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Abstract 

The elastic constants of single crystals of dilute solutions of 

Al, Si, Zn, Ga and Ge in Gu have been determined by the ultrasonic 

pulse method. Alloying causes a decrease in all the fundamental 

constants, C^, (C-^-C]^)^ and (G11
+2C^2)/3> the relative decrease 

in (Gi2~Gi2)/2 being the greatest. The changes in shear constants 

Cu, and (C,-,-C-,2)/2 have been interpreted in terms of the known 

electrostatic and ionic contributions to these constants for copper,, 

The large decrease in (Cn-C^V^ is attributed to the change in 

ion-ion interactions upon alloying. The electrostatic shear stiffness 

of an alloy is found to be nearly equal to the electrostatic term for 

copper times the square of the electron atom ratio. 
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Introduction 

The elastic constants of a single crystal are of interest 

because of the information they give about the nature of the binding 

forces in solids. The elastic constants of some simple crystals have 

been investigated both theoretically and experimentally. 
1 

Of interest here is the calculation of the elastic constants 

'*' K. Fuchs, Proc. Roy. Soc. A l£3, 622 (1936); 157, khk  (1936). 

2 
of copper from fundamental principles and the recent dynamic 

^    D. Lazarus, Phys. Rev. 76, 5U5 (19U9). 

measurement of these same constants. More recently, one of the 

authors- has investigated the elastic constants of a ^u-U^ Si 

^ Charles S. Smith and J. W. Burns, Appl. Phys. 2k,  15 (1953). 

single crystal and has interpreted the change in shear constants 

starting from Fuch's theory of the elastic constants of copper. The 

present work is an extension of this type of analysis to other copper- 

alloy single crystals. 
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Experimental Procedure 

Copper alloy single crystals were prepared in a manner similar 

to that previously described^. Briefly, the method, -which is a 

''**    Neighbours, Bratten, Smith, J. Appl. Phys. 23, 389 (1952). 

modification of the Bridgman technique, is to slowly cool a hydrogen 

atmosphere furnace through the solidus point of the alloy, the alloy 

charge, contained in a graphite crucible, being nlaced in a region of 

high temperature gradient. 

The alloys were prepared by melting the solvent in a large 

graphite crucible and then rapidly adding the solute. Except when 

adding the solute, the carbon crucible was covered, thus ensuring a 

reducing atmosphere. After holding the charge at an elevated 

temperature for some time, a portion of it was cast into one of the 

small crucibles used for crystal growth. The cast ingot was cleaned 

in nitric acid and the inside of the graphite crucible was polished 

smooth before the ingot in its crucible was placed in the crystal 

growing furnace. 

After removal from the crystal growing furnace, the ingots 

were etched in nitric acid to develop any grain boundaries. A back 

reflection Laue photograph taken with the x-ray beam parallel to the 

cylinder axis of the ingot determined the orientation of the ingot. 

A small cylinder to be used for the acoustic measurement was then 

sawed from the ingot using a thin water-cooled abrasive wheel. The 



end faces of this cylinder were surface ground until flat and 

parallel and then given a metallographic polish. Two small disks 

were also sawed from the ingot adjacent to each face of the 

cylinder. Chemical analyses of these disks by the James H. Herron 

Company gave an accurate determination of the composition of the 

cylinder. 

The longitudinal and transverse acoustic wave velocities were 

measured by the pulsed ultrasonic, method^. The crystal cylinders 

&'  H. B. Huntington, Phys. Rev. 72, 321 (191J7). 

were cut from selected ingcts with their axes as close as convenient 

to the LllCu direction. Near this direction the fundamental shear 

constants are measured nearly directly and the numerical reduction 

of the data converges rapidly. 

After the velocity measurements had been completed on a crystal 

cylinder, one of its polished faces was electropolished to remove the 

cold worked surface layer. A back reflection Laue photograph was then 

taken from this polished face and orientation of the crystal cylinder 

then determined using the least squares method^. 

The elastic constants of the crystal were then calculated using 

the approximation method . The results of these calculations for 

(6) 
J. R. Neighbours and Charles S. Smith, J. Appl. Phys. 21, 1336 (19^0). 

various copper alloys ar3 shown in Table I, where Zener's notation for 
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the fundamental shear constants C = C«i and C = (C-...-C- _)/2 has been 

used. Also included in Table I are the elastic constants for copper „ 

In order to calculate the elastic constants for a given crystal, 

one must also know its density. The densities used to obtain the 

elastic constants in Table I were computed frcn the composition as 

determined by chemical analysis and the lattice parameter-composition 

7 
data in the literature „ 

(7) 
Abstracted in K„ Polmanteer's Master's Thesis TM 6^ (1OI?0) Case 
Institute of Technology. 

Several things are evident upon examination of Table I. In 

general, all three fundamental elastic constants, C, C, K  decrease 

upon alloying. This is in qualitative agreement with the work of 

8     9 
Smith, Koster and Rauscher in which Young7s modulus was found to 

^8' A. D. N. Smith, Journ. Inst. Met. 80, U77 (19^1). 
(9) ~~ 

W. Koster, W. Rauscher, Z. Metalkunde 39, 110 (I9i*8)0 

decrease when a solute was introduced into copper. The constant most 

affected is C, where the percentage change upon alloying is about 

five times as great as for the other constants. The elastic anisotropy, 

C/C, increases with comoosition upon alloying, increasing relatively 

faster for the higher valence solutes. 
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Measurement of the acoustic wave velocities is felt to be good 

to 0.5 percent. The elastic constants appearing in Table I are then 

thought to be good to 1.0 percent,, since the square of the velocity- 

enters into the calculation of the elastic constants. 

In the course of growing these alloy crystals, some crystals 

resulted in which segregation was evident. These segregated crystals 

were all characterized by the following? 

1. A wood-grain like appearance on the sides of the 

ingot and appearance of a fine rectangular grid 

on the polished faces of the crystal cylinders. 

2. Attenuation so high that accurate velocity measure- 

ment was impossible. 

3. uniformly poor back reflection Laue photographs. 

These segregated crystals were useless for the elastic constant work. 

Many specimens were produced, however, without these three obvious 

characteristics although there was no ma,ior change in growing technique; 

such good specimens were used for the present work. It is felt therefore 

that the results of this paper are descriptive of alloy crystals of at 

least small segregation. 
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Interpretation 

Fuchs' theoretical calculation1 of the elastic shear constants 

starts by -writing the energy per atom of the crystal as: 

U - U + U • U (volume only) (l) 
5   X 

Here U_ represents the electrostatic notential energy of an f.c.c. 

structure of positive point charges imbedded in a uniform negative 

charge distribution. The term IL. is the repulsive exchange interaction 

energy between closed shell ion cores. 

The shear constants C» C and C = (C -C_ )/2 are calculated 

by imagining an appropriately strained crystal, calculating the 

energy in the strained state, and differentiating twice with respect 

to the shear strain. Only the energy terms IL, and UT contribute 

to the elastic shear constants since the other terms are assumed to 

be functions of volume only. The resulting four terms have been 

called the electrostatic stiffnesses Cg, CX  and the ionic stiffnesses 

C-r, C|o The electrostatic stiffnesses CU, CX  are the contributions 

from the electrostatic energy to the elastic shear constants C and C'. 

In the actual calculation of the electrostatic stiffnesses, the only 

contribution10 is from the lattice of positive point charges, the uniform 

(10) W. J. Price, Phys, Rev. 72, $1U (19h7) 

negative charge distribution not contributing to the shear constants. 

The ionic stiffnesses are the contributions to C and C • from the ion 

exchange energy. The numerical results of Fuchs are C = 0.2^7, 

C' » 0.0286, C = 0.63, C| » 0.225, all in units of 1012 dyne cm"2. 

f 



are 

The analytical results of Fuchs for the electrostatic stiffnesses 

C    = 0.9ii78(2e2/ali) C» = 0.1058(2e2/al4) (2) 

where    a    is the lattice parameter. 

The ionic stiffnesses may be written as 

Cj - 2a"3y(y-3)W C » a"3y(y-7)W        (3) 

where W is the repulsive energy of a single pair of ions which has 

been assumed by us to have the exponential form (W = Ae~r//>). 

Some simple assumptions,-^ about the effects of alloying have 

been made previously in considering the elastic constants of a copper- 

silicon alloy. The electrostatic stiffnesses contain the charge 

squared, and it is reasonable to assume that these terms for the aiiqy 

will be given by Eq{2), multiplied by a factor Z . This statement may 

be regarded as a definition of Z which for the moment may be regarded 

as an empirical parameter. 

Eq(3) shows that the ionic stiffnesses are proportional to the 

bond energy W. Simply then., in the dilute range, the effect on these 

terms of adding solute atoms would be proportional to the number of 

solute atoms added, that is to the atomic concentration, 0<, The 

proportionality constant, denotedOC, will then be an empirical 

parameter which measures the ionic effect. Since the exponential W 

will control both these terms, a single parameter Of has been assumed 

to be adequate. 
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According to the above then, the shear constants for the alloy 

will be given as 

C = C Z2   +  C (1 t ax) 
E I 

C = C'Z2   •   C  (1 + ax) (U) 
E 1 

The changes in elastic constants due to alloying will be, of 

course, 

A C = CE(Z
2 -1) • ^ax 

Ac'.^(Z2-l)+C|ax (5) 

However, all of the solutes considered expand the copper lattice 

unon alloying, some more than others. From Eq. (2) it may be shown that 

the changes in the electrostatic stiffnesses due to a change in lattice 

constant are 

/CE/CE » -fc/a/a ^E^E 
= "^a/a (6) 

Similarly-? the changes in the ionic stiffnesses are 

/CJ/CJ = -17.8/a/a      $Z{/Z{  « 17.3&/a (7) 

The change in the shear constant due to a change in lattice 

constant would then be the sum of the changes in electrostatic and 

ionic stiffnesses. The difference between this calculated change 

oicLng to lattice parameter change and the observed change in elastic 

shear constant is ascribed to the effect of alloying per se, i. e., the 

insertion of foreign atoms into the lattice. These latter differences 

are the quantities AC and AC which have been used in Eq. (?).  Similarly, 

the ionic and electrostatic stiffnesses introduced into Eq. (5) are those 

for a^ expanded lattice, calculated according to Eq. (6) and Eq. (7). 
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Thus, in recapitulation, the values for AC, &C, Cg, Cg, C-J-J 

C' are all adjusted for the change in lattice parameter upon alloying. 

When these values are introduced into Eq. (5>)»Z andtr may be determined. 

Then the values of Z and » which appear in Table II are expected to 

be characteristic of introducing solute atoms into an expanded copper 

lattice. Thus they describe the effect of alloying alone. 

From inspection of Table II, it is clearly evident that the 

empirical parameter Z very nearly equals the electron atom ratio q5 

and one is justified in concluding on an experimental basis that these 

quantities are equal. One would expect the parameter a  to be nearly 

independent of composition for the specimens in a given alloy system. 

We feel that Table II shows that «• is indeed independent of composi- 

tion within the experimental error. Thus the reasonable behaviour of 

both parameters is held to be justification for the present empirical 

analysis. 

The experimental values of Z and « are a synthesis of a large 

number of physical quantities coming from both experimental and theo- 

retical sources. It hardly seems profitable to discuss in detail the 

accuracy of the final parameters other than to say that it is felt that 

(Z -1) and &  are good to about five percent as implied in Table II. 

The chemical composition is probably the most important single measure- 

ment entering into these results appearing as it does in the density, as 

a coefficient ofa , and in q the quantity with which Z is compared. In 

this connection it will be noted that in the Cu-Ge alloys Z departs most 

markedly from q, and that « is exceptionally high. A higher Ge composition 
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would put both parameters more nearly in line with those for the other 

alloys. The chemical analysis of these specimens was however repeated 

with essential agreement with the first analysis and the results are 

reported as found. 

This analysis has been carried out with Fuchs' theoretical stiff- 

nesses as the starting point. The electrostatic terms are reasonably 

sure both physically and in respect to agreement with experiment, 

notably in the case of sodium. The theoretical ionic terms seem to 

us to be quite questionable, however, both from the point of view of 

the original theory, and because they do not in fact give the actual 

ylastic constants of copper at room temperatures. (The agreement at 

absolute zero is probably better.) However, there seems to be little 

doubt tl.at physically the two effects, electrostatic and ionic., are 

present and that the ionic effect enters in about the relative magnitudes 

of the Fuchs' values, and that it varies rapidly with r as supposed here. 

These properties are all that are actually required by the present 

analysiso It actually makes little difference, for example,, whether 

one makes the lattice parameter correction or not,, or whether one  uses 

the Fuchs' ionic stiffnesses or empirical ones obtained by subtracting 

the electrostatic terms from the experimental constants of copper. 
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Discussion 

It was first pointed out by Jones^ and Hume-Rothery-'-'- that the 

t*11)  H. Jones, Proc. Roy. Soc. A lUU, 225(193U). 

'  ' Hurae-Rothery, Mabott and Cheiinel-Evans, Phil. Trans. Roy. Soc. 
A 233, 1, (193U). 

electron-atom ratio q is the important quantity determining the limit 

of solid Solubility in these alloys and in others.  The electron-atom 

ratio here again appears to have an important role, this time determin- 

ing the electrostatic stiffnesses of these alloys. 

The electrostatic shear stiffnesses of pure copper were calculated 

by Fuchs on the basis of an assumed model of positive point charges 

imbedded in a uniform valence electron charge distribution. Our result, 

thatZ. - q, can be shown to be reasonable as a first approximation, by 

extending the Fuchs' model to the substitutional alloy. The alloy picture 

then is that of an array of positive point charges imbedded in again a 

negative charge distribution which is uniform at a density now of q 

electrons per atomic volume. The positive charges statistically have 

the value V^ • 1, the solvent valence, and Vg the solute valence. As 

previously stated the only contribution to the shear stiffnesses is from 

the point charges when the negative charge is uniformly distributed.  The 

Coulomb energy of the positive charges will be a sum of terms VjV-j/Rji 

which must be differentiated twice to give the stiffnesses.  If we con- 

sider all pairs of ions at a given spacing R. . and in a given orientation, 

it is easy to show that V^Vj = q . This conclusion holds for all sets of 

pairs and hence the electrostatic stiffnesses of the model are given 

o 
directly by C = C0q , and therefore Z • q. The important restriction of 

this argument is that the valence charge must be uniform. 

••f *». 



With the experimental result that Z » q in mind it is tempting to 

reverse the above reasoning and conclude that the valence electron charge 

is indeed uniformly distributed in these copper alloys. The validity of 

the reverse reasoning is questionable, and the resulting conclusion is 

obviously false on physical grounds. It has been long recognized that 

in a substitutional alloy the valence charge must pile up in the vicinity 

of the more highly cnarged solute ions, effectively screening their excess 

TO 
charge in part J. With the solute ion charge partially screened one would 

(Vi\ 
N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys (Oxford University Press, London, 1936) p. 8?. 

be led to expect as a second crude aoproximation of the model for the 

alloy that 2 should be less than q„ Hovever such considerations take no 

account of redistribution of the screening charge and the resulting 

nossible stiffness contribution when the crystal is sheared. In any case 

the present results indicate that if anything Z is slightly greater than 

q. The problem of interpreting the observed Z's in any but a crude manner 

•would appear to be difficult. We are inclined to avoid a definite conclu- 

sion, merely commenting that the present result suggests to us a more 

uniform valence charge distribution than ve had supposed beforehand. 

The values of 0< appearing in Table II arc all negative. This behaviour 

is reasonable since it is the ion core interaction which must be considered 

in the stiffness equations, and the solute ion cores Zn , GaJ, and Ge  must 

surely be smaller than Cu . For this series of ion cores the electron 

configuration is identical with only the nuclear charge changing in the 

series. The ion cores kr^    and Si•* have a different electron configura- 

tion from ZXL**-    but the net ion charge makes for a smaller core with these 
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solutes also. Hartree calculations have been carried out  for the ions 

*  ' D. R. Hartree, Reports on Progress in Physics, 11, 113, (19U6-h7). 

Cu , Ga*-' , Al*, Si* and confirm these statements. The charge distribu- 

tions for all three solute ions are smaller than Cu j Si+^ is smaller than 

Al+^j- and furthermore Al+J is smaller than Ga~ . 

The parameter a  is increasingly negative in the sequence Zn, <••» .  Ge 

and in the sequence Al, Si as previously predicted-' on the basis of just 

the reasoning quoted above. However, a also decreases in the order 

Al, Ga and in the order Si, Ge, contrary to the previous prediction and 

contrary to what one would expect simply from the sizes of the Hartree 

charge distributions for Al"*"^ and Ga^, 

One model used by Smith and Burns for estimating the empirical 

parameter a  is to assume that the solute-solute and solute-copper inter- 

actions are all zero and that thp--e are no local distortions.  Then ct 

simply measures the number of broken bonds and should equal -2 for this 

model. The value --2 is then a lover limit on tfj considering the solute- 

solute and solute-copper ion interactions to be only weakened, rather 

than broken, would have the effect of raising Ot above this lower limit. 

In fact, the values of tt  for the solutes Si and Ge surpass this 

lower limit. In itself, this is not too surprising, in view ot" the simple 

picture presented. In this picture, moreover, the low values of a  can be 

easily understood as being due to movement of the nearest nejphbors of the 

solute ion 3, 

The ideas presented here represent a somewhat different approach to 

understanding alloys. In contrast to the idea of atomic diameter, one 

•'> ». 
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thinks instead of ion core diameter. That this is actually different 

can be seen -when one considers substituting a solute atom such as Zn 

into the copper lattice. In the usual atomic picture, the Zn atom 

which is supposed to be larger than Cu would produce local compressions, 

whereas the ion core is expected to be smaller than the Cu ion and would 

then produce a local tension. Thus the nearest neighbor movements would 

be opposite in the two cases. 

Summary 

The elastic constants of several cooper alloy single crystals have 

been measured by the pulsed ultrasonic method. The changes upon alloying 

have been interpreted with regard to two parameters, Z and a. The elec- 

tron atom ratio and Z have been shown to be nearly equal experimentally0 

The ionic parameter a  is found to be smaller (larger absolute magnitude) 

as the solutes nrogress to the right in the periodic table. 
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Table I 

12       -2 
Elastic constants of copner alloys in units of 10   dyne cm  . The 

elastic constants of pure conper as measured by Lazarus are also 

included for comparison. 

Atom 
Composition -1 

Alloy      (percent)    C = C),)(    C«=    (Cn -    C12)/2      K    " (cll*2c12)/3    c/c' 
Anisotropy 

Cu 

CuZn 

CuAl 

CuGa 

CuSi 

CuGe 

h.$9 

U.81 
9.98 

1.58 
U.15 

U.17 
#5.16 

7.69 

1.03 
1.71 

0.756 

0.7142 

0.7U9 
0.766 

0.7U3 
0.7U1 

O.7I18 
0.719 
0.71(1 

0.750 
0.750 

0.237 

0.221 

0.221 
0.209 

0.229 
0.221 

0.218 
0.210 
0.197 

0.228 
0.222; 

1.396 

1.339 

1.363 
1.316 

1.3U5 
1.357 

1.387 
1.^28 
1.395 

1.362 
1.^32 

3.19 

3.36 

3.39 
3.66 

3.25 
3.36 

3.b3 
3.56 
3.6? 

3.29 
3.35 

#The elastic constants of this alloy crystal have been resorted previously^. 

However a new chemical analysis shows that the composition is actually different 

than previously stated. The composition is used to calculate the density and 

hence the elastic constants so these quantities have been changed corresponding- 

ly in the current listing. 

-•* . 



Table II 

The parameters z and a for copper alloys 

Alloy 

Composition 
(percent) 

CuZr. lu59 

CuAl h.81 
9 = 98 

CuGa 1.53 
U.15" 

CuSi U.17 
5.16 
7.69 

CuGe 1.03 
1.71 

-1.0 

-0.9 
-0.8 

-l.U 
-1.0 

-2.5 
-3.0 
-3.0 

-3.6 
-3.3 

1.08 

1.11 
1.25 

1.03 
1.09 

1.13 
1.18 
1.25 

1.06 
1.09 

q,  electron- 
atom ratio 

1.05 

1.10 
1.20 

1.03 
1.08 

1.13 
1.16 
1.23 

1.03 
1.05 

••f 
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