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RADIATION CHARACTERISTICS OF RECTANGULAR
SURFACE SOURCES*

Prepared by:
aA. I. Mshian

ABSTRACT: In this report, a theoretlcal study of the radiation
characteristics of rectangular surface sources hoas beern made
when these sources radiate uniformly over their surfages and
obey Lambert's Cosine Law. This study includes a presentation
of the history of the deveiopment of sucn formiiae up to the
present. Very general equatlons of two forms have been derived
glving the total filux on an elementary recelving area, when
this elementary receiving srea has arbitrary coordinates and

a surface normal with arbitrary direction cosines. The ‘
classical method of surface integration introduced by Lamberi
hag *een used, These equations are . very general in form, and
i1t is shown how each of the equations found in the literature
becom« special cases of these more general equations in vhich
the ceordinates of the elementary receiving area o the
direction cosines of 1its surface normal have particular vailues,
A simple transiation and rotation of coordinates makes 1t
possible te also consider the equally imporiant problem in
which the source 1s permitted to have arbiirary coordinates

and a surizcz normal with artitrary direction cosines. Sdume
numerical examples of the radlation field of a sguaere surface
source are given snd possible miiitary appiications are cited.

* Presented in part at the Thirty-Eighth Annual Meeting of
the Optical Society of America in Rochester, Vew York,
Ootober if)"':‘.'?, 19539 )
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. This repcrt reprosents a theoref;ical study of the radiation :
characteristics of Rectangular Surface Sources. It is intended

A for information only. It is published under Task NOTL-BZo-1-1-5L ~ |
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NAVORD Report 2980

PADIATION CHARACTERISTICS OF RECTANGULAR
SURPACE SOURCES

I. INTRODUCTION

1, Often it would be qulte useful if iy were posalble to predict
the total flux from a source of radiaticn of arhitraxy zsometry
fallinz on s veceiver when the source and recsiver are =t arbi-
trary dlstancea from esch othsr and neve arblitrary orlentations.
This flux might be of any form such as eleactromagnatic flux.
scoustic flux, or it mey consist of a flow of particles. This
problem, in addition to having many sveryday applications, also

is one of the problems faelng the military when devices &xs
constructed to detect potentiml targsta, for certainiy ons of the
most important problems in such considerations which must be feced
is that of determining the f{ctal fiux from the targit fallins on
the recelver. The recelver, of course, muat also convert this

flux into a signel hkavin~ & sufficiently hizh lsvel sbove the nolse,
but such consideratlions form snother chapter which lies beyond

the =sope of the present rbport. We shall be concernsd here only
with methods for determlining the topal flux failing on the receliver

and will not be concerned with the manner in which the recelver
utilizes this flux,

2. Calculations of the flux from sources of arbitrary <geomsiry
have not bheen gtitempted bBecause thsy ars usually regarded as too
eouplax, To be surs, they can be carrled out when the sourgce and
recsiving elsment are ssparstsd by dilstances whlch are large
compared with the dimenslons of the scurce and receiving slement
and tue ausorption and scattering of the intervening mesdium are
neglected, for in this case the inverse square law can be applisd,
There 1s then no problem in determining the totsl flux f£5lliing on
the recelver for any position and orilentation if it is Inown for
one position and orientation. Freguently howsver, receivers are
called upoa to detect sources at cleose ranze so that the geometrles
of both the scurce and ths recelver influence very markedly the
total fiux f£2illng on the receiver., Under these conditlons, the
inverse sguare law falls, end there ia then no simple way of
calculating the total fiux falling on the recelver, The practical
solution to such a problem 1s usually the engineering one 1in which
& recelver 1s chosen and measursments made, Such measursmeunts
however, are useful only under the conditions undsr which they are

taken and become of very little value when chanses sare made or new
variasbles appear.
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3. To prediet the totel flux falling on a receiver of given
geometry for any pesition and orientation in space, ong et
first make detailed studles of the radiation rields of the
sources being considered. A radiation field of a source of
flux of scme form can be described in various ways, usually
depending upon how it is {o be detected., 8ince we will be
interested here in calculating the total flux falling on a
small plene receiving element (thermscouple, photoconducting
cell, ete,), we will consider the radiation field of such a
source to be defined by the totsl flux falling on a small

elementary receiving element (swall compared to other dimensions)

g}ace& at different points in the surrounding region and having

different orientatlons. Yo deterrine the forms of the radiation
flelds of various sources, surface ard volurme integrations
become necessary. Many of these integrations have alrezdy been

carried out for sources of simple geometries, providing certsin
simplifying sssumptions are made concerning {he properties of
the source and flux, and the elementery receiving ares is
placed in some particular position or plane and is oriented

in some particular direection. Similar problems involving
"action at a distance" have also appeared in other rields of
physics in wnich surfece and volume integrations have been
necassary.

%, In the case of surface sources, which will concern us in
this report, some assumpticns are ususlly made concerning the
nature of the flux emitted from the surface in question.

Surface integrations of the tyre previously mentioned mean

that the contributions from each of the surface elements are’
simply added. 1In the case of radlant energy, i1f the econtributions
of these surface elements are %o be added, then the wave lengths
ef the flux must be both rardom in phase across the surface

waz

and small compared to the size of the surface elements involved.
This means then that the problem of evaluating the radiation
fleld of such & surface scurce emitiing radiant energy is
reducsd to cne in geometrical optics rather than in physical
optics. Similarly in the ecacse ¢l jpaisicles,; the particles must
be smail compared to these surface elements and they must not
interact with sach other if these surface Integratiocns are to

be of value. Assuming that these conditicns are fulfilled,

two additlional assumptions are usually made concerning the nature
of the radiating surface. The first is that the surface radlates
aniformly over its surface and the second that it obeys Lambert's
Cosine Law (reference (a)). This of ccurse represents a further
idealization of the problem, znd such a source is cormonly referred
to as a "perfect diffuse emitter". Many sources wiil be found

which do not conform to such an 1dealization (reference (b)j).

Even though precautions are taken to be sure that they radlate
uniformly over their surfaces, devisticns still ere found because
Lanbert's Cosine Law 18 not sstisfied. Heated prolished surfaces
for example alvays radiate more flux at cblique emergence than
would be expected from Lambert's COsine Law. Occasionally, a
cosine squared dependence with sngle of emergence is found for
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particular materials with particular surface conditions.

Fortunately, therc are many sources vhich approximately obey

Lambert®s Cosine Law (e.g. maghesium oxide, finely é;;und glase
surfaces, thermal radiation from molten silver and unpolished

piatinnm;, particularly if the surface 1s somewhat rough, and
the range in angle of emergence is not toc large. Ve wiil

therefore assume that the surface sources being considered here

radiate uniformly over their surface and obey Lambert's Cosine Law.

5. JIn this report, we will confine our attention to the recizn-
gular emitting surface. The primary reascn for this is that man
sourcee ares rectangular in shape., However, there are also
sources which do not possess simpie forms and perhaps do not
radiate uniformly over their surfaces or obey Lambertt's Cosine
Law. In these cases, the source can usually be divided up into
& series of smaller sources which do approximately fulfili these
vonditions of uniformity and satisfy Lambert's Cosine Lav.,

The rectangular source element is cone of the most useful forms

~ for such edlculatiorns, and the total flux falling on the elementary

receiving area from such a complex source will simply be the sum
of the individual contributions of each of these smaller rectan-
gular sources. The general problem which will concern us here
is then more svecifically that of calceulating the tcotal fiux
from the rectangular surface source (assuming the rectanguiar -
source radiaies uniformiy over its surface and obeys Lambert's
Cosine Law) falling on the elementary receiving srea when 1t

has arbitrary coordinates and a surface riormal with arbitrary
direction ccsines.

II. Histozy

6. If one assumes that the rectangular source radiates uniformly
over its surface and obeys Lambertis Cosine Law, then the
rectangular emitting surface is, of course, a rather oid problem
(reference (¢)). The origin of calculations on the fieid
characteristics of emitting rectanjilar sources seems ¢35 b3

in the perers of . P. liyde and K. Nordan (reference (d))
rublishad in 1907 and 1908. Both of these authors were coneeraed
with calculating the flux density on an 2lementary rcceiving
arca from & mercury arc of tubuler form, which could be
aprroximated by a cylinder or an infinitely lomg strip.
Apparently the first calculations for rectangular surfzczzz

of finite dimensions were those made by Bordoni in Italy in
1908. The two cases in which he was Interested are shown
schematically in Fig. 1 snd Flg. 2. Bordonl calculated the

flux density cn an elementary receiving area located on the
surface normal throughi the midpoint of one side of the rectangle
when the recelving aree was parallel to the rectangular surface,
As illustrated by Flg. 2, he ajiso concerned himself with the
case inthich the surface normal to the eicmentary receiving

area was rotated until it was parallel to one peir of the sides
of the rectangle. Both of these egquations are correet asnd in
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agresment with the often repesmted calenlaticns for these problems
appearing in later wyears.

7. Another of the early workers on the radiation properties of
rectangular sources was B. Jones (reference (T)}; in the United

States who published three papers during the pericd from 190%-1931.

These papers described some sddit*onal radiation characteristics
of rectangular sources as well ss other surface sources. The
narticulsr preblems involving rectangular sources in which he
was interested are those shownm in Figs. 3, %, 5, and 6. Figs. 3
end 4 will be recognized as modificetions of one of the problems
considered earlier by Bordoni. The Jopez formuls for the flux
density for the case represented by Filg. 3 wes written down
ineorrectly in his first paper but was corrected In the following
paper in 1910. The Tormmle for the case represented hr Fig. &
appears correctly iz the paper of 1910, The problems suggested
by Figs. 5 and 6 epresent the first problems in whieh the
elementary recelving erea was losated on surface normals gt
arbitrary distences from the cormer or cenier of the roctangle
and was orisnced in directions other then psrallel or perpen-
diculsr to its edges., In the 1909 peper, the formula for the
case repressnted by Fig. § was glven Ipcorvectly. The problem
suggested hy Fig. 6 was solwed correctly in Jomes' 1911 paper.
Unfortunstely Jones has made several mistakes so that hls papers
tave been severely eriticlized by lster writers. These errors
m the rectangnlar scurce will bs discussed in detail later.

The Interest in the rectangular source seemed then to subside
until 1923. At that tire F. J. Waldram {reference (g}} in
England published an approximate formula for the fivx density
on & horlocotel surface when the rectanguiar source was tilted
a2t an arbitrary angle with respact to the horizontel., Ths
zerticnlsar problem in whieh he was interested is shown in Fig. 7.
He sssumed that the rectengle could, without zppreciable error,
be placed on the surface of & sphere and then considered ths
flux density on & small horizontal reecsiving slswent ninced =
the center of the sphere. This formsls is then valid only when
the distaneces from the reclanguler source is lsrge comrarsd with
its dimensions.

i

L ]

8. The next resl adwance in predicting the radiation fields of
rectangular sources was made in Japan by 7. Tamanouti (reference
{b)) in 192%. Yamancuti calculated the flux density on en
elementary recelving srea when it had arbitrary coordinates
(Xoy Yos 25) and was oriented in the tiree directions of the
coordinates. For these calenleations, fhe rectangnlar source
was confined to ome of the ecordinztc planes at the origin of
the coordinstes as suggested by Fig. 8. The three directicns
of the surface normals of the slementary receliving area are
indicated in the figure. Yarsncutl®s considerations represent
an axtension of the work of Jomes in vhich two arbitrary
coordinates ware peessible for one particular orientztion of

the recelving elament (see Fig. 5). This work, however, still
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had more general applicstions, for the three formulae obtalned
were looked upon as the three corponents of a "light wector®.

To obtain an equaticn for the flux density on an mlﬁmtm
receiving aves bhaving sribitrary coordinates and & surfece normal
with arbltrary direction cosines, Yamenoutl suggested that a
geuler product could be formed mw the unit wector slong the
direction of the surface normal of the elementery receiving
ares, iat this equation was never actually written becsuse of
the author's intercst in the simpler cases. The three formulse
obtained by Yamemoutl are comsiderably more complex than the

. previous formlsee dexrived by others, and some mistakes in slgww

sppear which will be mentioned later.

:nl &uvu m;ﬂ; ‘kﬂ‘ntrimutim tﬂ the S‘m'h"eﬁ yas ﬂ:houot 8" Eh« H' Eigbie’
and his coworkers (reference (1}) in this ccuntry in 1925 and
1926. Bigbls gave a formula for tba flux density on en Elementary
receiving area with artitrery coordinates, when it was orlonted
rerpendicularly to the rectangular surface. The particular
problem and the terminology used in setting up this formuls is=
that indicated in Fig. 9. Clearly this iz awimlmﬁ to one of
the special cases treated earlier by Yamanouii, and Yemanouti's
corresponding equation can be reduced to Higbie's equation when
both are expressad in the same terms (assuming that the previcusly
mentloned errors in signs in Yamanomti's eguatlions heve been
eorrected). Highbie slso discus=ed two other special cases which
are of Interest gnd are shown snhemtieanﬁ in FPigs. 10 and 1l.
The problem suggested by Flg. 10 Is slso a special case of
Yamsnoutl®s equations and can {assuming that the previcusly
manticned errers in sign have been corrected) be brought into
agreement with Yamanouti's coarresponding egustion when both
equaticns are ezpressed in the sawme terms. Fig. 11 43 ancther
modificastion of the Jones problem (see Fig. 6) and ia & special
cage of the w ~ general mmmm in the present paper. These

wonattons will be Jlsonssed more o dotell leter,

0. Saibert (reference (§)) in Germany publichzd = p&ﬁu&”’m which

he sgain derived the two earlier eguations of Bordoni. In this
ma‘gm however , he used spherical trigonometry and projection
m&a rathsr ‘i’;hm the usual method of surface integration. -
Mm*lm ¥usselt {reference {(k)) in Germany Zurinr the same yser
also published s paper showing how projection methods on = unit
srhere were egulvalent to surface integration. N
10. P. ¥oon (reference (1)) and B. E. Speacer (reference (m))
In this country have also carried out extensiwve calenlztions on
rectanguliar suurces nsing spherical trigonometry and vector methods.
Like Yamanoutl they have been concerned with evsluating the flux
density on an elﬁmntﬂrx receiving sarea, when it has srbitrary
csoordinates and is oriented :m the dirnctima of the three
coordinates (see Fig. 8). The equations cbtained are in slightly
f#ifferent forms from those of Eumm =%i, but can, after a ulmlm

T wmmﬂ’wmww ke shown to be equivalent iwxmw': for the srrors
m sign in %m%mmm equations).
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1l. The most recent papers on this subject are those of
G. Bethe's (reference (n)) in Germany. These papers present
& wary general equetlion for the rectengulsr source when the
aguree 1tself iIs confined to ome of the cocordinete plsnes and
the elementary receiving srea is located on ome of the cocrdinste
axes end has arbitrary crientations. This eguation is wery long
and requires over half of an ordinary size jJournsl page to record
it. This eguation, however, represents & further generalization
of the probiem beyond the equstions of Yamanouti and will, after
& trenslation of coordinstes, be Tound to be equiwvelent to the
=ove pondensed egquation Iin the present paper when the two are
reduced to the same terminology. The author then presents two
igecial_:ases of this egusilon which sre mew and will be discussed
ter.

12. In wiew of the scmexhat unsatisfacicry state in which the
rectanpular surface sourcce has been left, 1t is felt that it
might be worthwhile to solwe this probler independently to see

ifr the eguations of others can be werified and perhaps edd new
and simpler formmlae. It was slso felt that there was a germine
need to sort of coordinmete or bring together sll these spparently
very different formmlae, so that it would b2 possible to see
wherein they differ, o perhaps are similar, and also whether

or not they are correci. Lnother motivating force for this
report bas been the desire to calculate the radiation flelés

of irregular surface sources vhich could be approximated by a
series of smeller irrepulariy oriented rectangular emitting
surfaces. To do these three things it became clear that a very
gonarsl spproach would be preferable in which a wery general
equation was found which descrived sil these csses. We there-
Tore urdertock o salvwe ihe probiem of caleulating the totel

finx from &2 rectangular emittine surface falling on an elementsry
receiving area hey'ng srhitrarr ecordinstes and a surface normal
with arbitpary diveciion snsines Thed = e aB® o

h - M e e
: Eus o R
A T £ X Whamy vl oy . oy e s iy

- ol = >

we found the papers of Bethe. IU will e recognized that Bethe's
problem is wery close to the rroblenm proposed here, for hs has
limited his rectangular source 10 one of the coordimzix planes
ard permitted his elementsry receiving area to hawe arblitrary
crlentsiions along one of the coordinate axes, while we are
sugpesting thet the rectanpguiar source be linﬁtaﬂ to one of the
coordinate planes at the center of the coordinates and the
elemsntary receiving ares permpitted to have srbitrary cocrdinstes
and & surface normal with arbitrary direction cosines. Thus,
although the integral equations for the two problems are
different, the resuiting equations should be reducible to each
other when the two equations zre erxpressed in the same terwms,

for in going from ome problex to the other, & simplie translation
of coordinates 1z necessary. This 1s fertunate, since each

of the two sets of rather detalled calculations gives added
weight to the other, Ue shold like then in the following to
give a rather brief derivation of ovr formulz for the rectan-
gulsr source, when the elementary receliving ares bhas arpitrary
ecoordinetes end a surface normal with srbitrary direction cosines.
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We will show how all the previously mentloned equetlons become
speclal cascs of thls general formmis and point out whereln we
think errors exist. Some examples will them be giver of radlation
fields of s square surface source. The more complex calculations
were made poasibie by utilizing the mechanized computing
facilities of the Fawval Obdnance Laboretory.

III. CGCeneral Egustioms for Redlation Field of
Factangular Surface Source

13. To &smribe in more detail the problem in which we shall
he: interested, it will be necessary to refer to Fig. 12. In the
¥,%) plene of the coordinate system, we hswz indicsted schemati-
mﬁw & plane rectsngular surfzce whese center is at the origin
of the coordinate system. W%e will sssume that this rectangulszr
surface sets as & source of flux and will not be concernsd with
the mechanisy by which this flux srises. It is also unisportant
ax to the form wm»:h this flux takes. As suggested earlier, it
may be either & wave disturbance or it may consist of a .ﬂo'w of
particles. Ir tha flux is in the form of radisnt energy, we
shall not be concerned with its freguency distribeiion or its
plane of polarization for these properties become important only

when the mspmse of the receiver to the incident flux is considered. .

4t point m Z,) there is imdicated an elememtary receiving
erea ds' ch gn spall corpared with all the dimensiomsz copsidered
and has & surface normal H' with direction cosines ( X 4 &
Both the coordinates of the elementary receiwing sres amd the
direction cosines of its surface normsl are completely arbitrary.
¥We shall assume that each element of ares of the rectangular
scurce emits the same flux* per uniit =0lid angle in s Airection
narmal to its surface, en? that it obeys Larxherils Cosine Law.
Ify 1n additien. we amwm that the Intervening space between
ﬂw source ard receiver is homogeneous and neither absorbs nor

= -.ﬂ‘ : B L e, L >a &
zoatters the fliss poscins throssh

- ‘HM"ﬂ( - W pri uuﬂa.n_.;,l.u II"ll "N&” m«mv::v.

riwmmalr the total flux mumg on the elementery area ds®,

in performing these calculationsy we shall naglmt the contribm--

tions of multiple reflections, muiﬂla absorplicns ard reemissions
PO ——

belween thfe W&ﬂea which mighﬁ contribute to the totel flux
fallirg on ds i for ds' will always be assumed to be zo smell
c

gr such an =fPicient energy converdter that such effects will mot
meks sppreciable contritutions.

1%, The radistion cheracteristics of the rectangular source

must now be expressed in mathemetlcesl terms. We postulate that

each unit sres of the rectanguisr source radiztes the same total

*The units of flux in the C.g.=. system are orgsfsec; in the
m.K.85. system watlis.
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sNergy** B pear second per unit solid angle in the direction of
its normel. On & microscopic time basis, By of course, must
fluctuate because for particles the flux cannoct te considered
to be distributed uniformly throughout space and for waves the
energy flow must be periodic. However, 1f the times of ohmerva«
tion are made lerge compared to these microscopic disturbances,
then B will, if the source contimmes to radiste in the samwe
merner, establish an everage walue. In all the following temarks
it Mﬂi be assumed that the times of cbservatlion sre sufficliently
large that such sn aversge value for B has significance. If we
consider a small elermentary area ds of the rectangular source,
the total flux within the element of =zolld apgle dw must then
be of spoumt B ds dw . We have suggested earlier that each
elementary area of the rectangulsr sources must cbey Lambert's -
Cosine Law f(reference (a)). This law si-yiy states that the
totel flux within the solid angle dow Dbeing radiested by & spall
area element decreanses with the cosine of the angle between the
surface normal and the direction of emergence of the redilation.
Since, for such small areas radiating within & small element of
solld angle dw the effective cross section area of the source
also decreases with the cosine of this same angle, B for a
surface obeyling Lanbert®z Cosine Law most be independent of the
sngle of emergence of the flux. A source whose total flux falls
off with the cosine of the anrle between the surfzce normal and
the direction of emergence of the flux is as previously stated
known as a Yperfect diffvae smiiter™. ILanbert's Cosine Law

is, of course, only an apprn tion for many sources do mot
obey thls law, buot we shell, for wani of & better descriptiom

of such sources, assume it to be valid. The total flux radisted
by the area clement ds in = direction € with its normel within
the solid engle dw would, with the sssumption that it obeys
Lambert’s Cosine Law, be expected to bz of the amount

d°F = B eose ds du. :
)

*¥By total energy vz mzen all the energy entering within the
unit solid angle. Tms, if the flux i3 in the form of
particies, it must then be the totel energy contsined by the
particles which enter within this unit solid angle. If the
radlstioen iz periciie, It mmst be intepratsd ower all
frequencizsy if it is trensverse, it mms* %= Integrated
over all plapes of polarizationi. The units of energy in
the Cog«8. systen are 2rgs; in the m.k.s. systen joules.
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15. & sivilar equation cen also be wriiten For the totsl
eneregy emerging in & direction @ im the tire 4t by simply
inserting a dt on the end of the previous sguation. We will
not, howewer, be concerned with energy in this paper for most
receivers only inteprate over the time in the short interwal
Ir which they are first exposed to the redistion. After this
trief initial exposure to the redistion, an eguilibrivwm is
established in which the tctal flux felling on the receiver is
sounl to the flur expended In meinteining a certein signal
level plus the flux lost by reflection, heat, radiation, nolse,
and other such losses inherent in deteclors.

16, If, as suggested by Flg. 12, this flux is allowsed to be
mmmm% on the recelving srea d2' at an arbitrary angle 8
with its normal EV 1 we must, in crder to determine the total
fluy felling on de*y limit the solid angle deb to that inter-
eente” at ds by the area ds'. From the definition of the solid
engie, we can write ‘

£ &
Mﬁ“ﬁ = E:%f’ %" teos &
as {2)
8 being the distarnee betweend srd de?. I now this welue for

de is inserted in Ez. 1; the total flux which ths elementary
ares ds radlates to the elementary area ds' is then

2r . Bis ces & osices g’ :

This equation is one of the old and universzally accepted laws
of photometry (referenve (a)) and is commonly referred to as
amvert's Photomeirdic Law. It is slso walid for small souress
which do not obey Lawbert's Cosine Lawy providing B is defined
as the total energy radiated per ammﬁ per unit ares per unlt
2013d angle in the directiop of Q.

17. This eguation provides the starting tguiwt: Tor guantitative
caleuletions in this report eu has been the case for others
working on these problems. &1l one has to do is to perform
the Indicated Integratiom over the surface of the rectangle

ir order to obtein the total flux failing on the elementary
receiving area ds®,. To sdapt thiz eguation to the problenm =t
hand, it is necessary to refer to Fig. 12. The radiating

gres elspent ds can be expressed in terms of an element of
area of the rectangle, which obwbusly will be 4Y 4Z2. The
angle & betweer the pormel N and the direcilon of & will be
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given by

Cos 0= Xofa. ')

To fix the msgnitude of the sngle 8 between H' ard a, we use
the fact that the cosine of the sngle betwsen two llnes “hose
direction cosines sre known is given by

Cos 0" = Acos (g, X)+ £ cosfa, y)+ ¥eos (a.2), (53

where o 4 , ¥ are the direction cosines of H's

From Pigure 12 it is quite & straightforward tassk to write down
the directiom cosines of s. Assuming s is positive when golng
from ds to ds'; we find its direction cosines are

Cosfa,x )= % , cosle, )= &%; ) 4 , Cosfa, Z)= E%:gw (6)

The meguituie of a 1s glso easily determired. It is

(um ‘ m.ﬁ-‘ w o R r - Wm
2 = mﬁ% ¥ '{Fﬂ" ‘?}WM‘F{‘E” ?f - 64

If now we substitute for ds, cos 8, cos @' gnd & In Bguation 3,
the Integrsl eguetion which =ust be solved in order to determine
the totsl flux falling on ds* from the rectsngular source must
then be
+ursd o - : “t
£ ‘ X Ro (Y ¥(Z,-Z)i X yd7
aF=8as'x, | [_L i It

‘ _ oy
Sur e [}{fﬁ' ( ?Q“}rjx*fgo“ﬂ\m}

it should perhsps be noted thet the direction cosines of the

surface normel H' heve been chusen to be positive in the same
sense in which a is positive. Tims H' will slways be directed
in the genersl direction of the incidernt rsdistion snd, hence

(L)

L

will be the surfsce nmormal for the surfsce on which the raﬂlim%i«m
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1s not incident. This same convention for N’ haes been uszd for
all the figures in this psper. The integration over the 2

direction is resdily carried out., Thils integral 1s an integral
of the form

(A-Y2)dZ
(B'\IL""Zf)”
;
and 1s equsal to the sum of twe integrals esch of which are of
S standard forms. When the integration wes carried out, the
L= - 5 following resuit was found.
(A-92)dz _ (24-y2)az-c) y
(B-C7+7%* F(B-CABLLZ? 2(B-CZ+23)
o
e pm JA_ 9N
* . + AZLIC 2z

: : (BT JAB-CE .

-

S S

a3

This equation must of course be evaluated at the limits -w and

- F by *W. When this is done, we find thst
T B o- oS
i Y A- 3
= | | @ Y?}%%ﬁ {2A - Y )(zur-C) o X
¢ '-»,u}r /U (,['r’"{/ f}(_;fg f’ZVB h‘”f.,.‘ u?-o\ £(D C l.Af.Z)
| (2
" + .4‘49-“:-223’(1 e 2wC 4 {,zﬂﬂa‘zu‘)(.Zur +C)
; ;. - (QB’C );él vr;‘i—s"c;, P 43-6’1;)(61{“’.1_“,2-)
S g -.J ) = = )’ {44 »23%- _“/ 2w Tl
! 2(B +Cur (#B C*) % {4 -c2
§ ) ; 11
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18, To complete the problem, each of these terms must be
Integrated over the ¥ direction within the limits of -Lta +4,
This looks rather discouraging since from Eq. 8 we see also that
A and 'B are functiong of Y and must be inserted before Iintegra-
tion 1s attempted. Some of the terms in the previous equaticn
will then be found to divide wp into other terms, each of which
must be integrated separately. It is, of course, impossible to
carry out such a detalled integration here, and -about all that
can be dome is to glve some general suggestlons which might be
useful to anyone who cares to repeat the calculations, and then
simply give the final result. To reduce each of the integrals
to & stendard form, a change of variables 1s necessary. For

all the integrals, the same change of variables is utilized.
This is quite fortunate for all the integrations can be carried
out in terms of this new variable and the varicue terms collected

and simplified bdefore worrying about the limits, The change of
variables utilized was

v Y- YO) dy = dy (10)
With this new variable, the limits on the integral must be
changed to =(Yo+Z) to =(¥o-4). In carrying out these integra-
tions, the Ifollowing well-known integral forms were encountered.

A

g ,l,-é.vf I, ’rf‘e'da"
atv ) )/av-»rz)(bw'” ’ J

(Erra)fe+ v ){ar )b re?)

'I'nvuma 4 o

rms involving arc tangenis were always integrated by paris.
After these integrations were carried out, the terms in Egq. 9
were found to give thirty-elght separate terms without inserting
the limits for v. Fortunately, a very iarge number of these
terms cancel out and the resultant terms simplify considerably
The fesulting value for this 1ntegr41 was then the following.

VAP RV

‘) \rv'aA/ccfa-: e /XO—OK(Z ‘J) v
) (B-CZH+Z* T XA LE, '"w)"' /)? 2 (7, )
~n YX,;"&‘ Z.-a,"hu" +4 -1 . i -
S "ll?')‘% G
+ A&;rdmf Fan ‘Zoflf {11)
Xo2r o
mn-; B tont 2, -
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If now we insert the proper limits on the variable v as suggestéd

earlier. we obtain the following egunation from Eq. 8 for the

totsl fiux falling on the elementary area as' from the rectangular

source.

= _“”d,n" %, -‘(

AF = Bds’ [ e =Mz )| ol V7L —
2das, ‘ tun” Yo 7
2 A, . v
X +H{Zo- ) onf‘(zb-'uf \/X oz~+(zo.. w/‘ 2

N
- Z_’.(g.:f’:_(..z.&)%-m’ Y, +4 —tan! Yo -L

vZ.rv . )2 " S R
Kol | Ktz Ao

| J (12)
+ Xo "j*()g"éz {-}—an" 2ot o —tna ! L

= W N ur
a0 ) RO TR -z)"’} |
BX (e ) (il Zupr o bt Z, = ur \:]
: — = . £O = L
WY 2e (Y, +0)% R SN WY ”"4')8):

An a’ternative end somewhat simnler form of this equation can
be obtained by expressing each of thes: differences in angles
in terms of & single angle. A4F may then also be written in
the following alternate form.

e
5{F= Bds , ‘d(zo—uﬁ).,;_mf,l 2.2 YR Fg (2~ wr)™

Z | /¥ 2 2
XA+ w)* Xt (Zomat o Yoo £

- ’_’&L::‘LZ_J_L:“.) denl XL (2o )

'/Xo'?'f' (z,+ w)? _Xc-%,, (Za ,,_w)%, Y, 4. 4%
, (12)
X, ALY, - - i
+ .i%—,—;,—_(——r—f"‘—-é-—"")‘ ‘7"!1.0 / Q.w'\/’xo‘z*(x, "/)2‘
S XoR#( A ‘,é,) Xo'z?‘“(% -j}’a«'-zé‘a- w®
EX,y - (Vs +4) ] ,gw,/’xos‘,_('xf ?_;&pf)z Z‘
3‘ 2 4 z, e -
IX e (M + 0} A r()z,uywzf—uf"‘i .
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19, These last two equations become quite powerful tools in
radiation problems, for the user can now calculate the total

flux from a rectangular source falling on an elementary receiving
area having arbitrary coordinates (XO,YO,Z ) and & surface normal

with arbitrary direction cosines (¢, £, 7). These equations
are very general 1n form so that all similar equations for which
the rectangular source is confined tc one of the c¢oordinate
planes at the center of the coordinates become special cases

of these equations in which elther the coordinates or the
directlon cosines of the surface normal of the elementary
receliving area have narticular values. After a simple transla-
tion and rotatlion cf axes, these equatlions may also be used for
the equally important case in which the elementary receiving
area is fixed in one of the coordinate planes at the center of
the coordinates, and the rectangular source permitited tc have
arpvitrary coordinates and a surface normal with arbltrary
direction cosines. Using the equatlons in this form, it is
then possible to calculate the total fiux falling on an elemen-

tary receiving area in the presence of an array of such rectangular

sources. J[If the sovrce is a surface radlator of irregular shape
or dees not radiate uniformiy over its surface or obey Lambert's
Cosine Iaw, 1%t 1s usually possible to divide this surface up
into a series of smaller reectanpgular sources vhich radiate
approxirately uniformly over their surfacez and approximately
chbey Lambert's Cosine Law within the limits of the angles
intercepted at the source by tThe elementary zeceiving element.

alsge be approximated by using these equations. The only
precaution necessary in using these eguations 1s that of being
certain that the plane contalning the elementary receiving
area does not intersect the rectangular source,; for if it does,
these equations (except in very special cases) no longer apply.
Vhen this plawe interseets the rectangular radlating surface

in a line par-11cl to one of the pairs of sldes, corrections

in the limits can be made to take carc of the reductlion in
effective radiating surface so as tz ghiain the ¢ofal flux

falling one cne side of the elementary receiving elencnt.
Care must be taken, however, to shield the opposite side of

- the elementary recelving erea from radiaticn so as to obtailn

‘the calculated flux. When the plane containing the elementary
recelving area intersects the rectangular source in a line

‘which is not parallel to a pair of its sides, triangular

sources have to be congiderad and these were consldered to
be outside the scope of the present report. :

20. One of the most immedlate guestions which confronted us
was hou we could be sure that these equations are correct in
view of the errors which others have made on simpler aspects
of the provlsme. In oraer Lo esiabiisn thelr correctness, we
immediately started a search of the literature for all types
of equations for rectangular sources and also worked cut
indeperdently =z series of problems in which (X,, ¥,y Zy) and
(X4 £4%) had certain restricted velues, This liferature
gearch was responsible for the history of the subject presente
earlier. The results obtained by others and from these
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independent calculations were then compared with the restricted
forms obtained from Eqs. 12 or 13 when particular values for
(X59¥0s2g) and (X 4 A, ¥) were inserted. The most direct
verifgca 1on of the correctness of these equations was that
obtained from Bethe's equation. After a translation of
coordinates, insertion of direction cosines in place of
angles, and a change in sign of one of these direction cosines,
all the various terms could be collected and Eq. 12 was found
to be the result. This is fortunatc for the solutions of two

closely related complex problemz 1nvolving different integrations

serve as checks on each other. It should alsobe stated that
in all other cases in which Independent calculatlions on simpler

prohlems done by others or the author were correct, the restricted

form of the general equation was always in agreemesnt.
I¥. Radiaticn Equatione for Special Simplified Cases:

21, Since the literature on the rectangular emitting surface
18 rather meager, widely distributed both in periocdicals and
tine, and often in error, it may be of interest to consider
some special cages of the above formulae. In considering
these special cases,; we will, insofar as possiblis, cite the

originator of each of these fornulae for many of these formulae
have often been rederived in the literature. We will alsc
point out wherein we bellieve errore have bcen made when we
believe they are present. In cases in which we believe errors
to be present, we have not relied solaly on the reneral equation
of the present psper to establish these errors, but have also
zarried sut indepsndent calculations starting with the original
problem suggested by each equation. In presenting these special

equations, they will be considered in the order of decreasing
complexity.

Ao Bethe's First Formula

22. One of the speclal cases which immediately suggests itsels
is that in which the surface normal is not limitéed in its
orientation, but the coordinates of Lhe receiving element are
limited to one of the coordinate planes. Such.a formula was
published by Bethe (reference (n)g in 1951, If in Pig. 12 we
confine the receiving element, for example, to the (X;7) plane,
we must then in Eq. 13 set Zg = O. Doing this we find that

df = é’isi[zcéﬁ%‘é:,»rar‘~f 2L /X r ot
z (]

s g W 1 , 2 o
o v xa f'ufgf)é"—l”
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This equation is a very rmich condensed version of Bethe's
. equation and will be found equivalent to it.

B. Equations for which o\ ; £ , and ¥ are zero

23, Another of the simpler cases in the order of decreasing
complexity is that in which the elementary receiving area is
restricted so that its surface noreal rotates in a plane
parallel to one of the coordinate planes. Equations for

by simply
gettingal = 0, ¥ = 0, and ¥ = O. When this is done, the
following three eguations were found.

dFyg < Bds!| =Lha . VX FZ - P
’ ? !. X°Z* (Zo' “"}u M X, % Qor_( “,j&f_;?:_ iy

zl!/Xo'zf'(za )™

X, !

- F::-:—%———'———‘ +an”
y Xo bt Zafw e

St (Zorurry, g @

S dFX!z:B/S'

=0 f?.%’;xé"““ s=== funt 2V Xr(f )

Xa ?“(I\,"a“ J )g%—()g—[)'gv‘-ze‘hw”

,74%”-’ 2#‘!)(0’?'*(,)’01‘?5):"
on""(?z* ')z*zdé‘ w“j,

o
DA

e
XL Y £)%

-
= i

.
b
T

ds!l Yoazemr) 1 5 4 yRT5 o |
A o2, - 2 j A
W2 w) X o220 w)r ¥, 2o ¥ |
_ | (15) |
I‘ - _‘_’/_L_,_L&___)ﬁ;‘z i:—f-— tral 2L VY, A2 sk ’
: '/Xa f(zafw‘)"’ Xﬁ"f'(zcx*w)z‘f'}é‘z:é'z |
f (4= 0) Fol)  pun! 2w VXA L) e
- X2+ (% -£)* Xo (V) 2o % w™ i
. i
+ ‘74( Kl '/"é) -f'an‘i s \/xo 27(_ (% *’!)b ; '
o e £
| MXor 0%+ R A Y |
| |
- |
PN i 16
o | .
¥
) In *nﬁi I ol
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_.‘/’\:v'a*(zo" W)a’

+ 0‘4(20 + J.r,)

\/X 0 z"é? o Y- 147) »

T'an"’

(7=0)
+ Bh=A%-8) .,

‘.fXg'af’(I o'f)'b

_ X, -t +4)
VX, 2 (% + )=

Fan

=
o
1]

X+ (2, TP A DAY At

2Ly X, 4, —ZO'I-:r)""'
Xo’zf(zg-f-ur)"-/«)z-"_j’“

Zuw VX, " 7)Y

2 NS
7 Ay

X5l v, A2y 2™

20 VX0 1) ]
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These equations, although rigorous and aprarently new, still
represent examples of cases, which ars considered too

complicated to be evaluated.

C, Eguation for which » and 2,

24k, One of the simpler variations of the previocuas formulae
is the case in which the receiver is restricted to the (X,¥Y)
plane in such a way that 1ts surface normal alsc rotates in
this plane. The eguatlion describing the totsl flux falling
on the receiver in this case can bte obtained Ly seiting both
Zk’and 2o In Eg. 13 equal to zero, or by simply setting

= 0 in the last of the previous eguations. In this case
A¥yy Teduces to

are zero

‘ r
2 Bds! i&_&g—;_ Sfan~ 2LV o &
ay= T2 |KErut Xo2ru % yo2 A2

L4

+ BXAA) 4t 2w /TFEG R

' 2 Z
VA% (Yo-L) Xo (Yo)?- ur®
v /. - B -,(16)
- BTt pt 2w RE A m |
Wl nl)*  Xpigrdp-ws ).

This formula also, to the best of our knowledge, has not appeared

in the literature.
D. Equation for which ot and Z, are zero

25, Another interesting case in that shown in Fig. 13,

snse the recelver is still confined to the (X,Y) plane dut its
surfsace normal is restricted to rotation in the (¥Y;2) plane.
{learly from Fig. 12, we would expect both o€ and Zo to be zero
for this case. This time we will substitute these values in

BEg. 12 because the result is simpler than the corresponding
result from Eq. 13, Thus we find that

17

In this
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-

dFy,2 = Bds' funl A
)’2 5, X;z*(/ya‘/e);u : /Xo.'zf();_jau Qa7
= o0
- /J/‘a

+an-! w-

VXo?( y; rf}” X, +0)*

For this equation to be valid, the plane containing ds’ must not
interssct the rectangular source. It 1s particularly interesting
to note thet when Yo also is zero that dF,,, vanishes. This is to
be expected since the same total flux woul€ fall on both sides of
the receiver regerdless of 1ts orientation with the result that

the total flux of a given sign falling on the receiver must be
ZE€rod,

E. Jones' Formula for Figure 6

26, Some of the simpler formulae in the literature which are
closely related to the previous formuiae =re the Jones formula
for the casc suggested in Figure 6 and the Higbie formula for
that in Pigure ii, To obtain the Jones formula, the normal to
the receiving element st be directed along the radius R drawn
from the center of the rectangle to the receiving element,

Clearly then from Figures 6 and 12, the following substitutions
should be made. '

iz%’ g %) Y=0, Z, =0 .

To obtain the equation in the form in which Jones originally

wrote it, it is necessary toc substitute in Equation 12 rather
than Equations 13 and 1%, The result is

18
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| _Bds' [
E dfxy= .__/Kg_/...‘f.__—cv.m‘/ Yrd oty ?
R [ V¥ghwur® s A . Y
. v e )

4

PP el L L A

PR X T

| Z (18)
+_ SO ... SRS _/ A___:___W_____'__‘
Yol Ty = = |
/o". 020y - 1> T a e Faa,
o 2 +(0-H)* 7y, o2 #) ,\gingrz)”!

v

= This 1s the Jones formla (reference (f)) which was published
correctly for the first time in 1911, Ancther form of this
equation can be obtained by substituting in Equation 1t rather
than Equation 12, but this additionel equation, although some-
. what simpler, dses nol have any particulsr advantages over the
< q form in which 1t was flrzt published.

—_— - F. Higble's Fermle for Figure 11 F

27, The Higbie Levine formula for the case deseribed by
£ A Flgure 11 is a specisl case of dFyy in Equation 15, To reduce
dFX¥ to the Higbie Levine fermmla, the followling substitutlions
in Figure 12 will be necessary.

¥ Xu"«ZS/nq? Az Los P 2l = ?
S Vo = @ Cos@- & =Sin@ 2005 |
Loz 4w g = @
': b
¥ ) When these substlitutions are made in dFyxy of Equation 15, the :w

following resuit was found

v ¢
4
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‘ £ cosg-a

+ﬂ.n"’ ‘ Wi

VAl e 0 af cos 4

\/552'510'? e/-f* m2

+un’

~ % A "
+ Vdisiotd+m?

Yat+fia a-F40$¢

{19)

4=+ m*—a+ cos ¢

Lo 2

This equation 1s in the form in which it was first published
(reference (1)) and is, of course correct,

Go Yesmanouti's Pormulae for Figure 8

26, All other formulae fouri 2in the literature were for rcases

in which the surface normal %o the receiving
to one of the three directlons of

T petnam e
ScLEwEnT wa

the ccordinates, Thi

s parallel

s is

clearly the case dfscussed first by Yamanouti (reference (h))
which is described by Figure 8.
Yamanouti, it is necessary to set st, < and ¥ equal t

We cap make these c"‘nstitutionb in either Eq"ation 12 or Equation

13, +o obtain ihe

necessary to use E uia

Te arrive at the egquations of

+

=fzo ammd
'UL.db-LULI.G iAa uh\.--;..-. Sees] ‘“91 .LOI'mS9 1

b

dﬂ;k__fiis Zj

(z_w)»z

ation 12,

V]
( “rfb'4e

wn et __,LM-'

VXo 20'00’)

Thus

o unity,.
t is

P Y-k
VKo 2 #(Z,- )%

+ Zo v o) >/ ’._‘Z
N -
Vo2 | RIarag ~ ,_.y._"....____z (20)
: '\,o'z"“(ilzé’ fw)z
(0(3/) =~ X,—l ' V 2y F \
m__,,. };’l‘&m ,_.:-——""'_"’7 "?LQA": -/ . Za N
YA Xy % (L P o %40, 1)
+ >€ +’€ (“Mﬁ., Z s ﬁm z -
Korlialt | agyay 2 e )
VX 2l z‘-.éi}“’j 3

)
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a!F?l- Bds’ ! X

Foan-! 2yt

;'/‘m’
2 L\/—_,af'()’ -L)* Fo ol )7 !/)( :.,,(y,ﬂu
(6:’) - Wl ,"u,n Z

dF5 - Be!

2

P_____ — et sy-? " . .
it ﬂ/b ’ Zuz +L)*
s ”
/ w1 L ""*"(““-""— dtant Y, - L (20))

. “w)

l/Xo f/Zo MJ)
4 -L
m—a m{"“‘“ﬂ:zzm e /"’2'/‘*72:"" ;

These equations are Iin agreement with those of Yamanoutl with
the exception of & change in sign of the w in the numerator in

the coefficient of the secord term in dFy, and a _chenge 1n sign

1n the .£ under the rodicsi in the Jzncainalof ul Lhe vuerlicient
orf ine second term in 4F . Both of these; we believe, are mis-
prints and we have writt¥n to Yamenouti concerning this.

Ho Condensed Form of Yamanouti’s Equations

22, It should alsoc be mentioned thOu a condensed version of

these equations can be obtained by making substitutions in
Equation 13, These equaticns are

(ot R A

Bds l Lo el RV EITT o iE
LFx = ! . T TR
,’A PHZmuw)

Xo* (2o )+ o2 L #
s bl . - =
N X, 2r( 2ot ) )2 AP
bat) - ;%?r—-_""""? ot R RERLEDY 2D
et/ KXo 2+ (O ot 2 % s
* -—.X_&t:{;c-,-‘ f"xn*l 93&("\/X 2}_()',*"?74, .7
V/’o "'L/ yo"“/)w 2 =2

XS+ ) # 25 =™ | 1

21

g i g o A
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dFy= Bds! | Kaeo  sund  2uRELGI 2%
/ 2 w(;_’,*#}_;’ -4 }% ;‘; Sy -4)% 2.2 ¥
v .
. enamsomargli® TN Lw X2 s
=) = FEgae  itiaen
Xl Z,% s

P

- éﬁ{i'f X anl FOSTE (21)
Az= 5 / VX s )? R Z A

A Q’LﬁZ,‘W)zv‘X, .l;/( o

(=1 Yoo ot 2UNEETDT
W - Z's“uﬂ’z"
S ! P
\/Xo f(ZO *ruly }‘/oﬂf‘(‘/zo*“')z’% }é,g,____/,&-!

| <

T

i Equations of Mcon and Spencer

30. The closest equations *to theose &f Yamancutl are these of

Moon and Sypencer (reference {(m))., In fect, the problem discussed
by Moon and Spencer is identical with that of Yamanouti, but the
mammer in whieh the equations orc st up 4s a Little different,
Refeming to Figure 14, Mcon and Spencer determined the coordinates
of the receiving element from onc of the corners of the rectsngle,
To transform Yamanouti's equations to those of Moon and Spencer,

g “‘ranslation of coordinates 1s necessary. Referring to Figure 1k,

the tronslation must be such that

):"—"‘jf[é} Zo-—'M?"/If'o
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Introducing this tranclation of cocordinates into Yamanouti's ;
equations, we find thet

¢, = Bea! /’ L= bt 2dree
Xo s oeZrm® 7Y feaa

+ ﬂurrﬁfﬁ__-{ 25 7 )
W, 2l 2ee )™ ru¢ Jiad A
( HPtawm ™ rrarer |

ot snmm

- - P Ar P b (22)

i = Tl e fan<! 2w A7 - Aan -l <o ¢
T | Aot ( VA 2 N2 ,{ 3’

J N

= o b

Vo (2lru) 2 +@zf+wJ*J VQ;Z;(bffdgﬁb{jz i
/ | %
oy . ; / :
AE, - é%{s e Jiun-i LTl - i i
I X rr @ VX2 #ar® |
) ' '
Xo NA
T KA w ) f-}- 0~/ i["";::_ =, it/ =l

52w / VX" 2sr ) B2 aren )
%

23
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These equations are the equations of Moon and Spencer (reference

(m)) with the exception of the B term which they define in a
different munner.

J. Higbie'’s Formula for Figure 9

31, An equation which 1is equivalent to one of the Yamanouti
equatlons is that derived by Higbie (reference (1)) suggested
in Figure 9, To transform Equation 12 to the case suggested by
Figure 9, the following substitutlons are necessary.,

=i o+l -g  Z tu=x
,£=_/ /Ya _ 7 = -£ . A
?/‘-_o -0 .

Meking these substitutiociis in Equation 12,

dFy = Eds’| Xo [m-/ Lm ptan)

m.
;2 .Lb%fz’ +g* ( my" W}

- XO o

. s Jtan! B | Lan-
k2] R E

This is Higbie's equation published in 1925 and it is, of
course, correct, Thls equatlon is equivalent to dFy in
Yamanouti’s equations,.

L3

PR “T-‘ .
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K. Betheis Formula for Figure 15

32, Another recent variation of Yamanoutl's equations is

that given by Bethe (reference (n)) shown schematically in
Figure 15, In tuls case, the surface of the receiving element
is parallel to the rectangular emitting source and 1ts motion

is confined to a plane determined by ths X, &axis and the

iine 7, =2, « This is a spsocial case of the first of
Yamanoutl's equations (that is, withe< =/ ) in vhich ¥ is
sinply set equal to .Z, . In order %o wrlte this equation in the
£inal form in vhich it appears, it is preferable to make these

substitutions directly in Equaigion 13. Doing this, dFy; hes ths
following wvalua,

r [ d Y .’—.'—».___-_'-'—-
F, = é“._'s._i / - :ur = +on-! ‘6‘{%"\'0‘°+,41-w'£w .
g & / Xo™ 06 ve) X2 £, + wi)*e 2o - A%
len
Y - 1 2, 7/ 32,
= o =W - dn-/ 2L YX 2+ (Y -y

Y2 - w)? X2 Y- w) ¥ V- 27

VIV Y
VR 7 SR WY A2 ¢ T DA C
BN S VT Tz v ALY
VXZE (% #.4) PEIERIILD kel

Y, - £ fn-! .Zwﬁ;zv‘(%-{)f”._z. ]

_:_;‘_——;; r— Y} R
X2 (Y,-£)” X 0o ) +00"=" |

This is Bethe'®s equation in the form in vhich it was written.
It is more useiul in connection with gquare sources since 1in
this case the flux dFy; would be that in a plane normal to the
square surface and through i1ts diagonal,

i

s i b

ot
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L, Jones' Formula for Figure %

33 One of the simpler special cases of the Yamanocuti
equeticns 13 that suggested by Figure $ in connection with
Jones ' contributions. In this case, the receiving element is
confined to a plane parallel to the’ (X, Y ) plane but displaced
a d...stance‘zo = 4w and the surfece normel lies in a direction
paraliel to the Y axls., Obviously we must then make the
following substitutiscns,

Making these substituticns 1xn 4F, of BEguaticns 20, we €ind that

y
ci/:}’ ) B:f s .”?'f._,*un" —&“’ tan-! o ]
e - T |
(255 ~°

Except for the constant factor outside vhich was neglected but
could be inferred from previous equatiorg and tne misprint of

an éxpe“-“+ as a subscript, this is ths Jones' formula {reference

(£))s It has often beenrederived in the litersiure.
M, Highie's Formula for Figure 10
4., Another special case of these general equations is that

of Higbie and Levine wmpresented schematically by Figure 10, Iin
this cese, the receiving element is located at a distance a in

theZ direction from a nermal through one corner of the rectasngle
and is oriented with its surface parallel to that of the rectangle0

In order then to transform these general equations to Higble's
formula, the following substitutions must be made,

9(“], Z""'/ej Zo“da-w‘, '/—‘f/-/ ,Z“;"-.-z. s o

The most direct method of arrlving at Higbie's equation is that

of using Equation 13. Making these substitutlicns in thisz equation,

w

ok it 1 =

£

T A I s b 11l et e et 1 AR Sl St RN 4 it A s St
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) Bds’ “ R - ‘
/Fx = 7 i +an~! ,_jr" — ‘i____ ! ynyf)(o.zf,Z-v . i
0“1"’4. VXO"V’& V 0 XD‘Z?#‘&;"42{’W’L :‘
Y = ] (26) 5
+ = n. = Fan-! __—ﬁ——- I |
VX;‘*ém‘“!z Vk;z?éﬁ-"J’; ;
) o This 1s the Higbie Levine formula {(reference (1)) which appeared

first in 1926 and 1t 1s, of course, correct.

7. Jones' Formulae for Fig. 3 and Fiz. &%

7 jjo JONES aiso ¢ 11isTuss CWO 80G0iTiThnai CaBses whici arc repire- i
< I sented by Figs. 3 and & vaiously, if we are to transform the i
; general case in Fig, 12 to that suggesied by Filg. 3, the following !
Lt substitutions must be made. i
=y . O< = )’o = "/() ZO @ e e 5
- 2 |
. , These substitutions can be made in any one of the Dgs. 12, 13, i
- i S 20y 21 with the same result. :
- Has )
e = . f . -
RPN de' = gfgs e SO an~! 2Z :
E & 2) EY

- S & o 2rlow) ¢V*ﬂ@w/”
, (27) *
: ) 71=‘ l/,:..ﬂ.é'_,z.;{;_.m “an-/ 2 mr .
f:« VX2 H(24) X2 (ad)* ok

Ti:%3 squation was first published (reference (£)) incorrectly ;

iz 1205 but was corrected in a followlng paper in 1910, For i

_ Fig. &, the receiving element is parallel to the rectangular |

N . source and is loceted on a surface normel through the center |

T gy ) of the rectangle. This again is a special case of the previously !
mentioned equations in this paragraph in which & = 1 and )Y, and

Z5> are both zero. Making these substitutions;

g 27

el
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i

A(!E; = 28ds’ ,_...7"_C--_ paat _ L Z 1(25)

. 5 7 Fan-l A
Wt T el ™

.

This equatleon is agein correct and appears in Jones’ pager
{reference (£)} in 1911,

0. Bordonl's Formulae For Figure 1 and Figure 2

36. The last two equations which we shall mention sre thoss o

Bordonl (reference (e)) represented by Filgures 1 and 2. These are
slight modiflcations of the cases already discussed in eammectinn
with Jones’ vavers. Thue *2 rzliuve our general squations to those

represented in Figure 2, the following substitutions must be made
in Equation 12,

g _ _} >/,.,.4’ Z

Doing this,

o
b AN
VX5“r(2.8)% (24 a_JJ , (29)

-
dlry = rez{s/i};m-l )—?‘:—" s -——Z—"" fan=~! Radl ]

To obtain the equation representing Figure 1, the following
substitutlions must be made.

OC=/I )é:._/‘_/

/

L, = 0.

Thus Bordonl's equation for the case in Figure 1 is

ZF = bls!| L fun-! 2 ¢ 2. .~ (30
NS rur & z = P Henl R
i Vit e IR T

28
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As sugpested earliery both of these equations are correct and
apparently represent the first contribution to the radiation
fields of rectangular sgources of finite dimensions,

P, Speelal Photometric Equations

37 There are two other weli-kmown simple photometric laws
vhich can be used also as a check on these equations, Since
Lambert's Photonetriec Equation given earlier as Lq, 3 was used
in deriving these equations, it also ought to be contained in

o - m X2 aln e LV 2QA o
these equations as a special case. To gstoblish that this is

the case, 1t 1s necessary sinply tc assume that X, iz mueh
larger than Y5y 20y £, and w, If ve make this assumption in
g, 13 and expand the arctangent terms in serles retaining
only the first terms, we find that

s Bds' (4 L)k
@& = Xo"‘ J (31)

which 1is in accordance with Lambert!s Photometric Law. Finallv
1f we wake € and w very large and of the same order of magnitude,

then for increasingly smaller values of Xge Yo, and Zg, Lge 13
reduces to

ZF = T Bds’'< (32)

agaln a welle«known result.

38. It should perhaps be nmentioned again that cavtion must be
exercised In the use of these equations, If the plane con=
talining the elementary receiving area intersccts the rectangular

sourcs, these cquations are then no longer applicable exceps
in very limited cases,

V. Radiation Fileld of a Square Surface Sourcs
A, Deviations from Inverse Square Lau

39. As a particular examnple of these equationsy a few calcue
lations visre carried out for a square surface source, One of
the sinmplest and nost often esleulated cases for thesc problems
is that in which the elenentary receiving area is placed on the
Xg axis parsllel to the source (ot =/ Yo=Za= O 1)° For such
a case, our general equation goes over liato the following
sirple form:

(33)
RFy = Bis' | L2 4yt e
TV 2% e =
\/"\/o'o fM—J‘j 3
!
29
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v belng the width of the sguare. In Fig. 16 we have plotted
some data arrived at from this equation. In this figure, the
ordinate is dFy/B dg' and the absclssa is X, in units of the
width w. The ¥u11 iine curve in this figure gives the depend-
ence of dFx/B ds' on X, as would be expected from this equation.

40, Often in problems of this sort,y the lnverse square law is
applied without belng sufficlently careful as to the magnitude
of the error introduced by i1ts use. To indicate the type of
agreement to be found between the exact Eq. 33 for the square
and that tc be expected on the basls of an inverse square law,

ve have Included a second dotted curve in Fig

» 16 showing the

values of dFyx/B ds' found
set o< =1 in Eq. 31, the

from the inverse square law. If we
equation describing the d ependence

of dFy on Xy, assuming en inverse square law, mst then be

2E. . B (H4w?) (3%
o & s

For small values of X,, the Inverse square law gives larger
values than the exact equation, the divergence betvecn the two
values being larger as X, decreases. For small values of X,
compared with w, the ordinate ror the full linc curve approaches

9 vwhiie that for the dotted curve goes to infinity.
B, Speclal Cage for which & = Y, = 25 =0
41 . Another guite simple example is that for which the elementary

recelving area ’s still on the X, axis, but its surface normal
i3 free to rotate in the (X, Y ) plane. For such a case in our

general equations, we musti set ¥ = 0 and Y5 = Z5, = O, Doing
this we find that
ro ‘
AF= Bds'| 2228 fanrl =] (35)

.vaaaf'wz' V;wmf‘ W"LJ A

This equation is identical in form with Eq. 33 except for the
presence of thes&~ ., If we plot 4F/B ds' as s function of X

and -8', we can then repvresent these values by polar plots Qg

the form shown in Fig. 17. ror a fixed value of X,, dF/B ds'
falls off simply with the cosine of the angle 6'. In this
figure, the lengths of the vectors at each of the indicated
values Xo (X, = w, 2w, 3w) contained in the circles of diamsters

!71
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are the magritudes of dF/B ds’, K having the values 1, 2, and 3

for the Indicated values of X Below each of the cirecles is
indicated the maximum value o? d¥/B ds'. In each case, the
elementary receiving area itself 1s normal to these vectors,

. For each value of Xg, values of dF/b ds' are significant only -

up tc the angle ©° at which the plane ¢f the elementary rsceiving i
surface 1tse.g.f‘ begins to intersect the square suriace |

Sy
B P L KL
£

Saats

{for X W, ' = 45°; X = 2w, 6% = 6(°,, Beyond this angle,
0 0 el .

these ea T-_l tione of course have no vaoiue.

C. 1Isophotopic Plots for (¥, Z) Plane vith oC = 1 i

42, In the last series of figures, we have plotted field data
- o of a mcre detailed type. For each of these figures, the
elenentary recoiving area was confined to a given (¥, Z) plane
; {(that is, having a fixed Xy value) and haed a suriace normal
T 4 : parallel to the Xg axis (that is oK = 1). In carrying out
these calculatlons, polar coordinates were introduced in the
(Xy &) plane and calculations were made for a fixed angle ¢ witn
the Z, axis and at various distances from the X, axis. If 4n .

ot the(" Z) plane_the yadius r and the distance X, are expressed ;
) in units of w, Eq. 24 can, for purposes of calculation, be 5
R TR written in the form :
" : e/ reozgd~-{ .
: ‘ i aFE = Bds I—._,_ = +ar~/ ’0\/?,,2 *(Fdos/—/)’b ‘
. p 4 & h/xa 3{_(, Cos‘f_l)z’ — =2 =

o ; X trvr2an 7cosd
- e L
- g }
e reosgd +/ ;
g < ¥ + :____‘f-—r +an-! .2'- ‘/*37& (rﬂasq’r-i)"?" ;

-:PZ‘ f= = A.'i‘JJ
E= oy \/Ko f(""f"’aqa";/ k‘;”f' P24 F cosd

v o _ if d’““/ 7"@-0“’ | Ozvz‘z‘)"(F <Sin d’_[)i ]
ek : \/:'::f-’**(r Sing-i)¥ XZ# Fr-a Fsirg A
i} s
Ly g ‘
- + . rF sio cp‘-r-l P ,gyf?ox_,_(Psm‘,,gj.v] |
i t
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In arriving at numerical)l values from this equation, values for
. dFy/B ds' were calculated along fixed directicns (that is,
constant 4 and variaeble T) in each of zix (Y, Z) plernes for
which X, had the values 1, 2, %, 6, 8, and 10. Intervals of
. i0° 4in 3 vere used in each of these planes. From this data,
curves vere plotted in each plane along each of_ the chosen
directions (that is, for fixed ¢ and variable T) and values
of T chosen for which the quantity dFgx/B 4s' had certain
constant velues. These data were then plotted on chests of
coordinate paper corresponding to each of these six planes,
and all the points along each of the directicns for which
de/B ds? had -the same value were Jjoined together. The results
of these detalled calculations and plotting are given in Figs.
18, 19, 20, 21, 22? and 23. In each of these figures, the
_ values of dFy/B ds' along each of these isophotopic 1ines is
. indicated directly on the Iigure. The square itself is plotted
to scele at the center of each of these filgures. Most of these
isophotopic lines, except for Flg. 18, can be approximated quite
well Dy circles ii uhie caleulated and piotted values are accurate
to three figures. '

P . LA TR AP I g

. 43, Figures of this type can be qulte useful in meking rapid
P determinations of the total flux or flux density on an elementary
: receliving area placed in various planes and having surface
: normals with various orientations. All one needs to know are
: the coordinates of the point in question {(which are determined
from the figure directly), the magnitudes of B and ds! and then
i either AP or dF/ds' can be determined directly from such curves.

i VI. CONCLUSIONS AND ACKNOWLEDGMENTS

ok 4, 1In this report, we have presented a rather detailed
® o irvestigation of the subject of the radlation charccteristics
e of reci:iigular sources, when these socurces radiate uniformly
- - over their surfaces snd obtey Lambert's Cosine Law., Thisz has
TR D been dene from a very general viewpoint so that the elementary
i it receiving area may have arbitrary cocordinates and a surface
normal with arbitrary direction cosines. After a simple
sransletion and rotation of axes, thesé equations may also be
used for the equally lmportant case in which the clementary
receiving area is confined to one of the coordinate planes at
the center of the coordinstes and the rectangular source
. permitted to have arbitrary coordinates and a surface normal
o K with arbitrary direction coslnes. Using the eguations in this
form, 1%t is then possible to calculate the total flux falling
i : on an eiementary recelving area in the 'presence of an array of
B ractangular sources of various sizes having erbilrary cocrdinates
e o * and surface normals with arbitrary direction cosines, for the
T j total flux will simply be egual the sum of the individual

PR SN

‘eontributions of each of these sources.
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45, These equations are alsc directly applicable %o problems
for which the previously designated elementary receiving area
becomes the sourcz of the flux and the rectangular surface the
receiving surface. Thus one can, by utilizing these equations,
calculate the total flux eniering a rectangular aperture from
a small elementary sovrce area when the source or the receiving
area hses arbitrary coordinates and a surface normal with
arbvlirary directlon cosines. Assuming that the source in each
case radiates uniformiy over its surface and obeys Lambert's
Cosine Law, the oniy limitation in the use of these equations
is that of being certain in each case that the plane containing
the 2lementary source or receiving area does not intersect the
rectangle, for if it does, these equations (except in very
special cases) are no longer applicable. .

L6, A search of the literature has alscbeen mede which
resulted in the finding of seventeen formulae describing
various aspects of the radiation flelds of reetangular sources.
Ve have pointed mmt that all these formulae are apparently
very different, and that there are a few errors voih in
transceriting and arriving at these formuiae. We have shewn,
however, that each of these formulae (except Bethe's) can be
arrived at from the more general formmlae presented in this
report by simply substituting particular values for Xge Yo, -
Loy oty s and « When discrepancisc appeared bhetween
the formila arrived at from the general esquation presented In
this réport and the corresponding equation published by others,
we have shown where thils discrepancy exists and have to our
satisfaction established these discrepanties as errors in the
equations of others. As a result of this investigation, we
belisve that all of these formwlae, with the exception of Jones!
formla for Fig. 5 end the formulae of Yamanouti for Fig. 8,
are correct when they are written in the final form in vhich
the authors intended. The errors sprearing in Jones' formula
are readily found from precedlng eqvations, but the errers

in signs made in Tamanoutli's equations cannot be inferred

from his paper because they involve complex integratiocns which
cannot; becsuse of their length, be discussed in detail,

These errors in sign may, however, be the result of a misprint
or due to an error in copying. It perhaps should also be
meritioned again that the Jones® formla for Fig. 3 appesred
incorrectly in his first publication bBut was corrected in 2
following publication. Waldram's forrmula wzas the only one
which was not discussed, for his formula, by his own admission,
was only an approxirvate one.

%7. The egquaticns presented in this report for the recizngular
souyrce appeer to be new. The first form of the equation,
although not specifically written by Yamanouti, can nevertheless
e chizined from Yamancutli's components of the "light vector™
if the light vector is written for an arbitrary position and
s=ientation and certain definlitions are brought into agreement.

[¥3]
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As mentioned before, however, a discrepancy in two signs appears
between the two equatlons. fhe first form of the enuation
presented in this report will also be found %tc agree with Bathe's
much longer equation sfter a %translation ef coordinates insertion
s . of direction cosines, change in sign of onz of these direction

' cosines, and a collection of the various iterms, The alternate
form of the equation seems, however, t~ be new,

N

Ly, 1In the last section of the paper we have presented a few
simple examples of calculations for the radlation field of 2
square surface source and also some more detalled plots of the
radiations f£icld when the elementary recelving area is parellel
to the square source and is confined to planes normal to its
axis, Cealculetions of the latter type are very long and require
mechanized equipment to carry them out, Curves of this type are
however, very useful for rapid evaluaticns of the total fiux or
the flux density on the elementary receiving srea, The number
of izophotopic curves which one plots would depend on the
accuracy and varlability in the pocsition of the elementary
réceiving area which could only be snticipated by the user.

R 49, The examples which we have cited do not illustrate tkre
IR D full versatility of these equations, for they can be used %o
oo s s b determine the tctal flux or the flux density on an elementary
receiving srea which is restricied to any type ¢f surface.
: ) All one needs tc solve ths particulsr problem sre the coordinates
- : X5y Yoy Z2q and the direction cosines of the surface normal over
tﬁe compiex surface, and then iscophotopic lines can be plotted
i over this surface in much the same way as was done in Figs. 1o
| R I to 23,  Radisticn fields of targets having complex geometries
° Lo can also, with sufficient patience, be calculated with these
£ equations, for there are many targets which can be spproximated
Ay e b by 2 series of rectsngular sources. Mechanized computing
| o machines will be quite helpfui in carrylng out these calculations,
b e . for, without them, these equations become quite tedious to
! ; ‘ evaiuate gven for single isciated pointse.
I

f A " 50. This report may be subject to criticism becasuse it is

: ' completely theoretical and has no experimental data to justify
Hps : T these equations. Further objections may also be raised hecause
: : i some surfacas may not radiate wnlformly over their surfsces
oo and may not obey Lambtart'’s Cosine Law. To the first objection
P we can orly say that detailed experimental measirements on such
: ‘ ) problems require a considerable amount of time and this time
A i simply wes not available. Even after messurements are taken,
. they msy not, because of the second cbjection, describe
\ sdequately the theoretical calculations., In cases of this
! ) sort the messurements are further complicated *eczuse one must
Sgong ‘ also determine how B depends on the coordinastes arna on the angle
- R of emergenca. Knowing the dependence of B on the coordinates
end on the cigles of emergence; additional integrations mst be
attempted to solve the problem rigorousiy. If these cannot
be done, the radisting surface must then be broken up into s

= 3k
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serles of smaller surfaces for vhich these conditions of
uniformity and satlsfying of Lambert's Cosine law are valid.

51. The suthor is indebted to Gersld Fine of this Laboratory
who expressed a considerable Iinterest in this problem and
carried out detalled casliculations which were necessary for
plotting Figs. 18, 19, 20, 21, 22, and 23, These caleculations
wvere very leng ané tedicus and were done with the mechanized
computing facilities of the Naval Ordnance Laboratory.

Harold Feldman of this Laboratory plotted these data and 1s
responslbie for the drawing of these flgurss. The author
wronld also like to acknowledge his interest in this work.
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FIG.7
WALDRAW'S PROBLEM
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FIG. I
HIGBIE'S THIRD PROBLEM
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FIG. 20
RADIATION FIELD CF A SQUARE SOURCE
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FIG. 23
RADIATION FIELD OF A SQUARE SCURCE

| AND Xp =10w

FOR of =



NAYORD Report 2950

D ISTRIBUT ION

No. Cépies
Atomic Enerpy Commission g,
Buresu of Aeronsutices Navy Departmani 2
National Advisory Committee for Aeronsutics 2
Bureau of Ordnance Navy Department Relie _ 2
Nsval Research Laboratory, Physical Opties Divisicen 2
0fficz of Naval Resaarch 2
Alr Force 2
Naval Ordnance Test Stetion 2

36



	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061

