the motior of a finestabilized
missile appear in Figures 3andlie To avoid a multiplicity of cases, several
simplifying restrictions have been made in preparing these grsphs., The

procedure was this: v!/v and a\.' were assumed negligible, aad Q! was
written im q,. Then

G=- [t ~ 1w (1-A/8) ] (fp + 3830 3pp + Jgmy + B [ t9paz
+ 4(Jge- o J, )|+ ml{ [ t - ia)lil-A/B)] [i..xn({.‘, + 1[3)

+ p(i.)’82 + mltu'n.z?]]- Q. “102’ 88Y.

Now a fin-stabilized projectils has J_ < O; hence, by the definiticns
after (16), o is > 1. Then ®; can be equnr to only one natural rate, that

of the same sign.® If this occurs, (16) shows (ol -(-Jr,/k )/(1-A/B), which
for ordinary missiles is of the order of 10~ The values cof @ of most
interest will then be near .01, so the term B"’].JIE‘Z in Q2 was dropped.

Also, if @l is very smsll, JEG - “‘].JA’ the principal part of ‘°1’ (ef. (11)(d))
will be very small, and so can be onitted from Ql. Since t is likely to be

2 or more, t - iaxl(l-A/B) was replaced by t. 7Then the spmroximetions
Q‘l L tJm(lg + 113) + Jcn_q * BwDA-’

Q, = 1t(2p, + Blgy)s

are reasonabls, These approximetisns were not needed in making the graphs,
but the argument above shows that useful results can be obtained near the
resonant frequency by making the graphs as described below, .

If the projectile is spin-stabiiized with Jy >0, cammot be equal to
M » O
either rate,
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The effect of Ql is shown conveniently by plotting the ratio of
= 18/ [- o + 1m(c + 1) + (& « 11|

to its valve when @ = 0. This can be written as

| e *ﬂ)al-o/['“lz + 10, (C + 1D) +Besr]| .
Now if the rate (Aml/zB) (1+0) iz set equal to N, it follows that
; - J"/kz - ¥ Ne A/B.
: It Jy(1-A/B) + Jy/i&° + J/a is put equal te A, the ratio can be wriiten )
. . 1/2
[1 - (o) (a/} ] /{[1 - G/ M/B) - (a/Wm)]” + a/miom?} T,

which is plotted in Figure 3 as a function of a)l/N. {\/N is replsced by
/N st @ - ¥.) This graph indicates how the effect of some eccentricities
is explified by spin.

The effect of Qz can be shown by plotting
(oﬁ/'x)_/( same denominatcr as before),

as is done in Figure i. The size of the yaw produced can te found by
muitiplying the ordinate by l in ; 1.6., by |t(Jq2 * Pdgp) l .

VI, LOCEING IN

A tendency fo. the epin and yaw to lock 1=} i.e., for the projectile
to spin at the rescnant rate, so that the angle betveern the plane of yaw
and the plane through the axis and the vector h% is constanv, can be
shown in certain rather ideslized cases.

} Consider a projectile on a straight trajectory, v!'/v constant, with a
circular yawing notiou of constant rate. (For small spins, ine rates (18}

are not very sensitive to changes in the 3pin rate.) Figure 2 shows the

Eulerisn angles 6, §,%, and the axes X,, L, X, fixed in direction in

| space, with origin at the c.g. and X, along the trajectory. If & is small,
| ﬂl = ;3 cos O 4-",*: ;'é +'¢ approximately, so @ = 4 41". From Figure 2 it
! can be seen thzt the complex yaw { czu be written

|
|

. - \ e
_/: = t’:cl(/j “2) i o : ",'01’9,
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and further tast
v,/v = bsin ¥, VB/V = 6cos Y.

Now it can be seen that the component of angular velocity perpendicular
to the axis is

1 £ = 163%(3 + 168).
Since & = O here, the component wanted is

- 8(cosg + sinfl),
from which

oné'5¢' cos ¥, oo3--6¢' sin ¥,

Substitution for v,, v, and the a's in (11)@), and neglect of g", give
(18) P = P (2 + 2, sin ¥) + 3, sin -¢r'¢ 8, cos v+ 8,
whers 8 =-v/v- (3 Rl phig,)/x 2,

o = (08/kD (U, + P,

8y =f@a,

B, = 0/, Ny, + 8'3g,),

ag == B v/m) e [dpe- B0y e nlaply - Bly - Bg) ] /S

)
where k‘z = B/AK; k, is the axizl radius of gyration in calibers.
Equaticn (18) has the solution

(19) a, sin ¥+ 3 cosy + 8 = 0,
] * 2 212
ar sin(;k#'?)--as/[‘B ‘ah_‘ »

1/2 2
where sinvy-mu_/ xra32 4%21 9°’°°7"3/ [332 +|h2]ﬁ,

provided that the imequalily
2 2 2

.
(20) 8y 83 + &y
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holds., This inequality is then necessary and sufficient that a soiution
¥ = constant exist; i.e., that a "locked=-in" state be possible. Then for
hbé sufficiently amall, locking in will net occur,

It is convenient to define the angle X by the equations sin x =

1/2 1/2 1/2
aS,’(a}z + .hz) y CO8 X = (132 + a,sz - asz) /(8.32 + ahz) « Then

(19) is satisfied by
y--v-zaxﬂyf‘-v¢1'no
1/2
If #* is small, as is often the case, (132 + ahz) = h6 JNZ/kaz
approximately. Then sin 9= -1, 7 = = n/2 approximately. Thus

Yen/2-2
or ¥=%-n/c,

or from Figure 2, the plane of the bent tail differs from the plane of
yaw by the angle X .

Stability of the Locked-In State. Let yfo be a constant solution
of (1€}, and let Y= ;é’o + 7 be another solution, with 7 smaii. Then if
the term in 7' is neglected, (19) gives

" - t'(al*.'z sjnvo)- '((33003 wo-ahﬁn 77‘-0) = O,

The discriminant of the charactcri-tic equation is (a.l + aas’m ;tc')z

+ 4 (aacos Vg = nhsin ¥,)e Then for stability; i.e., for ¢ to damp out,
it is necessary and sufficient that - (a, + a,sin ¥ ) be grester then the
mmerical value of the real part of the square root of the discriminant.

For this to be true, L( 8yc08 ¥ - & 8in g ) must be negative. Subss‘l:.j.t.ut.i.ox}2
shows that if ¥ = -7 = X, (ajcos ¥, - g ein ¥ ) = (a32 + ;h2 - asz)

while if = = 7 + X -r the megative of this appesrs. Hence stability is
possible oniy in the latver case, and the necesaary and sufficient conditions
are:

(21) b, ==~ +X =2, 8 +8,s8iny <0

If 7 = -n/2 approximately, ¥y =X = n/2; or if X is smell, the ncse
is yawed Iin ebout the same direction as the t2il is bent.




M&'
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An oversimplified physical picture is given in Figure ©, where
[2 = [3 = v! = 0, and the normal force on the tail is assumed to dominate
ihe others. Then 7 = - a/2 approximately. The projectils is viewmd from
the rear along the trajectory; A, T end P are the projections oi the ncse,
tie trajectory snd the center of pressure cf the tail on the plene of the
paper. Virected arcs represent moments.

Figure S showsthat, in the stable case, an increase in X causes an
opposing incresse in the moment due to the normsl force, while in the
unst gble case this moment incsreases Z still more,

4 / /é;v Clvaieds

A. S, GAILBRAITH
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LIST OF SYMBOLS
Underlined letters represent vectors; e.g., u is a vector of length u.
A: axial moment of inertia.
a,: coefficients in "locking-ir" equation; defined after equation (18},
B: transverss moment of inertia,

C, D, E, F: comb:z,na;.icns of serodynamic symbols, etc. See zquations (15)
and 17 °

d: maximum diameter of projectile.

G: (g/vzd) {{ sin 6 + cos 6); cross compenant of gravitational acceleration,
essentially.

Gy1 Gy = gid/uzo

gt vector acceleration of gravity; g = ByXy * 8% + g3§3.

h: distance from axis to center of pressure of tall, in calibers.
Jr J = pd.3 K/m.

K: dimensioniess sevodynamic coefficient.,

KA--spin damping mcment,

Kc--momnt dve to non-coincidence of lines of zero 1lift and morent of tail,
KD A--a.v.ie’_' Arag,
KE-spin accelersting moment due to canted fins,
KF--Magnus force,

K,-—dsmping (pitching) moment,

KL--B.i't,

KM--static momenitl,

K.N--normai force,

K g-~cross-spin (pitching) force,

KT-.Magnus moment,

KXF--Magnus force due to cross=-spin,
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LIST &F SYMBOLS (Gonit)

KXT--Hagnus mement duw to cross-spin.

Subseripts 1 and 2 refer to body 2nd tail respectively. An extra

subscript M is a temporary notation to indicate the moment of a force,

ks

2

transverse radius of gyration, in calibers; k = B/mdz.

axial radius of gyration; in calibers.

direction cosines of ling of gero normsl force of tail,
nass of projectile.
(nutational) vawing rate; N = (onl/B) (1+c).

moment caused by non=-coincidence of lines of zero 1ift and moment of
tail acts along n.,xl "252 + nBJ_cB

cross comporent of angular velocity; p = u exp (if u)lda.)

right member of yawing eg wation 115), when gravity is neglected, is
a
Q exp(if wlda.); see equation (17).

(o)

ﬂ

Qy59,: torme in equations of motion (142) and (1hL) respectively that

are duwe to asymmetry. &

a solwion of the yewing equation (17) is sought in the form exp( r rd a)e
ballistic (gyroscopic) stability i-clov; o = Aauﬁzk‘?/h‘a?é'w Jo
distance along axis from c.g. to center of presswe of tail;, in calibers.
vector velocity of projectile; u = WXy + WX, + u#B.

v = u/d, v, = ui/d.

axes parallel to fixed directions in space, with origin at ce.ge

unit vectors along axes Xys which are fixed in projectile,

unit vector slong tra;]ectory; u = uz.

unit vector along lins of zero lift of tail.

t
distance treveliad in celibers; a = J vdt.

AVN]
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Dy

: complex yaw; £= & exp(iJ ux‘Lda).

LIST & SY#BOLS (Con't)
angle of misalignment of tail; B = h/t.
g/vzdo
angle of yaw, from trajectory to axis,

angle of cant of fins.

o 5 2 3/% 2 2 1/2
angle defined by sin 7) = al‘/(a3 + ) , cos 7= 3/(a3 v ) .
angle from horizontal to trajectory, positive up.

approximately measures total damping; & = Jy(1-A/B) + (Jy + Jt)/kz.

cross angular velocity; u = w, + io.\3.

1/2 1/2

ang;.e defi.nelc}zby sin z = .5/(,,32 + .h?) s COBZ = (33’- . .h2 - 352) /
(a3 vy ) IS

complex yaw; & = = (v2 + iv3)/v.

density of the air.

T i/se

small perturbation of ¥,

Eulerian angle of orientation.

Eulerian angle of spin.

angular velocity vector; Q= Qqxy + Q.x, + 0.

ni/VO
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