TR YA L ETR AN SN (s
bin

P <y .
== 2,00 RUN RESEARCH CENTER
C L2 CUNG RESEARCH INSTITUTE ~ UNMIVERSITY OF MICHIGAN

]

S
S M St - s

i

-~ .
Cross-Sections-1X
| AF PR SRR S AN SRS S
y 71 ClTU"lagnell(, OLallerlrlg U)’
an Oblate Spheroid
by L.M.Rauck
Project MIRO

Contract No. AF 30(602)-9
MM -116  October, 1853



Studies m Radar
Cross-Sections -IX

Electromagnetic Scatiering by
an Oblate Spheroid

&y L.M.Rauch

Project MIRO
Contraci No. AF 30(602)-9

Willow Rur Research Center
Engineering Research Institute
University of Michigan
UMM -115 October, 1953



————— —
e —— S

meop

W ILLOY

RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

i1

111

Iv

VII

VIII

IX

XI1

STUDIES IN RADAR CRCSS-SECTIONS

Scattering by a Prulate Spheroid by F. V. Schultz {March 1950),

The Zeros of the Associated Legendre Functions P:'l(p.') of
Non-Integral Degree by K. M. Siegel, D. M. Brown, H. E.
Hunter, H. A. Alperin, arnd C. W, Quillen (April 1951},

Scattering by a Cone by K. M. Siegel and H. A. Alperin
(January 1952).

Cormnparison Between Theory and Experiment of the Cross-
Section c¢f a Cone by K. M. Siegel, H. A, Alperin, J. W,
Crispin, H, E. Hunter, R. E. Kleinman, W. C. Orthwein,
and C. E. Schensted (February 1953).

A Classified Paper on Bistatic Radars by K. M. Siegel
(August 1982},

Cross-Sections of Corner Reflectors and Giher Multiple
Scatterers at Microwave Frequencies by R, R, BDonkowski,

s Avwe 4dve

C. R, Lubitz, and C, E. Schensted {Cctober 19532).

A Classified Summary Report by K. M, Siegel, 7. W. Crispin,
and R. E. Kleinman {November 1952},

Theoretical Cross-Sections as a Function of Separation Angle
Between Transmitter and Receiver at Small Wavelengths by

K. M. Siegel, H. A, Alperin, R, R. Bonkowski, J. W. Crispin,
A. L. Maffett, C. E. Schensted, and I. V, Schensted (October
1953).

Electromagnetic Scattering by an Oblate Spheroid by L., M.
Rauch (October 1953},

Tie Radar Cross-Section of a Sphere by iI. Weil (To be
published).

The Numerical D=termination of the Radar Cross-Section of a
Prolate Spheroid by K. M. Siegel, B, II. Gere, I. Marx, and
£. B. Sleator {December 1953).

A Classified Summary Report by K. M, Siegel, M. E. Anderson,

¢ Q8

R. R. Bonkowski, and W. C. Orthwcin (December 1953},




WILLOW RUN

Section

o

Number

RESEARCH CENTER ~ UNIVERSITY QF MICHIGAN
UMM-116
TABLE OF CONTENTS
Title Fage
List of Figures i
Preface ii
Nomenclature iii
Introduction and Summary 1
The Oblate Sphersidal Functions 3
2.1 The Coordinate System 3
2.2 Solutions of the Scalar and Vecter Wave Equation 5
Zz.3 Expressions for the Angular Functions 7
2.4 Expressions for the Radial Funciions 11
The Incident Electromagnetic Field 14
The Scattered Electric Field 19
Agymptotic Form of the Scattered Electiric Field 30
The Back-Scattering Cross-Section of the Oblate I
Spheroid 32
Appendix I—Scattering From a Circular Disk 34
Appendix II-The Scattering Cross-Section of the
Prolate Spheroid 35
neferences 37
Distribution 3%
LiST OF FIGURES
Title Page
Oblate Spheroidal Coordinates 3
Geometry Used in Describing the Incident
Electromagnetic Field 14

[




1 P Y 1) TS

-e

=
\

R

» vy

WILLOW RUN RESEARCI{ CENTER ~ UNIVERSITY

OF MICHIGAN

UMM-116

PREFACE

This paper is the ninth in a series of reports growing out of studies
of radar crcss-sections at the University of Michigan's Willow Run
Research Center, The primary aims of this program aie:

i. To show that radar cross-sections can be determined analyti-
cally.

2. To elaborate means for computing cross-sections i objects of

military interest,

3. To demonstirate that these theoretical sross-sections are in
agreement with experimentally determined values.

Intermediate objectives are:

1. 7To compute the exact theoretical cross-scetions of varisun
simple bodies by solution of the appropriate boundary-vaiuve
protlems arising from the electromagnetic vector wave

equan ion.

---------

n

2. To examinc the various approximations possible in this probk-
lem, and determine the limits of their validity and utility,

3. To find means of combining the simple-body solutions in ordger
to determine the cross-sections of composite bodies.

4, To tabuvlate various formulas and functions necessary to enable
such computations to be done quickly for arbiirary objecis.

5. To collect, summarize, and evaluate existing experimental
data,

12§ - Tes

Titles of the papers already published cor presently in proucess o
cation are listed on the back of the title

K. M. Siegel

[
[P
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NOMENCLATURE
A = semi-major axis of the oblate spheroid.
A,ZO = a condensation symbol - Equation {44).
B = semi-minor axis of the oblate spheioid.

L L L L ; :
B/,D/,R[ S;.Ty = condensation symbols -- Fquation (77).
B(t, k} = Beta function

Zm
C’k - thc oblaie spheroidel coeificient.

I :

E = incident electric fisld veoctar,

I X X e g .
E.Y:_:‘,:E,, = Xy Yy Z components of the incident electric

= i field vector,

S ; | S

_r;o = the incident electric vector E with the phase

factor removed.
I
EO = magnitude of the incident field vector E .
; E,O = denotes whether Z and L are even or odd in

the I ‘,.,, L).

F = 1/2 the focal length of the coordinate ellipsoid
and hyperboloid.

I B Rl il ; 1,3
H = incident magnetic fiel:d vector.

5 GO S | S :
I_;Ix,ﬂy,l;lz = %,y,% components of the incident magnetic
field vector HI.

H0 = magiitude of the incident magnetic field
i
vector H .
‘ iii TR
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NCMENCLATURE {Continued)

I .
. = the incident magnetic field vector H , with

=¢m

"3

Iy

g

R(n),5(%), ¢(9)

the nhase factor removed.

integrals occurring in Equations (68) and

(69).

a sclution to the vector wave equation con-
structed irom solution to the scalar Helm-
holtz equation.

the norms of the angular ifuncticns.
a pcint of observation in space given in
either oblate spheroidal coordinates (n,t,¢)

or spherical coordinates {r.,9, ¢).

toctal power intercepted by an isotropic scat-
terer of cross-section ¢.

Poynting vector of incident electromagnetic
field.

Poynting vector of scattered electromagnctic
field.

= the location of a radiating source in space

given in either oblate sphercidal coordinates
{n',¢',¢') or spherical coordinates (r',0%,¢').

solutions of the separated scalar Helmholtz
equation.

angular cklate gpheroidal wave function.

radial oblate spheroidai wave function.

iv
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an index uveed to indicate any of the %, y, or
z coordinates.

a vector used to indicate any of the unit
vectursi , i, ori
X <y ~2z

the coefficients in the power series expansion
of Vs s

L
ey

the imaginary unit } -1 .

unit vectors in rectangular Cartesian co-
ordinates.

unit vectors in oblate spneroidal coordinate
system.

a ceparation constant which is found to be an
integer.

the spherical Neumann function.

the coefficients in the expansion of the
radial functions of the second kind.

the radial distance from the origin to a point
in space.

the differential operator i 7—Q—-+ L 2ai 2,
-X #X -~y 8y ~z @&z

arbitrary constant determined by boundary
conditions.

v
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NOMENCLATURE (Continued)

a separation constant.

a separation constant,
the Kronecker delta.

kF.

coordinate hyperbocloid of the oblate sphe-
raidal coordinate system.

wavelength.

coordinate ellipsoid of the oblate spheroidal

coordinate system.

L34

distance Getween two peints P ard Q in space.
scattering cross-section.

coordinate angle of the oblate spheroidai
coordinate system measured counter-
clockwise around the z-axis from the

xz-plane.

a solution of the scalar Helmholtz equation.

vi
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INTROUDUCTION AND SUMMARY

At the presenti tiine, exact solutions are known for the electro-
magnetic scattering cross-sections of only four three-dimensional
configurations: the sphere, the paraboloid, the semi-infinite cone,
and the prolate spheroid. In this paper, the exact back-scattering
cross-section of a fifth three-dimensional configuraticn, the sblate
spheroid, is obtained. Although this body may be of little practical
importance, the scattering cross-section has been obtuined as part
of the f{irs: interimnediaie cbjective stated in the Preface, to widen the
theoretical knowledge of this field. The solution is obtained for one
direction of incidence and presented in the form of an infinite series.
Much work still remains to be donz in developing methods for evalu-

atiryg this series to obtain numerical values of cross-secticen.

The electromagnetic scattering cross-section of the oblate sphe-
roid has besn obtained as follows: the oblate spheroidal coordinate
system, in which the scalar wa+c¢ cguation is separable and which
inciudes the scattering surface as a coordinate surface, is chosen,

A plane, linearly polarized wave progressing along the z-axis in the
negative z-direction is incident on the surface of a perfectly coenduct-
ing oblate spheroid. Using the method of Hansen in which a solution

of the vecior wave equation is constructed from the solution of a scalar
Helinhcitz equation, an expression is ohtained for the scattered electric
field in series form having a number cf arbitrary constanis. This ex-
pression is valid everywhere in space. By means of the boundary con-
ditions at the surface of the scatterer, the properties of the scattered
radiation are related to those of the incident radiation so as to obtain
defining relations for the arbitrary constants. Unfortunately, these
defining relations are quite complex and no simple technique has yet
been deveioped for determining the exact values of the rsquired con-
stants.

The scattered electric field is used fo determine the back-scat-
tering cross-section of the oblate spheroid. The back-scattering

WILLOW RUN RESCARCH CENTER ~ UNIVERSITY OGF MICHIGAN
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cross-section, ¢. is defined by Ridenour {Ref. i} as: ''o (dimensions
of an area) is to be 4w times the ratio of the power per unit solid

angle scattered back toward the transmitter to the power donsit

(nower pcr unit area) in the wave incident on the target. In other
words, if at the target the power incident on an area ¢ placed nor-

mal tc the beam were to be scattered uniformly in all directions, the
intensity of the signal received back at the radar set would be just what
it 1> in the casc of the actual target.'" The expressicn obtaired for the
scattering cross-section depends upon the set of oblate spheroidal co-
efficients which have not beer tabulated extensively and upon the above-
mentioned arbitrary constants. Therefore, the usefulness of the ex-
pression ior the cross-section, as far as niumer:cal calculations cre
cencerined; is limited at the preseiit iime.

In concliusion, the author wishes to acknowledge his indecbtedness
to the work of F, V, Schultz (Ref, 2) and of A. Leitner and R. D. Spence
{Ref. 3).
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THE OBLATE SPHEROIDAL FUNCTIONS

To obiain expressiens for the incident and scattered zleciro-
P

magnetic field and hence the back-scattering cross-section, the

properties of the scoiutions of the vector and scalar wave equations

for the spheroid are required. These propertics are presented

below,

Gt

2.1 THE CCORDINATE SYSTEM

The solutions of the vector wave equation and of the corresyponding
scalar wave eguation can be expressed in oblate spheroidal coordinates
n,¢. and ¢, This system consists of ihree families of orthogonal sur-
faces which are described by 7, 4, and ¢ sgual to consrants., The first
two of these families consist ¢f confocal surfaces of revolution about
the z-axis, namely, hyperbolcids of one sheet and oblaie spheroids as
indicated in ¥igure 1. The equation ¢ equals a constant represents
the farmly of half planes tkrough the z-axic, where ¢ is the angle be-

tween these planes and ‘ne xz-plane.

am-da 212 21T .

Z

9

¥ <

Figure 1
Oblate Spheroidal Coordinates
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The eguations of transformation from the oblate spheroidal co-
ordinate =ysiems to the Cartcsian svstem are:

2 z jis2
F{{l—‘v)(ife);ﬁ " cos 2,

¥ = g

! 2. .. 2 172 ;
:.:=F{U -~ )il g }} T sin @,
z=Frxe,

where F is 1/2 the focal length (PP?), -1< n<l, 0<t<x, and 0< ¢<2w.
In the Cartesian system the equation of ihe oblate sphereid # = fo is

2 2 2
X +v z i
3 i _
4 2 &
2% =2

where A and B are the semi-major and remi-minor axes, respectively,
ang are given by

A—-F}f‘l«re;, B=F¢

n"
w

The distance from the origin to any point in space is specifiad by

a——
=) poy -~

™
—

f & £ ,'; o
rEUE 4y ¥ =r!§’1+;¥ - s ii)
When ¢ 1s large, r is approximaiely Fg.

The relations hetween unit vecturs in the Cartesian system and the
obiate spheroidal system &re

1522 -1/2}
j'x i &‘W(lfle "2(£ + P:-Z) 'L_ﬂ cos ¢

2152, 2 2.-142 - .
{i(l—m)‘ {m + ) }cos&-_n‘.,smé (2a)

i
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4 = [(‘-n)/(n +‘),j+lal (1+§)”('L ;)/J(Zc)
z :
and
. . IF 2.1/2 2 2. - 7
i, =i, L-m’! S NART o COS¢J
[ 2.5/ =Y 1
$ -nlt 4 / cIin t
*lyLu\ue) lo + &) sing |
2472 . 2 =)
i [ e - B /%] (3a)
r Y S o) > VYV I -!
N T R G AR
; 2. 1/2 . 2 2.-1 .
+;‘.[€(1-rl)/ (n +¢) /Zsm«b]
) 4
r i/z ., 2 g =172
+1i [_n(l+£)/4(r;‘+e"\ /o | {3b)
= J
j¢=--§xsin¢ +_iycos¢: {3c)

2.2 THE SOLUTIONS OF THE SCALAR AND VECTOR WAVE EQUATIONS

The scalar Helmholiz equation,

2 2

YV * +kv =0,

in oblate spheroidal coordinates is

(4)

2, 8% 8y ) i 1
b e 211 {27 2
Bn[( T +ae[( +”6€.i ( 2

€£
where ¢ = kF = zTLF k o

, and kX denotes wave

Equation (5) can be separated by assuming a

2
1“)/ 1+£

Yin, ¢.3) = R{a) S(&) o ().

lengtih .
solution of the form

(6)
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The substitution of Equation (6) into (5) yields

(o}
=
-——
b
]
=
o
1
Qu
|
]
»
¥
s
|}
Ie)
+
~m
—
[
]
=
~
.
=
~
]
o
—
-3
—~

20 it S : SR ! \ fe) = 8
da: (1 + ¢} d: L1+€2 a+te (1 +¢ ) {eY=0 {8)
d‘2 )

P
2O o By = D (9)

'Y
d¢

where m and a are introduced as constants of separation., Since it w
be convenient later to express o in terms of m and ancther constan

1
a 1s written as a o Particular solutions of Equations (7) and {8} will
1

e denoted by R{n) = U[ (}l‘; and S(g) = "\7/ (¢). The functions U A (r()

ill
A

and Vé/m(;) are known as the anguiar and radial functions respectivaly.

A solution of Equation (9) is ¢ (¢) = cos m¢. To insure single valuedness,
m is restricted to integral values,

Hansen {Ref. 4) has shown how a solution of the vector wave equaiion
2
VYV eV - x(VxV)+k'V =0 (10)

can be constructed from a solution tc the scalar Helmholtz equation by
using the solencidal relation

(a
I_vl‘ ) =V X ay =\/v X2

where a is an arbiirary constant ve

(11)

wave equation., Furthermore, the v

and ¥ is a solution to the scalar
cr V can be expressed in terms

{a > ; i
of M' ). In particular, a is restricted to the Cartesian unit vectars § ,
g a) , : X Z
i, 2andi and, correspondingly, M ___( )1s restrictedto M, My, and M,

The function Y is a Lamé product of the functions R (q), S (2), and ¢ (s).
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2.3 EXPRESSICNS FOR THE ANGULAR FUNCTIONS

Leitner and Spence {Ref. 3) have presented a therough discussion of
the properties of the angular funclions, Since these preoperties are used
quite extensively here, they are quoted verbatim.

[«

"Equations {7) and (8} may be obiained from the general equation

JI‘ ’\dF/
._u.;_lll_z) £

n

o _m 3 -alé;m+£2(1-zé)‘\ F/'q=0 (12)

Ll -z

L___

by replacing the complex variable z withh or i{, respectively, ¥qua-
tion {12) differs from the equation of the associated I IL.egendre functicn
only in that it possesses an irregular singular point at z = =, The ex-
oo'lents associated with the regular singular points at z = +1 are +m /2.

A solution corresponding to the positive exponent will be called a func-
tion of the first kind; the other inde.cndent solution will he called a
function of the second kind. Since the exponent difference is an integer
the solutions of the second kind will possess legarithmic singularities at
z = +1, Since this poini corresponds tok = +1 or 3 = +1 it lies in the
physical range of n but outside the physical range of £, Therefore, the
angular functlops are functions of the first kind while the radial functions

"The analogy betwaen {7) and the equation for the associated Legendre
function suggests series of the form

o

2 m/Z \ /m 2.k P
A - - / —~ - . £ e
U ()\!) {1 | ,"—, =0 ("Zk (1 -n" {.£ - m) even, (13}

AU A 1
Uy )= v B 20 et o (- m) oda, (14)

Alsc by analogy

4. 8 .
Ym LTI T, (15)
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. . . 2 ; :
where v, is a function of ¢ , s in the case of the associated Legendre

& ail

equation, 4 is restrictsd to integral values equal to or greater than m,
This notation follows that of Page (Ref. 5). Stratton et al. (Ref. 6) uge

the symbol, .é, to denote (.£ - m) as used here, The recursion formulas
for the coefficients in {13) and (14) are

2k (2k + 2m) - - - -1V -y
k(2k + 2m) C,, | L(Zk Z+m-2)@2k++m-1 Z"m] =
2 m - )
- € C?.[k-‘i = 0, (,é-m) even, (16)
/m

f{m
21 2 - k- - : -
2k {2k + 2m) CZ.k [(?k A +m 1) (2k + Z + m) 7 ‘] CZk-Z

Y e 0, (L-m)odd (17)

2k-4
{m Im
with C’O = 1 in either case.! The magnitude of the CZl; hegins to de-

crease when 2k>(,&’- m) + 2 if (}j- m) is even and for 2k>(.Z - m) + 1 if

(£~ m) is odd. For large values of
L
oim 2
Zk - g (18\

%

Al | " /m
e

!These recurrence relations were omitted by Leitner and Spence,
Their continued fraction expansions (Eqs. (19) and (20)) have been corrected.

z —> 1 + :
ij /Cx’m \
2k=-2 2 2k=-2

T P & ¢ ¢} r._ v pe 1
kel b T & L -Lym s L) - té’m] C, =0, {£- m)even,
1./‘.m [ 7 | (‘m
m) C -~ lym - & WYm + 2) - ¥, =0
4(1 + m) 3 L\m + 1Nm L+ ) [mJ CO <

{ F= 5ty mdi,
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regardless of (//- m}). As k approaches infinity this ratic must either
2 2
approach unity or approach zcre as -e¢ /4k . In the latter case the
p
Cé{n alternate in sign at large k and the series (13) and (14) converge
absolutely for all finite 5, From (16) and (17) one may easily obtain the
continued fractions

)’é} = - (,é’+m)(,é”-m) 6.: , A 2
: 202/ -1+ ? s * (Z+m=2}{-m=-2) ¢ ) »
N 2L+ v, + {£+m-4)(J -m-4) ¢
- 6(2¢ -5) +
(2£-5)+ vy

P4 2
+ (,d+m+2;(j-m+2) €

2253y - v F i adomiy , 5
‘ 4(20+5) - v ;v (J+m+6)(L-m+b)
M

T6(27+T) - N

’ 2
Y/m == %+m-1)(/—-m-l) € 5
- 2022-1V + v, +{d+m-3)(£-m-3) ¢ "
= 4(2/4-3) + g, + {(J+m=-5}{L-m-5) ¢
) -5
6(2/7-5) + sz +

+ (_,["P'm.'f'l)(l'nl’f'l)éd
' : 2
2(22+3) - v, + (/+m+3)(j-m+3) € 5
G 4(27%5) - 7, ¥ (Z+m+5)(/-m+5) e
i 6(27+7) - v » +
(22+7) ):Zm

(£-m) odd. (20)
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Tn both (19) and {20) the first continued fraction contains only a finite
nuimber of terms while the 3econd contains an irnfinite nurnber of terins.
Equations (19) and (20) ccnstitute transcendental equations whose roots

are the eigenvalues of 7 ; The eigenvalues can be computed by

P mn
cutting off the infinitely extending continued fraction and solving the
resulting algebraic equation by successive approximations. By re-
taining more and more terms in the continued fraction one can obtain
numerical values for ¥ fin tc any desired degree o accuracy.’

i

ies for the ¥ , in powers of ¢ may ke cbtained (Ref. 5}
. &I

Y

~ y /m 2k £
~m 'HO 2k € 21
&

: ; c ;
into {19) or (20} and cclleeting like powers of ¢ . One finds

LA e ZA\ i p l'
‘2 (27 - 1022+ 3) (22)
Ao HL-NH | H 0 2) -
4 ) &(2,4__‘1} 2\&-(/4‘3) ( 2
pfm o am" -1 THCOWHED | B MU,
6 T U2/ -IM2Z I+ 33 5 L faay
N )\2L+ ) (Z,/-i}b(;ij'f)) {2,/'-%'3)2(2.,!-}-7) J
£m

' - 2 2 f
‘z/m . H\A- 1yH{ ¢ )l 4(4rmn - 1) ) 4

8 2(2/-1) ‘_' v 2 5 £ 4(2%/-*_3)2 2(2¢-1)

H{Z-3)H(/ - -l
2-4(24- 1)(2£ 3)_]

= —

e n

meathod for rapidly finding the roots of such Pont‘nuaq fractions

e

was independently developed by Bouwkamp (7} and Blanck (8).'
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I NE= 8BS |
|
7 AYT ; 2 Z me ‘
_H{/+ 13 64 2) 4(4m° - 1) a
22’,74-” > 2 '4 2 ;':7.{_3‘ !
(27+3) V{2 7=y (27+3) (24+7) 2tz ~ |
I
_r. i
H(/+3)H(Z2+4) | . 2
' 2-4(27/+3)(zg+a)_J' (23)
where
x2 th
H(X) = -——-2-_“ . (26)
4% -~ 1

The series given in {2!) docs not appear fo converge suiliciently rapidly
to be useful if ¢ is greater than 5. For smaller values of ¢ it may be
used to obiain a good approximation for ¥, which may then be im-

. ] im ¥
proved by use of {19} and (20).

"The angular functions corresponding to a given ¢ are orthogonal in
the interval (~1,1), that is

|
J;-;LT_é;m (}?; ULm (y,) dq = 6'1_}':1__; I (27)
where
o0 O : .
Ny o E ycfm C/m S Imti+§)) ¥ Fup—
I~ St it 24 2§ 135 Rim+itj+ay o even.
1=C 31-v -
(25)
00 o y 3 W T
A W m _&m 2 {(m+i+jjt J !
T = C C - =, {Z-m) B
Im < 2 2i 2) 1435 - R(m+i+j)+3)° " mj odd
1= 0 J =0 (29)
2.4 EXPRESSIONS FCR THE RADIAL FUNCTIONS
Both independant solutions of the ragizcl equation {8} must be in-
corporated in the genaral solution. For the functions of the first and

second kind Leitner and Spence give
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(1) (i +§7) E {m
Vljm(é) T TV g0y CZk (1 +£2£ ), {.£-m) even, (30)
Am k=0
2.m/2 2
(1) o £(1 + ¢ o 2.k
Y g KBY B ) 5 Cop 1+ 27), t/-my oad,  {31)
s L@y 08 k=D
dn £m'’
and
2% n_ {eg)
4 £) = ; z ' :
V,zm( ) q,é';‘]'(l * £ P (m+k) Cox _‘k P
k=0 (e2)
(£-m) even, (32)
(2) 2m/2 % _mi P SN 3
v, e & 1 4 ;1‘\; 1 m+k i i/ ~m
Y m(;) lqun< >} 2 (’fl+k) 7‘{ -——m-f-k ,
K= (e £)
{#-m) odd, {33)

where n-.-(-‘ ;} renresents the sphericail Neumann function, and the con-
stants U are given by

k “ =
= 27 k) cfm] '
) &K

.
- 4
l

Um = 1e3i5ee [2(metk) +1] r (£-mj even, {34)
P e PR e sl ”m N -1
: L N -~ \1'1'1';';(,‘. \, ' ,
q_/m ' 1 =0 A'3°5°-'f7lm+k)+.>] ,> (4 -m) odd. (35)
% B!
~

In the grobiem heing considered, the primary interest is inn 2 cembination
of those solutions which wili represent a diverging wave at lav‘ge distances

from the spheroid. Leitner and Spence show that

(2);

2] {1) )
{ )V/m(i) =" ’Vj (g} +1 v& ‘43‘; esents such a dlverglng wave.

12
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They also give an asvimptotic expression for this function which will be
Yy g ymp p
very usejul:
ie#
" 3 m m+l e
lim ( )V' (£} = g (2/e)  (-i) TR (/—m) even, {(36a)
e3> A4 4m’ €
ief
£
3 13 m, .m+2 ’
Jirm oo e =~ . 1270 1 .85 i /AR e TEPATRY
ira ) \S 7 K i v/ 8y N7y P &I olia, ~ 200}
e Zm'" “m €f
ieé
: d (3 . 1 7
lim —— 'V, () =q . {2/e)" mt {-i)" &=, (£-m) odd or even,
e X< d/f /é m e €£
(37)
i3
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THE INCIDENT ELECTROMAGNETIC FIELD

Lol @ be a source point
and P a point of observa-
tion given by oblate sphe-
roidal and spherical co-
ordinates, P (f,:‘/‘, $, or

j A,v.¢) Q(; ', ¢!, or
_F"’ o r¥,0%,%"%). p 1s the dis-
tance between Pand Q
and ¥ the angle betwcen
Geomeiry Used in Describing the r eand r', then

incident Electromagnetic Field.

Figure 2

2 2 1/
p = [r_ +(e") -2r cosy] W (38)

and
cos s = sin B sin @' cu3(¢ - ¢') + cos O cos 08'. (39)

If the scurce point Q is moved to infinity along a fbzed direction i',
¢!, then for a plane wave progressing along » specified direction (Ref, 3)

eﬁikrcosy _ T‘l 2(-1)y" 1)’2

g (1)
k“@oq/o /L/)G (h\) Dl’o("‘) V” )

Z PR
. Sz __(1>
L

m=1 N,é' q,é’m ml

m
+

X Ujm('“(\ Ufm(b\‘)\ Voo, (§)cos m(¢-¢')}
(40)

where the N, are given by Equations {28} and (29),
A I




e

g

WILLOW RUN

UMM-116

tion {40) becomes

o 3
: Vi
-ikz NTOo-nt S,
e = w—— Uy h) 'V (&)
= N4y, o'\ 49
where
vy = D Dl e 2 e
= S umee/ e’ 23 eJece (243 41 4
Zo e i 2i T3 20e))+]
and
o o0 I3 ) )
N % S_'C,_f”o Zo 27 e
Y0 T st el V24 2j Te3ee-[2{it)}+3] *
i=0 3:0 e
L.et
i
_og-1)y
“[O ) ]_\I-/‘_J_(‘l” ’
40 ‘xQ
and
(1) {1) ’
JJJZO(/Z.S) Ujo ('L) Vjo(z).

then Equation {(41) may be written in the form

>0
L 5 {1}

T o= B otneE)

s

-ikz
e

tors {E*, H",) can be expressed as

RESEARCH CENTER ~ UNIVERSITY

OF MITHIGAN

(j- 0) even,

(£-0) odd.

gl o e ;g DA M)y ()
=y =0 B Lo 40N>

The problem is simplified il ine scurce noint ia moved to infinity
sleng the positive z-axis in which zasen?* = +1, 2z = r cos » and Syua=-
b5 { ’ Y

(41)

{42)

{43)

{44)

(45)

(46)

S " p s A "
If the incident ¢lectric field vector £ is choscn so as {o have only a
positive y-component, then the incident electric and magnetic field vec-

(47)
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and
1 -ikz o {1)
= I A 1 , 48
2y T Hp© L Hy <o A Vg0 o9 (48)
Taking the curl of Equctions {47) and of (48) yields
I 3 (1)
V X Ey = Ej A,/OV X (l.y Y 4o (49)
=0
and
I -Q-E (1 A
- 5 £ il () 5
VXH, = H, ,ngo AgeV * iy T g G

: . ~iwt :
Assuming a time dependence of the form e . Maxwell's equations for
free space become

1 i 1
= —7xXH 51
Ey ” . (51)
and
H i 1
H =-VXE (52)
x k -y \ ’

I i 3
sc that EV_ and Ex are expressible as

[~ =)
I i k (1)
E = —E A, V woa Xi (53)
, O,f;"o J0 Vo
and
0
i - _1_11’ ‘\—_’ (1‘) ¥ i ]
% = k;;o :-/ A,éov u':z/’o 5'0 \54)

In terms of a s
and (54) becom

o 0

i ._._i..v, (1) x
E, =% % = Az My (55)

e gy e ot ot
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I _ i 3 (1Y N
= =H Ay M. (56}

_jo

Using the relations between the unit vectors of the oblate spheroidal
coordinate system and the Cartesian system (Eqs. {3a), {3b), and (3c)},

(1).. (a)

the components of the seclenoidal vecior Mo =’ become

(I)M}o = m"’/o *

=Y/ 2 2 2.-1/2 a {1) .
= -i F %+§ (q +£) / Sln¢U! (’I)Z ’V,é’o‘z)

Y

PRt VAR I e VLIS 3 I
f'_l_’gF yi yl (r\ +£) S ¢ j (é)—U [ Ba ,()

 a o oD B, BT . d (1).. T apuan
Tl K 2) cose Uyl g7 V4 )] 57
and .
(1),,v _ i}, :
My =V WX dy
o=l 2,2 2.-1/2 _ a (1
b P E/l PE Ay t2) / cess Uy, (n\)J-( )V/’o (z)
‘ H A
s wmlifT 2 2 2.-i/Z Dy gy Do
1] 2, .2 2.1 (1) d
2 s | 8 .L?“\- atn A ) > a
+i¢ - L?(l l(‘ 7 \rk i N Di“\f Véo (5) d,h\U,/./O (r,\)
+h(l +2° )(h +25  sinauy (-2 Myy (s)] (58)
Y( jO " dg o™ _‘.
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Hence, the incident electric and magnetic field (EI 1_1)1() can now be ex-
pressed explicitly as

[ — -
i - 2. 2.-
E;zﬁch li’l\i’lfg‘b‘/o[ Vl "2("( +4%) I/ZSiMU/o('()&d_é(l)Vo(g)]
¥ tif, 2.2  2-1/Z (1) }
+_i_§ ./.:O,AjO”/x-‘r( (,-( +5) sin ¢ V/n U/O (r()
A 2, 2, 2~
+;¢f;;;x_4jf(l - f )(;1 + 52 L cose (1) Vio 8 37 d (;()
2,2 _2- d (1), 11
tp{l+ 2 M +£7) COS¢UJO (r() Vi & )JJ? (59)
and
T o
I i, -1 N7 '/ 2.2 2-1/2 d {1) -
H=w-2B F it/éé Ago Y1+2 7 (n +27) cos¢ Uy ) az Vio8
3 W 2,2 /2 (1) . d
-Ggg A,éo V:-n (n\ +2°) ces ¢ Vl//‘.,(g)d—’? 20 (r(:
3y :
4 l¢,gA=5 A Jo L.7(1 h )(/z +£ ) Vjo (é)dnto ('()

[
o>

—_—— —— ———
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THE SCATTERED ELECTRIC FIELD

D

The expression for the scattered clectric ficld must satisfy
Maxwell's equations, the becundary conditions at the surface of the obiate
spheroid, and the boundary conditions at infinity. In order to satisfy
the Maxwell equations it is necessary that the electric field vector sat-
isfy the vector wavc equation and the divergence condition. At the sur-
face of the scatterer the tangential component of ihe total eieviric fieid
must vanish, and at large distances from the scatterer the scattered
eleciric field must have the form of a sphericaliy divergent wave.
Inspection of the asympioiic form of the radial function of the third

(3);,. : g tL 3 {2}
V, ., shows that this combination of v and v meets
4m /m 4m
the diverging wave condition. To satisfiy the boundary conditions at the
surface of the scatterer as simply s possible the values of m are
chosen so that the scattered wave depends ¢n ¢ in the same way as the
incident wave.

kind,

The scattered electric field is then expressea explicitly as

i3

LY

s _Ey ( £3) : (3).,z \ =6
L By %2 ‘\—’éo R, Myl LB
Z=0
(3)  x {3),,2 . .
where the Mjo and M,U are inversely proportional to length,
k = 2n/x, and the c./ and b/g are arbiirary constants tc be determined by

the boundary conditions at the surface of the scatterer. If the super-
script (1} is replaced by the superscript (3) in Eguation (57) the expres-
1) »

. - Ve o poe -
. 1
sion for _1\41/0 S

19
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. o 2, & . 2872 d (3)
Mlo—-ﬁnr VI+g (n” +¢) “”’U/o"”a_s Y.ifo

o 3 I
Since the total eleciric vector at any point is given by E + _E_:AS, the

boundary conditions at the surface can be expressed as

&l 28] -0
1774
L =

i b
-UJE = g

(¢)

= / > -1
+ i Fl !.‘;_rlz(n‘ﬁu:z\ 1/2 sin¢‘3)v._(;)—d—Un {n}
=t r (o R Lo ttidn L0

S| 2.2 Bl (3) d
+1¢F !-F(I-'i YT + &)  cos ¢ VAO(c}d—n— J/O(”)
(A
2 2 2 -1 d (3),,
tw (Y e Yin i) COS¢U«0{n}d_5-‘ 10(5) } (62)
Also,
(3. z . [ 2 -1/2 .3 2.-0)2 L (3)
Mjl'lnF tn(l -n") (n ) "‘P"Ujl(') V”l“‘)
B 2-1/2 .2 2.-1/2 (3) .
i « & {1 { : : ¥
ti, F l {i+¢ ) {n” + ) sin ¢ U, (1} 'V, mJl
-1l 2.1/2 21/2 2 2.-1 (3) d
3 " = . - * T ——le
i, F A -nT) T Q) N ) Ceos el TV, (8) 55U, ()
R 2.1/2 2.1/2. 2 2.-1 _ . d {3)
= = 0 e
E(-n )y " "1+ ) {n +¢7) C“"”_g;‘-"’ds le(s) .

(63)

{64)

o o
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+E.J =0 . (65)

Substituting the expressions for the incident and scattered fields
{Eqs. 59 and 61) on the surface and using the above expressions for

(3hX opq 3

_'.-joa Ml Equations (64) and {(65) become
532‘ /2 d (1)
. 2 1 ._ A
Lo By 1 +ag) T Yy Mg Vg ()
2=0
3 /
= s e d (3)
) J= 0 Yax"“ N "0} Céo (")d § Veo (e!:)
. 2-1/2 )., ,. .\
+tB,yntl -y Uyy (M 7V, g 7 {66)
. E r 2, ti3 g
- A = )Y i
e Aglto Um0 Vo lhgdgm Ypp M

+" (’.+ag) Ul@ (n)ag;(l)‘.'..- ¢ )]

() d
P20 I TR R

el Ui o O, |

< 2 i/2 z1/2 (3) , 4
+B[f((1~( ) (1 +¢.) Vm(eoi

21
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21/2 d (3) _— -
(1 + éo) U[l (7);i—ﬁ Veﬂi (GC)J} . (67}

The akcve system of equations can be solved for a , and By by use of the
<

-, 0 _?z)l/z

orthogonal properties of the angular functions U, (1‘7). If Equations
A 1D

(66) and (67) are muitiplied by ‘UT m and integrated over the interval

-1 < <1, then

P D A, 2P [—d "I)Vélo(éo)JI

% L 1
Z;_5 70 0 d¢ 1
v 2i/2 { d i3) ] (3) 1
> = 2 M
= 7 {-o.j(ii-so) ey V.c”o(ic-)!11+pé’ VQ’!“’O“Z}
T L - /
(68)
and
5 i 2,[ a i i (1) ]
=% &, B (Leg Mo=—"""y, (8 JVL ¢ " "V (EJL
_efna /OL OLdE_ £0 7071 0 £0°°0 ‘}j
o Gy 2 7
2./ a{3) (3} 1
X . £5( 8 By, ) €
e " i_“ Teg' \aE Violig) ) I3+ 5, V7o (;0”4J
2 1/2( d 3, N 2.1/2(3) <l
= ¢ e N - = z { A £ |
L +20) az 1)) Ig - (1 +£4) /AR T IR I
fL0\
\v7;
where
&l
% = ] 73] l/
L, 4L Uge U7 Uy RI4Y

22
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1
r
L L= 1Ty, i Uy o G7hdig
(! d
& I - = i fon ¥ ol s
t‘} (W4 L) _’_ (1 'l )ULO (()dr( U,LIO \ﬂ\’d'\.
. 2 L
o - {1 = .oty g nyai
15‘4."[-) j—.ll "( ) ULI‘(’ Lo((‘uk
14 2.a/2 o d
o en = | a2 s e
\

The six integrals above can be evaluailed in terms of the Beta
functions B (t,k). These functions are defined by:

~l i
J P28 v s e a1/ et L K -
ST - A =B+ /2,58 G Ty o 3y - (ke e 1) U )
where ik and t are non-negative integers.
For £ even, L even,
.1 oy s i 7
L LT (R ] I %7 PN ' Z’cm(! ”?.)k i
£, M) = T = 4 n
1 1 Ly | &= “a \_k-—o g T
1 &= 5‘1‘1-
' 2 0 {
= 1) £ e _ \
-S-l; e CZ" CZk 5 (1 -n") df?
k=0 s=0
CD_" X 1
E 0 ) 2 k
> /S_ C;r« C?ko_')q !‘1‘{ —Y{ ) dr(
=0 s=0 3 ot

'E and O refer to even and odd vaiues respectively of £ or L.

23
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« k
L T
- {0 L0 .
- 2 D Coe Coi.ge Bl/2,K41)

k=0 s8=0
1.
= = k+1
NS 900 Lo 2 ki
= g 2 T e (71a)
k=0 =5 L8 K S48 I35 {CR T i

For ¢ odd, L odd,

L (£, LY=1, (O, Oj

© k
il —\—-1 =\_' —\’é,c IILG - ! of
S e X “2s “2k-2s B 372, k4l
k=0 g=¢
o0 k
k+1
b 40 3.0 2 k! :
. , B @ : 71b
ﬁ%‘ 2s “2k-2s 35 --- (2k + 3) L

Since the angular eigerfunctions, U, (%), are orthogonal in the
Fanti d

intervai, (-1,1),
{71lc)

Ny,

-

Il (/. L) (L"L
where 3, is the Kronecker delta function and N,;o is given in Equations
L dd A

{(28) and (29).
Using a technique similar to tiiat in the evaluation of Il, the remain-
ing integrals become:

& k
V7N A Lo
E)-= N= 7 z C . T
1‘2 (E, E) I‘2 (O, ©) L Lt - CZk-Zs B (3/2,k+l) (72a)

I.(E.O)= Ia (O,E) = 0; (72b}

24
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LT,

MIILLOW RUMN

I, (E,E)

I (O, E)

I. (E,E)

I. (E,0)

121

e

(O, E)

I (E,O)

fw i

A= B vy
£
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13 (0, 0)=0 (73a)
SR
_ 0 Lo . ]
13 (O,E) = _ : 4‘ & C?.k. e B(1/2,k+l); (73b)
k=0 s=0
14 (O, ¢y =0 (74a)
0 k
-2 L T s ¢ 0 oLt B(3/2,k+1} {74b)
o BT gs " 2k-@m V4T
n =2 S5 =
<= Kk
' § 1.0
2 ,) ) (k +1 -5} S5 CZk g B (3/2,k+1) ; (74c)
k=0 5=90
15 {(C,0)=0 {7%a)
=, ol
{0 Lo ; SPIRY
2 2 C,e Coy.ag B(3/2,ke]) {75b)
k=0 s=0
& K
,5-1 CEO S R{1/2,k+1}; (75¢)
! meww/ 25 T Ik -28 A2 i
k=0 s=0
16 (C. O} =0 (76a)
ik
) Y2 & 1
sl 'B(3/2,k+2)- 52, k1) |
|‘=0 = =N CZS 2k-2s L (3/2,k+2) (ZS+1)B‘5/Z.k.l):

(76b)

25
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rel

o

tri
|

o
B
o
.

I_(E,C)=

i {O,E)=

I {E.E) =

16 (E, O) =

I (E,E)}-=

I (E,Oj =

td
i

(E, O} =

o
v
»
i
>
%
0
o
Q
01
Z
=
tr

R ~UNIVERSITY OF MICH

,{0,0)=0 (73a)
NP
[0 10
I (C,E)= ; 0n/2,k+1); {73
; (C.E) - G, Gy, Bl +1)};  {73b)
k=0 s=0
I,{0,0)=0 (74a)
3
o k
y Z
-2 2 s M_O Cfﬁ” B (3/2,k+1) {74b)
i : 4S8 ZK - EREE
k=0 s=1i)

= K
¥ 0 L0 s
: ‘“>-’ 4)—’ k+i-s)C,_ C, B i{3/2,%+1) ; (T4c)
k=0 s=0 &85 2k -2s
1.{G, J)=09 {75a)
5
" L0 L0 ~
C C 3/2. k e
ko0 Q-Zo°23 Cok-gis © 0V ZolleHl) (75b)
) K
; 7 Cxﬂo ,-.LO B" 13 I,+1)_ (75 )
k=0 8=20 2s “2Zk-gs W/ e (75¢
0 s- 0
I, (0, 0) =0 (7¢a)

L O
~BY

k
37 il - “ 1
L Coo Cop g |BU3/2.5+2)-(2541B(5/2, k41) |
s =

{76b)
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P, TN A1 LG

¢ i il st Cas Conizs

- k=0 s=0 °°

1 . 2)1_/2{_ d @r. = I. (4, L)
By =450 G a8 | LU
1 > !/-, r d A Y -‘!
A—f: - ‘e..“.“,“ I"— {J’ -‘- 4 l‘
O = Beigl™ | Vet H1AM
L_ {3
Gﬁ” = V:é.l ‘%9‘12 (1]; L)
RY - a0 +221/2 [ Ty e ‘qII (6, L)+ 2 <
/(" I >0’ 'Ld’; {'0 \4\}1-'l 3 Cy ey = 0

N R T A
‘,;7 = ;0 (9 chl Ld;
2.1/2 (3)
+ {1 : i .
(1+2.) Via o) 1 (7, L)

By use of this notation, Equations (58) and

& .
L L L
iTo la, Dy +8,Gz)- Lt By W=
=, =,
n L
), (0},, S(Z +ﬁé Té) ‘ /Y Rz {L =
_£=0 - ) Z=0

26

(3)
V4 £ v. (= , L
’ Yig Colly 40 1)

(59) take the form

QL L2 v -

.

_0:1:2-- )

{76¢)

: 1,)
Vig (£ 9) 1,04

(17)

-
~]
[« 3]

~e

{79}




2y o
O

T4y sy

YR AT RRD WpiPriegre Sapn

WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-116

To obtain ai approximation to the solution of these two independent
sets of equations, write the first four equations of each set as:

0 0 G 0
a,\Do+0+0+0...+pCG,‘+0+,B,G;+0+...=B0
v J o
C+ta Dl+"'0+ + 0 4 Gl+0 Cl- -~Bl
M St B 1o Ry By Py Mg = e = By
2 2 2 . 2
0+0+a D +C+... +B. G _+0+B_G_+0... =B
L 2 G U Tl L 2
94+ 0% 0ha, Do +0s + p G3*0+l3 G + - B, (80)
33 1 1 3 °3 3
and
0+ Sn+0+ :50+0+ e T
Ql 1 (13 3 ...+\)+pl l]TUTp3 L3I\J|...

i |
nUS +0-ruZS;+\’7+. +aOT +0+62T2+G+
1 5
=-~.O+O+R;40+
0+ s SZ+0+ 93+0* +0+8 T2+O+ '1‘2+O+
S| a3-.3 T 5 me p1 v 53 3

y; 2
=O+Rf+O+RQ+...

3 3 3 3
anSn+O+a2 Sz+0+.. 50T0+0+52T2-t0+..
3 :
=RQ+GTR3+OT 131
e 2
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Here
e Ozn

equations of system (80j and in the second, fourth,
system (81).

and ﬁ7n {n
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=0,1,...)occur in the first, third,

UMM-11¢€

ENIT

aa'y A

in pariictvlar, as a first approximation, to a
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OF MICHIGAN

0

. equations of
a8 .,
an BO

consider only the first eguations containing <0 and ﬁo in each set.

Then

The

i<}

oy
o

»
La

|

o
O -~ O CIio~o

wn

147}
tj(.:'IO ad (DU(D

wn

S e O

{n

Zntl

equations of system (80) and
{Ri). Hence, by a similar p

-~

Y

|

= N
= v

»

ir. the first, third,
ocess for n = 0,

OC)O

|
[ 49
|o =

"
'-4

~]
o~ oo

l (D:"-“ owo

o

~
o~ oo

1
a

)

fourth

o))

(83)

. equations cf system

(84)
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e

and

o/
2k

(17).

. . o oln e 4
Thus in the abcve cxpressions for ¢ and B the quaniiiies B,, D,
AL

GIJ;, RI-;, Sz, and T

defining equations for C

-
UMM-116

1 1
D B.
1 i
1 0
. :r“o Rl
Py i G
1 1
0 o

8y Ty (851)

For a general Lo or 2n (n=1,2,...)the n+ ] equations from

cach syetem in which a, and g appear must be used. Similarly, for
Zn 2ii
a general a or B._ n=1,2,...}n+ 1 equations froem c2ch system
g 2n+l Panti ( A y 4 e L
in which a_ and appear must be used.
“2n+l Font1 2PP

1 L

L I n n L

5 7 each depend upon the oblate sphercidal coefficients

These spheroidal coefficients are completely determined by the

/m .
o and Cg and the recursion formulas (16)and

o
Yol

1
1
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ASYMPTOTIC FORM OF THE SCATTERED E1L.ECTRIC FIELD

In the previous chapter an expression was chtained for the scatiered
electromagnetic field everywhere in space. The back-scattering cross-
secticn, however, depends explicitly only on the nature of the electro-
magnetic field in the vicinity of the sourca, that is, in the asymptotic
behavicer of the scattered field as ¢ >»~andy = 1.

€ . I
The expansion of E was given in the rorm

E 2,
s o N (3),,% . 30,2 )
w2 L 1. +Aa M (61}
BTX &=\ ®Te =g =
£=0
Bhx oL o {3), .z :
where Mi’“ ig given by Equation {$2) and Mj] by Equaticn (63).
o - _{3) [ ]
Substituting the asymptotic forms of ‘!/m, | Eqgs. (36)and (37) |
into Equations (62) and (63). and ‘.etting7 = 1, leads to
ikr
{3) _ [ . , . e
;v_f;o =) ‘l,\51n¢*‘g¢0054’]<{£;0 = (86)
and
ikr
3) z -1 -1 e
[y = = N s 2 i oy
M, 2¢ k [ ;':suuﬁ._1_¢cos¢]q_[1 1.2 . {87}
For g = i, Equations {3a) and {3c) raduce to
1. = -1 cos ¢ -i gin # g88)
1, = L cos o i (88)
and
i,=-1 sine¢ +i cosé. (89)
@ X Y

30
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So that, Equations {854} and {87} become

(3) - e

and
rn ikr
{3),,2 . -1 -1 e
M sZ1 9. € k -
£ y /1 1“

- a2
terra of order i/r

is giv~n by

g5.q 0 et 3T
= Ty ok r Zel—“aj;qlo

i}

ubstituting Equations (90) and {91) intc Equation (61) and neglecting

the asymptotic form of ihe scattered electric field

(30)

(91)

(92)
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The asympiotic expression for the scattered electric field (Eq. 92)
makes it possible to formulyte the far zone back-scattering cross-
section expiicitiy.

The scattering cross-section, o, is defined as the cross-section of
an isoiropic scatterer which wonid scatter in the direction of interest
the same amount of energy as the oblate spheroid scatters in that direc-
tion. If P! denotes *he total power intercepted by an isotranic scatterer

of cross-section o, then

I g '
P=o~i2|=siEx§;=a (EO)Z (93)
|

I, g ; T
where ¥ is the Poynting vector of the incident wave.

Thus thc magnitude of the Poynting vector for the wave scattered by
the isotropic scatterer is

— E‘Z
s| P! 1 ‘0 o
Elrm =z Vv = ° (94)
. 4nr o r°

where r is the distance from the center of the iscotronic scatterer to the
point of observation.

But IES ! is also given b

= 2 B - 2
\ s | s s| /-E l s i /o EO | 5-1 |
& = = e E = i—' Ve ”n (95)
|| P lE x H ‘Y b 1T | \/ bo 1221 6% % 0 | .
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So that, combining Equztions (94) and {25}, ¢ is expressed in terms of
the constants a, of the scattered electric field as

where q,. is given in Equations (34) and (35), F is one half ihe focal
00

27F - . L ;
iength and € - ——, X being the waveclength of the incident radiaron.

A

LX)

Leitner and Spence (Ref. 3) have tabulated qj0 for e = 1, ¢, 3, 4,

and 5 and for # = 0,1, ... 5. This tabulation of q 2o TOUSt be extended

ar values of 2 and ¢ if namerical values of ¢ are to ke obtained.

33
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APPENDIX 1

SCATTERING FROM A CIRCULAR DISK

In the limit, £ >0, the oblate spheroid approaches 2 circular disk
A

of radius F. Bouwkamp (Ref. 9) has shown that the scattered fieid frem
such a disk will be infinite at its edge. Flammer (Ref. 19) has solved
the disk problem in terms of oblate spheroidal wave functions which
possess the correct singuiarities. To demonstrate that the scaitered
wave hac the correct singularity at £ = 0, the expansicn of tine radial
functions in termse of Hankel functions used in this paper is inapprecpriate
and Equations {34) and (45) of Reference 3, giving the funciions as power
series in £, should be used.

Then it can be shown tnat Equation (6} of Part Il in Refercnce 10 and
Equation {61) of this repcrt differ essentially only in the presence of
even values of £in the summation of Equation (61). However, even
3
values of £ imply even values of /-m in ' ) "

L34

M; and odd values of /-m in

he shown that the radial functions of the first kirnd vanish

atf = 0, for Z-m odd, while their derivatives vanish at§ = 0 for <-m
_—_ : L - i ’

even. This implies that Bj}' = R, = 0 for € aven, in Equation {77). Thus

Equations (80) for the a, and By with _/ even are homogeneous equations

in the disk limit, with the solutions

a,%a =a, *...=B =f =wf =__. =0.
o

0 2 % "0 4

Hence (61) does in fact reduce to an odd sum over.¢. The singularities
are discussed in detail in Reference 10,

The edge condition of vanishing tangential electric field, which was
used by Flammer to obtain a unigue solution, foilows autcmaiically
from the solution presented here which required Eg = § ior all values
of £

<

34
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APPENTIX (I

THE SCATTERING CROSS-SECTION

CF THE PROLATE SFHERQID

The oblate spherocid can be transformed iato the prolate spheroid
by the simple transforination:

n oblate = % prolate,

% obiate = 1% prolate,

1]

oblate = #-¢ prolate, and

&

nhlate

-

ie prolate. (A)

Therefore, if the sblate spheroidal functions and oblate spheroidal
coefficients are transformed into prolate spheroidal functions and pro-
late sphercidal coefficients respectively, the solution of the boundary
value problem for the oblate sphersid should be transformed into the
solution of the same« boundary value problem for the prolate spheroid.

This tranzformation of solutions does, in fact, occur. When the
coordinate transformation is applied, the oblate sphercid becomes a
prolate spheroid and the separated angular and radial differential equa-
tions are arrived at from Equation (12). These equations are satisfied
by the prolate spheroidal functions. Furthermoie, the recursion formu-

ilas for the coefficients Cf:{n take the form,
e im [ 7 . im
> 2- v = . .z /4 L
2k 2k + 2m) O - | 2k - £ +m - 22k + (4 m 1) uA,m] o
sl ™ L0 (£-m)e B
L€ k-4 - { m) even (B)
35 ——
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and
i {m [+ /m
2k {2k + 2m)) Cék - I..MK -F+im - IM2k+ /4 +m) - a'p ] CZk
2
s 2 ™ o (r-miedd . ()

2k-4

Recauze these recursion formulas differ for the oblate and prolate
spheroidal systems, the spheroidal coefficients are different, i
in the two svstems. This numerical difference leads to different values
of the scariered eieciromagnetic field and of the scattering cross-section
ven though the explicit form of these two quantities 1s the same in both

>

e
coordinate systems.
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