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ELEMENTS OF FREL-STREAMLINE THEORY
by
Joux S. McNows*

INTRODUCTORY REMARKS

Many piane irrotational flow patterns swhicl include the foi-
mation or deflection of free jets can be analyzed completely by a
method known as the Helmholtz-IWirchhoff theory of free stream-
Ines. The results obtained may be significant not only for the
corresponding two-dimensional flows of real incompressible fluids
but, 1in some¢ instances, for their three-dimensional counterparts
as well. Numerons worthwhile caleulations remain to be made,
perhaps beeause the theoretieianr and the hydraulician have not
yet pooled their interests for effective exploitation of this powerful
tool. The analyses consist of the definition of suecessive conformal
iransformations imvoiving a hodograph, or veloeity plane, and the
application of the Schwarz-Chiistoffel transformation. A number
of such ecaleulations are presented in the following articles.

Impetus for the preparation of this bulletin came from the
writer’s earlier contact with Professor W. 1. Brooke {Cliairman
Lmeritus of the Mathematies and Mechanies Department, Univer-
sity of Minnesota), and from suggestions by Professor Kravichienko
(Faculté d s Sciences, Université de Grenobie) and M. DuPort
{ Engineer at the Etablissements Neyrpie, also in Grenoble). The
seeond naper was prepared by M. Gerber and the \riter, at
Kravtehenko's suggestiva, in order to obtain a comparison of the
vesults of theory with those from experiments with eavitating
tlows. The remaining papers were prepared subsequently by
second- and third-year graduate students in the department of
Mechanies and Hydraulies at the State Umiversity of lowa. This
cooperative endeavor was undertaken as an experiment in com-
bming teaching with the conduct of original investigation. These
seleete 1 students, many of whom are also staff members f the
[owa ainstitute of Hydranlic Research, began with a literature

*Associate Director, Iowa Institute of Hydraulic Research, State
University of Iowa, Iowa City.
3
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4 FREE-SIReAMBINE ANALYSES

survey and @ group review of the essential theory. and then eom-
pleved the detailed analyses and ecalculations of the various prob-
lems seleeted. Formal oral veports were eoordinated and presented
to an audience compesed of faeiwlty members and other gradnate
students, ond the pedagogical experiment was completed by the
preparatica of the remainder of the papers in this bulletin. M.
Carstens of the Department of Engineering English provided
nabic eriticism and assistance in their preparation. Finaneial
assistanee was provided by the Office of Naval Research (NSonr-
500 TO 3y for the econauet of the experiments and for the editing
and pubhication of this Bulletin,

5 1
.y
Vel

ITisvoricarn, DeEvELOPMENTY

Duiring the period ot over cighty vears whieh has elapsed sinee
the original developments of Helmholtz [1]1* and Kirehhoff [2], the
Hiiineirons eontributions to this triguing phase of analytie funetion
theory have been made primarily by mathematicians, with results
which sometimes appear bizarre from the practical pomt of view.
Aside from a few classie cases whieh were solved hefore 1900 [1,
2. 51, the kinds of flows analyvzed have usnally been signifieant more

(aj (b)
FREE
A STREAMLINE
— —5
_,/
:.___-_4-__,_...__ 5__:;:_—-___._4..__.._

Fic. 1. Covmrpranisox ov ENTRANCE CONDITIONS

(a) No SEraraTioN; (b)) FREE STREAMLINE

for the mathematical method than for the result. The mathematieian
nas scldom been interested in the appheations of the subjeet, where-
as the hydrawlician with mneh to gain has equally rarely aequaint-
ed himself with the thecry sufficiently well even to make sugges-
tions to the theovetielan. Thus with only oecasional execptions, such
as the works of von Mises [4] and, mueh more reeently, Birkhoff
et al {51 and Plesset and Shaffer [6]. little of value to the prac-

“Retererces for all of the pavers are collected at the end of this Bulletin.
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titioner has becin presented in the numerous works on this subjeet
since publication ot the earliest papevs.

Helmholtz devised tac coneept of the free streamline in a seareh
into) o two-dimensional pipe or chanuel. The only priov classical
theory was for flow which doubled back on the boundary in such
a4 way as to give infinite veloeities and negatively infinite pressures
at. the end of the channel (point A in Iig. 1a). His fundamental
contribution was the coneept of a free boundary which was defined
in the kinematie rather than in the geometrie sense (Fig. 1b). He

(0) li/
%
/

Fi1. 2. Frow Patrerys For (a) Scor, axd (b) Frar Prarme

reasoned logically that the bounding streamline would separate
from the solid boundary, and that the free streamline thus formed
could be characterized by a constant pressure and, hence, by a
eonstant veloeity. He visualized a quieseent wake of constant pres-
sure and a veloeity discontmuity at the free streamline. With the
aid of this coneept, he pruceeded to derive the equatious for the
free jet issuing from a Borda tube. Kirchhoff shortly afterwards
devised fanetions for the deseription of the efflux from an cpening
in an infinite reservoir having plane boundaries, and of the effect
of a plate on a field of dow which is otherwise uniform and extends
to infinity in all direetions (Fig. 2). Rayleigh [3] systematized
these results somewhat and added his analysis of intersecting jets.
The method employed by these pioneers was indireet in that it
consisted of trying varions functions and adjusting constants until
some usetul result was obtained.

Development of a direet method of solving auy of a large elass
of free-streamiine flows awaited definition of the hodograph planes
and certain eomplementary transformations. The ordinary hodo-
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graph or veioeity vlane was first used by Michell |7] in conjune-
tion with the well known transformation

=+ D

Planck [8] in 1894 suggested the logarithmie hodograph which,
together with the important transformation theorem developed by
Christoffel [9] in 1867 and independently by Sechwarz [10] in
1869, made possible the direct resolution of flow patterns for a
wide variety of boundary configurations. The primary restrictions
on the method, aside from complexity of detail, were the general
considerations that the motions be two-dimensionai, incompressible,
and unaftfeeted by eravity or viscosity, and that the solid boundarics
be composced of restilinear segments.

In the interval between 1890 and 1920 a number of contributions
were made of flow patterns for a variety of boundary conditions.
With the exception of the very few papers on tlie simplest and
most fundamental prehlems and of the paper by von Mises [4],
already mentioned, few calculated results were presented, the
authors being content to give general results or simply to indicate
their existence.

Not until the past few years has there been any rencwal of
mterest In the extension and application of this type of analysis
to obtain nseful results in current investigations. Recently, Birk-
hoff, Plesset, and others have published studies of boundary cffects
i cavity flows, and Salzmmun [11] and MeNown and Hsu [12]
have published analyses of lateral efflux through an opening in
one side of a two-dimensional chanunel. Cemparisons of the results
of theory and of experiment have indicated a eorrespondence witich
is usually elose and sometimes astoni<hingly so.

Tur Honosrary PLANES

In the derivation of funectional relationships whieh make pos-
sible the mathematical deseription of a pattern of flow, definition
of a hodsgraph or veloelty plane is an essential step. Two types
are used whieh differ in detail but are similar i concept in that
they make possible the comparatively simple represcntation of the
compiicated bounding streamiines. These two planes, on which the
fHow patterns are transfermed conformally in accordance with the
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preeepts of complex-funetion thieory, can best be deseribed through
presentation in conneetion with a specific example.
If w = ¢ -+ 1 ¢ represents the complex potential and 2z = o+ L iy
the variable m the plane of aetual flow, the equation
w = f(z)

indicates the relationship soveht. A tfuindamental coneept of hydro-
dynamics is that

dw . :

s L resls —~=Jige
in which % and v are the £- and y-components of the veloeity at
any point, g is the magnitude of the resultant veloeity, and 4 is
its inclination measured from the r-axis, as sihown in Fie. 3. Thus,

= +Vvur+¥ |, 6=tan"! —::—

If, to simplify the terminology, £ is substituted for dw/dz, the two
kinds of hodographs commonly used are represeniations of £ and

'y
\')
0
u
- X
Fi¢. 3. DEFINTTION SKUTCH Fon VELOCITY.

of @ =1In (—1;/), the second being also expressible in the form
72 . q )
O=1 (_V,._“_ = —ln -+
n. ‘dw s an+19

Straieht solid boundaires in the z-plane transform into radial
lines in the <-plane (w/v = constant}, and into straight lines par-
allel to the real axis (6 = constant) in the 2-plane. Furthermove,
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free streamhmnes, along which the pressnre and veloeity are con-
stant 1 the z-plane. become eiveular ares with ceniers at the origin
(1?4 v* = eonstant) in the ¢-plane, and straight baes parvallel to
the imaginary axis (g = constant) in the &-plane. It is thus evident
that the orizinal bonndary transfoims into either a ciretlar scetor
or & rectangle.

As an illustration of this method, the four planes, (z, &, 2, and
w) are shown in Fig. 4a for the unsymmetrieal efflux from a two-
dimensional channel. corresponding points having been assigned
the same letter in cach plane. For mathematical simplicity, a ref-
erence vejocity sueh as V7; is often assigned the value unity. This
has not been donc herein so that the physical significance of the
variables would not be altered. The points A and D represent
regions far to the left and far to the right, respeetively, at which
the veloeity is constant. The ¢- and y-lines in the w-plane are
vertical and horizontal as always, and, for this case of finite quan-

(o) y
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tity of flow. the houndary of the flow in the w-plane becomes
a rectangle of finite width (0= ¢ = V,b) and infinite length
(— o« = ¢ = = ). The eoordinates of the various poinis are indi-
eated in Table 1 the {-plane 1s discussed in the following seetion.

B
C
D

TaBLE I

z 3 Q w | ¢
A —x4i(0tod) =V, —(y/V;) 0417(0 to Vyb) f=—% :;OZ +V;:
] )

ib 0 x+i(0to—n/2) ¢p+iVob w

1a —iV;  —i(x/2) ¢c +1iVob 1
undefined —V;ei#8 —18 — o +2(0 to Vyb) g= —cos2f

0 =V; 0 0 -1

As the regions at A4 and D become points in the £- and Q-planes,
the coneept of flow from a point source to a point sink v ithin pre-
scribed boundaries i1s useful for the interpretation of these inter-
mediate planes. That is, they are not only plots of the velocity,
but transformed flows as well; intermediate streamlines are indi-
cated in the several planes. The necessary simplification of the
boundary has becu aceompliisheda by the representation in either
the ¢- or the C-plane. The links between the several planes remain
to be detined. '

DeriNiTiON 0F TRANSFORMATIONS

In order to utilize the planes m the definition of the essential
friactional relationship between w and z, either ¢ or Q@ must be
relaced to w by means of known methods through still another
complex variable designated as ¢. This relationship eompletes the
rather complicated funetional analysis because, as has already been
pointed out, either ¢ or & can be expressed in terms of dw/dz. The
only remaining diffieulties arise in the explicit evaluation of the
various functions which are initially known only as differential
equitions.

Any polyvgcnal boundary in one complex plane can be trans-
formed into the entire real axis of another through application of
tihe Schwarz-Christoffel theorem, the interior of the polygon being

-
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transformed into either the upper or the lower half of the second
plane [13]. Thus the outline in the Q-plane and that m the w-plane
are direetly transformabic into the real axis of the ¢{-plane as shown
in Fig. 4b. The transforming {function caa be written as follows:

. at !
O =] by
@ ‘7”] (t—t) B/ (t—t2) Boim L. X

As many faciors (t—t.) are introduced into the transformation as
ihere are vertices of the polyvgonal boundary in the Q-plaic (see
Fig. 5). The value ¢, is the locus of the transformed point on the
real axis in the ¢{-plane, and B» is the exterior angle of the polygon
at that point in the Q-plane. Three of the t,-values can be assigned
arbitrarily and the remainder must be given parametric values to
be evaluated in terins of given quantities, along with M and N,
from the integrated function. Points for which ¢, is infinity need
not be included no matter what the value of 8, . If the intenior
angle exceeds =, the exterior angle, as well as the corresponding
exponent, becomes negative.

In defining the transformation between @ and ¢ for the example
of Fig. 4, the points B, C, and E are arbitrarily placed in the
t-plane at o, +1, and —1, respectively. The unknown or para-
metric values of the abscissas at A and D arc assigned the valnes
f and g. The vertices of the polygon are at the points B, C, and E
for which the exterior angies are =, »/2, and »/2. Because B is
placed at oo, the only terms to be inelnded are those at ¢ and E,
and the transformation becomes a familiar one,

f __di
v= [ i+ ¥
=M cosh-1¢t+4+ N
or
t ALk
= €0 'Tl—
The values of M, N, f, and ¢ can now be evaluated. At ¢, { = 1
and @ = —i7x/2 =N At B, t = —1 and 2 = 0, so that
5_;1_= cosh-(—=1)= —icos~(—1)= +in

and M = 1/2, the positive sign being selected. Once M and N are
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known, f and ¢ ean be evaluated by substituting In (177,/V;) and
—1 8. respectively, for Q.

N

__ Vo __1(Ve Vi
f= — cosh (1!1 ij =—3 —f--{—Voz

g = —cos 203

The eguation relating w and t ean be obtained as before, or
directly from the known complex funetion for the source and sink

f1-plane \(ﬂ;/

A B C

F1¢. 5. PLANES FOR SCHWARZ-CHRISTOFFEL. TRANSFORMATION,

m the f-plane. In the first instance the Schwarz-Christoffel trans-
formation leads to the form

_ " dt =
v M [ ey *

The final form is, however, obtained without integration if it is
noted that Vb, the gquantity of flow in the z-plane is just half the
strength of the souree at A aud of the sink at D in the {-plane.
Thus,

w = —

Vob [ln(t—f) - ln(i—g):l
w
In cases such as this one, in wbich the entire boundary in the
hodograph plane coineides with the boundary of a circular sector,
a dircet transformation from the ¢-plane to the w-plane is possible
{14!, Ior the elementary example herein, this relationship can be
abrained by the simple expedient of constructing the image patiern
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of the sourec and sink in the - 2w py-axes and in the eiveular
boundary as shown in IFig. 6. The resulting expression for (<)
with a term for each of the four sonrees and fonr sinks will lead
io a relationship cquivalent to that obtained by the method out-
Hued first. Alternativels, the - and i-planes are simply conneeted
by means of the relationship

Which planes and which methods are appropriate 1 a given case
depends upon the type of problem and the nature of the caleu-
lation to be made,

Once w{!; aud either Q{¢) or {({) have been defined, the desired
funetion w(z) is implieitly defined, both Q@ and { beinge expressible
in terms of duw/dz. If the resuliing ordinary differential equations

- ~

v, /Vo - PN

_-.A_Jrl._—..' A
A v | Y '8
I/"\k // ..

Fia. 6. Imack ParterN FOR CIRCULAR QU ADRANT.

can be mtegrated, three kinds of results can be obtained: (1) para-
nietrie equations relating buik charaeteristees, e, ¢/b, V., and B,
i the foregomg example, (2) the profile of the jet, and (3) the
variation of veloeity and pressure along the solid boundaries. Sueh
calenlations are presenied in some detail in cach of the following
papers. In additien, a still more complicated result, which usually
reauiives numerical integration, is available in that ¢ or ¢ ecan
be defined at any point in the region of flow m the z-plaane.
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APPLICARILITY OF METHOD

From the mathematieal viewpoint, the direcet caleulation of
(ree-streamline flows s restrieted to twe-dimensional irrotational
flows of mcompressible fuids whieh are free from gravitational
effeets and for which the solid boundaries are straight. As flows of
real fluids seldom satisfy fui.y these stvingent restrictions, the
practieal value of the results is open to question. The significanee
of the various restrictions can be shown only by comparing the
caleulated results with those obtained from observitions of real
flows.

The mmportanee of viscous effects, or of relatively small depar-
tures from irrotational flow, has already been studied in detail for
various kinds of flow. It is well known that for flows in which
shear is not a primary faetor, sueh as rapidly aceelerated flows, the
differenees between eomparable ideal and real fluid flows are small.

In many problems the importanee of gravitational effeets is
already known to be definitely secondary. For example, the coeifi-
cient of contraetion for an orifice in a vertical wall does rot differ
signtficantly from that for one in a horizontsal wall, even though
the attraetion of the carth affeets the trajeeteries for the two cases
i quite different ways, On the contrary, for fiows m which a free
surface has a significant bearing on the flow pattern, as in flow
over a weir, the eonventional methods are no longer adequate.

The presence of euvved solid boundaries leads to ealeulations
whieh are both extremely complex in detail and mdirect in apph-
cation, The -plane is no longer directly uscful) @nd the Q-plane
contains lines which are either stanting or eurved. The transfor-
mation between @ and ¢ thus becomes more eomplicated, even if
definable, and the caleulation can usually proeeed only if the form
of the boundary in the Q-plane is assnmed first and the eorrespond-
ing physieal boundary in the z-piane is derived thevefrom. As the
latter boundary may not be usefnl or even significant, a tedious
trial-and-error ealeulation will be requured for the solution of any
viven curved bounaary.

The apphicability to axisymmetrie {lows of the resnlts computed
for plane flows ean be assessed only by the making of suitable
comparisons as in references [5] and [121 and in the following
papers. Comparisons have been made both between results of theory
amed experiment, on the one hand, and between two dimenstonal
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aud axisymmetrie flows. on the other. Already at haud is eonvine-
g evidence of a surprisingly elose correspondencee between these
two classes or dows. at least insofar as certain bulk characteristies
are coueerned. Even in cases for which difterences have been noted.
the extensive results which are available for two-dimensional flows
are useful iu indicating trends to be expeeted for eomparable
axisymuetrie and three-dimensional flows,

Among the verious types of two-dimensionai flow patterus
which can be analyzed as free-sticamline flows arve free efflux. de-
flection of jets. and various combinations of the two. Efflux pat-
terns have heen caleulated for a variety of boundary geometries
including those for mfimitely large veserveirs and for slots at the
ends of conduits with various boundary configurations. For jets
impinging on flat plates, th:ie c¢haraecteristies of tflow have Dbeen
determined for finite and infinite extents of fluid, for free and
partially bounded jets, and for defleetors of various proportions
(each being composed of necessarily straighi-line segments) 1In
another type of ealeulation the free streamline has been used as
an mdication of the configuration of cavities in fluid flows.

Additional calculations of these several kinds of flows, pre-
sented in the following papers, include characteristie results which
are useful for the mterpretation of real fluid flows. The caleulations
provide mformation for specific designs; comparisons hetween
results of theory and of observation serve to indicate the appli-
cability of the method.



TRANSITION CURVES OF (CONSTANT PRESSURE
. STREAMLINED STRUTS
by
R. Gerser® and Jonx N, MeNowx

Transition curves along whieh the pressare is an arbitrarily
assigned constant can be obtained foi two-dimensional flows by
means of an adaptation of the Helmholtz-Kirchhoft theory for free
streamlines, These eurves can be nsed in the determination of the
profile of the upstream portion of streamlined struts or piers so
as to reduce negative pressures and prevent marked adverse pres-
sure gradients. Consequentiy, the likelibood of oeenrvenee of cither
cavitation or separation can be significantly diminished. Although
the results of sueh ealeulations are immediately applieable only to
two-dimensional flow of ineompressible flnids, the scope of the ap-
plication is less restrieted than it would appear. The bulk char-
aeteristies of certain free-streamline flows have been fouud to be
essentially the sume for two-dimensional and axisymmetrie patterns.
Aiso, the eriteria for reduetion of shoek-waves in compressible
flutds have been found to parallei elosely those for the reduction
of cavitation, making possible the use of sueh results in eompressible
Hows. The ealculation described herein was suggesied by Professor
Kravteheuko of the Faculté des Scienees at the University of
(rrenoble.

A series of symmetrical profiles whieh are suitable for transi-
tion curves, and whieh are at the same time readily ealeulable, ean
be obtained for the flow pattern shown in Fig. la. A flat plate C(’
normal to the direetion ot the uniform flow at infinity i1s conneeted
to linear boundaries such as DE paralleling the direction of flow
by curves sueh as CD which are not defined geometrically bt
along whieh the veiseity is equal to an arbitrarily scleeted constant.
This constant veloeity 17, is greater than the veloeity at nfinity V,
the problem reducing to the classical problem ¢f the infinite cavity
14 if V) is equal to V. Considering only the upper half of the
svmmetrical flow pattern, one finds that the direction of flow is
*Assistant. Departnicnt of Mathematics, Univeisity of Grenoble, France,
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y
{(a) z-plaone q X q=Vo
D E
—
C/Q=V' Y
S=Vo c
> X
A B
51
5]
(b) N-plane 1|
C
L B
2
O Ela In(Vi/q)
= <~ In (Vl/vo)
{c) w-plane :l:
E D C B B ¢
-2
b

Fic. 1. CoNForRMALMAPEPING PrLANES.

a known constant along the segments AB, BC, and DE, and that
along the remaining segment (' ihe veloeity magnitude 1s con-
stant. Thus, the necessary requirements for the applieation of the
free-streamline theory are fnifiiied.

From the mathematical point of view, the problem reduces to
the determiaation of the ecomplex function relating the voloeity
potential and the stream funetion to the desired flew pattern by
means of an intermediate stage winch 1s a logarithmie hodograph.
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11 the complex potentizl is designated as w = ¢ + 7 ¢, the ecomplex
velocity can be represented by the expression:

duw . e ’
=g — Wl B Voe—t (1;
in whieh @ = —In(g/V,) -} 10 is defined in terms of the direction

and magnitude of the vector veloeity. The melmation of the veloe-
ity to the r-axis is A, and the elocity magnitude is ¢. The bound-
ary streamline is a semi-infinite rectangle i the Q-plane, Fig. 1b,
and, of course, a straight line 1 the w-plane, Fig. 1e.

The transformmge function between w aud Q can be oblained
direetly Dy means of the Sehwarz-Chrisiottel theorem. Affer inte-
gration and evaluation of constants,

7 m (w+K) 1
Q= —-cos7! ————= — .cosh~l m 2
2 w p &)
i whieh m is defined by the relationships (see Fig. 1e),
Km _ Km

b

4
@ = - m>1)
m—1 2 m+1 \
and KA is a constant having the same dimensious as w. Along the
are C'D,

i 1 e
In > cosh—'m

w= 3ICEY + (3] g

Compiction of the analysis consists of the algebraie definition
of the transition enrves as a funetion of the assigned velocity ratios.
In other words, .r/c and y/¢ (Fig. 1a) arce to be expressed as fune-
ticns of V,/V., or m. Beeause g = ¢+ = —c¢/cy alone BC, the ref-
ercenee length ¢ can be defined mm integral form,

('=/r(1y=—/:d—f- (4)

1}

so that

From Eg. (2) it can be shown that

»

m{eo~+ K ]

. 1
r = Viexp [— — eosh—
Z

whereby d¢ can be expressed i terms of v, If, in addition, the sub-
stitution £ = 17,/¢ 1s made,
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_-11!1K 2 (4 —1)¢°
11 Jy '\24-1—‘7)121"—1-1-'-'

}\ V! 10 rh — Vi Vi 11.1 Vo —1Vo- "
_ K ¥+ Vot he s
. “ l—‘ +‘ + = ta T tan T, (5)

T

Along the ave €D, the relationships between ¢, 4, and the co-
ordinates v and y ave well known :
V,da = —cos 8 do
V,dy = —sin 8 do
Also, from Liqg. (2).

cos 20 = ﬁ(_‘b;;'_K_) Pl e O )

9 m-+ 1 m—1

After substitution and itegration, parametrie equations for the
curve are obtained in the following form:

| _lz_]\: 3 (‘l)SG _‘\/_»‘2 . tanh-! ( o/ (,050)
T= 2V, m+1 o m-+1 l m-H1
—e— — COS
(6)
mK sing 2
y=c¢+t 5y — Com—1
2Vy ’f——l— + sin?@ o=

2 2
. n‘"l W S -1
F \/m—l 3 \/m—l beil < \'m

)

The values for the coordinates of point B (X and Y in Fig. 1a)
are obtained from Eq. (6) if the value of zcro is substituted for 6:

. mK 2 -2
X = 2V, |:7nff - nz-i—_T tanh n-,—l]

._ ., mKl | 2 | 2 2
}_(+2Vl[\’m—lt‘m \/m—l 7n——1:|

Finally, the parameter m, which has been defined in terms of
V,/Ve can be expressed in terms of th- dimensionless pressure
change o,

(7)

_ Po— Py
- PV02/2 {68
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whieb 1s equivaient to the caviiation number if p, equals the vapor
pressure. The relationship between m and o 15 as fonhiow .

1 1
“) — - —:—-J-‘ 9
l 2[1 1_1—}-0] (@)

Results of caleulations based on I8qs. (60 qiid (7) ave shown in
Fig. 2. The sohd hues indicate the shape oi the free streamlines
for o-values of 0.4 and 0.7. The broken hne is the locus of the
downstream end of the curved portion. that s, it indieates the
refationship between Y /¢ and X /c. On the latter eurve representa-
tive values of o ave shown, those for 0.4 and 0.7 corresponding, cf

4|_-_I . ! T e | !
A l |
| ! j— - - =
S ——F—"1 ‘o4
-~ 1405 ! 1 |
] | Vi
— %vs ci ‘
s Hge X T |
[ c |
| |
6 7 g S 10
x X
C c

Fi1c. 2. Cuaracreristiec Transirion Crrves wirtl Locvs or
TreMINaT. PoINTs,

course, with the downstream cnds of the transition curves caleu-
Iated. It 1s known that both the length and the width of the cavity
approach infinity as o approaches zero, and it ecan be shown from
Eq. (7) that X approaches ¥ and that hoth approach zero as ¢
approaches infinity. From the practical viewpoint, however, il
occurrence of separation prevents the atizinment of flows com-
parable to o-values greater than approximately 0.5, a point dis-
cussed by Birkhoff [13].

Although marked differences exist between results of compu-
tations based on two-dimensional flows and observations of other-
wise comparable three-dimensional flows, remarkabiy close com-
parisons have been found between certain bulk characterisiies
16,12,15]. Whereas the profiles of free streamlines are markediy
difterent, the ratios of comparable areas have been found to be the
same fov the two kinds of flow, an observation which led the writers
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Fic. 2. Conxparitox oF Rarios Catcvraten ror T o-DIVENSTONAL FLOW
WITH THOSE MEASURED FOR AXISYMMETRIC FLOWS,

to make a similar comparison of the Y/c-values with the rvatics of
the area of a plate or a disk to the measured eross seetion of cavi-
tation pockets they eanse to form in axisymmetrie flows. The com-
pavison between the results obtained from Eq. (7) and the obser-
vations made in the water tunnels of the lowa Institure of Hy-
dranlie Resecarceh [16] and of the David Taylor Model Basin [17]
is shown in Fig. 3. Surprisingly goed correspondence is obtained
for small values of o; the effect of sepavation is evident in the
diserepaneies occurring for o greater thaun 0.6, The agreement
obtained 1s better than that which Eisenbere [13] found in a sim-
ilar ecomparison with the theory of Riabonehinsky and that of Gil-
barg and Rock, but the reason for this improvement is not evident.

In conchusion. the writers believe that the ecaleulation of the
irrotational flow patterns herein presented is diveetly appheable
in eertain design problems, that it can be extended or modified to
deseribe other related flows, and that certain applications are pos-
sible for axisymmetrie fiows.



TRANSITION CURVES OF CONSTANT PRESSURE
II. INLETS
by
D. W. Arpnn and K. M. LAUrRseN*®

Pattcrns ot flow through well streamlined coiitractions have
been found to be defined at least moderately well by potential-flow
theory. The particular type of contraction transition to be cor-
sidered herem is charaeterized by a eonstant pressure (and there-
fore a constant magnitude of veloeity) along the curved portion
of the boundary. This type of transition for two-dimensional fows
is amenable te {rce-streambine analysis provided that the boun-
daries npstream and downstrean from the constani-pressure see-
tion are made up of straieht lines, aloneg whieh the direetion of
the flow 1s constant. The form of the eurved boundary thus
should be calenlable by the tree-streamline techmques outlined
the first paper of this bulletin and the problem is an extension of
that in the preceding paper.

Several advantages are inherent in this constant-pressure transi-
tion. The minimum pressure in the fransition, that along the free
streamhne, ean he speeified; thus, the hkelihcod of cavitation ean
he direetly controtled. Sinee there is no adverse pressure gradient
within the enrved portion of the tramsition, the prohability of a
separation of the flow from the boundary is also redneed. i'inally,
the oceurrenee of the maxnmum velocity all alone the free stieam-
hne should result ma minmimum size for the transition.

The docation of the boundaries of a gencral two-dimensional
contraction are shown in Fig. 1a. For an finite valne of the up-
stream width, the ficure represents one halt of a symmetrical inlet
from an intinite rescrvoir. For upstream widths greater than the
downstream, the figure represents various degrees of contraction
of two-dimensional How. If the centerline and the npstream boun-
dary are considered to be repeating lines of symmetry, the figure
represents citherr the upstream portion of s series of strnts or,

*Research Associate and Rescarch Engineer, respectively, ITowa Insti-
tute of IIvdraulic Research, sState University of lowa, Towa C:ty.
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romversely. a weries of equidistant Ialets from an Infinite reservolr.

Tie sguation 1o be deryved for the form of the eonstant-pressure
tralsition can be applicd in studies of fow past any of these

Fontedary forms.

MouarexaTis sl ANALYSES

The four plancs dessribed in the ntroduclory paper ana used
1 the failowing analysis of two-dimensional flow contraci.ons are
shown in Fig. 1. In the flgw plane (ihe z-plane), the reference

E jt& 7 Cin
I i ¢ 0 E o
R WSTL -
- ¢ x R II
E D
{a) z- plane (b} ! -plene
D E IiA B C D
i*—h_.i.‘_ £ —J D .4, =0 E
" J \\
L )
g C 8 A
{c) t-plona (d} w-plane

Fic. 1. TraxsrarxmaTioN Praxes.

veloeities along the boundary are shown. The fow is represented
in the logarithmic hedoegraph §the 2-plane’ by the uwsual relation-
shirp,

[}:—ﬁn-‘q%-i-i&? i1
bl

for whieh the bounding streamhines take the foorm of 2 semi-infinite
rectangle. The open end of the rectangle at indnny corresponds
1 the staenation point A, and the two 90% vertices ecorrespond to
points B and € at eaclh ewd of the free streamline.

Bxr means of the Schwarz-Chrictodie] theorem the semi-infinite
reetangly i the Q-plane is mapped cuto one-half of the auxiliary
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splavee, Padvors A st £ gove ardervorily ndaiend 50 zere and infinany
in the {-plane. Ratbes tharn to 8x hin oodnt n i plane, 1t s
econvenient to relate the distawess 7 ani o ov the parwmeiri egua-
119ms

= m BN

§ _— — — fm>10
* m+1 * m—1 S

%
l

2

The Sebhwarz-Christoffs] transformation between the 2-plane and
the f-plane is ihen

| H wmif—1% -
Q= —In= + _ees? ﬁ:—-——"‘ — ] £ 2}
Ir 2 |§ J :

The ronstants in the sransformation were cvaluated by substitu-
tign of the values of 2 and § for points 1 wnd B in the two planes.
An egquation fot the parameter s can be obtained by substituting
valees of @ and ¢ for the point D in the 1w g‘zlmn%; whenes

v = Y (B)

Thus., if the veloeity alone the transitwn UV, relaiive (o the welo-
ety i the downstream chaunct V, is speeitied, s s determined.

The wtine rectangle representing n[lw rmrr-ml-fnl and stream
funetions in the w-platic 1s mapped onto the lowes half of the £-plane
b the transformation

W= @ Fig = — I d 4 & i3

This eguation can be derived by means of the Sehwarz-Clhiristoffel
thegrem or from the expression for a souree loeated st point F.
The evaluation of Eqg. {2 for the point E gives an expression for &,

n

=

N—m

e wiheeh » Is determined by the ratie of the free-streamline velo-
eity U 1o the npstream channel veloritye V) acesrding to the ogua-

=S[E) + ()]

If the restrietion that de maenitude of 1he variable veloeiis g
equals that of V. s impeesd. jaranmmtrie Jdifferential equations for
the freestoramline can te oltained. ipation (1) thus beeomes,
for the free streamline,
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Ve .
Q= —In= 4+ 10 (4)
1]
Simultancous soiution of Egs. (2), (3), and (4) gives the follow-
ing relationship between the ('nm},lox potential & and the ineli-
nation of the free streamline 6:

A

w=gtiv= - m 0] 6

m—cos26 n—1m
For eonvenienee the free streamline has been taken as ¢ = 0. The
distanee s along e free streamline from B to a point at which
the inclination 1s @ can be vbiained by combiniug the equation de-

fining the velocity, 2¢/cx = — 1V, with Iiq. (5), and integrating:
Voa m m .
’ 27V, m—eos24 T n—m 1] \6)

LR

Because s is the curvilinear distance along the bounding stream-
line, this expression is not directly userul for obtaining the profiie
of the transition. However, the equation can be expressed in rect-
angular coordinates through the differential relavionships

dr = dseosd , dy = desind

The parametrie differential equations for the curved boundary are
then

_ 7o @ B __cos*f d(eosp)
LG == Vor fm ”)l:(m—{— 1—2co0s29) (n+ l—2eos?0)]
and
o Voo sin% d (sinf)
10 e = ( - - : 5
Y er i n>[(m-—l+23m'~’0)(n——L+23m20)] (8)

Fortunately these equations are readily integrable; one obtains
the parametric equations

.r__lVo'-, SRR _l___LOSG__
=t VvV{m+1)/2 tanh (Ll ]2
- vTFD 2 e 2% ] @
and
y 1- 1_}/_0 s (P siné
% @ 2 + 71'"2[\, Y=l e i \//(n_.l)/‘)
vk i S 0! ——
._\/(m-—l)/Z tan—! \/N')—ﬁ-—_l—)_/i?] (10)
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1t the origin of r and y i< ¢hosen such that & = 0if § = —=/2 and
y = a/2 it ¥ = 0. Equation (8) can be written in an alternative
logarithmie form.
z 1V m+1 /2 cos 6
= =2V im+1D) /2 In V(m+ 12 + cos
a 2r Vs \,(m+l)2—bo<0

— /A 1)/2 +cosb
VRFL) /2 e TR
! Vn+D/2 — cosd |

For the case of the iufinite reservoir m which a = o, Egs. (9)
and {10) can be redueed to

T lVo cosf

—=a (= / / -1 "_-:’—7—2 :

p [\ (m+1)/2 tanh VCSAIE 0090] 11
and

y_}+11' - - ~1.___sing

= =t [sm@ v (m—1)/2 tan Al 1)/2_] (12)

after evaluation of the imdeterminate forms, Réthy in 1893 [19]
presented eqnations similar in form to Eqs. (9) and (10). How-
cver, s equations were based upon parameters which could not
be direcily evainated from the flow characteristies.

Upstream and downstrean: from the curved bowirdary the magni-
tude of the velocity is vaiiable. but the direcetion of the veloeity
along the boundary is known. Eqguations (1), (2), and (3) ean be
used to obtain the velocity distribution along the straight portions
of the boundary by steps essentially parallel to those used for the
calculation of the frec-streamline profile. For the general case, the
veloeity distribution can be obtained from the equation

2

a2, (a1 0V Yo
= 5+; (m—n) [Al (tann Ve tanh V. )

+ A (tanh*' L VO)

G |
- K3 (t‘ml"‘ -‘_71/7_ tanh—=! Lx)
¥ "‘7‘ , ‘f \
g (tanh_'l (/_ -~ {anh—? 1_/.2 )] (13)

downstream from the transition, and
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=l+ —1--2— ‘m—n) rix (tqr‘ q‘—o, tan—!

I e (3
a 2 T Vo

o
4

123

-4' -
O\
p

y

e
!

+ K. (tan—‘ _q_ ~ tan~! —)

n

,-4
o

4+ K (tm—‘ -1—}-, —tan—! )

9 Ve

(tan— = — tan~! Vl):ll (14)
upstream from the transition. In Iqgs. (13) and (11),
K= [(Vo/Vo)2 = (Vo/ V)=t [((Vo/ Vo) — (Vi V)2 !
Ky = (Vo/ V)2 [(Vo/ V3)2— (Vo/ V)22 [(Vo] V)2 — (Vi V)] -
Ko= (Vo/ V1) [(Va/ V)2 = (Vo Vo)Ri=t [(Ve/ V)R — (Vo/ V)]
Ki= (VoVi/ V) [(Vi[V2)? = (Vo[ V)2 =2 [(W1/ V)2 — (Vo V2)?) !

and ¢ and d are the dimensions of the transiticn. The form of these
equations for the special ease of the infinite reservoir is

= LR 0T () Lo G- ]

42 [tanr“—;——t h‘lv;z:] (15)

downstream from the transition, and

to et AL (2 e -]

Ve
Vo

+ =~ [ta.n'l d _tan-t 2 (16)
upstream fiom the transition. The pressure. distribution can be
obtained divectly by means of the Bernoulli theorem.

Partieular constant-pressure transitions can now be ealculated
for speeified values of the velocity ratios V./V, and V.,/V,, or,
what is equivalent, for speeified values of the minimum pressurve
along the transition and the contraction ratie b/a. In order to make
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the results of sample caleulziions general. values of a Gmension-
Jess pressule parameter o bave bren assumed and the correspond-
inz pressures caleulated rrom the definition egquation.

e =25 (17)

Pl O

IT j». is the vapor prvosure. o is the Tamiliar eavitation index. Sinee
the pressure and veloeity are related by the Bernoulli equation, the
veloeity ratio V./V, ean alsp be obtained from the equivalent ex-
G a2 XSIEH

Trunsition profiles have been ealeulated for a value of ¢ of (04
andl eontraction ratios b'a of =, 4. and 2. The prefiles are shown

0.80— T

6. 2. TRAasSITiny Profinys Fok x CovsTaxT Pmrsstrre ixnex oF o = $4.

mm Fie 2. For different values of o. the two prineipal dimensions
of the transition, the lengti d and the width ¢, are shown in Fig. 3.
As e opproaches zere, e, as V.—V,, the length of the tramsition
approaches wmfinity.
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CopspisoN Berwreey REsULTs oF THEORY 43D EXPERIMENT

Im 1917, won Mises (4] published an expression for the eou-
traction coefficlent for free offiux evrresponding to Vo=17, in the
above analvsiss Eguation (100 for e = 1 and & = — = 2, if ex-
pressed in terms of a contracton eoetfucieat, s found to be iden-
tteal to von Mises” copat o

1 2¢ 2171l 4b a 15 a ] _
e —— 1 SN e r =z o _ " - - b a r q.g
C. T e = r[i’(a b)]ﬂm ﬁ.z(a b) (18}

Althwough von Mises did not eompute the jet profile. he used the
free-streamline theory to obtain the pressnre distrivation con the
clunel walls. With kaowledoe of the pressure distriioiion, he
obtained the contraction coeffielrnt by means of the esuuation of
mementiom. Sinee von Mises” eonation 13w limit to the thesretical
expressions obtained hervin, sbserved agreement between the re-
sults of experiments and his cempaited eveffietents s @ jaartial
verification of the present analysis.

In order to test the performanee of the theoredleal transition
ferms in detail, experiments were votoduensd with aie flow through
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tal? malels o saee aef the profiles shewn in Fix 2 08 0 = 2 and

Foow =2 The rarved Bonmdary and artions of the straiebt hoan-
dary upstream med dowestream were made of Lausite with nivzo-
metrie tapes gbene the renterline. The width @2 was 9.2 inehes and
the fielzat was alve 02 mehes. makine the downstresm eross seetion
sipuare. The floor of air wis predused and controlled by a variable-
ilrsediarme blower lovarod seven feet downstream from the transition
seetiine The rate of flow was determined hr means of a ecalibrated
nozzie on tue distharee side 7 the blgwer.

Tl Henetical peessurs Jistribniion along 1l boundury of the
mler from the indinite rescrvoir s shown in Figo 4o along with
test results for downstream eonduit veloeitics of 17 and 46 fps,
corvesporiding to Reveolds mumbers of Y5000 and 200,066 based
an the halt-widih wr 22 inches. An approximately eonstant pres-
sure wis obuined along the surved bomndary for both tests. The
groator reduelion o pressuve for the higher veloeity Indicates a
trend toward the theoretical value for o = (4 with Inereasing
Rewnedds number. That viseous effeets resalt In a higher pressursz
1s moteworthy, tecause the desiem thus tends to be comservative

o8 =
T T T | p-g S
| ! — Theory pey2 , \
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Fio. $. Peessvre DESTRESCTION S ORTAINGD ALONG BOUNDARIES OF
Ipovyn Tmewssivios Fogsis.
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and the likelihocd of cavitation tends to be even less than antiei-
pated.

The pressure disiribution zlsag the boundary for the 2:1 chan-
nel eoniraction 1s shown in Fig. 4b for the same Revunolds numbers
as above. The veloeiiy distributisn in the upstream ehannel evi-
dently affects the pressure distmibution sg that the pressare along
the transition boundarw is not constant and the mimimum pressure
eccurs near the downstream end of the transition. Again the trznd
1 to anproach the thesretical pressure reduetion at higher Reynolds
numbers. However, the eddr which forms near the right angle at
the beginning of the contraction would probably affect the pres-
sure distribution regardless of the Rexnolds number.

CoMPARISON WITH OTHER TrRaxsSIiTION FPorMs

Figure 4a also shows the rsnlis of a test that was made »on
a wadel of one of the constani-pressure transitions i an eleetrical-
anclogy taunk. Since the eleetrical-analogy method is based on the
same assumption of potential flow as is implieit in the free-siream-
lire analysis, the exeellent agreement with the theorstieal pressare
distribpution simply verifies the teclimigue snd seeuracy of the
cleetrical-analogy inethod. However, the check allows the results
of tests {as yei unpublished i on cirenlar and elliptical transitions
to be veed with confidence in the comparison of transition dimen-
signs shown in Fig. 5. Although the data availabie from the elec-
trical-analogy experiments are limited to a few shapes and to
mnlets from an infnite reservoir, the surmise that 1the dimensions
of the constamt-pressure transition are che smallest possible for a
given minimum pressure along the boundary is upheid.

In other stud? : certain bulk charseteristies of axisvmmetrie
flow have been found to be essentially the same as those of two-
dimensicnal frec-streamline flow. Two additional electrical-anslogy
tests were run to investigate the theoretical performanee of the
two-dimensional tfree-streamline profile as an axisvmmetrie transi-
tion. In one test the calculated profile for ¢ = U4 was us-3, e,
rir, = ui{a/2. The dimensionless pressire parameter at the be-
ginning of the curved Uoundary was positive and decreased to
about 3§ of the theoretical value of —0.4 close tu the end of the
transition. The higher pressures were probably due in part to the
larger relative area at each seetion. In the second test the proiie
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was modified ta have the samwe relative area at any seetion, ie.,

%

’«l} \2 L1y ?

A very large negative pressure. four times the theoretical, resalted
#i the beginning of the eurve, with a rise to about one-half ihe
thepretical i the last half of the tramsition. The larze negative
pressure at the beginning of the transition is probably dine to the
considerable vurvatvre ar this peiac That both the area of flow
and the boundary eurvature are importam in decermining the

pressure slonz the boundary is apparent from these results.
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The differcme: heswee axizrmetrie aned twoeaimensor . Sow
I suelk thar w prefile representing a compremise between the equel-
mEIVATUErY and evuai-aie Pioflos 1osiod Iy Dessessary by mwe epn-
ctant pressure im oaxisrmmetrie flow. Sinev s mathematieal teel-
oo comparabde o conformal travsformations iz wot available,
the eeneral solution of the axisvmmeirie fransition cannot be ob-
tas ol Sneeifie cases, however, ean be tivated by reloxation tech-
HILTCS

& - - AW
CoONCLUSYNS

Equations have lsen: obtained for the profiles of econstant-pres-
sure two-dimensional travsitions and for the pressure distribution
upstream and downstream from the transition. erhaps the greatest
advantage of this type of transifion s that the minimum pressure
can be specified. A eomparisen with other forms supports the sup-
position that the eonstant-pressure transition is the smallest poos-
sible for a given minimum pressure along the tramsition.

The limited experiments with flowing air indicated good eor-
respondenes botween results of theers and of real fluid flows for
high Reynolds numbers anud for laree coioraction ratics. For lewer
Revuolds numbers and for smaller eontraction ratios the corres-
pondrnes was not as good becanse of e effvets of viseosity.
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DEFLECTION OF JETS
I SYMMETRICALLY PLACED V.SHAPED OBSTAY wn
}‘.*:"4.'

T. T. S and P2 G. Husrarp®

The defieetivn of 2 free jet by a solid boundary. whieh has long
been wiilized o devidop power from flowing water, is well suited
1o free-streamline anaivsis beesuse of the dominance of inertia and
peressure intensity in the establishment of the flow pattern. The
sesigrn of impiilse mackinery utilizing this moementam ehanece ecnld
b faetlitated greatly if the idealized menmetry of the system nnder
potential flow  econditions were known, beeanse sueh  eonditions
represent assmptotie valnes which are approacited as the effeets
of seeandury wariables sve devrvaswd. With sueh information avail-
able, refinements of disizin eonld be based upon a seevre knoledge
of the Twedamentals, awd neany eoles of thamb eonld be replaced
with precise quantitative data in graphisal er tabnlar form. Spe-
eifieall». if the total apele through which she et is defleeted is
determined for conditions of bl partial and compleic Interception
fov the boundary, then the principde of 1mpulse 2nd momenrom ean

e used to eompoire forees or other dyvnamie characteristies of the

Qs wm Lt e
o S B S

This paper and the twoe which follow are devoted to a determi-
natwon of the angles of deficetion ecaused by eertain idealized forms
of solid boundaries placed cither ssmmetrically or asemmetrieally
with respeet 1o the axis of a two-dimensional jot. These patterns of
flow worre —anl o thise aeenrring as a ouckel of an impulse
machine passes thromngh a cirenlar jet. Inm this paper, the free-
streamline method 38 used o find the angie through which a two-
dimensional foee jer will be deflected by a spuewveirieal V-shaped
bonndary pleced on 11s axis.

As represented in Fig 1a $the z-plane:. a two-dimensional jet
with veleeity 1V, and widih 2¢ s deflesteq thirouzh an angle 3 by

*Research Assocviate and Resesarch Emminesr, sespectively, lowa Insti-
1ute of Hyxdraclic Ressarch, State. University of Iowa, Jowa City.
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the ansular boundary of projected width 26, The sides of the
biindary cre inelined gt an anzle a relative to the original jet
dircetion. In the hodoeraph plane © Fig Th5. the winding sirsam-
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lines beeome a cireulayr seetor of angle e as can be shown from the
definition relationships

N 1 dw -
Tt 7 7 &

in which w is the complex potential. {Details or this coneept are
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given in the first paper in this Bulletin.) This sector is expanded
1o a semicirele (Fie le) by the transformeation

P = ol @

and finally into the usnal {-plane (Fig. 1d) by the transformation

oD

In the t-plave, the flow pattern is simaply that for a source with
strength aV’; at 4 and a sink of ~qual strength at D for the flow
oceurring in the upper half of the plane. This latter requirement
is satisfied if the strengths of the source and sink are doubled to
provide an image pattern in the lower half (which actually repre-
sents the cmitted half of the original system). Application of the
usual equations for a souree and a sink on the real axis then results
in the potential funetion (Fig. 1e)

w = Via [1n(t+cosl:—]@)—ln(t+l)] (4)

m

From the purely analytical viewpoint, Egs. (1), (2), (3), and
(4) represent the solution to the problem, because proper manipu-
lation of the variables will vield values of the veloeity at any point
in the physical plane. The explicit sointion of these simultancous
algebraie and differential equations as they stand is quite involved,
however, and the complexity of detail can be mitigated consider-
ably by the iutroduction of an auxiliary variable =, defined by

r= i (5)

and two positive integers m and n (n < m) such that

n
a = —7
m
Then, from kq. (1)
dr = Law 1 dw dt df'dy .

V,7 TVt dt dy dy dr

and substitution of the appropriate dervivatives from kEgs. (2-5)

vields

dig = 2 [ 1 EN 1 Tmz—_l] et

r rm— eiﬂm;’n Tm_e—iﬁm/n—
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Tl resadvine ©f tiis eonation mto partic] fractioes resalts in

u—L i — —0 Ere— Po—rira
03— o= ivs 3 ‘ g8 dre— 3 2g—rita e
dz = 2] e — — — — — — | d o iH
-t - priTa—Fiw T o priEra— Fiis - AT =
T E s v Lo iy € il
r=0 —

Intesraiton of 1his egiuation letwoon preper limits will opoe the
B diaies it ol I jaaue of any poein serresponding 1o assizned
values of @ and 2 and of £ The differences in the coordinates of
poinis B and C, for example, can be found oy noting that, fur ihe
pasimts B and €,

Ffg=0 . {rc=e"=
or
cp=0 . o= einn

Tlum, siner B s the arigin in the z-plane. integration of Bag. (6

between the limits of O and €3 gives the ecordinates of paint (-
a =1
2o = = . %e‘-ﬁ"S?@f 8 Iy l‘gl — plm—Zra— ‘5;?,-:‘\31
o
r=i1

+ E—dfn'ﬁmm— 2 hfl l ] — gi.;c—fra-'r ﬁj@s‘iw[]

The imazinary part of this equation is the s-eoordinate of point C,
whiel s equal in atsolute value to the distanee denoted as b in the
z-plane:

w—1 :
a . 2rm 2r—1 3 2r—1
e < P = ik 0 R
& = me bl o383 In ]Cﬂ: = COs |+ 2 Insin ™

&

.1 (?a B)
sin z —
2rm — 2 L —l— P
‘T—E o0 rsinS In i T 5 Fal l—ens 30 01T
= sin & (" T+ ;),,’

Vertieal bers in B 077 lieate that abesdute values are 1o s wsed.

Althgnierh analests have alvesds pomesented renecal solutions of
Jet antereeptions, sl Cisorti 120 has eomplotely solved the praar-
ticular ewse of the wwormal plaie. 1he nudhned presented hervin is
ogsidered  more odipeet and the ierrated solutton is eompleted
for the general case in B 17 . Frem this equation, values of &/u
correspending to scsnmed values of @ have been eomputed for
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varaats valties of e The resulis are plotted in Figs. 2 and 3, and

v -l
seversl fTems of Ioderest are immediatery apparent. For example,

o hoamdary with a poejeetod width of twies the jer

iy it

o
LA 2
e
£=
=x
rz
-
<,
-t
e
=
L
LI
&
4
=
+

it e e adefleerlans wrester then W7 remandless of 1he guale at
whivh ¥1 s plaeed. Sinuler eowslusions sabid alse e drawn for
ather melative width ratlos, O the otler band, If the projoeted
wishil od b botsiedary is feir T tlee jot luekoess, then the

18l

15

|
i ] Expel_rimeniui Pq:;.-r;?:s &= 90%?
| | | |
A i - - — I -
% | 2 3 r 5
b/a

Fou. 20 Eevver oF Bon Xroamy Warase oy Jev Derioories.

Jet deflection will be wearly eompldete 1 8 —s ai for all angles. This
racans, of conrse, that further widening of the defleetor will inrrease
the forev exeried bee owly o small ameount : “he amount of possible
merease s Dedicated v the 35-deeree line corresponding to an
indimaated s wiale ddetlectur §Froe 50,

brn ordder to compar: the resuits of this ealeclation with these
observed fir real axisymmetrie flews, experiments were eonducted
in which a high-veloeity eireular Jet of water was defleeted b elr-
cular Jdisks of varmons diamsters  (eorresyonding 1o e = =25
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a degrees

Fis. 3. EvFicy or Bouspary Axciy oy Jur DEFrEcTION.

Larger values of « would be used m an impulse machine, of eourse,
tait the normal disk is readily made and eauses deflections winich
it be measured with an aecuraer sufficient for eomparison with
computed valnes. The deflection 8 caused bv each of three disks
was measured from photographs taken with a camera moumnted
vertically above the disk to mimimize errors due to the offeet of
oravity upon the stream.

Breause the phenomensi, under study  is primarily one of
momentum ehavge. sl Yiea e the ares ratier than the wadth
suters [inesrly inte momentim epulbams, 1§ seems plansihle that
the area 1atio should boave more significaves than the diameter
ratle i eomparing the axisymmetrie experimental system with the
two-dimensional analytie svsiom. In the latter. of course, the areal
amdd linear ratios are ldentieal. [n acesrdunes with thiz comeept,
measured values of the deflection 8 have been included in Fig. 2

-
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the ratic of disk wrea to 300 eroscsectional area having been used
as the abseissa. From these points, i1 can e csonehuded that the
deflector is less effecttve than compnred values wonld mdi~<te. and
that there s an Inereasing diserepansy biween computad and
measured values as the arca of the deflector inercases. Comparative
valzes of the momentum ehanwe are 96, #). and &3 percent of the
predietions for arez ratos ot 6.5, 1, and 2. respectively.

The correspordence between the measured values snd the eoni-
puted ones 1s illustrative of the degree of corrclation betwien the
idealized two-dimensional flows and ecomparable real flows of prae-

tical significance. As already indicated i the first paper of this
series, the reasons for a lack of eomplete azreement ecan be deter-
mincd by finding the waxs o which the experimental svstem fanls
to meet the assumptions made in the mathematical aunalysis In
addition to the prebable mosditications of the flewr pattern intro-
duced by using an axisvmmetrie svstem rather than one of two
dimensions only, it ean be expected that viseous, gravitational, and
passibly ecapillary effects may modify the flow to 2 measurable
degree. Although the magunitude of tihe ¢Xeets of these Ignored
parameters is difftenlt to determune, it ecan be shown that their
influenes i earh ease s in the proper direetion to help arcount for
the diservpaney aetuaiiy found. For example. curvature of the
path lines of the deflected sheet due to gravitational aceeleratisn
will deervsse the apparent angle of deflection, and extraction eof
energy from the system by visesus friction at the defleetor and at
the large water-air mderfaee will dicelerate the flow and conse-
quently decrease the angle of deflectin. Capillary ctteaction at
the solid-liquid-gas juncture whore sepsoation oeenrs should wve
small. bmt nonctheless will aet to bend thwe flow in the direction
measured, and sarface tension in the defleeted womieal sheet will
tend to resist the nevessary mervase In total area with distance as
required by contmuity principles apoplied to the axisvmmetrie ease.
This Jatter effeet inm partienlar would inerease rapidly as the de-
fleetion angle beesmes greater, and may aecount for the larger
diservpaney found at larger angles.

In coneclusion, the information made avadabde and the elose
correlstion between the results of frecstreamline snal@sis and
those of experiment azre emnsugh to warrant the recommendation
of this methad as a valuable supplement to existing methods em-
ploved in ensineering desizu. Care must, of epurse, be exereisid
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in interoreting the resalis of computations of a two-dimensional
flow pattern for a real system whick is axisvmmetrie. as illnstraied
vy the use of areal ratins rather (hap linear ratics in comparing
the presemt resulis. For a svstem in which 1he flow pattern is
determined primarils bo inertia and pressore iniensity, a knowl-
edge of the 1rae potential conditions is 2 valuamle asset in assessing
the effeets of seeondary variabtdes and henee i jusleine what im-
protements are pissthie through reduetion of semmdary effects.
in refation o the proolem of Pelton-wheel design, it has beon shown
that the angle through whieh the jet is detleeted ean be sulstan-
tially less than the anele of the bucket lip, approaching the laiter
value only if the projeeted amvca of the bucket 15 21 least fonr times
the jet area. This means that the bireket shounld be guite deep for
practical angles of deflevtion, and that the bmeket spacing may be
affected. A combination of the results presented herein and these
of the following two papers maxy prove valuable for icther study
of the Pelton-wheel desien.

APPENINX

In the preeeding analysis the prublem of a jet striking & wedge-
shuped obstaele was solved by the method of esnformal mapping.
In that analvsis the jet in eowsideration was fres in the sense that
it was not eonfined by any rizid beundary before 1t struck the
objerct. However, in some appiications of the preceding eatenlation,
the appruaching jet is not svervwhers: foee but is rather eonfined
in a pipe or vhannet. With 1he intreduetion of 2 straight boundary
BC. Fig. 4, the jot is no longer entirelr frec and the solation must
be medified seeesrdimgly.

in Fig. 4. a eonfived jet ot haltf widit & with an initic] veloeity
V. proveeeeds towards tloe rielot, mects ghe harrier AE buaew sy somn amele
of inelinatioen a to the dirsetear of e approsehing jet, and detleets
threneh an ansle 8. The pattery abitainsd by revolving the figane
abwut 1he axis AR eorrespowds v that of an axially svmmetrie flow
through a eone valve "21). The dischares soeificlent is a Tunetion
uf the angl: a. the opening s, and the dimension 8.

Apprlieation of Eas. 1% and 720 transforms the flow in the
-pelame mte taat withiin a bzl ewrele e thee fplame, with 2 souree
of strength 24V, ar point B and a sink of equal steength 4t point D,



Thi oy Toes o Jrore~

oo
L}

'bl ¢-plare

ich s-plane

r
g )

|
Y e
—t—

Fra. 4. Trawsromwavooes Prases rok ConeiNim Jri

ey,

mp-

WV Fi o —gt@rimy (e p-idnia
R —_— - —
, T T >t m—wiw

in which e = d & DBx virtn

‘ i’ll I 71 dw 8
&= 37— 4 h("f;\‘é"':—--k e 1 (1L
l}".“g Ija"{h'{' LAY -
i iﬂ_ 1 1
Ta “_ fris—, ge Fe—gp T

=t
i
s
by
L]
2
a2
|
¥4
oy
rey

—‘{-;-r a_;fiz"r u‘;-

I the substitutions

eof Egs. 11%, /27 and {8}

=

r

oy

b

o’



=

47 TReE-STRASNUINE ANALYSES
n
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ne mtegration of Eq. §10% ecarried ont from ¢« = §to - = 1 o1 1o
T = "™ gives vanues of 2, 6r 2. vespertively. The real part of B
Is wyqual to oot @ —s umi the imaginary part of z_ is equal t
&+ & The final w.«:ru]ﬁs are two eguations expressing s and §,
respeetiveely, as ey ions of ¢, e, and S.
For the speei] case of a = /4, m is 2 and u is 1; the final
results are

=8 . e L 2y "
- = feos3 — mm[nﬁ:m§(z+_u)
. L 1/ .
4+iecs3 +sin3f Intan 5(;{— d) A rens3
2v2¢ 2v2¢ i
s —1 e @ i
"h-( 'Jtl-t) ranh TLe +(\ a) tan~t 5 (11}
and
3 : SO 1/~
4= 2 cosd In tan o 5 2:ndIntan 5 \?——ﬁ)

1 "
ricosd+sind) +'7( - +¢)tanh- -1'—"/——L\tan““£ 112
the values of the arctanzent being taken between © and =72 As
s— o, c— 1. and from Bgs. 1111 and {121, one obtains
rd

\ 1/
— 22 = (cos 3—sin p;mmu§(§+3

+)(1-8+sm3;lnmn . p)—}—xcmp—-.?.lnf_-&ng P13}
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whieh eorrespeesuds =t what bas been derived bwefore withont the
bonmdary B0 Fer awd i r cxireme case. s — 0 and « — b0 o] dimen-
sloms must he expressssd wroratios o s FErpuatiens S8 aisl 0120
regiies fo

wéEiz . irgx
——— =ieesZd—=ind ' In tan -—(— —!—J’)
g s 2\4

N l¢x B . e )
+ e 3 =+ s 3,ﬂnt;m5‘\z —Q")—%—:r’u.&?d‘!{‘-% V2 14y
Eﬂﬂtd
3 o ) ) l7= \
2 = %3 intan 24 25in 30 tan = = — 3
¥ 2 evw ullntmz-{- &nn-_nmmg(g ,}

+ rrened Lsingl+ 4 i13)

The above analvsis eomstitites the jeeliminary  investigation
leading to the diseussion by ove of the writors of the paper *- Char-
weteristies of Fixed Dispersion Cone Valves™ (217, In thar dis-
eiassione the evaliatien of the diseharge eseffieient for eone vaives
by an malysis of thor correspanding plane flow and s comparison
of the ealeulated mesnits with the test anes are given in deiail: in
the following, suly its essential gwints are given.

The discharge cocfficient s oldained b dividing the disebuarge

e the preduey of the Sow ares and ’@‘.E’gh' Put i equation form,

3
Q

— -—— 116
vVi2qH

Pomit'd

ek
w
%]

o whieh L 1s the arvea of efffux amd H is the toal hiead. For the two
dimensisnal Hoox the ecrrespending disehuaree ewficient is dis

\ lagieal approaeh to the adaptation of these resalts for gxmnw
flow to the determination of the discharge soefficient for the eor-
responding three-dimensional flow s to assume that corresponding
rativs boetween the mirtial and the final aree of the jet are the same
i wach case (as ther wers found e be for the orifiee (353770 That is,

_ o ﬂw 1u[r1m.m° '«uhne: wf i

& <\ 2xBB

i whieh s s the thickness of the thirvve-dimensional jot at @ evrfain
peant and r the distanee from that peint to the soaxis
The values of £ and 3 have heen plotted o Fre, 5 against /D,
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Pwhieh is equal to 52850 A mean curve fas been drawn for the
test resmlts oldained B Mesas, Elder aod Dovgeberty. The eor-
respaotidener betwern 1w tost results aod these of the analvsis 1s
fairly good for values aof s B uap te sdeut 803,

The jresent pavldem s been treated loo Greendill (22, pge
26-20" who weve the essential steps of 10e selution. However, the
solution presented in the foregsing xomueh stmyder el has bween
earried to the wuwmeriee] st



DETFLECTION OF JETS
II. SYMMETRICALLY PLACED [ -SHAPED OBSTACLE
by
TURGUT SARPKAYA®

As an alternative to the approximation of a bucket on a Pelton
wheel in the preeeding paper, a channel-shaped deflecior ean be
considered. As pointed out by Greenhill [21], a shape for which
the irrotational flow pattern ecan be computed is a symmetrieal
plate with two right-angled bends which would be tangent to the
usual bueket as shown in Iig. 1. This approximation in conjune-
tion with that presented in the preeeding paper should provide an
insight into the relative importance ol the buckct geometry in a
determination of the angle through which the jet is deflected.

As indieated in Fig. 2a, a jet of width 2d impinges on a [-]-shap-
¢d boundary with web height 2a and flange widih b, and each half
of the jet is deflected throneh an angle » — R Feom the Bernoulli

Fig. 1. CoMprarisoN of JET DEFLECTION BY VARIOUS OBSTACLES.

cipuation the veloaity of approach V; of the incident jet is seen to
be the same as the asymptotic veloeity of the deflected jets, and
from tiae cquation of eontinuity the thickness of each of the de-

*Research Assistant, lowa Institute of Hydraulic Research, State
University of Iowa., Iowa City.
45
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fleeted Jets 1s scen to be preeisely d The total foree cxerted by
the fluid on the solid boundary car be computed from the mo-
mentum prineiple once the angle of inelination 8 of the deflected
Jet<. whieh depends only on #/d and b/d, is known. Thus, defini-
tion of the reiationship

= fla/d , b/d) (1)

y
P ‘
o |
G
e T
T A
Cip ‘2
g ¥
1T/2 E -In9
D i -V
_Jlnvi l._ J
TF (b) N-plane
B A F E
e
c =8 D
(c) w-plane
-1 -k 0 +k 4l f
et N N —a e W A
C E F A B C

(d) t-plane

Fi16. 2. TRANSFORMATION PrLane:s.
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1s the mam ahjective of the present nvestigation. For convenienes.
the goint of masimuin veloetty abx r ihie solid boundary between
E and 1 1s desigrated by the ietter P

If. as in the ather papers comtamesd i this Bulletin, 2 and w
are used for the complex variable and (he compiex poatential, then
the variable £ defined as dw dz 1 given by

F=—u-tir=—ge ¥ 2

Py

in whieh » and » are the velority eomponents in the »- and y-dirce-
tinns, g is the mazmituds of the veloelty veetor., and & is its augle
wf anelination.

[f the variable €,

@ =Ih{-3)=—ml+is i3

is introdueed, the flow region in the physieal plane | Fig. 2a) ecan
be mapped onto a corresponding region in the Q-plane, as indieated
im Fig. 2b. This latter region is in turn mapped onto the upper half
of the anxiliary f-planc.

As indieated in Fig. 24, the values —1, (0, and 1 are assigned
to the pomnts D, F, and B in the {-plane. The values of ¢ for E, 4
and ¢ can be dencted by —& &, and f. respeetively, those for ¥
and A bemmg of »gual magnitnde and opposite signs due to sym-
metry. The desired mapping between @ and ¢ is tnen achieved by
the use of the Sehwarz-Chivistolfe] transformation

jr ;itd't R V14 41— @)
= {fr— -1 Ik VE—k? !

inn which A 1s found te be v'1 -- &7 by substituting mio the equa-
tiot the coordinates of the ywint B in the two planes, positive values
having been assioned to the radieals letween D and E.

Beeauwse of the simenlarities at ¢ = — & and at § = = 1, the
funetion 2 given by Eyqg. 14/ must be evaluated with reference to
a path ias shown in Fig. 24 which has semi-circulair indentations
at esch of these points, real values heing assigned te 2 alcng DE.
As ecan be readily verified. Eq. 14 transforms the upper half of
the ¢-plane into the rocion In the 2-plane shown in Fig. 2b. In par-
tieular, 1t will be noticed that

Y
w1

var—
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In the limiting ease. & = & and the Jast formeida gives § = see E.
The eomplex patential w can he expressed o terms of § by 7
method of sourers and sinks:

Vid
= ’[h"‘s—a‘f—mu* K

kg

sn that, from Egs. (3 and 145,

§af -
sa—zp=ta= —1, )
=
mm which
x-’-."'.' N =
; j i+ =k [ 2 1 ] .
= - a7 I — —— |
F EE—g t—f 1+1
Similariy,
it
2y—zg=b—=-1. i h
i/

in whiel

- et
T S U S 14 | B
I- :f A ——}':_-:,\’_b — [ - —— jﬂf
= b \§—-§‘* §F =1 :"_

v

The tnstewrals I, sl £ oare cvaluted i the Apgeendix. Tf varbms
values are assigned for § awd &, the rorvesponding valuwes of 8.
and & ean be exlenlated froar BEgs. 106, ¢80, and {7 ;. The results

are presented grapldeally in Fie. 3.

A sulution for the lmiting ease of an wfinitely deep bucket
can be obtaimed without reeotirse to somplicsied analysis. In this
mstanee, T1he velocliv is zero at the bottem of the eup and the
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pressure is correspondingly pV o= 20 The momentum eqieiion (with
reference to Mg, 2a) for the r-diveetion is thus
20V 7d + 2pV 2d cos B = pVfa
or
a=2d(1 -+ cosB) (8)

which is a Iimiting form of Lqg. (6). 1t {oHows that the maximum
value of a/d is 4 for this special case. as was also noted in the
preceding paper in which this Hmit was considered as the 180°
V-shaped defleetor. Another hmiting case i1s that of the simple flat
plate which s approached as & tends toward zero.

In experiments conduacted by M. DeHaven, observations were
made of the angle through whieh jets were defleeted by variously
proportioned enps of evhindriea! shape. These are compared with
the values calenlated for two-dimensional flows i Fie, 3. In spite
of the fact that the experiments were performed for flow avith
axial svmmetry whercas the theoretical ecalenlations are based on
two-dimensional flow, the agrceement between the results obtained

180

Experimental Points
b/d

0.25

135 0.50

90
deg.

45

a’sd
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from experiments and those caleulated from theory. equal area
ratine heine gesnmed, 1 exeellent.

Professor B, T, Mulidy of the mathematies depariment suggested
metbads for the evabratics of the inteerals coeanmered. Me. T. T.
St Famiitarized the ambwr with the problem. and ike Editors
pesictol exrensivels in the pregearatioos of the mannseript.

APrENDIX

The intesyal £, ean b desamrpososd inte five esupeorent in
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m which .1, B, and € are elementary integrals and ean be taken
froam tables, and

du

D = 2(1+) = 2(1 4+ }K
% +! ! v ']l—‘&" l 5_‘&10( S N

S,

kb

K, bl the complete elliptie intezrz] of the ficst kind. is given in
tables of elliptic fenetions for vavious values of & Thus only the
integral K remains to be evaluated. If the following substitutions
are made,
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ane nas

1—12
:’-:2———f'—,—F(l,p. m) (9)
in which
- dr

P { e ] - B <= 2= e e ——
P\x,#.Nﬂ —Jg (1_“73) \/(1_72)(1_,,”,2)

is an elliptie integral of the third kind. Unfortunately, this integral
hdas Noi beeu tabuladied, S0 ihai unv is oblged 10 express it i
terms ol vihcer Tunciiuis.

If one writes = = sn (u, k) and & = sn (y, k), i which sn (u, k)
is an elliptic function of Jacobi defined implieitly by

sn{u,k)
_f S ds
L v (1= (1—k2s?)

0

then the integral F (r, u, m) becomes

v u
cen v dn w du du
Fily, uyym) = [ f
0

J, (1—psn*u)ventudn®u J, I—psn’u

v
sn? u du
= - 1
y+#[1—ysn2 1] (o)

i which snowas written for sn (i, k). If a new quantity ¢ is de-
fined by

p=msn® (¢, k) = msn’¢

so that
1
B=an ( I k)

then

Vi

sn? u du 1
= & = ————— —— 1 (y, ¢ 11
/ 1—pusn®u msneene dne (y.¢) L)
0

with

1—m sn?c¢sn’u

‘U “w
mosucen e dn e sn®u
Iy c) =j - du

0

1 g
=yZ(c, k) + 0 In 8 Fe)
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B owhieh Zoce & smnnd O are pispeettvely the Zeta-funeticn and the
Theta-Trnet on sl Jaesbil, Siheee 7090 funetion O (s cf IS 83 2ven
frenietivee with the periods & ayed A7 eivewr fo

4 o ———
B §—— == =asn"t1. k}. K'=sa1{lLWv1-k*}
VIT =8I —

T
IR has

DK —¢r =00 L ¢
< that

: 1 Gi A S
IR, et =KZ ¢.§' 4+ S In——+—= ! J12%
iR, KZi ¢ L4 2[1 H»}\-'-ft KZie, 112]

Thus, from Eags. (00 o (125 one oliains, on putting w = K,

g=2121 LKk [1+ sZtek) 1

¢ oSN S T £ I £

sie, K+ entie, ki =1 . daie. St sn®ie, £y =1

doi¢c. & = . L ESl="—FT—=
B i ! v -1

oan faes, fnall,

™
[
lé\

!‘“=1
l

awed the evabadion of 1, is vaapleted :

1§ . =
Mo r o+ K

.‘».‘" T ‘s’;

'

[:|=‘.‘T - =

(£

1—

+2-= K1+ttt

im owhich ine plus or minns sien is used deperedinge on whether § is
ereater than 1 o less than — 1. Similarls, the evalnation of the
minears] I, for both veeative and positive values of the parameter
£ ovan be avecrspislod. The results ame:
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i H N ¢ | II—E
.= —‘[7](1—\ 1=/ =2 tann Vl—i**]‘-
Y 1_7— A -‘111\—)*71—7 ey
L 2 NG tanh V=) (1 >+( f)

= 3
—flc'-;l a /f [7( B R L i
with the same convention ror sigus.

For numerical caleulations, use has been made of the tables of
Jacobran clliptie functions by Mihie-Thomson [23]. An account of
the theory of Jacobian elliptic funetions can be found in {24].



DEFLECTION OF JETS
T UNSYMMETRICALLY PLACED SEMEINFINITE PLATE
by

Sivoy Inee® and Crarx DelLavex®

Defleetion of a jet by a plate is a problem in hydraulie engineer-
e for which a theeretieal solution van be obtained only 1 very
particnlar instances. The method of caleulation of the foree exerted
by a jet impinging perpendieularly en a plate of infinite dimensions
18 shewn in most textbooks of Huid mechanies. Mathematieal treat-
ment of similax problems for somewhat more complex ¢ircumstanees,
however, is not possible, and aceeptable approximations must be

Fi1G. 1. CUSTOMARY CONCEPTION OF JET DIvisToN nY PeLToN-WHERL BUCKETS,

made unless experimental data ave available. Thus, m the con-
ventional design of a Pelton wheel it is expedient, for want of more
aceurate information, to ussume that the portion of the jet deflected
by the bucket is in simple proportion to the penetration of the
bueket, and that the vemairder of the jet eontinues in a straight
line. as shown in Fig. 1.

A theorctical anaivsis of the two-dimensional eounterpart of
this probiem should shed some light on the general problem and
possibly be of some valae to turbiue designers. Although there is

*Research Associates, Jowa Institute of Hydraulic Research, Siate
University of Iowa, lowa City.
a4
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no mathematical justifieation for the application of these theoretica’
results to actual three-dimensional Hows, this approach seemed
promisineg in view of the fortuitous corvespondenee between vesults
of theory for two-dimensional flows and those of experiments for
three-dimensional flows whieh has been noted previcusly in the
cases of contraction ceefficienis for cone valves, orifices. and mani-
folds.

The conditions of Hlonw in a Pelton wheel indicated in Fig. 1
can be approximated if the flow is considered to be two-dimen-
stonal and the buckets to be simple flat plates. Cousidered in this
analysis is the geneval case of a two-dimeusional jet impinging on
a semi-mfinite flat plaic, as indieated schematically m Fig. 2a in
whieh

a s the thiekuess of the iniial jet,

d is the perpendicular penetration of the nlate into the jet,
v 1s the angle which the plate makes with the horizontal,

b is the thickness of the guided portion of the deflected jet,

B is the altimate angle, measured counter-eloekwise, whieh

the free portion of the jet makes with the horizonal, and

V., 1s the velocity of the jet at infinity.

The ratio of the division ef tow b/« and the ultimate angle of
the jet B are to bhe defined in terms of the penetration d at varicus
melinations of the plate.

From the cuevgy prineiple it is seen that the veloeities at A,
B, and E (each of which is at an infinite distanee from D) must all
be equal for nrrotational flow. From application of the momentum
equation in the divection parallel to the plate, the relationship

b4 (a—b)cos (B+7v) —ueosy =0 (1)

is obtained.
From Fig. 2a a geometrical relationship between b, d, and 8
ean be found:

d=a—-Fdy =c— (a—b)cosB+k (2)
in which the contour integration is pevformmed along DEA, and

k= Fdy + £ dy
DE E4

As shown 1n the fellowine ealenlation, it 1s convenieut to calculate
o ]
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d indireetly trom lq. (20 rather than to assign values to it. For

a given angle v, o division of flow s assumed and the angle 8 1s

o

(a) 2 -plane

)
) B
0 AR e w—-ln%
B I i ¢ %
-B E
-(m-y) D
(b) L)-plane
E D C B A
e=1/cos(Bry) -l } +1 f=1/cosy
(¢) 1~ plane
f ~W=la-biVo
£ ]
:; __________ .1:\.!.'_:_0 ______ A
€
B
L Y=-0Y

(d) w -plane

Fic. 2. CoxrorMatr Mareing PraNes,
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£a0 s vy

determined from the momentum relationship. It the value of I tor
this particular case can e caleulated i tevins of a0 b, v and 2.
then Eq. (2) yields the correspending value of d. Thus the prob-
lenn is reduced to the determination of k.

Prom Fig, 20, diy = smds, 8 beig ihe variable angle of in-

Ilﬁ
clination of the jet and s being measnred along the contonr. Then,
dlong OF and EA, Vids = —d ¢. in whieh ¢ 1s the veloeity poten-

tial, and one has

k= — F s é Sb= & siné dé 2

peE Vo PR

—~~
~—

Geometrically, k is the distanee between the horizontal line through
D and the horizontal asymptote to the streamline EA after K.l is
shifted a distance a—¥b in a direetion normal to the inelined asymp-
totes of DI and EA. In region A this shifting results in the lower
streamline being moved upwards a vertical distance equai to
(a—H) cos B. The integration depends npon the expression o1 ¢ in
terms of 6. and this is accomplished by the use of conformal trans-
formations.

The logarithmic hodograph of the How pattern. denoted as the
Q-plane and shown in Fig. 2b, is obtained from the relationship,

Q= —Ind + i8 (4)

"’0

in which ¢ i1s the magnitude of the variable veloeity veetor and 6
the angle that it makes with the horizontal. The interior of the
semi-infinite strip of the Q-plane is mapped onto the upper half
of the 7-planc (Fig. 2¢) by means of a Sehwarz-Christoffel trans-
formation, the connecting relationsihin being

. 1 .
Q= —7cos~! ?—i—zy (5)

The w-plane 1s sihown i Fig. 2d. The transformation equation
between the w-plane and the ¢-plane is obtained directly from the
complex potentials for sources and sinks. point A being considered
as a souree of strength Zal, and points R and 7 us sinks of
strengths 201V, and 2 (a—b) V,, respeetively :

v

‘ i i { A P X 3
u‘=—;° bl]l(l—1)+(n—b)ln(t—e)—alnu—j'))g-r;u )

in which M is a complex constant. After introdneing the relation-
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ship dw = d¢ + 1dy and noting that alone a streamline d
and henee dw = dé. one can write the contour inteeral as

-G
I
<

k= — fgmadw

If dw 1s reploced by the corresponding value from Eq. (6), the
expression for I beecomes

.__1 f_‘. b (l_*"‘b_ l
b= [lsinod 2+ ey A i

]
Also, sinee g = 1, along the free streamlines, O is simply 4 for
all points on DI and DE tfrom Eq. (4).
Introduetion of this vailue into q. {5 2ad solution for ¢ yield
the relationship,
t = sce (yv—10) - (8)

whieh is valid for all points on the free streamlines. If now the
values of t m Eq. (7) are expressed in terms of 0 from Eq. (8),
the limits of integration for § (y—=and 0) taken from the Q-plane,
and the resulting expression integrated, the value obtaimed is

1 2b " 2| a(l4+cosy)—2b]
= ng%m'yln a(1+ cos~)- /) +a iy GUS g T b(1+ c()g.y)

— ( —u) COos 7y sin (,3 +7) ln(cnsv + cotg sin 7)% 9)

in which

i (g = \/ (I(I—L()s'y)[u(] +w<'v)—~‘)_{)_l

a—b

DiscrssioN or ReEstvnrs

Equation (9 has been evaluated for various divisions of flow
and for plate angles equal to 30°, 457, 60°, 907, 1209, and 150°,
The corresponding values of plate penetration and defleetion angle
are presented in graphical form, with b/a and £ plotted against
d/a (Figs. 3 and 4).

It was noted with considerable concern at first that for very
small values of b/a, the penetrations of the plate d/a were smail
negative values. Sinee a thorough cheek of the caleulations revealed
no errors, further confirmation was sought by eomparison with
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5 |
i
1
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d/a

Fie, 2 Frow DIVISION As A FUNCITIoN 0F PrLATE PENETRATION.

the results of Love [25], who treated the general case of the oblique
impact of a jet upon 2 finte lamina. Following the method indi-
cated by Love, the equations of the free streamlines were calcu-
lated for the case of y = »/2, and the value of the penciration

i60°—

s - 30° |
-04 -6 0 02 04 06 08 10 12 14 1o 1.8 20
d/a

Fi1G. 4. DEFLECTION ANGLE AS A FUNCTION OF PLATE PENETRATION.
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computed. Idenca! sicgative penetrations were obtained from this
independent check.

The physical anomaly of a fintie division of flosw by a plate
iving outside the path of the jet assnmes an immediate signifien:.ee,
however, if it is considered that the negative of the complex fune-
tion w also satisfies the Laplacion equations. The physieal inter-
pretation of the negative 1w funetion corresponds to a reversal of

0.25 p— — i e s s - 3
I | |
| bi/a | i____._l___.,i_. -
| ———p; | fy
1L s R L4 b log
min ] | !
A
| |

.

bifa 0l

1
and . B;
duin/a 0,10 | 0°
0.05¢ 5°
/ !
1 B % et : ) 2 .l
_ i ; ' 4 l
oL L. ___ig°
0° 20° 40° 60° 80° 100° 120° 140° 160° {80°

.

Fie. 5. VAriarioNs or b;/a, 3, Axo d,,; /@ wiri v
the direction of flow. The resulting physical phenomenon in the
case under consideration i1s then that of a free jet joining a guided
jet neav the end of the guiding plate, the combiied flow continu-
ing as a horizontal free jei. As can be seen from the severasl graphs,
there is a lmit to the so-called *'negative penetration’’ determined
by the requivement of the continuity and momentnm relationships.
The variation of d,;, with v 1s shown m Fig. 5.

The behavior of b/a and B in the region of negative >enetraiion
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is Indicated in Fig. 6, whieh is drawn to 2 greatiyv enlireed scale.
It can be clearly scen that as b/a inereases from 0 to 0.02. d/a
deercasss first to its minmimmm value of —0.00243, and then inereases
to 0. From this point on, the analysis ean be considered to repre-
sent the problem posed at the outset of this investigation. The
physical explanation of this phenomensu is that an infinitesimal
penetration e causes @ finite mitial angle ot defleetion g8; and a

120
100+— .= 90° 0.02
§ b/
E a |
80' // i
-
o e
8 60 N e . S
_—" BI r 10.01
'1i
L

-0.002 -0.00l 0

d/a

Fic. 6. DEFLECTION ANGLE AND DIVISION OF 1'LoW FOR NEGATIVE
PENETRATIONS (v == 90°).

finite inttial division of flow b;7/a. Figure 5 contains a plot of
values of B; and b;/a as funetions of the plate angle y.

In the region of positive penctration there is, for a given vy,
an asymutotic lnit to the defleetion angle 8 and the ecorresponding
division of flow as the penctration is nereased to infinity {iigs.
3 and 4), these Iimits having been determined for the varions plate
angles by means of the momentnm relationship.

Au attempt was made to verify experimentally the resnlts ob-
tatned by theovetical analysis. A jet of water with a mominai
diasacter of 1.0 inches was peuetrated by a plate, aid the division
of low and angle of defleetion were measured. Sinee the momentum
relationship is the determining factor, the arca ratio of the divided

e
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Jot was substituted for the b ¢ ratio of the two-dimensional case.

Although the experimental results verify the general treuds of
the analysis (Figs, 3 and 47, there arve. nevertheless, diserepaneles
of as much as 567 from the predieted values. Part of these can be
attributed to the evndities of the experimental avrangement, al-
though it is recognized that a significant source of error may well
lic in the inherent ditferences between two- and three-dimensional
flows. Thus the fortuiteus ecvrespondence between two-dimensional
theory and its threc-dimeusional counterpart which has been eu-
countered in other investizgations does not materialize in this
mstance,

However, it i< obvious from analysis and experiment that neither
of the two common assumptions mentioned in the introduction te
this paper is valid. That is, in eonsidering the fiow mto Pelton-
wheel buckets, (a) the division of flew b/a is not in simple pro-
portion to the penciration d/a, and (b) the unguided portion of
the jet does not cantinue in the same straight line, but is defieeted
through a considevablc angle. Thus, as shown in Fig. 1, the portion
of the jet not eaught by bucket /A is generally assumed to be canght
by bucket B, whereas, due to the defleetion of the jet, it may aetual-
Iy miss the wheel entirely.

In view of the uncertainties of the applieability of the simpli-
fiecd theory to the complex shapes of Pelton-wheel buekets, and in
view of the lack of complete experimental confirination throughout
the fuli range of the analyvsis, no positive recommendations ean he
made until more representative analyses and complete experiments
are available. Nevertheless, despite the laek of general quantitative
results for eireular jets striking buckets on Pelton wheels, the wman-
nev in which a jet i1s divided and defleeted has been indicated
aualitatively as a guide for design.
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MANIFOLD EFFLUX
by

ARTHUR TocH® and RoBrrt W. Mooryax**
I~NTRODUCTION

In navigation locks and turbine seroll cases, water is often sup-
plied to the lock chamber or to the turbine through a manifold
systenii. The resnltant flows have been the subjeet of many model
studies for the solving of speeifie design problems or the obtaining
of general information regarding the flow phenomena involved.
Also, mathematical treatment of manifold flow was made by
MeNown and Hsu [12] in whieh certsin phases of the flow were
evaluated.

A mainfoia can be represented in its simplest form by an open-
ing in the wall of a straight eonduit. The lateral can thus be climi-
nated or a lip or any Iength can he added. This representation cor-
responds to some forms of construetions actually used |26] and
was the basis for the apalvsis by MeNown and Hsu. A different
tvpe of manifold 1s also used, in which the eonduit ehanges in eross
seetion either in steps at each lateral or continuously over iost of
its length [27]. The analysis in this paper pertains to this step-
ped form for the particular case of the infinitely long lateral. Cor-
relation of the results of the mathematical treatment with exjeri-
menially obtained valies for these manifolds is also diseussed.

MarHEMATICAL ANALYSIS

A view of the two-dimensional manifold is shown m the z-plane
of Fig. 1. Flow with veloeity 1T, ocenrs in the econduit of width b.
Part of the flow onters the infinitely long lateral theough an open-
ing of widt™ « and attains, after contraction of the flow section to

*Research Associate, Iowa Institute ¢t Hydraulic Research, State
University of Iowa, Iowa City.
“*Now Associate Professor of Mechanies and Hydraulies, Clemson
Auricultural College. Clemson, South Carolina,
63
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Fi¢. 1. TRANSFORMATION PLANES.

('ca at infinity, a veloeity V), The remainder of the flow eontinues
in a conduit of width ¢ and attains an ultimate veloeliy Ve. The
difference hetween the initial and fina! widths of the conduit is
denoted by d.

Evidently, the evaiuation of a ecocficient of contraction €,
and of a veloeity ratio Ve/Vy as funetions of the boundary
geometry 1s the primary objeetive of the present investigation. The
boundary geometry is expressed by the ratios a/b and d/b, so that
the desired funetions are
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Ce = fl (’7/}? (.],/b)
and
Ve/Ve =7, (a/b,d/b)

In order to determine these relationships, the compiex funetion
- must be defined as a funetion of z; the manifold shown in the
z-plane is thus related to a simpler shape. the infinite reetangle of
the w-nlane. Two intermediate planes are needed to obtain this
indireet mathematieal relationship. The first of these intermediate
pianes is the logarithmic hodograph or Q-plane of Fig. 1. The
velueities along the boundaries of the z-plane are plotted through
use of the defimtion equation
1w
Q=—in%((—ll:—=—ln%+i9 (1)
in this equation q/V; is the ratio of any velocity in the z-plune to
the final jet veloeity in that piane, and ¢ is the angle formed
between the veloeity vector and the x-axis.

In the other intermediate plane, the #-ulane, the boundary of
the flow is preseribed 6 cuinciae with the real axis. Thus tihe
Sehwarz-Christoffel transformation ean be used, whieh here takes
the form

Q= Mcosh—!'{t+ N

The semi-infinite rectangle of the Q-plane now becomes the upper
halt of the f-plane. Tl.eee points ean be arbitrarily loeated in this
plane. Points A4 and E are aecordingly plaeed on the horizontal axis
at equal distanees from the origin and are assigned the values of
-+1 and —1, respeetively, and D is placed at infinity, as shown.
The values of M and N in the transform can be evaluated by substi-
tuting simultaneous values of € and ¢ for the points 4, E, and D,
in suecessive steps. Then,
w

—— 1 -1 T
G = -2-eosh ¢ i5 (2)

The final step m rvelating the manifold in the z-plane to the
infinite rectangle in the 2e-plane is alse accomplished by ineans of
the Schwarz-{hristoffel transtormation,

e dt N/
w = ¢+iy = M/(t—f)(t—g)(t“l) S
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After integration of this equation. the econstant X’ can be evaln-
uated by equating the differences in the imaginary parts ol the
two sides of the equation for points A, B, and C. The additive
constant N’ is similarly determined from the difference in the real
parts of ihe quantities at D and E. Introduction of the values of
M’ and N’ in the integrated transformation yvields

u.-=v_"’.‘81 (t_f)+”°‘1 (1—9) + 0 +1) +Ca ()

The distances f and g shown on the {-plane and oceurring in
Eq. (3) ean be expressed as funetions of the veloeity ratios. To
this end, the expression for 2 of Iiq. (1) is introdneed in Eqa. (2)
and the resulting equation evainated at point B, so that

f= é V g v, )
and at point (’, so thal
_ 1 Y_C_2+ V_J)
g = 2\TE Vel
Once the transformations are completed, the opening a can be
refated o the fateral efflux by integration across the flow:

a= Fdy+C.a
AE

e

The integral can be evaluated after proper substitutions have been
made. If s i1s defined as the distanee along the free sircamline
measured from A in the z-plane, the relationship,
dy = sin 8 ds
1s obtained.
Beecause ¢ = 0 along the streamline AF, as indicated in the
w-plene (Fig. 1), ¢w/cs = d¢/cs between A and E£. By definition,

dp/cs = —V;; and dy can now be expressed as
sin §
dy = — Vo d¢
J

From Egs. (1) and (2),

sin § = \/%(t-{-l)

along AFE. If the last two expressions are substituted into the
equaticn for a,
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—Ce = & L
a E"j 5(t+1) d¢
in which d¢ can be expressed in terms of by Fq. (3), The vesult-
mg inteeral can be written as

-1 P
T A ’
a-Coa= b.-2: e [ (1 dt — 4= }—Ef S dt

™A\ 5 2 i rV2V;

in whieh the limits are evideut from examination of the f-planc.

The evaluation of this integral is comparatively straight-for-
ward, and this form was chosen for thut reason. Other substitn-
tions than the above, or use of a hodograph ({-plane), resuit mn
integrals of more complex form. That the resultant equatiors wili
be identical to the one obtained from Xa (1) iv chrious, The tedi-
ousness of these other integrations makes mention of them worth-
while, however, beeause integration for another flow model may
well be easiest in another plaue.

The three integrals in Eq. (4) were evaluated separately, and
values of f and ¢ were substituted to give the final expression,

a—C.a ="|:b(V = o l\tan‘l‘l'—j—-— (1VC". l)tanh"‘%] (5)

The premise of continuity, implicit in the above diseussion, ean
be stated as

"'Bb—Vc(b—'d)—VjCca=0 (6)

Althongh Tgs. (5) and (6) determine the general flow field
another cquuiien is neepssary to imipose a particular st wnatmn
coudition whiech is physimll,\' applicable. The reference veloeities
and the dimensions of the houndary should satisty a reguirement
that the Lorizontal ana the veriicar veloeity components on the
dividing streamhine will vanish simultancously at D. On the Q-plane
(Fig. 2), ii BFD corresponds to the dividing streamline, v will
vanish before w if the stagnation point D is approached. Similarly,
if BGD eorresponds to the dividing streamline; 1 will vanish be-

!
l“



68 FREE-STREAMLINE ANALYSES
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F16. 2, DIvIDING STREAMLINE IN LOGARITHMIC HODOGKAPH.

fore v. The condition that w and v should vanish simultaneously,
therefore requires ¥, or &, te approach .

The hine BED, or BGD, is a strcamhne issuing from the source
B, the @ plane being viewed as another physieal plane for a fie:
titious flow with F, or (7, as ihe stagnation point. Thus at F. or
G, dw/dQ = 0, and since

dv _ dw d dw 1

EOR R T RV e
in which ¢ 15 different from =1,
dw _
dt
The last equation characterizes the point F, or . If ¢t approaches
zero, after substitution of w from 1iq. (3) in the last equation, a

condition is obtaimed which is equivalent to the requirement that
F, or G, should comeide with D, This condition equ:.ion is

ViCoa=Vebg—Vedg=Vghj (7)

In [12], this point was overlooked ; it was ealled to the attention
of the asithers of that paper by A. Craya of Grenceble, I'rance. As
a consequence, their results inelnde the eases for whiclhh F, or G,
15 not at point D, A\ statemient of this fact was made in [28] but
no analytical result was presented.

Eguations (3), (6), and (7) can now be arranged to obtain

i= o= =5 - r (G 1+ [ (D) - v (39)] @

‘;é:;i- %'-',—?+3-f:;>i/<%’%+£f:;>? ®

0
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c. =i (10)

in which

() =20+ (7)Y Juntm (37)

The values of the veloeities 1V and Ve relative to V; in these equa-
ticns must alse satisfy kEqs. (8§) to (7). The two Tuetional rela-
tionships mentioned carlier as the primary objeetive of the analysis
are now replaced by three parametrie equations.

Numerical caleulation of Egs. (8) to (10) yields the graphs

shown in Figs. 3 and 4, or eomparable ones if the coordinate axes
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arc chosen differently. The graphs indicate more elearly, of «ourse,
than do the equations, the flow eonditions possible under the as-
sumptions made. In Fig. 3 the ratio d/6 is shown to be negative
as well as puositive. The negative sign denotes merely that the
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Fig. 4. ConTrRACTION COREFFICIENT FOR THE INFINTTE LATERAL.

downstream eonduit width ¢ is greater than b. As a/b approachcs
zero, a limiting value of =/ (x + 2) for C. is obtained, as shown
on Ig. 4. The ratio of the conduit veloeities is the other parameter
determining ., larger values iudicating less efflux throngh the
lateral and, therefore, greater eontraction,

FXPERIMENTAL VERIFICATION

As mentioned in the introduetion, an analysis |[i2]| was prev-
ionsly made of the manifold with an opeuing in the side ui the
conduit. Comparison of the resvlts of that mvestigation with those
of experiments with an orifice i1 one side of a loek conduit [26]
is made m Fig. 5. The curve, i eaeh of the two graphs, is the
matheinatical relatiouship and the points plotted are the experi-
wenial values. The agreement between the trends of experiment
and hydrodyuamic theory is remarkable, heeause the calenlations
are based on two-diumensional flow, whereas the aetual flow was
detinitely three-dimeusionai.

Although this agreement is heartening, 1t must be viewed as
fu .uitous. The attempt at verifying experimentsily the model set
forth in this paper was completely unsuecessful. In the laboratory
mode!l nsed to verify the theory, the coefficient of contraction
could not be measured. because a reverse edday formed at the
jet surface. The attempi was made therefore, to eorrclate the
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veloeity ratios with the zeometry of the dividing flow. This preved
to be impossibie, 10! e much because the dividing stream surface

by means of the dyve mmjection used. but

beeanse the flow pattern siiowed considerable divergence from two-
dimensional conditions.

Agreement between caleulation and experiment depends on the
physieal apphicability of the assnmptions made in the mathematical
derivatiou. Values shown in Fig. 5 were obtained with free efflux
from a sharp-edeged port. The water jet was thus strrounded by
air, a condition which comes elose te satisiving the assumption of
a veleeity discontinuity mvolved in the free-streamline theory. The

was hard (o determine
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iniiite lateral was. of necessity. a braueh eenduit, and a reverse
eddy vecurred in the lateral beside the jet. Although some experi-
mental cvidenee | 12] exisis which indicates that tor high-veioeity
submerged jets the eddy does mot invalidate the assumption. for
the low-veloelty jet in this experiment the assuniption was hardly
approximated. The tendeney of the lateral to draw a dispropor-
tionate share of low-velocity fluid from the econduit, as observed
by Barton and Escobar [28], mayv also be of importance in this
case.

(ONCLUSION

Of rhe several pessible types of manifold efflux, two were con-
sidered in this paper. For these, the use of the free-streamline
theory of hydrodynamies provided a good approximation to efflux
from a port in the eond.dt but failed to deseribe the flow into a
lateral.

The disagrecement between the limited exp vimental results
and the relationships obtamed from the mathematical analysis
presented in this paper results from the Jack of applicability to
this real flow of the assumptions impiteit i ihe theory. That such
lack need not nullify the use of the theory, however, 1s indicaied
by the results obtained for port efflux. Although other conditions
of real flow may also be compatible with the free-streamline theory,
the rangc of applicability cannot be determined from the limited
evidenee at hand.
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IIAD LOSSES IN MITER BENDS
by
Harry H. \uBrosp*

The sudden defleetion of fiow produced by a miter bend in a
pipe line causes separation of the flmid from the solid boundary
ai the 1mmer juneture of the bend. The resulting eontraetion and
stibsequent expansion of the flow downstream from the bend pro-
duee a dissipation of cnergy which is primarily astributable to
eddy diffusion. The head loss can thus be approximated by the eon-
ventional « quation for an abrupt expansion. In dimensionless form
this 1s

hi ( 1 1% :
——- = - —1] 1
"‘02/ 2g Cc ( )
in which 7;, is the loss in head, V,2/2 ¢ is the velocity head in the
pipe with tully expanded flow, and C. is the ratio ¢f the contracted

VG \l‘\

Fis. 1. FLrLow PATTERN IN A MIiTer BEND.

area to the area of the pipe—a type of coefficient of eontraction.
A sehematie representation of the flow is shown in Fig. 1.

Determinaticn of the eontraction coefficient, therefore, suffices
for an estimate of the head loss. 1t is the purpose of this study te
determine to what degrce the contraction cocfficient of the miter
bend 1 a pipe ean be approximated by an analysis of its two-
dimensional counterpart

The two-dimensienal miter bend (Fig. 2a) consists of three

*Now Assistant Piofessor, Department of Civil Engineering, Uni-
veisity of Tennessee, Knoxville.
73
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TRANSFORMATION Prangs,

semi-infinite planes whieh serve as solid boundaries to the flow,
the remainder of the boundary being a curved surface of separa-
tior: npon which a constant pressure is presumed to act. The plares
BA aud BC forin the outer boundary, interseeting with the deflee-
tion angle « at the point B (chosen as the origin for z = - i y).
The inner solid boundary DA is parallel to BA and scpara‘ted from
it by a distance a. The free surface L€ is a curve and becomes
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-3

(2]

parallel to BC asymptcencally, (ne ultimate thickness of the jet
beinz L. The point of separation D is defined by the abscissa ¢ and
the ordimate a. The dashed line extending downstream from D
represents the pesition of the downstream portion of the mner wall.

Sinee the pressure is assumed to be constart along the free
surface, it tollows that the veloeity aloug the surface wvaries in
direction only. Inasmuch as either the maenitude or the direetion
of the vceloeities along all boundaries 1s constant, the neeessary
requirements for application of the free-streamline theory are ful-
filled.

The provicin can be eonsidered as the determination of the
covfficient of eontraetion C. = b/a In terms of the augle « and
the coordinates of the point of separation D—that is, the definition
of the fnunetion f in (he equation

2= (e ) ' (2)

Mathematieally, however, it 18 more eonvenient to solve for ¢ for
gnen values of the defleetion angle and contraetion coefficient.

The solution parallels that of the paper by Messrs. Siao and
Hubbard since the present problem i1s, i effect, an extension of
the problem treated therein. The flow pattern is first transformed
to the ordimary hodograph by the basie relationship

J J J J

Since the velocity along the free strezamline has the eonstant magni-
tade V;, DC appears as a cireular are in the {-plane. The solid
boundaries become radial lines with their terminal points located
as shown in Fig. 2b.

If the angle a is set equal to =/n, n being an integer greater
than wnity, the flow pattern can be simphified further by the avxi-
hary transformation

{' = (L) = e (3)

In the {’-plane, the entire sohd bouncary falls on the raal axis
(Figz. 2¢).

By means of the method of lnages, the given flow pattern in
the ¢-plane is obtained direetly fr:m the locating of point sourees
of streneth 2a17, at .4 and .42 (&4 = la/b}™ aud a sink of double



i

’n"

76 Frer-SrREAMLINE ANALYSES

strength at . Although the complete pattern is symmetrical about
the real axis, only the lower half of the ¢’-plane is relevant. The
compicx potential s then written immediately :
. 26V bl ;. _
u'=¢+z¢/=‘—;—’ (41 ——ﬂ_fln (¢'—(b'a)n|

b]llnl ._(ab)nlzl)_}r]%2ln ((;ivmi—n_*_l)

~Inlem™—(b/a)"] —In[e™ "—(a/b)n] % (4)

The complex coovdinate of point I? in the z-plane is

w -1 i 2
C+ia=fdz=f—l-ii=j _—e 1
ch

b 17} g_ A (7'. enrn -n+1 eirn (Y;;(b/u)n

1 T nb
o _._..__...___‘ﬁ_ *—] n pnrn {—n—l I ‘- —
AR :N_(a b)n ) (‘n-*— e Zn'n

= _..__.___.1_______ 1 ] n—2 ] (")
i-n . e—-nrn(b/a)n g'n__ e_i’mk(l/b\)“. S ( S- )
Equation (5) consists of the snm of three integrals of the type

1 g-n—? ({ g-

0 g—n —

in which K is a complex constant. Since n is a positive integer the
integration can be completed by substituting for each of these
terms a polynomial expansion of n terms,

g—n—?dg— 1 n—1 e—l 2rn/n o
(-u _I—\T—FK Z ((—/ — et2rr/n i(("l\)

whenee

n—1

v en=2 & 1 —12rx/n
$ (7 Ay S e
= S it (1—-~. )
[0 {"—K» ~ nK e K

If the above relationship is substituted into Eq. (5), simplified,
and separated inte real and imaginary terms, the value of ¢/b is
obtained:
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I 2r+1 /2)4*1
. :z;-m( s r) ]

-+ (g_’:.—_l_:.'f ,,) i (Q_'Llw);h}.:lr‘ 2(“\ =1 7r) ln[l

7 2
—2geos () +(5) Jran(E ) [ et b
HrE e ([ -2 ke (B4 (2]

+ain () [t Eis ) ®

Ior a = #»/2 the supplementary angle o is defined by

y ™ ™
a' =g ——=—
noom
from which
. om
T om—1

If the indieated substitution is made in Kq. (6), the value of ¢/b
corresponding to an angle greater than =/2 is obtained ihivough
sieps differing only in detail from the integration procedure out-
lined above:

—£=lmz_13 (g)—ﬂ-:ﬁ% )lnr —2(,()b<2);:_—17r\)]

—
r=

S e (i

_o(i’) e H(“-W)-i- a\ l—sm(——w) Fi(m)

Nty

e Cim{1-2(2)" i ']
i (%) pui| o

in which
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. (‘21‘ . LT
S \-'—""n' sSin —Eﬂ'}
Fim)=tan- — — , Fj{m)=tan—! -
o e )
(b)“ R ol ('{-‘v)“"l-—me 2T:‘
w o/ b w7

From Egs. 16 and Vo the desived qmnmh ¢ wu for the warmi
cits specific calues of o corresponditie to =2, 3. 4 and m = 3, 4

Fiz. 3. CoxXxTRACTION COEFvICIENTS.
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can be obtamed as funetions of b/a. The results are plotted in
Fig. 2, which 1s the graphical representation of Eq. (2). In par-
ticular  the funetional reianonship between ¢/a and b/a for a = x/2
can be shown to be identical with that obtuined by MeNown and
Hsu [12] for the special case of total lateral efflux from a two-
dimensional conduit with a semi-infinite barrier.

In Fig. 3, for each value of ~, b/a¢ must equal zero for
c/a = cot e. The limit of unity is approached by b/a for all angies
between 0 and = as ¢/a becames very large negatively. With a = 0,
b/a is equal to unity for all real values of c¢/a, whereas for «a
approaching =, b/a approaches zero for all real values of ¢/a.

Superposed on Fig. 3 is the locus of b/a for the especially in-
teresting case in which point I? lies on the bisector of the supple-

h

mentary angle « ; that is, for c¢/a = —cot o’/2. This case defines
T
e Kirchbach [29]
|.2——— © Brightmore * ——
h ° Brabbee :
L e Schubart [30]
Voz/ag |
1.0 i T
‘ . :
08 ~ Weisbach— "i“" ]
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Fic. 4. Heap Loss 1y Miter Bexps of VARIOUS ANGLES.
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the equivalent contruction ceefficient for the usual desigr. of miter
bends.

Finaliy. Fig. 4 shows a plot of head loss in miter bends for
various angles based on the substitution of b/a {from Fig. 3 for C.
in Eq. (1. Included in the figure are typical experimental results
129, 30, 31]. Values for the Weisbach curve 1321 were ealenlated
from ti.¢ empirically determined eguation

hi
Vet/2g

The agreement ¢f experimeidal data with the curve ealeulated
by Iiq. (1) and the free-streamlive theory is good for small to
moderate deflection angles but shows inereasingly poorver corre-

== 0.9457 sin® | + 2.047 sin' 3 (8)

taiion for larger wngles This, however, is iv be expeeted mn view
of the mereasing mportance of the secondary flow pattern and
the resulting sceondary losses with inereasing bhend angle.
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