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Abstract

The effect of meridian curvature in a centrifugal impeller is estimated
by zgsuming that the meridian streamlines may be replaced by "two-
dimensional” surfaces of revolution. For theanalysis, a shape was chosen
that made the potential flow on this surface easy to solve, It is found that
the slope of the streamline at the blade inlet is quite iinportant for the deter-
mination of the flow-raie for shockless entry. If the solidity is somewhat
greater than unity, the shockless conditicn is relatively independent of the
exit inclination. Th‘e head, however, shows little dependence on the inlet,

but is a function of the exit siope.

Introduction

The theoretical operating characteristics of radial flow centrifugal pump
impellers with small variations in breadth and vane angle have been worked
cut previously.l These caliculations were intended primarily for straight
radizl rneridian profiles although it was shown how they could be applied (ir the
case of small constant breadth) to conical shapes. It is well known that most
impellers of the so-called Francis type have appreciable meridian curvatures
in which the exit is more or less radial and the inlet may be nearly axial,

This present note is a continuation of the workin Reference 1 and is intended

to show the effect of this curvature on the characteristics of the impeller,

For this purpose, the meridian flow is assumed to occur on a "two-dimensional"
surface of revolution. Furthermore, two adjacent meridian streamlines are
presumed to be a constant infinitesimal distance dh apart {Fig. 1), so that

complex variable theory can be used,

If édh is nol constant, the stream function will nct satisfy l.aplace's
equation and the problem becomes much more difficult, However, in this
event, further corrections can still be made as are indicated in (i), The im-
peller may be thought of as consisting of a number of such surfaces, so thata
Upsuedo-three-dimensional" solution could be constructed for any given design.
In the development that jvlivws, however, only one meridian stream surface

will be considered.
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Formulation of the Problem

Consider the two-dimensional surface oi revolution shown in Fig. 2

where the equaticn of the surface is
z = {(R) . (1

The flow on this surface is assumed to satisfy all of the requirements of a
rotential flow, i.e., il is frictionless, irrotational, and incompressible.

Thus, if F is the potential of the fiow, then it must satisfy Laplace's equa-

tion on the surface. In curv:zlinear coordinates Xir Xy this equation is
{f_§£>+a(_h_1_£\; = 0 (2)
x1 Y ax; \ b, 3%y

Let X, = 9 be the polar angle, and Xy =8, the arc distance along a meri-

dian (0 = constant). Since an element of distance is
ds? = ds? + R%a0?

then
hl = 1 hz = R

Thus

9 oF 3°F _
RE(R-a—S)+-a-;Z—O

where R = R(s) is the question to be solved. It is more convenient to map
the (s,0) coordinates into polar coordinates (y,9), where Eq. (2) assumes

the form

N 2.
3 3F b3 -
Yoy (Yay ) 7 ﬁz 0 i

The connection between s, R, and vy is
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The relation between the (s,8) and (y,6) planes is a coniormal one so

that an impelier blade of constani angle ¥ decfined by
tan ¥ = R d9/ds

is mapped into a logarithmic spiral in the (y,9) plane.

Boundary Conditions

In the (s,9) plane let an be the normal velocity component and v,

be the normal component in thz (y, 8) plane. Then

ot os _ 3s aR
Vny S M dv Lo oR a3y (6a)
or
- v R} (6h)
ny ns y



For an impeller the total flow is composed of the through flow and the
displacement flow. The through flow consists of the flow originating from a
source vortex in the (y, 08) plane and is mapped onle the physical plane by
Eqgs. (4), (5). The displacement tiow arises from rctation of the vanes with
no net discharge. At any point on the blade surface the normal velocity com-

ponent must satisfy the condition (Fig. 2)

\'% = Rwcosvy .
ns
Thus,
2
R
\Y = gzoc 7
ny y . ( )

is the boundary condition imposed in the (y,0) plane. In this plane, the

blade will appear as a logarithmic spiral for which suitable transformations

are available,

Applications

A, Francis-type Impeller

Ir this type of impeller the exit is nez2rly radial and the inlet may vary
anyw! .1e from axial to near radial as seen in Fig. 1. From Egs. (4) and
(7) it is seen that rather difficuit boundary conditions may occur in the (y, @)
piane depending on the exact shape of the streamline contour. In this work
the item of major interest is the axial inclination of the inlet (61) and not the
particular shape by which this slope is achieved. It is supposed for the
pre sent that the details of the profilc shape are not of crucialimportance,
particularly for impellers of high solidity. Later, this contention will be

supported by comparing the results of two different shapes.

In view of these remarks it seems reasonable to choose that contour
which will give the simple st boundary condition in the (y, 8) plane and still
give a streamline shape that has a continuous smooth curvature from inlet to

exit, A simple relation that still preserves the axial to radial transition is



y = R - Ri (8)

where R, is a constant. Equation (7) gives

RZ
_ i
Vny = wCOSY[T+ y] A (9)

The first term is the boundary condition for an axial impeller (or cascade)

of straight blades. The second term is the boundary condition for a strictly

radial impeiler,

The relation between z and R is givenby Eq. (4), i.e.,
1/2
2o o]

or with Eq. {8)

4 TJi/2
f(R) = 2 - [(RZ_I-?\R? = 1J ) (10)

The integral of Eq. (10) is plotted in Fig. 3 and the angle 51 is given in
Fig., 4 as a function of R/Ri . The constant, Ri’ is the value of the radius
for which the streamline becomes axial., Although the shape given in Fig. 3
has & much smaller radius ratio than is typical of pump designs, it will be

seen that it 1s still useful for the determination of the effect of 6l .

1. Displacement Flow

Inorder to present the results in dimensicnless form, consider the rew

variable
: > 1/2
S [1 = (i\ (11)
2/ | \R;] ' ’
/] L
Then
\ d(y/R.)
Vv = ny . 2 (12)
nr R, dr

Z



or

2
R,
1-(§i) r ’ (13)

With the se substitutions r = 1 when R;"RZ = 1, and all velecities 2re now

expressed in terms of the tip speed R, of the impeiler.

The blades appear as logarithmic spirals in the (r,?) plane, and
because of that fact this plane can be easily transformed into one in which the
blade systemn appears as z circle. In this latter plane the solntion to the
boundary value problems given by Eq. (13} is relatively simple. A4s pre-
viously noted, the second term represents the conventional radial flow theory
whereas the first term i1s the same as that duc o a source flow at the origin.

Beoth of these results are given in ref. 1 in a formm most useful for preseria-

tion here.

In this way the effect of meridian curvature can be obtained by "fairing
together™ two known solutions in the (r, 8} plane by mezns of Eq. (13}). The
relation between the actual geometiry and the tramsfcrmed radial plane (r, 8)

is givenby Eqs. (4), (5}, and (11},

The solution of the second term is given by Eq. {11) in Ref. 2. If sub-
script {2} denotes the exit and (1) the inlet, then the tangential velocity in the

circle plane due to this term is

R" 23 -— -~
et ! "rs T
RZ’ = ( e i o ‘ W -l
vV, = - ' Pl — ZFH + (pZ-ZCGST)F‘z cos ¢
Z sz LW tf i“b-l coOsY _E
- - b (14)
5 w23
t R” =
"'!l _( ni ] f -9 ~ _ qQ
i R, oW w
v, = L 72’ o : =3 i - 2F, - {p,-2 cosT}E, | cos 7
d : t = 1 1 2
* = Py L ®yT 'J ‘—ch»‘i = EHET =

-

where w_,p are constzants that occur in the tramsformation of the (r,8) into

the circle piane. Theconstant g is a function of the number of blades N



and the blade angle y and Fi' F, are hypcrgeomelric functions given by
Egs. {13} in Ref. !.

The tangential velocity of the firsk (or source flow) term is readily ob-

tained in the circle plane by ietting m = -2 or N* = o 1n Eq. {35), Ref. 1},
to obtain
R, ¢
A {_!
2 Neg Rz

(15)

- -2
V‘ 2cosTt ii_
4 N R 3

The dashes refer to the first term of the displacement flow given in Eq. {13}).

2. Through Flow

The thronugh flow solution in the (r, ®) plane is not altered. In parti-

................... ] remains unchanged in going from
the physical plane to the {r,8) plane.

given by Eqgs. (15), Ref. 1, i.e.,

The appropriate soluiions are then

¥, = - Seony {tanY - tan a,)
2 =P :

(186}

Qcosy {(tany

1 T F, - tan nl)

where  1is the flow-7ate per passage per unit width.
3. Shockless Eniry

%11 the escential information is now available to make calculations of
head flow-rate performance in which the effect of meridian curvature is taken
into account. The first and most important item is the flow-rate for which

stockless or smooth entry occurs on the Francis-type impelle~s.

This operating point is determined by the condition that the velocity must

be zero in the circle plane at the point corresponding to the iniet of the blade.
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According to Ref. I this 5Ccuss when

H 1
(¥, -V, )#v, -V, )+(¥, -V.) = 0. (17)
) ‘z) Ve, T e, 4 4 !

After suitable manipulation of the equations quoted above, the flow-rate co-

efficient aﬁe for this conditicn may be expressed as

T R. P4
¢ =9 A (—‘) 1 - A } (18
e e l. + Rl ( ) )

where ¢ is defined by

\’v
r :
;o 2 _ Flow-Rate
$ = U, " Exit Area x Tip Speed (19}

!

e subscript {oo) denotes the value of this coefficient for an infinite number

of vanes, i.e.,

Rl 2
g Z - — {5 o
oo E, {tany - tan ul) .

The term A is the ratio @'e;"g‘e - for a purely radial impeller, and is given

in Ref. 1 as

¢ | 22
A = g < l N —E—(l + 4»“ fade X ! ) (ZO)
pec-;-lazﬁ 1‘i[tn IN

subJect to the restriction that the solidity be greater tiawn about 1.2. The

solidity for 2 Francis impeller is defined as

N In rzg"rl

¢ % Zzcosy (@1

Equaticn (18} appears to be independent of R iRZ . Actually, A dependscn

Ie
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7 {and thuas R] Fﬁz;i but if the soliditv is subjecled to the above restriction
A becomes independent of o and is a function of the vane angle and number of
blades alone. In fact, Eq. {20} is only au awproximration for the case « = 1.2,

and for smaller values a more complicaled relation must be used (Ref. 1).

if a large value of RZ,NRi ischosemn as the tip radius in Fig. 3, the
angular inclimation of the exit will be essentially radial. Suppose for the mo-
ment that the radius ratio Rl ‘\RZ of the impeller is suffi.iently small so that
F > 1.2. Y now, !7“.1 iR, is decreased below this value, the inlet edge of the

blade will berame more a‘.:cia‘n. Since the impeller geometry already i~ pre-
suwned to be swch that A& dees not change, the ssle effect om the shockless flow-
rate condition is that due fo a change in the imlet meridian angle ﬁl. Values of
iRi“;Rl) then may be subsiituted into Eq. {18) and the corresponding value of
'Sl determined from Fig. 4. {sctually, for these purposes, one may just as

well take szRi as infinity. )

This result is independent of the exit meridian angle 62 if the solidity
remains high. This fact may be seen in the following way: Let « bave a

constant value s0 that T T (T, 1z 2is0o comsiani. Since
L

2

1 d l-rl?'

; 2 2 ¢
- § %

[RJ I - " (R,/R;}

L

the walue of A will stav consfamnit if r is kept constant and independent of the

radins ratic -RIfRZ of the impeller. Thus, for a given L (and therefore

—onstani &) Ri‘gRl and szRl can both approach unity and ﬁz approach $5°

without! affecting the value of a‘zﬁeﬂf@‘em as computed by Eq. (18).

Equation {18) iz =lotted in Fig. 5 for the case of N=6, ¥ = 76° which is
typical of many pumnp designs. [t is evident that the inlet meridian inclination

61 has a large effect and must be taken in account in 2ny actual design.
4, Head Flow-Raie Perforinance
The head developed by the impelier isusually erpressed by the coef-

ficient

y = HiU e
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where H is the develnped head, and UZ is the tip speed of the imgpeller.

This coefficient may he shown to be equal to

® and Ty being unity. With the aid of Eqs. (14}, {15), and (16), the head

flow-rate reiziion becomes

t = 'io* = CH@‘{&anT -tfan ul) (22)

for backward curved impellers where

[ R Y1 N
* = . i St 4
- Ll 1*0{_1 T, !45}{ R] 123)

2

iz now the shui-off head coefficient. The coefficient CH depends on the im-
peller solidity and the blade angle and is usnaily verv near unity. The term
i, is the shut-off head coefficieni for a straight radial configuration. Graphs

of both of these coefficients are given in Ref. 1.

Equation {23) is plotted inFig. 7 for N =6 and ¥ = 70° with the assump-
tion that & = 1.2.

B. Conical Impellers

The meridian piciare nowappears as a simple cone. Equations (i) and
i4) give

The boundary condition for the displacement flow is

¥ _ = ®cosy r-°°S L (24)



-11-
The solution of this problem is given by a value of
m = 2cos8-2

in Eq. (35), Ref. 1. It is seen that the equivalent number of vanes to be used
in Eq {38), Ref. 1, is

N _ N

N' = m+2 = cos8

(25)

Thus, the characteristics of the conical impeller are obtained by replacing the
actual number of blades by the equivalen’ number given by Eq. (25). The

shockless entry calculation gives then

4 Z 2

e 1 41" cos

e = 1 + -——2-—1 26‘
9’(: o \';o(Nq IN ( ¢

These results were previously obtained in Ref. 1 by a different method and

also by Prof. Wislicenus in an unpublished note.

Equation (26) is plotted on Fig. 5 for the case of N =6, y=70°. It
is seen that this curve is quite close to that of Eq. (18). This agreement
shows that as far as shockless entry is concerned the exact details of the
meridian streamline shape are relatively unimportant and that the influence

of the exit angie 62 is small.

The shut-off head coefficient for a conical irupeller is determined by
the use of the equivalent number of blades as giver by Eq. 24 and Fig. 6 of
Ref. 1. The effect of the cone angle on this coefficient is shown in Fig. 6
for the case N =6, ¥ = 70° and ¢ = 1.2. The iwo curves are seen to agree

quite closely as is reasonablie for impeiiers of nigh solidity.

Conclusions

This analysis has shown that the flow-rate for shockless eatry is

strongly dependent upon the inlet meridional inclination of the blade and is
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relatively independent of the shape of the meridionai stream surface. The

shut-off head coeffizient shows a similar behavior with the exit slope,

These caliculations were made for a particular prafile izt h2d e zya-
tinuous axial to radial curvature, andfor conical profiles, The agreement
between the two was sufficiently close so that the effect of inlet and exit
meridional slopes may just as well be approximated by the gsimpler conical
shape, This result should hold true at ieast for shroud curvatures no charper

than the particular vne studied,
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Notatinns

The flow-rate raltio de/deoo for a radial imnpeller

- Flow-rate correction factor

Velocity potential
Gravitational constant
Impeller head (ft.)

Number of blades

- Flow rate ({t3/sec)

-~ Radial cocrdinate in physical plane

Radius in the transformed radial plane
Arc distance alorg a meridian
Circumferential velocity {Ra)
Absolute velocity

Intermediate radial variabhle

Axial coordinaie in physical plane

Angle between absolute velocily and meridian (positive increasing
counter-clockwise)

Angle between blade tangent ond meridian
Angle between radial line and tangent to meridian

Polar angle about axis of rctation

N 1n rz/l'1
SOLLdlty = —2—;?3?‘;—
Discharge va
Flow-rate coefficient, - — i T SR 5.
Exit area x tip speed U

Head coefficient, H,/Uzz/g
Shut-off head coefficient
Shut-off head coefficient for a purely radial impeller

Angular speed



Suh scriEts

d - Refers to displacement flow

€ - Denotes shockless or smooth entry
n - Normal component of velocity

m - Meridiénal component of velocity

r - Refers to (r,8) plane

s - Refers to (s,9) plane

t - Refers to through flow

1 -~ Refers to vane inlet

2 - Refers o vane exit or tip

00 - Denotes the infinite vane theory
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