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ABSTRACT 

The general algebraic properties of ecattering parameters are dis¬ 
cussed with respect to their application to lumped, linear, reciprocal net¬ 
works. A basic definition is given for the reflection factor of a two ter¬ 
minal network and this is then extended to n-terainal pair networks where 
the relevant descriptive tool is the scattering matrix. The normalisation 
of the scattering matrix is presented and power transfer through n-ports, 
and the properties of maximum output and biconjugate networks are shown to 
be simply described in terms of this normalised scattering matrix. 

A final section discmseee the basis for applying the scattering 
formalism to network synthesis in ths frsquenoy do!‘*'n by giving fundamsntal 
network realisability theorama in terms of ths scattering matrix. 

à 

% 
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I. Application of Scattering Parttftjterg 

Either the abort or open circuit parameters of an n-port (2n ter¬ 
minal pair) (l) completely deacribo the properties of the network. However 
in many instances it is convenient to choose one or the other set ol ouanti- 
ties depending on the type of problem being considered. For example if the 
voltage is required at an open-circuited i™1 pair of terminals with current 
specified at the Jth pair of terminals one immediately has Vj-Zjj if all 
terminal pairs art open circuited. Che required voltage is vary siftply found 
becaTM« the network ia operating under conditions which precisely correspond 
to thoa*. aider which t.»t open ¿i-.uit iaqpednnoe matrix naj be defined. 
Cleai'ly the short circuit admittances ctold have been used to write the re¬ 
quired relation i.e. where Ay is the determinant of the ï 
matrix, and Ay_« is the Jl th SofaCtor of that deterudnant. However this 
would be a poorJchoice and would needlessly complicate the formal algebra. 
The admittance or impedance quantities can in fact be used to compute the 
performance of a network under any sort of terminating oonditions, but as in 
the above example, if the network functions in a special fashion one or an¬ 
other of these coefficients provides a particularly simple description of the 
network operation. 

The choice of a simple formulation is particularly important in 
theoretical studies whers important properties of the network may be obscured 
by complioated algebraic equations. The scattering parameters of a nstwork 
are a sst of quantitiss which can dsscribe the performance of a network under 
any specified terminating conditions Just as the impedance or admittance 
quantities, but whsreas the scattering cosfficients may not be particularly 
convenient for short or open circuit computations they may be applied in a 
relatively simple fashion when the network is terminated in a real load im¬ 
pedance. Thus questions of power transfer from e finite impedance generator 
to a resistive load are frequently best handled by scattering relations, and 
it is posalbla to daduoe important gsneral theorems for this kind of operation 
which are hidden when impediace or admittance quantities are used. Practiowl 
applications occur in problems concerning filters, equalizers, matchirg^net¬ 
works, and balanced networks. (The Wheatstone bridge is a simple example of 
the latter type of network). The scattering coefficients were first ¡mentioned 
by Campbell and Fcsterv«), in 1922 and were more completely exploited eoently 
in connection with transmission line problems including the non-reciprocal 
case. (3)(u)(5) Thie is because the relation batwscn reflected and inciiert 
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wave amplitudes on a transmission lina in a linear sat of equations whose 

coefficients are scattering parameters. 

It was, in fact, the stimulus of the waveguide investigators which 

has lead to a renewed interest in the application of scattering coefficients 
to lumped circuit*.(o)w)(lO)(ll) 

One final property of the scattering parameters should be mentioned. 

Many networks have no impedance matrix (for example a four-pole consisting of 

a series impedance and a ground wire) or no admittance matrix (a four pele 

consisting . f an element with two terminal pair" connected in parallel across 

it) or neltner (an ideal tranaformer). "owever every physical nstwork has a 

scattering matrix. This fact ia useful in stating general theorems which 

apply to all networks with no special exceptions. 

II. Scattering Relatiohs for a One Terminal Pair Network (One Port) 

The scattering coefficients express the relations between incident 

and reflected voltages or currents. These quantities in turn may be defined 

in terms of the conventional voltages and currents at the scoeesible terminal 

pairs uf a natwork. In Fig.-l the voltage and current at the oua accessible 

terminal pair of a 1-port (one terminal pair or driving point impedance) is 

Indioated 

* 
A * •vri 
I I 

4*0- 

-* 
-- V 

*4 
-o- 

Ii 
lr 

It 

Flg.-l Definition of scattering quantities 

The total voltage V; and current It are asperated into incident and 

reflected components polarised as shown in the figure. The subscript 1 is 

for "incident”, and r for "reflected". In terms of these oomponenta the vol¬ 

tage and current are given as I 

Vi+ Vr (1 

h “ I. 
I (2 



R-366-5U, PIB-jOO 3 

These two aquêtions only partially define the components. In 
addition one needs relations between Vj and 1^, and Vr and Ir. It is con¬ 
venient to make incident and reflected currents proportional respectively 
to incident and reflected voltages. Thus a useful definition is 

(3 

Here the incident current Into the network (this is the positive senne of 
Ij polarised i*s in Fis-.-l) is multiplied fcy a proportionality constant ZQt 
whiui. may be r„ l õonçlex to ?.. is termed the "normalization 
number". Thera is usually some preferred value of Z0 dictated by the pro¬ 
blem at hand but as far as the general definitions are concerned Z0 is coei- 
plstely arbitrary tho’jgh it must be chosen in advance. 

The relation between reflected quantities is defined ast 

Here, in line with the physical sense of the word "reflected", Vr is made 
proportional to the incident current polarized outward "rom the network. 
Figure 1 indicates that the positive sense of Ir is Into the network» hence 
the minus sign in equation U for outward lr. 

Equations 1 to U completely define the incident and reflected com¬ 
ponents in terms of total voltages and currents, since they constitute an in¬ 
dependent set of U equations in the U unknowns, Vj, Ij, Vr, Ir. To solve for 
the voltage componente substitute equations 3 and U into 2, and add after 
multiplying by Z0. 

(5 

If the equations are subtracted one obtainst 

(6 

Applying 3 and U to equations > end 6 leads to 

(7 
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I r 
(3 

F±am*«s 2 «Ü 3 shows a methoa for measuring tha ançlitudes of incident 
and reflected voltage conponents determined direotl? from equations b and ö. 

V= Vi 
Fig.-2 

H T.. 

v=V, 
Fig.-3 

Measurement of incident and reflected voltages. 

Tha scattering coefficients define the relations between incident 
and reflected quantities. The voltage scattering coefficient for the net¬ 
work of Fig.-l is obtained by dividing equation 6 by equation 5* 

Vr V2©1! w; 
If nua»ra;or and denominattr are divided by IT, the tntal current 

(9a 

Inverting thia 
1 + SV 

2 r“~5^ 
(9b 

i 
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’T 
wh«re Z - io th« Input imp«!anca. 

The current scattering coefficient ie 

T7! 

and 

z - z 
0 r .-sV-^r 

"• » 2 
1 - 

1 ♦ s] 

(10a 

(10b 

The quantities 3' end 8" are also known as voltage and current reflection 
factors respectively. 

Observe from equations 9 and 10 that if Z0 is real and Z is purely 
imaginary 

and 

.V JX - Zo _ _ .12tan-1 -Zo 
8 TTTTT * TT 

SI „ . #j2t«-1 Jo 

(11 

(12 

The asplltude of the reflection factor in this cess is unity. On 
the other hand if 1 - Zo the reflection factors are sero. This latter case 
is known as matched operation^ and it is clear that the reflection factor is 
a quantitative me asure of the ^aviation of the impedance Z from ue/tohed con¬ 
ditions. 

The incident and reflectad quantities delivered by a generator with 
an arbitrary internal Impedance into an arbitrary two-terminal network (the 
network may contain active elements) will now be computed. Fig.-U shows the 
equivalent impedance and Thevenin generator of the two terminal network* 

© 

Thevenin equivalent of 
'arbitrary one-port. 

Fig.-U Generator feeding arbitrary 1-port. 

T 
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From an inapection of FJg.-U. 

V_ - VT 

‘i ' 

’t 
(V. -’t.) \ -. ^ ♦ VL 2i _JS__ + Vr * a. a. 
ZK% L 'g V ^ 

Applying eqmtions 5> and 6» 

1 rVL * V« (,r - h) Z0 1 'i-i J 
1 
7 

V*L - Zo> - VL (2g - 

zg * h 
(13 

Vr‘i 
- Zo> ^ VL (zg » V 

h'h 

Both Vi and Vr are fvnctiona of the generator inçedanca, the 1' aa, 
aiid the Thevlnin voltage. If, the load la paaeive VL - 0, ana the ratio ^ 
la preciaely the value given by equation 9, * function of the load *i 
impedance and 

If the normalization number X0 ia choaen equal to Zgl the incident 
voltage from equation 13 becomea 

V ~l 
vi 2 Ca0 • Ç (15 

and in thia caae ia not a function of either the load impedance, the gener¬ 
ator Impedance, or the active elementa in the arbitrary 1-port. 1'ne generator 

■V v 
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may then be termed a "matched generator". If the generator and load in ihe 

passive case (Vl“0) are both matched (2g*'ZL"Z0), the reflected voltage in 

sero and the impressed voltage Vf across the load is precisely equal to the 

incident voltage V/2 - 

It is sometimes useful to consider a passive load with current 

flowing in it as a generator of incident voltage. In Fig.-5 such a load is 

shown. To compute this as an equivalent generator the total flow of current 

out of the load is used. This is -It * It 
T 

o-rr—,.--:-1 - 

z, 
T'T 

V V Yt 

Fig.-5 Load as an equivalent generator. 

Than applying equations 5 and 6 

and 

vi-i 

.’i r. 
^ L1 • 

F* r 2 
Vr“5- [1 + 2J 

From 3 and U, I, and Ir out of the load are given by 

(16 

(17 

li'K [ 
(18 
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I r 
(19 

Thar« ia no generation of Vi or Ij if the load impedance Zt is matcned to Z0. 
For the miaBatched oaae the equivalmt generation of incido.it quantitiea ia 
given by equation« 16 and 19. Thia concept will be found useful in the dia- 
ouaaion of networks with a number of terminated parta. 

It waa pointed out that the scattering relations find useful appli¬ 
cation lí. .ha atudy of powsv tiancier. Accordingly it is i-port,ant to com¬ 
pute the power in a load in tema of incident and reflected quantities. 

Tha complex power delivered to the load of Fig.-l ia 

V * VT IT* ■ (Vi ♦ Yr) (Ij* ♦ Ir*) 

Substituting equations 3 and 1/. 

* • ¡V \] fi’- »r*l 
lo !- J ^ -* 

■h [¡’il2* l'rl2 * 
o 

with Im - "Imaginary part of11 

“ r • °o ' J Bo ‘ ^ 

Than 

-0„ il’ll2- l'r|2 * ^O1* ‘Vi*1 
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i 

In tar^s of th« ourr«nt oonpor«nti 

(21 

with ie-Re*áXo 

Th* raal power take* or. a particularly single form if tha normaliilng number 
Zo is real l*e. io ■ B0 ■ 0. 

Tha real power ia then 

P.«.«(“ 

If the incident and reflected powers are defined as 

f, - 11,1* *o - i*,!* (2 

Pr ■ U,!* R0 - I»,!* o0 <sl 

Then referring to equation 22, If and only If Z0 1* real. 

P ri (25 

It is clear that this simple relation will not apply to the general case of 
equations 20 and 21, with Pj and Pr defined •- In aquations 23, 2U. 

If ïy - S* I4, and V. - 3V Vj are substituted in equation 2**, and 
then into equation 25 one has tz0 real)» 
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0 
o 

(26 

Again it must ba annh&nised that this ia only true If Z0 it raal. 
In thia Cí*»> \.h<ò maximan value ox L' occurs whan |glf „ jg|V _ ^ i.a. th*» 

matched loadcaoa (Sea «•;» 'i6) snd then 

PMAX “ Pi (27 

If the ganara<.or supplying the load in Fig.-U has a real internal 
impedance and the normalitatior number R0 la chosen to equal thia then if 
equation Z) ¿a substituted in aquation 2? with Vj given by aquation 15 aa V 

pmai “ nr (29 

and thia occurs «han the load la matched to RQ. 

Pj is tharafora the power delivered from « matched generator into 
a matched loao (the so-called "available generator power"), and aquation 26 
directly measures the deviation from thia value of power in terms of the 
squared amplitude of the load reflection factor.. 

One final point should be made in connection with the scattering 
properties of a one port. It is convenient to normalise all impedance quan¬ 
tities to the number Z0, This will give a «at of equ.*;wiona whose fora Is the 
eame as would occur wlth Z. " 1. Thus the equation for the voltage ^flection 
factor (19a) could be written 

(29a 

where d “ 1* the load impedance normalized to Zq. Similarly aquation 
o 

9b becomes 
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1 ♦ S (29b 

To find th® true load impedance írom eq. 29b one must multiply ^by ü0. 

As an illustration of scatfering confutations for a 1-port suppose 
it is desired to construct an infedance which provides a variable phase angle 
with constant power absorbing properties. From equation 26 this requires that 
jgVj , K a constant. 

The equation for the normalized mpedance is given by using eq. 29b 
with Sv ’• K sJ* where * is variable. 

■\ . 1 " K tj* 

& 1 - K 

when * - o, ^ "n* }18 rrr the p*olProcal of 018 
value for #-0. The locus of £ i* in fact a circle as shown in Fig.-6a. 
Figure ób shows the corresponding reflection factor locus circle. A network 
with this locus is shown in Fig.-6c. 

n . 1 - % n +. R » i_ - 
«i m » «i k2 ïç » 

so that Rg - ^ ^ • 

Ü- 
1 K* 

c) Network for loci of a) and b) 

Fig.-6 Constant power absorbtion, variable phase network. 
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III. 3caU«rlng Relation» In an N-TermInal Pair Network (N-port) 

Th« somit«ring relationahipe d«riv«d in ««otion II may ba carried 
orar in very similar form to the analysie of n-ports. The basic change is 
the replacement of scalars by matrices. 

Consider the passive network N of Fig.-7* 

Fig.-7 Relatione in general K-Port. 

It is presumed that each accesible terminal pair can be energised 
with voltage and current ..., ^Tl, ^12, .. J ^•nc* aao^ tar 
minai pair the incident and reflected components can be found. Thus for the 
Icth pair 

Tk \i + Tkr 
(30a 

^Tk " ^i ^ ^r 

Tki "* *oR Sei 

(30b 

(30c 

kr 
- s ok Sir 

(30d 

« In the remainder of the text capitals generally represent matrices, and 
lower case scalar elements. 
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The normaliaing number z0k may be different for each nort. 

Each reflected voltage will be found aa a linear combination of 

all the incident voltageu. A convenient way to set up the complete system 

of all the linear equations for the is to make use of equation I5 which 
shows that if a matched generator is used (i.e. internal generator impedance 

equal to the normalising number) the incident voltage is one half the open 

circuit voltage of the generator. In Fig.-7 therefore the network N is 

shown excited at its various parts by a system cf generators with voltages 

v^^ v^... and internal impedances SqI, Bo2f••• e,Ta8‘'- arbitrarily aa- 

aigr.au"n; ,¿allzing nuabara* 

At the typical k^*1 port the situation is precisely the eame as 

that in Fig.-U, with the excitations at all ports except the kth combining 

to give an equivalent Thivinin circuit at the kth port. The incident vol¬ 

tage at this port due to the generator is therefore by equation 15* 

ik \/2 (31 

Suppose now the network N* shown in Fig.-7 ia considered. This 

ie formed by connecting the internal generator impedances to the network 

N aa shown in the figure. The network N1 will be termed «the augumented 

network". Suppose the admittance matrix of this augumented network ia I. 

Than A 
Ij-^V (32 

where ia the matrix of currents into the ports, and V is the matrix of 

generator voltages. 

1 *T1 

Tk 

At each port 

v’flc “ vk ‘ 8 ok 4Tk 

or in matrix notation 
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whir« Z0 is a diagonal matrix of normalization nimbara i 

*ol 0 0 ** 

0 *02 0 

0 0 z 
03 

i : 

L- 

(3U 

Substitut« aq. 32 into 33 

V- - V - ¿ Ç V 
T o 

Now net« that tha matrix form of aquation 31 is 

’l '7 * 
and .raplaca V in aquation 35* 

VT - 2V4 - 2Z0 ï Vj 

Tha matrix form of aquation 30a is 

or 

V- - V. V 
T i r 

Vr - VT - v4 

Raplaca by aquation 37 

- 2V. - 2Zft I V. - V. • TI - 2Z v4 r i oiiu o -1 l 

(35 

(36 

(37 

(38 

vhara 1 is the Identity matrix* 



R-366-í>U, PIE-300 15 

Equation 36 la tha required relation between reflected and incident 
voltages, and the voltage scattering mat.rür is given byi 

V ^ 
3 - I - 2 Z T 

Û (39 

So that the general scattering equation for an n-port takes the formt 

V « S V. 
r i (Uo 

to giver 
The matrix form of eqs. 30c and 30d may be substituted into eq. UO 

- Z I - S' I. 
or o i 

!r . . 2(>-l s’ 2„ I4 (a 

or 

Ir - S I, (U2 

with 

s1 - - Z ^ SV Z 
O 0 U»3 

1 V 
In getieral the matrices 3 and S are not the negatives of each 

other but if the normalising numbers for all the ports are identical and 
equal to the scalar s0 thsnr 

s1 • - r 1 s71 - 3', ,oi.,oI....,o (,.,. 

Equation UO represents the set of linear- equations: 

Trl " •ll Til + *12 vi2 + — * *ln vin 

Tr2 " *21 Til + *22 "12 * — + *2n "in 

. (US 

"rn ‘ *nl "il * *n2 "i2 * — * *nn "in 
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The indirldual coefficients may be determined from equation 39* 
The diagonal terms are of the form 

*kk 
1 - 2 * 

A 

oK ytck 
(1*6 

The off diagonal terms are giv«n by 

- 2 a dj yjk 
0*7 

0., and £ B-M, >he ehort oircuit driving point and transfer ad¬ 
mittances 'uthe augmentan setífera N*. It is asar irom equation U7 that 
Sjk does not generally eqval j so that one 3 matrix is not symmetrical, 

. . However if all the ? . are equal the 3 matrix is eysmetrical. 
•kj 'ok 01 

(A normalisation technique is described in section VIII which always leads 
to a synMtncal scattering matrix for reciprocal networits even when all 
port normalization numbers are different.) 

It is possible to derive the 3 matrix directly from the impedance 
or admittance matrix of the network N if these arrays exist, ft the networit 
N has an impedance matrix Z, then 

»,-zir 

and substituting the matrix forms of eqs. 30a, 30b, 30c, 30d.t 

Vi-’r-’iy ’.-V1’,] 

Z Z,"1 V V - Z Z -1 V - V. o r r oil 

SV - (Z Z^1 ♦ I)"1 (Z z^1^!) (U8 
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Another form for this «quation is obtain««! if ï0 “ Z0 
ar« iiaadj then from «quation U8 

-1 

3V - (Z Y >1) ZZ"1 (Z ï - I) 
o o 

- (Z’1 Z.Yo ♦ Z"1)"1 (Z”1 Z Io - z“1) 

- (Y0 + ï)"1 (Y0 “ ï) 0*9 

Still another form can b« obtain««! by observing that Y"£z ♦ Z01 
Then from equation 39 

SV - (I - 2 Zo Y) « I - 2 Zq (Z ♦ Zo)”1 

then 

Sv (Z ♦ Zo) - (Z * Z0) - 2 Zo - Z - Z0 

or 

3V - (Z - zo) (Z ♦ zo)“1 (50 

Tit« corresponding «quations for 3* ar«t 

S1 - (Y Y<J”1 > I)'1 (ï Yo"1 + I) (51 

31 - (Zo ♦ Z)"1 (Zo - Z) (52 

S1 - (Y - Yo) (Y ♦ Yo)"1 (53 

The Z and ï matrices may be formed fro* the scattering matrices 
by inverting «quations U9, 50, 52, 53. 
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z » ( i + s1)"1 Z0 (ï - S1) (51* 

z - (ï - s7)"1 (ï + 3V) zo (55 

Y - (I * sV1 z0 (I - SV) (5à 

ï - (I - a1)'- (I • 3T) (57 

As an «ampla of a computation using scattering c oaf fio ianta con- 
sidsr thõ network of ¿;ig.-8a. This has no impedance matrix so that to com¬ 
pute the voltage scattering coefficients, the form of equation U9 is used. 

(cl) M tC') 

Pig.-8 Two-ports used for scattering computation. 

In this case let / 

That is the same nomalielng number for ooth ports. Than sinoe 
the admittance matrix for Fig.-8a is 
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The scattering matrix ia found directly from aquation U9 

7+7 0 - 
-1 

* “7 
70 +*7CV 

7+7 r 

S0+y 7 

7 70+7 

70-7 7 

7 7.-7 

ivy y 
L Vy 

7n + *7 7n+ & 

_àL_ -l£L_ 
7n + 7n + 2y 

The reader should check this by equations 1*6 and 1*7. 

The network of Flg«-8b, has neither a Z or ï matrix, so tiuit the 
use of équations 1*6 and 1*7 1» required. (Note that even if Z or ï exists 
equations 1*6 and 1*7 may be the moat convenient.) 

Suppose that in this case the normal!ting numbeis for the two 
ports are a02* It is necessary to find the admittance matrix of Fig. 
8c. This may*be done by any conventional technique, but the direct com¬ 
putation of voltage current ratios is most convenient. Then 

A 
'11 

A 
y22 

aol * “o2 ®o2 + n aol 

2 
a ^ n », o2 ol 

T 
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/ -n 
'12 5 

*o2 * n Zol 

From tq. U6 

2n2?. 

•il“1’ 
ol #o2 “ n *ol 

Zo2+n zol zo2 * n zol 

2 z 

*22 " 1 " 

o2 

Zo2 + " *ol 

-(l02-n!! ‘cl) 

Zo2 ^ n *ol 

*12 

2n E 
ol 

*o2 + n zel 

’21 

¿n z 
o2 
r 

Zo2 * n zol 

It Is of Intarsst to note that |Si¿| - |32^|. In leaerál , It 
will later be ehown that thi* Is true of allloealeai 2-porte. Certain epecial 
cases of the above equations may also be considered. If z0i - z02, the nor¬ 
malising numbers cancel from all the equations and they become only ft function 
of the turns ratio. On the oth^r hand if 

*o2 ’ “2 *01 

then 

"ll “ *22 " 0 

*12 
1 
ñ 

*21 " n 
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If this transformar is terminated In the normalising impedances, 
it acts as an impedance matching transformer, that is input and output re¬ 
flections are aero. 

IV. Scattaring Coreputations in Terminated Networks 

It was shown in the last section that ths scattering parameters 
are readily calculated by exciting a network with generators whose internal 
impedances equal the normalising numbers. The resultant array of coefficients 
is oi ..ou: e applicable lo *'».» «*t of excitations, but provides the simplest 
description of network operation when matonea conditions prevail (i.e. net¬ 
work terminated in the normalising impedances). 

Pig.-9 Network with arbitrary terminations. 

This is driven at port 1 and is arbitrarily terminated at its 
▼srious ports. Rach of the terminating loads may be replaced by an equiva¬ 
lent generator if equation 16 end 17 are used. Thus the equivalent com¬ 
ponents of voltage incident and reflected on the network at port k is given 

by» 
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Trlc 
(59 

Observo that the ratio 

Tik . ' zok . V 

vrk ak + 2ok ^ 
(60 

is precisely the voltuge reflactior. factc*' oí the termination itoelí. The 
reader must be warned Miat the numerator of eq, 60 is v^ (not Vj-jj) tho in¬ 
cident voltage on tne network at port k. If then v^/vj-jf * 0, and 
the equivalent generated incident voltage v^ ■ 0. 

Suppose that in Fig.-9 the network is match terminated and excited 
from port 1. The system of equations U5 applies to the relations between 
the incident and reflected voltages, but by the discussion in the previous 
paragraph all equivalent incident voltages v._ v., ..., v. are zero. 
Therefore ' J 

Trl ‘ *11 vil 

Tr2 * *21 vil 

vrk “ 8kl vil 

Vrn “ "kn Tin 

But at each terminal pair 

vnt • ’lk * Trk ' ’rk (,lk ' 0) 
T1 

Further if the network is driven by a matched generator vil" T" 

Hence 

Natch terminated (6l 
case 
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and •quatirno 61 show that tli« scattaring coafficisnts give directly the 
voltage transfer factions of a match terminated network. Thus in the match' 
ing transformer (s0i " n2 z02) of the preceding section, sj^ - l/n, S21 ” a, 
and oy equations 61 

Since in this case th* input impedance is z0\ equal to the generator impe¬ 
dance V! - 2 vu ami similarly v2 - 2 vT2> where and v^ are the pri¬ 
mary and secondary voltages of the transformer. Then 

VT1 

which is the usual voltage relationship in the ideal transformer. 

If the network has mismatched terminations equation 60 may be 
inserted into the general scattering equations (eq. IS) to determine net¬ 
work operation. As an example of this consider Fig.-10. 

Fig.-10 -Two-port with mismatched termination. 
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The network in driven by a matched (a» - a0i) generator ani it is 
required to find the ratio vjgA » ^ the input reflection factor when the 
load iaçedance does not eoual the normalising inqjedance for port 2, e.g. 

*2 ^ “oa- 
The voltage scattering equations are 

vrl " »11 vil + *12 v12 

V - '-¿L 7il ' *l¿ Vi2 

The voltage reflection factor of the load is 

s, - ^-°i- 
2 *2 + zo2 

so that according to eq. 60 

Inserting this into the second scattering equation and eolving 
for V r2 

Ti2 * »2 vr2 

r2 ^*32s22 

Th# fimt •quation is then 

vrl ’ »11 ''il * »12 *21 »2 TH 

’2 »22 i - en s. 

Therefore the input reflection factor at port 1 ist 

rl 
’in-1 V il 

»11 " — 
*12 *21 »2 

*2 »22 
(62 

Tli" voltage VT2 " vi2 + vr2 

T" T 
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Therefore ,. , _ ’21 !:l * ‘21 V!1 
yT2 ' ’r2 (1 * ’i*-1-2 ¾ 

Since the generator is matched vil 

VT2 _ S21 n2) 
— 2TÏ - ».> a,2) 

(63 

If 92 x 0 (iaatched case), eq. 63 becomes the form given hy equation 
61, and the input reflection factor of equation 62 reduces to s^. 

As «uuúner example of the use of the scattering coefficiente in a 
mismatched case, consider the general U-port of Fig.-13.a. 

0 

Fig.-11 Operation of a four-port under mismatched conditions^ 

The impedance at port 2 is adjustable, but ports 3 aiid U ai-o matched. The 
network is energized from port 1. It ie required to determine the condi¬ 
tions on the network N to produce » null voltage at port 3* Suppose the 
voltage scattering matrix cf the U-port (all normalizing impedances equal 
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to »0 80 that th« matrix is a/mmatrlcal) la known. Tha condltiona at tha 
porta are givan aa V43 - 7^ ■ 0, - K2 vr2. Tha raflaotad yoltagaa at 
poirta 2 ar.d 3 are 

Tr2 * *12 vil * *22 v12 " 81? V11 * ^ *22 Tri 

fr3 ” “13 Vil + *23 V12 " *13 Vil + K2 *23 Vr2 

Fromt^a _ K2 *23 ^12 

vr3 *13 VU 1 - \ s22 

or alnoa vp^ ■ (1.8. since ■ 0) 

'13 ■ Tn [*u * ] 

For m 0, tha brackatad tarn la aaro and, 

jr . _“y_ 

^ "*23 *12 * *13 *22 

If «o ia real, |K?| can not ba graatar than unity, and tha abova 
aquation can therefore only ba satisfied whan 

’22 * *23 j 
In many bridge circuits, for exaaçle that of Fig.-11b, a9/> 0 

(in tha casa of Fig.-Ub, this equation ia axactDy satisfied, but at higher 
flaquencias when parasitic elements are not-negligible tha appz ca^aate equa¬ 
lity will fcs true), and in this case ths requirement becoaesi 

*13l ^ 1*12 * '12 23 
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Thu* lii tnl* f!R*e without any knowladg* of the internal structure 
of the network. It i* possible by a simple níaasurement of voltage transfer 
function aiqplitude (see eq. UJÎ) under matched conditions to ascertain the 
possibility of obtaining a voltage null with an arbitrary (but physical) 
impedance at port 2. 

7. Power Relationships in an n-Terminal Pair Network (r.-port) in Terms 

of Scattering 

‘The formulation of the power »quations for an n-port is of baaio 
inportance in the application of the soettaring matrix to network theory. 
The case where all the normalizing numbers are real (but not necessarily equal) 
ia of particular interest and this will now be considered. Consider an fu*- 

n"Pnr^* by equations 25 and 26, the total power entering the typical 
k"“ port is 

k' ‘ik re 

This may be written as 

12 i. '2 

pk * T 
Ik1 rk1 

T ■ °ok (vik Tik - vrk olt “ok 

The total real power entering the network and dissipated therein 1st 

r- 

1 Pk * * °<* [’lk Trk (64 

In matrix notation this is 

P ■ V 0 V — V Q V 
i o i r or 

(The matrices in aq. 65 were defined in section III) 

Then slnoe 

V - SV V. r i 

(65 
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[vr °c »i ■ »r ^ ^ ’»] 

P ■ vf [Oo . SW oc 
(66 

Ut Q b. tb. br«k.t«l t«rm. Q h** th. following interesting 
propertiee. Piret einoe Q0 i» * diegonel aatrixt 

aT - 0 -3^ oA 8V 

Md secondly Since 0o hss only reel elements 

q*-0o-8'* 0e8 
V* 

or 

tf-Q* 
(67 

X matrix satisfying the above condition is known 
matrix. The eleaents of snob a matrix satisfy 

q-J 

qJJ 

“qji 

is real 

as a Hermltian 

(68 

(8) 

« U . ”'l. 
tion of .<1. 66 10610.1.. ‘6.1.006 J'f* “J0” Î. ^ctly ««lofoo. to 
expanded (it is the nower), and in fact this ron» is e* ^ 
the quadratic for«.'®' 

Al..br»ic»lly tb. roú «.toro of to. Bomltl« for. o«- -o .«n 

from the expansioni 
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Vij Tlk qJk 

and «inca terms of sq. 69 occur in oonjugete pairs 

(69 

TiJ Tik q3k * Vi* Vij Sj " ViJ Tlk qjk * Vij Tik qjk 

Re [TÛ Tlk ’Ik] 

The total sum is a matrix consisting of a single reel element i.e. the real 
power dissipated in the network» 

In any physical passive network the real power can n.-ei' be ne¬ 
gative. The conservation of energy therefore requirei that 

P^O ("° 

IQgebraleally the Hanaitian form for P must have non-negative 
values for all complex values of the variables vij. Just as a real quad¬ 
ratic form (which has real variables) satisfying this requirement is know* 
as « Positive Definite (always positive), or Positive Semi-Definite (posi¬ 
tive or aero) (abbreviated PD and ràû), foi-*», ¿o the form with complex 
variables is known as a Positive Definite or Positiva 3,«!-Definita Harm!tlan 

form. 

The necessary and sufficient conditions that a Harmitian ^ 
be FD or PSD is that all the principle minors of Q be non-negative.I") In 
tha important case that all the normalising numbers are equal to the scalar 
g0 (Sae also the normalisation discussion in section VIIJj 
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and 

<5 - I 

(71 

(72 

If the network is purely reactive, there is no dissipation so that 
P - 0 for all V4. This can only occur when 

Q ■ 0 (73 

or 

(7)-.* 

A matrix which satisfies equation 7U,is a unitaiy. matrix. %e 
special restriotione under which equation 7l*were derived “*•*?£*?*“£ 
to reactive networks with the normalising numbers at every port Zealand 

used. For euch 
tering matrix 

î the normalisation metnoa aescrioea m w.* « 
jh a network (containing only reciprocal elements) the ecat- 
is symmetrical with - 8, so that equation 7l*becoBes 

3V* 3V (7Ub 

This relation clearly applies to the current ecattering matrix as well 
and so may be written without any superscripts as 

* 
S 3-1 (7iiC 

If this equation is expanded according to the usual rules oi 
matrix multiplication the following equation in terms of the elements of 
3 are obtainedr 

1 ®ir V 
(7lid 
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YI. Scattering Katrlx Koraaligation 

The scattering equations for power dissipation, and equations re¬ 
lating impedanos and admittance coefficients to the scattering parameters 
have an awkward form when the normalizing numbers for the various porta -differ 
from each other. Further under these conditionr the scattering matrix is a- 
symnetric even though the network only contains reciprocal elements. It is 
useful, therefore, to introduce an appropriate normalization which gives a 
uniform set of scattering equations and for reciprocal networks makes the 
ncrmfillsed scattering matrix symmetric about its main diagonal. 

The clue to the normalization procedure is contained in equation 
66 of section VI. This expresses the power in terms of incident variables 
and a hermitien matrix Q which is a property of the network and the port 
normalisation numbers 

Q - 0o - S*7 0o S (75A 

In a physical network Q ia the matrix of Positive Definite or 
Semi Definite hermltian form. Supposa that a diagonal matrix D0 is defined 
as 

1 , 1 1 , 1 1 
Do - (G0)? - (R,”1)? , D^1 - (Q^1)! - (R0)I (76 

where the exponential operator l/2 on the diagonal matrice#*G0, Rq, ate 
means the square root of each element in the matrix. The 4 matrix may be 
written eat • 

Q - D (1 - D -1 S*T Ù . D S D -1) D ^ 0 ' O OOO c 

or 
#T 

Q - D -1 Q D -1 -(1-5 5) (77* 
0 0 

whert 

5 - D S D -1, 3 - D -1 5 D_ (7Ö 
0 0 0 o 

and 

Q - 0 ¾ D (79 o 0 

A Sea footnote on following page. 



Equation 7?a 1" tha normrj.lzod «quivalant of aquation Powar 
in tema of Q may ba written ea 

» - u r» V . y 
'1 4 ’i “o’ B0V1 (80 

In cama of 3 , the neceaaary and sufficient conditions that the 
power P ba non-negative is that Q ba the matrix of a Positiva úaiinlte or 
Jenu Kl. inita iiorr.itj.ar *wn.. >: 

P - Vj*1 Í Vj (81a 

where 

- D V4, i. - D ”1 7. (82 
1 Oil 0 1 

If the network is lossless, the power P * 0, and the normalised 
scattering matrix is unitary» 

ï *T 5 “ I (Losslsss case) (77b 

Algebraically we sax that equation 77 defines a non-singular 
hermitlan transformation (D0_l has an Inverse D0 and all its non sero 
elements are on the main diagonal and purely real hence it is non-slngul&r 
and herml^ian) and this transformation does not change the rank nor de¬ 
finiteness character of the matrix Q. Equation 82 glares the transformation 
to the new normalised incident voltage variables. 

matrix D0 is 
If it is recallea that a typical J 

th 

then from equation 781 
elemsnt of the diagonal 

y  ——— .. --1.-- ..1. .-... . I y. 

In the following text, no superscript is used for S. In general S is 
implied; where it is necessary to distinguish between voltage and current 
scattering metrices the superscript notation Is wmplcyed. 
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but by «quation U7 

so that 

■ -2 ^ /“c »oT- -2 ¡& i31 «i 
./o ß . 
y oj ok 

löU 

Sine« yJk - y,,J, It fellow« that 

•jk " 8kJ 
(85 

i.a. th« normalls«d scattering matrix S 1« symmetric. 

Equation 8U may b« mitten in terras of the elemants of a normalised 
augumented admittance matrix T 

or 

Heno« 

or 

Tik 
JJL 

/V* ' 

•jk ' - 2 7jk - * k) 

’l3 " 1 " 2 ylJ 

3 - I - 2 Y 

(86a 

(86b 

(87« 

(S?b 

(87c 
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It Is interesting to observe that this algebraio process of nor¬ 
malisation corresponds to a transformation of the original network in which 
ideal transformara are placed at the various ports. If each of the ports of 
the original network has placed In series with it a resistor of value equal 
to'the port normalisation numbsr the result is the augumentad network Y for 
the originally specified circuit. Equations 86a and b state that ï is ^rmed 
from Y by placing an Ideal transformer of primary to secondary ratio 1//R-j 
across eaoh port of the auguuented network. Hie result is shown in Fig,-12a. 
If the transformers are moved so that the augumsntlng resistors appear in 
seriï? the prim&ris* the recuit is as snown in Fig.-12b. and all the 
normalising resistors have unit value. 

Fig.-12 Network normalization with ideal transformers. 

The network of 12b is entirely equivalent to that of Fig.-12& with 
reápect to the accessible ports. In other words the normalized augumented 
network may be formed uaink unit resistors at each port if the originel net¬ 
work Ni is transformed to jn Vy the transferors of ratio I/'/Rq/ as shown 
in Fig.-12b. Tha network % is the normalized transformation ofJNi, and 
this process may always be performed whether or not % has an open circuit 
impedwr ' and/or short circuit admittance matrix. If the open circuit im¬ 
pedance uatrix of N. exists and is Z, then the impedance matrix 2 of ti»e 
normalised network from Fig.-12b ie* 
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\ Do 2 V 
!i¿_ 

« 

(B8a 

Similarly thn nomalls«d abort circuit admittance matrix of ^ la 

Zíi_ ($9b 

Corre «poncing to thia tha normal! *«d teta.’, currant and noltage variables 
arat 

7 « D V. ï • D I (88c 
o * o 

In taras of tha normaliaad admittance and ieç-sdance matrices tha 
acattarlng matrix atjuationa are givan ast 

f - (Z - I)(Z* I)’1 ■ 

* (I ♦ Z)*”1 (i - Z) 

i1 - d ♦ zr1 d - z) 

ï1 - (Y - i) (Y ♦ I)"1 

z - d - sY1 d f) 

1-(1 ♦Z1)“1 (I - z1) 

Y - (I ♦ 37)-1 (I-S^) 

Y V (1 - S1)^ (I ♦ 31) 

(Z ♦ I)"1 (Z - I) 

- (I - Y)(i ♦ Y)“1 

- (i - Z) (i ♦ zr’ 

- (7 ♦ I)'1 (Y - I) 

- (I ♦ 3j U - I7)"1 

- (I - 31) (I + 31)"1 

- (I - S7Mi ♦ 3V1 

- (i > 51) (I - s1)-1 

(89a 

(89b 

(90a 

(90b 

(91a 

(91b 

(92a 

(92b 
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Observe that in normalised coordinates 

sT - - 51 (93 

The above group of equation- should be compared with the corres¬ 
ponding non-normal lx ed set which are given in section HI. 

It is Interesting to note that with Impadanoe and scattering 
mat: loes in normalised form, it is possible to perform a type of linear 
transformât.» m on Z which prricca- tue identical, tiansformaticn on S7. 

Suppose Z is transformed to Zx by 

Z1 - CT Z C (9ti 

with C square real and non-singular and further withi 

CT C ■ I, (95 

Such a transformation is termed an orthogonal transformation. 
If Z is purely real or imaginary, it is alwsys possible to find an ortho¬ 
gonal transformation which mskss the matrix V- a purely diagonal array. 
The elements of this diagonal array are known as the oharaoteriatic roota, 
or eigenvalues of Z. 

Substituting Z1 into aquation 89s one obtains a transformed 
scattering matrix 

S*1 • (CT ZC - I) (CT Z C «• I)"1 

- CT(Z - (C1)“1 C"1) C C"1 (Z ♦ (cV1 o"1) (cV1 

and using aquations 95 

3vl - CT (Z - I) (Z ♦ I) C 

- CT I C - C"1 3 C (96 
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Thus a raâl orthogonal tranaformation on Î produces the sane trans¬ 

formation on ï?. Further if ï ie purely imaginary (losnless case) or real 

the orthogonal transformation which diagonalises I simultaneously diagonalises 
If a given network ia tranuionaml aa defined by equations 9k and 95 is 

a simple matter to find the scattering matrix of the new network by 96. After 

this slight digression let us return te a further consideration of the pro¬ 

perties of normalised scattering parameters. 

The relation between normalized incident and reflected variables is 

easily established. The non-normalized voltage relations are» 

Substituting equations 78 and 82 

i 

or 

Hence we have 

(9U 

where 

(95 

In addition the normalised current scattering relations are* 

1, 
r 

I 
i 

I 
i 0 

with 
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In other words a problem of analyale may be treated by taking a 
given set of Incident excitations, normalizing these By equation 5?, applying 
the resxilt to the normalized network of scattering matrix 8, and then aolv^ig 
for the normalized reflected quantities by equation 91« The non-normaliseo 
set of i«n«rted voltagas Vr may then be found by equation 95. 

Ag g simple example of the use of normalization consider the ideal 
transformer intended for operation between real impedances *ol ao2 “ 
■hewn ir Jig.-13a. The normalized network is shown in Fig.-13b with the two 
addltlo? ai normalizing transformers. These are combined with the ççiven träne- 

CO 
Fig.-13 Mormalization of ideal transformer. 

— 
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The normalIzeü scattering ooefficlints determined directly from 
Fig.-13c are 

1 - n '2 

'2 1 * n 

-V 
22 

•2 n 
-nr 
n 

1 
1 

*12 “ *21 
2n 

rr 
1 ♦ n 

where n ■ 

The transformar in the normalised network produces a match when 
n* * 1 or n ■ which is the condition for match in the non-normalized 

Jß— » 
I Ol _y _y 

network. In this ease *11 “ *22 " 0 *12 * *21 " 1* 

This example indicates that any zeros present in a non-noraalized 
scattering matrix will also be present in the normalised matrix. This is 
easily seen to be generally true by inspection of equation 83. Further the 
squared amplitude of coefficients in the normalized scattering matrix measure 
the ratio of power delivered to a port with respect to mexiaum available 
power i.e. available power gain. To see this observe that if a generator 
of internal resistance and voltage Vi excites a network terminated in the 
port normalising resistances, the power delivered to is 

pk ■ i’/ Gj/ *<* 

and available power (the Incident power) at port J is 

lli|2 P . ■ r^-h 'i-j “ cr 



V 
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so that ths availabl* gain la 

J* iA ,2 
rT - R0J Rck iïjvX 

and thus by equation 6U 

i-J 
l»^!2 ’-J ? »O (96’ 

Note that in the example of Fig.-13 the matching tranaformer in 
normalised coord inatea produced a gain of 1 (afj, ■ 1), whereaa in non-nor- 
mailzed coordinate* (see the example in section'111) i |2 . 1 

I"121 2 * 

»211 
n, i.e. the amplitude of non-normali«ed scattering coefficient» 

are not equal to available gain between various network ports. It is there¬ 
fore only the amplitude of normalized scattering coefficients whose upper 
bound is unit amplitude at real frequencies. 

This section is concluded by a summary of the more important pro¬ 
perties of normalized scattering coefficientst 

a) The necessary and sufficient conditions that the cower dissi¬ 
pated in a neWork be non-negative is that the matrix 3 - I - ã*7 5 be the 
matrix of a positive cr semidefinite hermltlan form. 

must 
b) If the network is lossless its normalized scattering matrix 

be unitary 1*^ ï ■ I. 

c) The power dissipated in a network is invariant with the change 
to normalized coordinates. 

d) If the non-normalized acattering matrix of a network has any 
zero elements these appear In the sans location in the normalized Mattering 
array. 

Wien J ■ kr 

PTT - 1 - ¡»kkl2 
i-k 
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• ) If a'natvoric is tarminated in raaistanoea equal to the porb 
normaliíing numbers, than the cquared amplitude of the normalised scattering 
coefficient !»ij| , (i r j) ie equal to the available power gain of the non- 
normalised and normalised network»» betmean ports 1 and J. 

i) The normalised soatteiing matrix of a reciprocal network is 
symmetrical about the main diagonal« 

g) An orthogonal transformation applied to a normalized impedance 
matrix produces the same orthogonal transformation on the normalized scatter¬ 
ing inatrÍA 

h) Normalisation of the scattering matrix corresponde to the in¬ 
troduction of ideal transformers at the various network norte to produce a 
nonnalissd network. 

VII. Power Transfer In Loeslesa 2-port Networks 

The unitary requirement on the normalised* seattering matrix of 
lossless neworks (equation 77b) may be used to establish, in a relatively 
simple fashion, some important terminal properties of lossless networks. 
Consider a lossless two-port with voltage aoattering matrix* 

*11 *12 
s ■ 

*12 *?,? 

Since normalised coordinates are used the matrix ie syraeatrical. 
If tpp unitary character of S ie applied by the use of equation 77d the 
following oqufitioaa are obtained 

f*uJ + 1*12 Î “ 1 (97* 

l*22l2 * “ 1 (97b 

« e 
*11 *21 * *12 *22 ’ 0 ^970 

!n future dieousaion. unless otherwise indicated, all aoatteria« «at.iûee 
win be presumed normalised according to equation 78. The bar (e) will 
not be used. Furtner, unless otherwise indicated the voltsgs scattering 
matrix will be used and the “v" superscript will be omitted. 
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It la clear from aquations 97» end 97b that 

KJ “ Í822l (98 

Thus Ir. a lósales: two port network tae magnitude of the reflection 
factor frea'ured under match terminated conditions is the same at either port 
of the network. 

Tha following problem is another illustration of the application of 
unitary constraints eo lossless networLs. a Iced of fixed refloation factor 
amplitude but arbitrary phase terminates a generator with complex Internal 
impedance. The limits of power transfer to the lead are to be determined in 
terms of the generator and load reflection factor amplitude". Power may lie 
anywhere between these bounds since the phase angle between load and generator 
impedances is not fixed. 

This problem is most readily handled by representing the circuits 
in a rather special way.* In Flg.-Uia the actuel arrangement is shown with 
a generator of reflection factor amplitude |Ka| (measured with internal vol¬ 
tage shorted) feeding the load of reflection factor |K]J. In flg.-lbb the 
generator is represented as a voltage source with one ohm inpedsnee plus a 
lossless 2-port N • The power P’ at the output of the 2-port is precisely 
thé same as that' delivered to tha load in Fig.-lha. Since tho 2-port is 
lossless the power delivered to its input is also P. As the relative phase 
between K- end KL is varied (amplitudes remaining fixed) the power delivered 
to the load in both lUa and lltb varies in the same manner. Accordingly in 
finding the range of power variation tha power delivered to the reactance 2- 
pewt N of Fig.-ll*b will be studied. 

Tha circuit representation is similar to cna suggested by J.W.E. Orlemsmann. 
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l AVAHA ftUC 

(t) 

Fig.-Ill Power to an arbitrary lead. 

The scattering coefficient amplitudes of the lossless network N 
are easily written in terms of |Kg|. Referring to flg.-ltib 

»221 (99^ 

and by situation 98 since the network is loralesa 

1^2^1 “ (•nl “ 1^1 (99b 

1-1212 “ 1 - l-nl2 - 1 - |Kg|2 (99c 
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Th. net input reflection factor to the network N when terminated In 

FvEi1« 
]K|MàX and the minimum |K|Mih. Th. maximum 6' 
(normalised to the availabla generator power |V|¿/URg) a™ then 

QM/tI ' 1 ' lKl HIM 
(100a 

°MIN " 1 ' ,1CiMAX 
(ICOb 

TImi power transfer problem is therefore reduced to the determination 

ojf IkImax 
Th. 2-port N has a n.t input reflection factor K given by equatio : 

62. 

K - ♦ 
'12 ,n~KL^3ll322~S12 * 

^ * 1 - *1 *22 ’ 1 “ ^ S22 

(101 

Assuming a reference phase of sere for an, the unitary equation 

97c for N gives 

i I I I J*12 + I- I Is I e^*22“4^2' “ 0 
lBll' '*12' • ^ + !312! |322' 

or 

»22 ■ 2 *12 * ’ 
(102 

in terms 

Substituting equations 99b. o and 102 inro equation 1-1 

of *22, Kg, Fnd - ll^l «J . 

ly - 1^1 
K - —*-— 

3(*22 ♦ *> Ik 

u 

3* 22 

|Kel 

- 
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, I 

where 

U:; 

¿ m * + *22* * 

2 
Thus the value úf ¡Kj 1st 

|Kj- 

J»! * 1¾ . 2 CO. *h 

(-iW 
♦ I Kg ^ i ♦ 2 cos 9-) 

(1C3 

In equation 103, the terms involving |Kg| and |Kx,| in both nuner- 
ator and denominator have the algebraic form x ♦ l/x, 0 4-x ±1, and this 
has a Biinir"un value of t over this range of x. Hence equation 103 la pos¬ 
itive for all values of The extreme values of |K|2 in equation 103 
occur for cos r ■ ♦ 1, and therefore 

¡!4i 

V 
|S.I ♦ IKJ 

(lOlja 

m m 
\\h\j 

(lOhb 

The possible range of power is obtained by substituting these 
equations into equations 100. 

A more compact expression is obtained by defining a new quantity, 
the "voltage standing wave ratio". This haa tfcs physical significance of 
the rat'o of maximum to minimum voltage amplitude when a atanaing wave le 
preeant on a transmission line, but for the present problem may be defined 
as 

1 ♦ |Kj 

3 - |K| 
(105a 
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or in term» of ^ 

|K| - --- Ütë» 
Ç ♦ 1 

If Pr. and obtained by «uhetituting |Xg¡ and (KlI in equation 
105a, then corresponding to |k|haI and |K|rir (equations 10U), the maximum and 
minimum input voltage standing wave ratios arei 

(lüua 

(106b 

In terns of voltage standing wave ratios of load and generator the 
values of 0)q|] and QraX are (soe equations 100) 

%a ‘ (egeL ♦ d5 (107*. 

6 

In summary, the previous discussion has arrived at two important 

results 

values of power delivered to the load is 0, 

«55 
puted from equations 107* 
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2) If » lossless 2-poi’t iiM a a Landing wave ratio ^ g wiisn tsr- 
minated in a unit normalized load, and is actually terminated 
in a lead of standing wave ratio r l (phafio unknown.,', tho max¬ 
imum possible standing wave ratio at the input ox úi* ¿-pon. 
is Ç Ç T and Uie minimum po3«ible standing wavs ratio is 

& (See equations 10Ó). 

VIH, Blooajugate and Maximum Output Natrorks 

A blconjugate network is one in which, undar prescribed resistive 
ts:rminating conditions, each port is decoupled from at least one other port. 
The normalized scattering matrix of a bioonjugate network (the normalization 
la with reepeot to the various prescribed port terminating resistors) has at 
least one zero element in every row and column. A blconjugate network is not 
necessarily lossless. 

A maximum output or retched network is « lossless n-port in which, 
under prescribed resistive temunatlng conditions, each port pr¿sants an in¬ 
put impedance equal to the port termination. Since th^ port inputs are match¬ 
ed to the prescribed terminations, a generator with Thevinin irpsdar.es equal 
to the prescribed terminating resistance feeds its maximum power to the net¬ 
work. 

The unitary relations yield many interesting properties of maximum 
output networks. For example, any máximum output, U-port is a bieonjugate 
network} also a lossless network with three ports cannot ba construutsd as a 
maximum output network. 

To illustrate first how the tools of algabra may be used to derive 
general network properties of maximum output natworke oorsider the following 
theorem. 

Theorem A. A lossless network with real scattering coefficients and 
n-palra ofperts can not ba physically realizad as a maximum output network 
unless n, the numtmrof porta is even. 

A network with ideal transformers interconnoottd in an .arbitrary 
fashion is an examole of a lossless structure with real scattering coeffi¬ 
cients. 

This theorem may be proved .in a general fashionby using cer- 
taLi.special algebraic properties of a unitary symmetric matrix. Recall firit 
(see equation 96) that a unitary synmotric scattering matrix can be diagonal¬ 
ized by an orthogonal transformâtion. If A is the diagonal matrix 
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I - C“1 3 C (lûS 

(*ij) - 0 for i / J 

Such tai orthogonal transformation leaves certain Important proper- 
ties of 3 invariant. First the resulting matrix X iu still unitary, this 
means that 

“ i U09* 

since there are only diagonal elements in che X matrix. Since the orthogonal 
matrix C is reel, and 3 by hypothesis has only real elements, X^^ in the trans¬ 
formed diagonal matrix must be reel or 

XA1 - ♦ 1 (109b 

The second invariant which is usaful here le that the sue of the 
diagonal alament* of the original S matrix (the "trace" or "span*11) is equal 
to the sum of the diagonal elements in any orthogonal transformation of S. 
Thus 

Z 
i 

#ii I X. ii (no 

Suppose it is assumed that the original matrix S is that of a max¬ 
imum output network. Then 

or 
Z X - 0 . (m 
i 11 

But since e«oh X^- is ♦ 1, the number of ports must be even tq 
satisfy equation 111, and the theorem ie proved. 

A group cf useful theor« i can be proved concering lossless matched 
networks with 3 and U ports by direct reoo'rrse to the unitary aquations with¬ 
out the need of abstract algebra of the type used in theorem A. For example 
a proparty earlier mentlonad is easily proved. 
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Theorem B. A lossless network vita 3 ports Is not physically realizable 

as a rñfyini-ip" put natwora. (In this case tho restriction of real elements 

used in Theorem A is not part of the hypothesis). 

To prove this consider .lust the diagonal elements in the unitary 

equation 

Thus with - S-,g - ■ 0 (the matched network o«ae) 

1 

1 

The only possible solution of these aquations is 

gives 

An off diagonal element of the unitary relations (-1 * C) 

e • S,, S,o + fe,n s 
•n "12 12 *22 + a13 *23 * 0 * -’ *13 *23 

or either or s2^ is zero which contradicts tho requirement i013^*23*" “ 

Thus a matched 3 port is innensiutent with the unitary equations, and is not 

physically realizable. 

In ns maoh as a maximum output 3“Port is not physically possible it 

might be interesting to determine the be‘-t power transfer poseibilities with 

a lossless 3-port* 
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mu ». r Tf a loBslMB 3 port i* to have the same power tranefer 

of the available power fro« a generator to the network. 

To prove this observe th-t T - “ l823l lf p0M*r 
tranefer between each pair of ports is the sarcc. Then from the «nit^T re¬ 

lations 

i.j'.ît2- i«22r♦ »^ • i^r 

or •ill - 1*221 “ 1*331 “ K“ Hen0e 

K2 ♦ 2 T2 - 1 

The off diagonal rela Ion «s-d in the previous theorem gives 

(s11812 + *12*22 * *13 23 KT t ) 

or T ■ K 

Hence 

3 -2 “ 1 

ie 

T - K - 

The ratio of power dslivered to the network to the available power 

1 
2 
3 

and the theoram ie proved 
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M*i'Cr other theorems may be prored by slmller means end a i>w of 
tóese will be listed oera without proof. 

lueoren: D. k lossless reolproo&l h-port which baa one pair of ports 
matched and decoupled under prescribed resistive terminât Ing conditions is 
a maximum output bioonjugate network. 

Theorem 8. A lossless reciprocal li-port whic.t under prescribed reals' 
tive terminating conditions has ports 1 and 2 matqhad, with 1 decoupled from 
3 and 2 decoupled from U, is a maximum output blodnjugate network. 

ieorem F. A »laxiouB cuvput Import is a biconjugat* r^twork. 

llieorem 0. A maximum output li-pert with port 1 decoupled from 3. 2 from 
li has 

Kfc1 “ ¡"Ull " 1^231 " 1*321 1*121 " 1*211 " " •“W1* 

A simple example of s maximum output network Is shown in Fig.-15. 

Fig.-10 Example of Kaxlmum Output Network 
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The network Is shown with normalized unit terminations at th*- U- 
ports. It is clear that for L/C ■ 1 this is a balanced bridas with ports 1 
and 3 decoupled. Thus for excitation at port 1 no current flows An 3 and the 
network presents the constant resistance combination shown in Pig.-ljb to 
ports 1 ard 3. Hence Theorem D applies and the network is of naximum output 
type. % all frequencies total available power fron generators at each port 
is transmitted to the network, but the power division to the various ports 
is a function of frequency. Wien 00L ■ l/uC - 1, 50% oí the available power 
in at port 1 is transferred to pert 2, and 50%to port 1,. 

Another example of a maximum output U~port is shown in Fig.-16. 
TuO winding trar.-fermn- *3 tbs so called hybrid coil. The additional 
.Ideal transformer shown at port U is mer ily uo effect the normalization to a 
one ohn. port terminating resistance. 

IJL 

Fig.- 16 Hybrid soil maximum output network. 

From symmetry^ considerations it is not difficult to show that 
port 1 is decoupled from 3 and further that the impedance at porté 1 -id 3 
looking into the terminated network is IQ. Hence Theorem D ¿udlcates that 
this 1« a maximum output network, thus it is immediately established that 

I 
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ports 2 and U are decoupled and matched. Further thia network transfera 50% 
of the available power at one port to aaon of the two remaining coupled porta, 
and this factor is independent of frecuency. t confíete tabulation of ¡naxi- 
mum output networks similar to Fig.-16 is given in reference 2. 

IX. Frequency Dependence of The Spattering Matrix 

The preceding aeetiona have coneidered the properties of the eoat- 
tering xatrix at any real fixed frequency. The moat, general physical con¬ 
straint on tbo scattaring matrix waa shown to be the positive definite or 

drfjn.it* character of the harmitian form whose matrix Is (normalized)! 

Q • I - 8* a 

When the network is lossless S is unitary or 

3* 8 • I 

Iven whan the eemttering matrix has elements which are functions of a complex 
frequsccy variable p ■ O'* J® (4 ia reel angular frsqusnoy) rathar than Just 
complex oonatanta (as has basn the case haretofore), tha general realizability 
requirements ere quite eimller to thoee which apply to the matrix of constants. 

The following thaorei^10^ la haslr, to tha corelderation of a scat- 
taring matrix which applies ovar tha entire frequency spectrum to a network 
of linear, pesaivs reciprocal elemente. 

Theorem A. The necessary and sufficient conditions that a normalized 
scattering matrix S(p), whose elementa are functions of the conplex frequency 
p * cr+ J», corresponds to a physically realisable lumped passivi linear re¬ 
ciprocal network la that 

*) Q(J«) “I - 8*(J«) S(J®) (112 
be tha matrix of a positive definite or eemi-definite hermitien 
form for all real <0 and 

b) The aleñante of 8(p) be rational functions of p with rail coef¬ 
ficients (l.e. rstie of two polynomial; in p) which sre analytic 
for ka p > 0, (l.e. tha denominator polynofdele of the various 
elements of 8 must contain no roote in tus right half of tha 
p “ Cf * J® plans). 

An squivalsnt form for tha -'bove theorem la 
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Thecrem B, The necessary and auffidant conditions that a normalised 
scattering’ ruâtrix s(p), wnose elemente are lunctione of the complex frequency 
p * CT+ Ju, oorreapctnd to a phy»ioa].ly realizable lumped passive linear ro- 
oiprocal network is that 

Q(p) - I - S*(p) 3(p) p • ¿¡Ú (113 

<r*o. 
be the matrix of a positive definite or semi-definite hermitian form for all 
p isfcU'id'id as in eqiit^ion 113- 

Thaortm B will ba proved for r.ha case w’iare a(networkpossesses an 
impedance matrix. This was originally carried out by Belevitch^ in 19U8, 
and the proof for the.case of a network with no impedance matrix was later 
carried out by himO-0) in 1951. for the proof of this latter case th* reader 
is referred to section II of reference (10). 

Referring to equation 91* 

Z • (I ♦ 3) (I - 3)'1 

or 
2(1-3)-3-1 

Z(I -3) + (1-3)-21 

Z - 2(1 - 3)'1 - I (HU 

In aquation 111* all matrix elements arc function* of th* complex 
frequency p - CT+J». The necessary and sufficient conditions that an impe¬ 
dance matrix be physically realisable are( 12) that th# mt-trix R(<T; ®) - . 
Se Z(p) - 1/2 RZ(p) + Z*(p¡n be the matrix of a poaltiv* definite or eeiii- 
definit* quadratic form for Re p ^0. This will be treneleted into the 
appropriate requirement on 3. Urn* equation 111* to find R* Thus» 

R(J» 
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* 
Prumultipiy the ab^ve eoyatIon by I - S and poet multiply it by 

I - S. Vruen terms are ool^Hcted tho reaul* is 

d - 9)* t'ttu) 't - c) - i - s* s - tj(a;u) (115 

Now R(a»<r*0 la the matrix of a H) or «*D quadratic form, which 
ia merely a special oase of an hermitian form in that all the elements are 
real so that R(<rjw) is both real and symmetric. It is a mathematical fact 
that the transformation given in aquation 115 changes F;(<57») into a new her- 
mî.ti"« fo’T. 0((77^) with cowrie* •lemert.s, no matter what S may be, provided 
I - 3 is non-singular ar.d oymmetric y)p&.<ui of course is true. (The non-singu¬ 
lar property follows from the hypotheczed existence of an impedance metrix; 
see equation 115)- Further a non singular hermitian t-rnnsTurmation (speci¬ 
fically the one given in equation 115) preserved the PD or PSD character of 
the original matrix. Hence Q(<T7“)» 6~-7-0 is a FD or PSD hermitian form. 
Further if equation 115 is inverted to give 

((1 - S)*)"1 <J(<S» (I - 3)“1 - RfeJi*) (116 

it follows by the same reasoning that if Q(07«)cr^0 is PD or PSD then 
R(5\u>) <T -¿-O is H) or PSD. Thus theorem B Id proved for the case where Z 
exists. To complete the general proof, it is shown in reference (ll) that 
when «0», cT-^ 0 is FD or PSD but Z does not exist l.e. (I - S) is singu¬ 
lar, the network can always be represented as the Interconnection of two 
networks one with ideal transformers the other possessing an impedance matrix. 

Theorem 3 is therefore true for all oases. 

óelexitcn'"^ ^ shows that theorem A is sufficient t" give theorem 
B by considering the hermitian form 

P - V*1“ Q( Je») V « V** V - V*T S* . ¿V 

which is PD or PSD for all o by the hypothesis theorem A Further if the 
elements of 3 ‘are analytic in the right half p plane so are the elements v* 
SV for any complex values of the components of V. The quantity V*T 1* . 5V 
i* a hermitian form of the variable p, and is a gsnsralization of s'ij (p)» 
*ij (p) wHlch as the squared amplitude of a complex function haa its maximum 
value on the jeo bo>.a4dary for all p ■ <T* .1m, O~^0 if Sj^ ia analytic in the 
right half plane (i.e. CT-5?0). Simiiarly the hermitian form V*^S* . 3V haa 
its maximum value on jw if all elements of 3V are analytic in the right half 
of the p plane. 
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«T 
In equation 116 V V is not a function of p and is a positive number 

for any column matrix V. Further 8 . 3V has its maximum value on the 
boundary, hence V has its minimum value oft ju>. But P í* 0 on jw by hypothesis, 
hence P for all p ■ d" * (T^O. Thus Theorem B follows from A. 

The converse is true as well. Note that if as hypothesised in 
theorem B, P(0-,to) -¾. 0 for than Q(<r;ci) must have non-negative prin¬ 
ciple minors, hence In particular its diagonal terms (the first order prin¬ 
ciple minors) satisfy 

1 “ la^PJl^O p " CT+ I« 

<T 0 

2 
Therefor« |s^j(P)| is bounded everywhere in the right half plana 

l^jíp)! -£.1 

so that aij(p) muet be analytic for p in the right half plane. In fact any 
physical ejj(p) takas the right half of the p plane into unit circle in the 
s^j plane. JThus Theosem A follows from B. 

An important special caae of these two theorems applies to lossless 
networks end is given as 

Theorem 0. The neoesa&ry and sufficient conditions that S(p; be the 
normslissd scattering matrix or » linear xoasiqas reciprocal network is that 

and 
a) S(p) be unitary for p * J®, i.«; 8(Jw) 3*(ju) " I 

b) The elemente of 3 be anelytlo in the right half of the p plans. 

These theorems have been applied recently to various problams of 
network design such ?s the synthesis of reantanoe 2-ports(13), the deelgn of 
matching networks'”''7', and tha synthesis of power and voltage equalizers(lb). 
Space does not permit any discussion of these applications here and tbs in¬ 
terested reader must consult these references. 

In conclusion it should be restated that the scattering formulation 
of network equations appears to be a most powerful tool for mary problems of 
analysis and synthesis. This formulation appeals very strongly as ? unified 
approach to network theory, for every pays leal network without exception 
possesses a-scattering matrix. 

< 
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