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A. I. Mehan 

ABSTRACT: In this report, a theoretical study of the radiation 
characteristics of rectangular surface sources has been made 
when these sources radiate uniformly over their surfaces and 
obey Lambert's Cosine Law. This study includes a presentation 
of the history of the development of such formulae up to the 
present* Very general equations of two forms have been derived 
giving the total flux on an elementary receiving areaf/ when 
this elementary receiving area has arbitrary coordinates and 
a surface normal with arbitrary direction cosines. The 
classical method of surface integration introduced by Lambert 
has been usedo These equations are very general in form, and 
it is shown how each of the equations found In the literature 
become special cases of these more general equations in which 
the coordinates of the elementary receiving area or the 
direction cosines of its surface normal have particular values0 
A simple translation and rotation of coordinates makes it 
possible to also consider the equally important problem in 
which the source is permitted to have arbitrary coordinates 
and a surf»cs normal" with arbitrary direction cosines° Some 
numerical examples of the radiation field of a square surface 
source are given and possible military applications are cited„ 

* Presented In part at the Thirty-Eighth Annual Meeting of 
tha Optical Society of America in Rochester, Hew York, 
October 15-17* 1953« 
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This report represents a theoretical study of the radiation 
characteristics of Rectangular Surface Sources0    It is intended 
for information only<> It is published under Task NOL-B2b~l-l»5lj. 
Problem 22o 
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RADIATION CHARACTERISTICS OP RECTAHOULAR 

SURFACE SOURCES 

I*  INTRODUCTION 

lo Of tea it would be quite useful If it w©s?e possible to predict 
the total flux from a source of radiation of arbitral geometry 
falling on a receiver when the source and receiver sara sfc arbi- 
trary distances fro• each other and have arbitrary orientations» 
This flux might be of any form such as electromagnetic flux« 
acoustic flux, or it may consist of a flow of particles0 This 
problem^ in addition to having many everyday applications, also 
is one of th© problems facing the military when devices sre 
constructed to detect potential targets s for certainly ©net of the 
most important problems in such considerations which must be faced 
is that of determining the total flux from the target falling on 
the receivero The receiver, of course, must also convert this 
flux into a signs 1 having a svxfficiently hi^h level above the noise, 
but such considerations form another chapter which lies beyond 
the scope of the 0resent report*. We shall be concerned here only 
with methods for determining the tojsal flux falling on the receiver 
and will not be concerned with the manner in which the receive? 
utilizes this flux, 

2. Calculations of the flux from sources of arbitrary s^ooiaetry 
have not been attempted because they ar-s usually regarded as too 
cosupiexo To be surs, they can be carried out when the source and 
receiving element are separated by distances which are large 
compared with f;he dimensions of the source and receiving element 
and the absorption and scattering of the intervening medium are 
neglected, for in this case the inverse square law can be applied,, 
There is then no problem in determining the total flux falling on 
the receiver for any position and orientation If it Is known for 
one position and orientation^ Frequently however,, receivers are 
called upon to detect aources at close ran»e so that the geometries 
of both the source and the receiver influence very markedly the 
total flux falling on the receiver.. Under these conditions,the 
inverse square law falla^ and there is then no simple way of 
calculating the total flux falling on the receiver0 The practical 
solution to such a problem is usually the engineering one in which 
a.  receiver is chosen and measurements made0 Such measurements, 
however, are useful only under the conditions under which they are 
taken and become of very little value when changes are made or new 
variables appear,. 
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3* To predict the total flux falling on a receiver of given 
geometry for any position and orientation in space, on© srast 
first asake detailed studies of the radiation fields oS the 
sources being considered. A radiation field of a source of 
flux of some form can be described in various ways, usually 
depending upon how It is to be detected. Since we will be        \ 
interested h&re in calculating the totalflux falling on a 
small plane receiving element (thermocouple, photoconducting       j 
cell, etc.), we will consider the radiation field of such a 
source to be defined by the total flux falling on a small 
elementary receiving element (sisall compared to other dimensions) 
placed at different points in the surrounding region and having 
different orientations„ fo determine the forms of the radiation 
fields of various sources, surface arid volume integrations        j 
become necessary. Many of these integrations have already been 
carried out for sources of simple geometries, providing certain 
simplifying assumptions are made concerning the properties of      i 
the source and flux5 and the elementary receiving area is 
placed in some particular position or plane and Is oriented        I 
in Some particular direction. Similar problems involving 
"action at a distance" have also appeared in other fields of 
physics in which surface and volume integrations have been 
necessary. ; - 

h.    In the case of surface sources, which will concern us in 
this report, some assumptions are usually made concerning the 
nature of the flux emitted from the surface in question. 
Surface integrations of the type previously mentioned mean 
that the contributions from each of the surface elements are 
simply added. In the case of radiant energy, if the contributions 

J       of these surface elements are to be added, th©r» the wave lengths    L 
of the flux must be both rar.dom In phase across the surface 

|       and small compared to the size of the surface elements involved. 
This means then that the problem of «valueting the radiation 
field of such a surface source emitting radiant energy Is 

*        reduced to one in geometrical optics rather than in physical 
L       optics. Similarly In the case cf particles, the particles must 

be small compared to these surface elements and they must not 
f       interact with each other if these surface integrations are to 
;       be of value. Assuming that these conditions are fulfilled, 

two additional assumptions are usually made concerning the nature    . 
£>       of the radiating surface. The first is that the surface radiates   L 

uniformly over its surface and the second that it obeys Lambert's   i 
Cosine Law (reference (a)). This of course represents a further    I 
idealization of the problem, and such a source is commonly referred  i 

,       to as a "perfect diffuse emitter". Many sources will be found 
which do not conform to such an idealization (reference (b)). 
Even though precautions are token to be sure that they radiate      | 
uniformly over their surfaces, deviations still are found because 
Lambert's Cosine Law is not satisfied* Heated polished surfaces    g 
for example always radiate more flux at oblique emergence than 

i'       .    would be expected from Lambert's Cosine Law. Occasionally* a 
cosine squared dependence with angle of emergence is found for 

ar 
<-mu  «>••:,>»» - 
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particular materials with particular surface conditionso 
Fortunately, there are many sources vhich approximately obey 
Lambert's Cosine Law (e0go magnesium oxide, finely ground glass 
surfaces, thermal radiation from molten silver and unpolished 
platinum), particularly if the surface is somewhat rough, and 
the range in angle of emergence is not too large. Ve will 
therefore assume that the surface sources being considered here 
radiate uniformly over their surface and obey Lambert*s Cosine Lav. 

3-    In this report, we will confine our attention to the rectan- 
gular emitting surface. The primary reason for this is that many 
sources are rectangular in shape. However, there are also 
sources which do not possess simple forms and perhaps do not 
radiate uniformly over their surfaces or obey Lambert's Cosine 
Law. In these cases, the source can usually be divided up into    \ 
a series of smaller sources which do approximately fulfill these    - 
conditions of uniformity and satisfy Lambert's Cosine Law. 
The rectangular source element is one of the most useful forms     i 
for such calculations, and the total flux falling on the elementary  ] 
receiving area from such a complex source will simply be the sum 
of the individual contributions of each of these smaller rectan- 
gular sources. The general problem which will concern us here 
is then more specifically that of calculating the total flux       j 
from the rectangular surface source (assuming the rectangular • 

;   • source radiates uniformly over its surface and obeys Lambert's 
Cosine Law) falling on the elementary receiving area when it 

"        - has arbitrary coordinates and a surface normal with arbitrary 
direction cosines. 

II. History 

**?.-.<        6. If one assumes that the rectangular source radiates uniformly 
over its surface and obeys Lambert's Cosine Law, then the j 

~ : rectangular emitting surface is, of course, a rather old problem 
(reference (c))» The origin of calculations on the field j M characteristics of emitting rectangular source? seens to b®       i 

*'---*_ in the papers of S. P. Hyde and &. Ner&sn (reference (d)) 
published in 1907 and 1908. Both of these authors were concerned   j 

,Z "*.        t with calculating the flux density on an elementary receiving       | 
""*       area from a mercury arc of tubular form, which could be 

;?S4* approximated by a cylinder or an infinitely long strip. J 
€    ,       Apparently the first calculations for rectangular surfaess        I 

• '•£. of finite dimensions were those made by Bordoni in Italy in 
* 1908o The two cases in which he was Interested are shown 

schematically in Pig. 1 and Pig. 2. Bordoni calculated the 
flux density on an elementary receiving area located on the 

f surface normal through the midpoint of one side of the rectangle 
.'»       when the receiving area was parallel to the rectangular surface. 

As illustrated by Fig. 2, he also concerned himself with the 
case in\hich the surface normal to the elsaientary receiving 
area was rotated until it was parallel to one pair of the sides     I 

^.^   *  .    of the rectangle. Both of these equations are*correct and In 

l~ 
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agreement with'the often repeated cslctilatieos far these pMUm 
appearing' in later,. 

8.   She next real advance in predicting the radiation fields of 
rectangular sources was iiade .In. Japan by Z. Xasanontl (reference 

;| {b» in lWh9   Tananouti ealenlafead the flux density on an 
«le»eatary receiving-area when It Sail arbitrary coordinates 
Cl^,t Te# 2M) and was oriented In the three direct!ess of the 
coordinates.   Per these caleul»tions9 lie rectangular source 

cf the surface normals of the elementary receiving area are 
='1 lad lea ted lathe figure,   ^ssancatl'a con a ideratlans represent 

an extension a? the work of Jones la which two arbitrary 
coordinates vare possible fear one particular orientation of 
the receiving a lament (am* Fig* 51 •   this work, however, still 

\ 

?.    Another of the early workers or, the radiation properties of 
rectangular sources was B. Jones {reference {£)) In. the 'United 
States who published three papers during the period from. 190'9-1911« 
These papers, described tone additional radiation characteristics 
of rectangular sources as well as other surface sources.   The 

I partiealar problems Involving rectangular sessrees in which be " 
I was Interested are those sham in Pigs, 3t %„ 5f and 6.   Figs. 3. 

and h win be recognised as mob If lest Ion a of one of the problems 
considered earner "by Bordonl*    The Jones faraala fewr the flax 

I density for the ease represented by "Fig. 3 -uas written down 
Incorrectly In his first paper but was corrected .In the following 

.,    'paper In 191*0.   Ihe formula for the ease represented % pif * % 
appears correctly in the paper of 1910-    She problems suggested 

 - =• " by Figs« 5 and. 6 represent the first problems in which the 
1 elementary receiving area was located as surface normals at 

arbitrary distances from the corner or center of the rectangle 
I .and was oriented in. directions otter than parallel or perpen- 

dlcolar to its edges.    Xh the 1909 paper, the fcrania for the 
:, ease represented by Fig. 5 was given incorreetly.    Ihe problem 

suggested by Fig. 6 was solved correctly m Jexss* 1911 paper. 
„        - *. * Qafortiinately Jones has Bade several mistakes so that Ms papers 

have been, severely criticised by later writers-   Biese errors 
T " on the rectangular source will be discussed In detail, later. 

The Interest in the rectangular source see used then to subside 
until 1953-   At that tine P. J. WaMraas (reference (g)) in 

i:  "-, England published, am. apprwsia«.te formula far the' flux density 
, ' on a horlscsstal surface whan the rectangular source wasJbUtad 

i<r.,„       I at an arbitrary anfle with respect 'to the horizontal,   sas 
rftrticrular problem*: in fchieh he was interested is shown In. Fig. 7. 

"•••"    •., „   , | Be a&suiaed that the rectangle could, without appreciable error, 
be placed on the surface of a sphere and ..then considered the 

J m*   *" " flux density on a snail heriiontal «?«§ivii!g ~1«5§SHS* plesei at- } 
the center of mm sphere. Shis formula is then valid only when 
the distance froa the rectaagnlasr source is large eeifiarsd with 
its dimensions. 

; 

| S'DQTttUilVBBi       JOT     WlffiS*    «8,ACU-Bll.«.i»,   ¥1>B    rB'B T»«..Hgll,J..a r    S-MUPEe i„ 
was confined to one of the «HSPdla»te planes at the origin of 

S the coordinates as suggested 'by Fig. II.   The three directions 

f 
i • 
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had aore general applications, for the three formula* obtained, 
i were looked upon as the three eeespor.ents of a "light vector* 

To Obtain as equation for the flux density on en eieicertary 
receiving ant laving s*hltrary coordinates sad a surf act aearasal 

i "• with, arbitrary direction ooslnes, Xaaancatl suggested that a 
; • sealer product could be formed with the unit vector alcng the 
- direction of 'fete surface noraa! of the elementary receiving 
? area, test this equation was.never actually wrltmn because of 
- the author's Interest In the simpler cases.    Tim three formula* 

obtained by 'Imxmmmti, are considerably more c carp lex than the 
- preview* f ornilae derived 'by others, and sons slstakes in signs 

.appear vUci will he •antloned later. ' 

9.    She next contribution 'to the suhjeet was that of S. 1, HlgMe 
:• -9 I" and his eovorkers (reference CD) in thla country in" 1985 end 

,„ 1926.   ligbie gave a foranla for tbe'flm density on an eleaentsiy 
* receiving area with arbitrary coordinates s when it was oriented 
»   • perpendicularly to the rectangular surface.   The particular 

problem and the terminology used in setting tip this foaramla is 
'that indicated In Fig. 9*   Clearly this is equivalent to one of 

'" - the special cases treated earlier by lasftnciiti, ami Yananouti's 
corresponding equation can be reduced to ligbxe's equation when 

*"  both are expressed "in the same terms  (assuming that the previously 
•*-»-.-  ,,.,„, „ nenticned''errors In signs In Yamanouti'a equations have been 

corrected).    HlgMe also discussed two other .special, eases which 
are of. Interest and are shown schematically in Figs» 10 and 11« 

; '~. * The problem suggested by Fir. 10 is also a special case of 
Yajsanoutl'i equations and can (assuming that the' previously 

.- ", ssstisned errors in sign have been corrected} be hrcwght into 
-eE'" - agreement with Yananoutl's corresponding equation uhen both 

' -v _,.;• | equations are- expressed In. the sasw twnss. '...Fig. U is another 
"" -   "' 1 nod if lea t ion c< the Jones problea Iwm Fig. 6) and is a special 

off Us© 'i».,..   "" general equation in the present _ 
ssssatisis -win fee siisssssed asr« i« detail inter.    1= IfiS 
Oj Seibert (reference (J)) in (kunany puhll^asd a paper Sn uhieb 
he again derived' the. two earlier equations of Borland,.    In this 
paper, however, he used spherical trigonometry and projection 
methods rather than the usual Eethcd of surface integration. 
Wllhslmi Kusseit (reference (k)) in wnsany daring the sa» ysar 
also published a 'paper showing hov projection nBthods on •>. unit 
sphere were equivalent to .surface integration. 

• 
10, P. Moon (reference (15) ana o„ 2. Spencer (reference Cm) 3      I * 
In this"country have also carried out extensive' calculations on 
rectangular sources using spherical trig on one try and vector aethods. * 
Like lamnoutl they have been concerned with evaluating the flnx 
density on an elementary receiving area, when it has arbitrary 
coordinates and is oriented in the directions of the three 
coordinates, (see Fig. 8). - The equations obtained are in slightly   jjL 
different forms front those of laiianest!, but can. after a slight    1" 
vi'hii^fonaat^r. j bs shown to he equivalent (except for the errors.. 
.in sign, la lananouti's equations). | 

t 
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11. The nest recent papers on this subject axe th««*e off 
G. Be the''s (reference (&)) in Geroaay.   These papers present 

i   a fury general equation for the rectotngplar source' when the 
:!; ' ssssrce Itself Is confined to one of" the ©oorainate planes and 
* * the elementary receiving area Is located on ace of the coordinate 
; * axes and has arbitrary orientations,   this equation Is very long 
; and requires over half or an Gsrdliaary else Journal page £o record 
•* ••• It*    This equationv however, -represents a further generalization 
'. off the problem beyond the equations of Yamanouti and will, after 

a translation, of coordinates, be found to he equivalent to the " 
acre condensed equation in the present paper when the two are 

* reduced to the sane terudtnology<>    The author then presents two 
wpaeial eases of this- equation which sr« new and will 'Tbe discussed. 
later. I 

12. In view of the somewhat taosatlsfaetesy state in which the     | 
rectangular, surface source has heen left, It is felt that It 
might he ws "*' might he worthwhile to solve this, probleiE Independently to see 
.if the equations of others can be -Verified and perhaps add new 
ana. simpler forsaulae. It ws also felt that there was a geissine 
need to sort of coordinate or- taring together all. these apparently 
very different ffarsatJjte, so that. It would he possible to see 

-. I  '*•  '        where .in. they differ,, or-perhaps are. similar, and also whether 
*.-,..,- .,.._, ,„.,        or not they are correct. Another motivating force for this 

report has bees the desire to calculate the radiation fields 
:        of irregular surface sources uhleh could he approzluated hy a 

~ • series of snailer irregularly oriented -rectangular emit ting 
surfaces. So do these three things It became clear that a very 
general approach would he preferable In which a very... general 

'*"-::-      "-    equation was found vhleh descrihed ail these' cases. We there- 
 ..- .,   "        fore undertoolc to solve the problem, of calculating the total 
r-  -' - "i     ...  flux from a rectangular enlttlne surface falling on an elementary 
ft, 1S„ t receiving area he**ng arbitrary sosrdisatss and a surface aornal 
j ... . with s?M=ifft?y i.i*-s==ii=s. sssisss* flsis prsUss was sclend se.fa=-s 

we found the pap©*5 «f Bethe. It will he i*»Bogniasd that Bethe*s 
I        problem is wry close to the problem -proposed here, for he has 

  I        limited his rectaagilaf source to one of the coarfilfeafe. planes 
f       .and nerndLtted his elementary receiving area to have arbitrary 

orientations along one of the coordinate axes, while we .are 
. sffisffestinf that the rectangular source he llclted to one off the 

*       coordinate nlanes at -the center of the coordinates and tint 
elesent&ry receiving area permitted to have arbitrary cocKdii».t»s 
and a surface ncmal with arbitrary direction cosines, Thus, 
although the Integral equations .for the two problems are 

i       different, the resulting equations should be reducible 'to each 
other when the two equations are expressed in,, the same terns, 

.•„,.:'  . . ,*       fox in going rroo one problee to the otter, a sliple translation 
of coordinates Is necessary. This is fortunate, since each 

., ,       of the two sets of rather detailed calculations gives afictai. 
**•"'**< ...,,  ""       weight to the ©User. Me sho^la llhe then, in the following to 

give a ratner brief derivation of osr ffeeaaiila for the rectan- 
'•- «,       gular source* when the elementary receiving area has arbitrary 

coordinates and a surface nnrnal with ^Tbitsrary direction cosines* 
r 

:   * 6 

1 
I 
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; *• We will show how nil the previously Bentlcrawl equations bee* 
i . special cases off this general f oraula and point out wherein we 
I tbUk errors exist.   Some examples will then be gives -of radiation 

•; " flali.fi of a square surface source.    The netre couplex calculations 
were nude possible 1-y utJJ la lag the nechanlsed eomputi&i 
facilities of the Iteral Otdmace Laboratory* 

1 
III. General Equations for Radiation Field, off 

Eaetaagular Surfhce Source 

13. ^o describe In care detail the problem la which we shall 
•«       'be Interested. It will he necessary to refer to Fig. 12. la the 

(TjZ} plane •of the coordinate system, we imws  indicated aoheaiatl- 
e&lly e plane rectangular amrfa.ce -wheat center Is at the origin 
of the" coordinate system. Bs will assume that this rectangular 
rarfae* acts as e source of flux .and. will not be concerns! with 

„       the sssdamlffiis hy which this flex arises. It Is also unimportant 
as to the few which this flux takes. As suggested earlier, It    | 

s       ».y be either a ware disturbance or it nay consist of a flew of'     1 
particles. If the flux is in the fora of radiant energy, we 

e       shall not he concerned with its frequency dlstrihctlan or its 
plane of polarisation for these properties become important only 

!       whan the response of the receiver to the incident flux is considered, j 
At point fig,,. T:p.f Z0) there is Indicated an elenentary receiving 
erea ds* which Is small caegsared with all the dimensions considered 
and has a surface BOHBB1 I? with direction cosines C oC mfif  , -x* 3 
Both the coordinates of the elewantary receiving area ami the 
•direction cosines of its surface norm! ar«' completely arbitrary* 
Me shall assuae that each element of area of the rectangular 
source emits the sane flux* per unit solid aoele in m direction 
normal to Its surfaceg snd that it obeys I-s^wrs's ©»**lua Lew. 
if» in addition, we assune that the iaterteniag space between 
the source ani receiver is honogeneaus and neither ahsorhs nor 
scatters tfee TSMS ^passing through it. It Is poasfblv %& calculate 
rigorously the total flux falling en "tte© elementary area da*, 
la parf erasing these calculations, we shall neglect" the contribu- 
tions of multiple reflections, multiple ahsorptloas and reeiilsslrtBS 
hetween the surfaces which night contribute to tte total flux 
falling osa da*, for da" will allays he assuaed to he so snail 
or such an efficient energy converter that such effects will not 
nuka appreciable contributions* 

1%.. She radiation characteristics of the rectangular source 
Bust now he expressed is nathenatloal terms« We postulate that 
each unit are* of the r*ctanjpl*r saarem mdlates the same total 

*Hs© units of flux. .In, the e.g.s. system are «rgs/see; In the 
suk.s. system watts* 

;:••„. 
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# energy•* S per second! per unit solid angle :1B the direction off 
\ - its norsel.    On a microscopic tlrwe basis,. Bf of coarse t oast 
j ' fluctuate because foe particles the flux cannot fce considered 

to be distributed uniformly throufhoo* space ami for warns the 
energy flow met he periodic.   However, if tSie tiases of ohsefwa- 
tloa are node large canpared to these microscopic disturbances, 
then B vill, if the source continues to radiate in the-earn 
jwzmer, establish an .average 'value.    In all the following remarks 
it will be assua*d that the times of observation, are sufficiently 
large that such an average value for B has significance*    Iff we 

: consider a small elementary area ds of the rectangular source, 
I the total flux within the element of solid amisle iui   suet them 

he 'Off asonnt B ds Am •   We have suggested learller that each 
•lenemtary area of tie Mctangwlap sonre© "s»st ohejr laaihert's - 

•Cosine Law (.reference  (a)).   Bits lew »Am.jkg states that the 
total flux within 'the solid angle &m heing radiated by a snail 
area element decreases with the' cosine off the angle between thai1 

.surface' ncsrsal and the direction of energene* of the radiation.. 
Since, for such snail areas radiating within a snail element off 
solid angle dw»      the effective cross section area of the source 

_ also decreases with the cosine of tnis sane angle, B for a 
surface obeying Lambert's Cosine Lav must be independent of the 

. " * angle of emergence of the flux.    A source whose total flux falls 
off 'with the cosine of the angle between the surface nctrnal and 

." *   '*""" " the direction of emergence of the flux is as previously stated 
known as- & 'perfect diffuse •uitter"'.,    Lambertfs Cosine Law 
is|  of course| only an approximation for many sources do not 
obey 'this law, bet we shall• for want off a better description' 

,. ; of sac* sources, assume it to he valid.   The total flux radiated 
,*-,.,       " <• *   * by the area element ds in a direction # with its- nccraal within 

the solid angle du#    would, with the assumption that it obeys 
I ^j."    -J Lambert* a Cosine Law« be expected to he of the aBtetast 

;.!        fc CD 

**ftr total energy ess sssaa all the energy catering -within the 
wait solid angle. Thus, if the flux is la the farm of 
particles, it .must then be' the total energy contained by the 
particles which enter within this wilt solid angle* If the 
radiation is periodic. It mist be integrated over all 
frequenciasj If it is transverse, it ms* "be integrated 
over all planes of polarisation. The units of energy in 
the e.g.s» .system are ergs; in 'the a«,t,s, system joules.'" 

h - 
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15- A stellar equation can also be written few the total 
energy eBarging in a direction © In. the  tjtae dt by slaply 
insert lug a dt an the end of the previous equation. ¥e will 
not, however, be eoneamaed with energy in this paper for Mat 
receivers only integrate ewer' the time In the snort interval 
In vhlch they are first exposed 'to the radiation. After tills 
brief initial exposure to the radiation.f an equlllbrluir is 
established in which the total flux falling. on. the receiver' is 
equal to the fluz expended In saints lnirg m ..certain signal 
level pirns ttoe flux "lost by 'reflection f heat, radiation, noise, 
and other such •losses inherent in detectors, 

16. If. as sufgestei by Fig. 12, this flux Is aliased to be 
incident on the receiving ar« receiving area is1 at an arbitrary angle 0* 
vlth Its-normal f % we smst* .in. order to deternlne the total 
flux falling onds', lisdt the solid angle, dej to that inter- 
cepted at els by the area da*. 'Wmm the definition, of the solid 

we can write 

dt® 
4.* (2) 

a being the distance between as and ds*.    IT' now this value for 
da) is inserted in Eq. 1, the total flux vhlch the elementary 

•area ds radiates to the eleosntary .area ds" Is then 

O) 

This equation is une of the old. and universally accepted, laws 
of phot one try CiMferenw* (a)) and la coranonly referred to as 
Imsberfa Photometric Law.    It is also valid for snail soarws 
which do not obey Laitwrt's Cosine Law. providing B Is defined 
as the total energy radiated per second per unit area per unit 
solid ingle in the -"Irectloc of 9. 

if .   This equation provides the starting point for quantitative 
calculations in this report'"as has been the case for others 
working on 'these problens.   All one has to do is to perfom 
the Indicated Integration over the surface of the rectangle 
In older to obtain the total flux falling en the elementary 
receiving area ds8.   To adapt this equation to the probles at 
haal9 it is necessary' to refer to Fig. 12.   She radiating 
ares elfliasnt ds can be expressed in tanas of an eleaeut of 
area of the rectangle, which obrdaualy 'Will be dl dZ«   $be 

9 between the noraol 1 and the direction of a will be i 

-.F 

a 

_*- ..""'..' 
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given by 

To fix the raegniteafe sC the angle 0"between •• and a, we use 
the fact that the cosine of the angle between two line* 'whose 
direction cosines are known is given by 

e«so'« *e*sfaX)+@eos(a* #y. ^e«a («»zj, 
C5> 

where «< mfi % if   are the direction cosines of • •«, 
Rren Figure 12 it is tplte a straightforward task to write down 
tbe direction cosines of' a.    Assuming a is positive when going 
from As to #8% we find its direction cosines are 

a - fcVr*-«Vft-y. m 

If now ws substitute for tis, cos 09 cos. 9* ami a In Equation 3* 
the integral equation which assist be solved in order to detera&he 
the total fin* falling on ds* from tbe rectangular source snst 
then be 

It should perhaps be noted that the direction cosines of the 
surface norne! I * iaawa been chosen to be positive in the same 
sense in which a is positive,, Thus H* will always be directed 
in. the general direction of the incident radiation and, hence, 
will be the surface nomal for the surface on which the: radiation. 

10 

,. £ li 
:: i 

- The nagaittaie of e is also easily deterMxted.    It is 
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j is not incident*, This same convention for Nc has been used for 
all the figures in this paper*, The integration over the Z 
direction is readily carried outQ This integral is an integral i 

< of the form 
i 
i 

i 

(A-itjcLZ 

and is equal to the sum of two integrals each of which are of 
standard forms0 When the integration was carried ot*t, the 
following result was founde 

J (6 -cz+zz)z  ipe-WQjci-ri} 2(a-cz+z*) 

+ 4A-ZYC   f   -/   ^z„c 

This equation must of course he evaluated at the limits =w and 
+Wo    When this is done9 we find that 

J (6-Cl-tiy" 2<V6-Ca/£^-Cur+-ir*-) 2(B-Curi-ufx) 

(<ys 

_£. 
JccS-tCun-^r 

11 

¥ 

"JiHiiTfiliiiTri—   I III III    II • 



r 

*• 

MVOBD Report 2980 

18. To cosiplete the problem, each of these terms must he 
integrated over the Y direction vithin the Iteits of -^to +-e0 
This looks rather discouraging since from Eq<> 8 we sec also that 
A and B are functions of Y and must be inserted before integra- 
tion is attempted., Some of the terms in the previous equation 
will then be found to divide up into other terms, each of which 
must be integrated separately, It is, of course, impossible to 
carry cut such a detailed integration here, and about all that 
can be done is to give seme general suggestions which might be 
useful to anyone who cares to repeat the calculations, and then 
simply give the final result» To reduce each of the integrals 
to a standard form, a change of variables is necessary. For 
all the integrals, the same change of variables is utilized. 
This is quite fortunate for all the integrations can be carried 
out in terms of this new variable and the various terms collected 
and simplified before worrying about the limits. The change of 
variables utilised was 

-ir - y-Yo, dv - d/ 

With this new variable, the limits on the integral roust be 
changed to -(Y04%£) to -(Y0-./). In carrying out these integra- 
tions, the following well-known integral forms were encountered6 

f. 
•J 

r J*^ r      ^ J ,r=     r    tf^djr df C     <&/-       ( -V d if      .... 

-' -J ' <J 

Terms involving are tangents were always integrated by parts. 
After these integrations were carried out, the terms ir. Eq. 9 
were found to give thirty-eight separate terras without inserting 
the limits for v. Fortunately, a very large number of these 
terms cancel out and the resultant terns simplify considerably* 
The resulting value for this integral was then the following. 

cf+i* „ 
Jl (B-C2+ZT      M^^7r        Jy? 

-iT 

r(Zc-«f)* 

-27- -"^ 

z*f5*~* ••—- 
1  **o 

13 
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If now we insert the proper limits on the variable v as suggested 
earlier9 we obtain the following equation from Eq. 8 for the 
total flux falling on the elementary area ds1 from the rectangular 
source. 

s 

(12) 

W+lW 

An alternative and somewhat simpler form of this equation can 
be obtained by expressing each of thes»? differences in angles 
in terms of a single angle. dF may then also be writt«m in 
the following alternate form. 

t"\1\ 

xfrt/o+J/'+z* -" \. 

13 
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19« These last two equations become quite powerful tools in 
radiation problems, for the user can now calculate the total 
flux from a rectangular source falling on an elementary receiving 
area having arbitrary coordinates (X0„Y0,ZQ) and a surface normal 
with arbitrary direction cosines (o",^s #7, These equations 
are very general in form so that all similar equations for which 
the rectangular source is confined to one of the coordinate 
planes at the center of the coordinates become special cases 
of these equations in which either the coordinates or the 
direction cosines of the surface normal of the elementary 
receiving area have particular values„ After a simple transla- 
tion and rotation of axes, these equations may also be used for 
the equally important case in which the elementary receiving 
area is fixed in one of the coordinate planes at the center of 
the coordinates, and the rectangular source permitted to have 
arbitrary coordinates and a surface normal with arbitrary 
direction cosines, using the equations in this form, it is 
then possible to calculate the total flux falling on an elemen- 
tary receiving area in the presence of an array of such rectangular 
sourcesc If the source is a surface radiator of irregular shape 
m  does not radiate uniformly over its surface or obey Lambert's 
Cosine Law, it is usually possible to divide this surface up 
into a series of smaller rectangular sources which radiate 
approximately uniformly over their surfaces and approximately 
obey Lambert's Cosine Law within the limits of the angles 
intercepted at the source by the elementary receiving element* 
The radiation fields of more complex surface sources can then 
also be approximated by using these equations. The only 

,  .     precaution necessary in using these equations is that of being 
certain that the plane containing the elementary receiving 

«        area does not intersect the rectangular source, for if it does* 
*        these equations (except in very special cases) no longer apply. 

Vhen this pla^e intersects the rectangular radiating surface 
in a line parallel to one of the pairs of sides, corrections 

i        In the limits can be made to take care of the reduction in 
effective radiating surface so as to obtain the total flus: 
falling one one side of the elementary receiving element. 
Care must be taken, however? to shield the opposite side of 
the elementary receiving area from radiation so as to obtain 
the calculated flux. When the plane containing the elementary 
receiving area intersects the rectangular source in a line 
which is not parallel to a pair of its sides, triangular 
sources have to be considered and these were considered to 

' "^BEBjfipiig 

t-=—.. 

be outside the scope of the present report. 

20. One of the most immediate questions which confronted us 
was how we could be sure that these equations are correct in 
view of the errors which others have made or. simpler aspects 
of the problem. In order to establish their correctness, we 
immediately started a search of the literature for all types 
of equations for rectangular sources and also worked out 
independently a series of problems in which (X0, Yp, Zp) and 
(oC,/#,,zr) had certain restricted values. This literature 
search was responsible for the history of the subject presented 
earlier. The results obtained by others and from these 

1** 

9 
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independent calculations were then compared with the restricted 
forms obtained from Eqs. 12 or 13 when particular values for 
(X0,Yp,Zp) and (oC , &, yO were Inserted. The most direct 
verification of the correctness of these equations was that 
obtained from Bethe's equation. After a translation of 
coordinates, insertion of direction cosines in place of 
angles, and a change in sign of one of these direction cosines, 
all the various terms could be collected and Eq. 12 was found 
to be the result. This is fortunate for the solutions of two 
closely related complex problems involving different integrations 
serve as checks on each othero It should also be stated that 
in all other cases in which independent calculations on simpler 
problems done by others or the author were correct, the restricted 
form of the general equation was always in agreement. 

IV. Radiation Equations for Special Simplified Cases 

21o Since the literature on the rectangular emitting surface 
is rather meager, widely distributed both in periodicals and 
tire, and often in error, it may be of interest; to consider 
some special cases of the above formulae. In considering 
these special cases, we will, insofar as possible, cite the 
originator of each of these formulae for many of these formulae 
have often been rederived in the literature. Ve will also 
point out wherein we believe errors have been made when we 
believe they are present. In cases in which we believe errors 
to be present, we have not relied solely on the feneral equation 
of the present paper to establish these errors, but have also 
carried* out independent calculations starting with the original 

*  "     problem suggested by each equation. In presenting these special 
' equations, they will be considered in the order of decreasing 
I        complexity. 

A. Bethe's First Forsrala 

I        22e One of the special cases which immediately suggests itself 
|        is that in which the surface normal is not limited in its 

orientation, but the coordinates of the receiving element are 
limited to one of the coordinate planes. Such.a formula was 
published by Be the (reference (n)) in 1951 <> If in Fig. 12 we 

I        confine the receiving element., for example, to the (X97) plane, 
we must then in Eq. 13 set Z0 « 0. Doing this we find that 

oV/o-^-a^ 

15 
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This equation is a very much condensed version of Bethe's 
equation and will be found equivalent to It*, 

B„ Equations for which <* , fi ,  and /are zero 

23o Another of the simple:? cases in the order of decreasing 
complexity is that in which the elementary receiving area is 
restricted so that its surface noraa! rotates in a plane 
parallel to one of the coordinate planes. Equations for 
these three cases can be arrived at from Eq. 13 by simply 
setting^ s0,/=0, and /«= 0„ When this is done, the 
following three equations were found. 

/U • 0) 
t    m 

iXoz*-(YQ-J)A 

g -fan"'   ^StSZS— 

X* 

%S>+a.-*)\-z*-j* 

&-*(i&i«L+*«'i ^^^3; <1?) 

'*(**+«*) * Xs*+fr*+*Pi-t*2* 
(fi*C) +<*«-*) 

 L„ 
16 
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dFxy 
6d< 

•f <A(2e + ur) 

\!X0
A^(2^i*r)^ 

tarn- 

(*-0)   f '*.-«**) M 

Jx.**c/o-*)- A. -,   A       -* xs+sy*-jtr+2*-*r 

0x.—t(yt+t) +*.*•'       &*r>/X?+(y*+-4)!_ 
w?+ a *4A x^(v .Afrit--** 

<ji 

16« 
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These equations, although rigorous and apparently new, still 
represent examples of cases, which are considered too 
complicated to be evaluated. 

Co Equation for which £r  and 2-0   are zero 

*        2^o One of the simpler variations of the previous formulae 
is the case in which the receiver is restricted to the (X.Y) 
plane in such a way that its surface norxaal also rotates in 
this plane«. The equation describing the total flux falling 
on the receiver in this case can be obtained l>y  setting both 
)f and Z0 in Eq. 13 equal to zero , or by simply setting 

Zi/j «* 0 in the last of the previous equations. In this case 
dFgy reduces to 

Jr Bets'   \&&kL      -htn-t     Z<l&f+ «r* 

+  p^kkil -hue* ^j/MEE^t. 

Qv - /.,-  .   *\ _ __=„__-,—   / 
(16) 

This rormula also, to the best of our knowledge, has not appeared 
ih the literature. 

De Equation for which c*. and Zo  are zero 

25o Another interesting case in that shown in Figo 13o In this 
case the receiver is still confined to the (X,Y) plane but its 
surface normal is restricted to rotation in the (Y$2!) plane0 
Clearly from Figo 12, we would expect both o< and Z© to be zero 
for this case* This time we will substitute these values in 
Eq« 12 because the result is simpler than the corresponding 
result from Eq. 13» Thus we find that 

17 
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^,, .wf^ 
\fiftfo-JT      SxT^O* 

MM trip • jz*Zt7^ 

(17) 

For this equation to "be valid, the plane containing ds 8 must not 
intersect the rectangular sourcec It is particularly interesting 
to note that when Y0 also is zero that dFy_ vanishes„ This is to 
be expected since the same total flux woula fall on both sides of 
the receiver regardless of its orientation with the result that 
the total flux of a given sign falling on the receiver must be 
zerco 

Eo  Jones ° Formula for Figure 6 

26o Some of the simpler formulae in the literature which are 
closely related to the previous formulae sre the Jones formula 
for the case suggested in Figure 6 and the Higbie formula for 
that in Figure 11, To obtain the Jones formula, the normal to 
the receiving element must be directed along the radius R drawn 
from the center of the rectangle to the receiving element,, 
Clearly then from Figures 6 and 12, the following substitutions 
should be made0 

fl Y*o>  Ze o 

''•'slZtoggts^...^ . 

To obtain the equation in the form in which Jones originally 
wrote it, it is necessary to substitute in Equation 12 rather 
than Equations 13 and lh0    The res-alt is 

18 
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This is the Jones fornula (reference CD) which was published 
correctly for the first time in 1911c Another fora of this 
equation can be obtained by substituting in Equation lU- rather 
than Equation 12, but this additional equation, although some- 
what simpler§ does not have any particular advantages over the 
form in which It was first published0 

F„  Higble^ Formula for Figure 11 

27o The HIgbie Levine formula for the case described by 
Figure 11 is a special case of dFXy in Equation 15c To reduce 
dFxy to the Kigbie Levine fcrasulas, the following substitutions 
in Figure 12 will be necessary., 

X0*> & Sin $ c*. = £os <p &£ * f 

When these substitutions are made in dFxy of Equation 15» the 
following result was found 

19 
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/tJTv *• *  S^~ fats"1 J^f 
4c COSQ''A- 

X/1 
-htn-l   ^^JZL 

*•     >/&*<+£*-Jt*F i°a J        sfaJL-rfz-ZoJcesiji 

"f~   2n cos-£— 
(19) 

fa* sin* 4+in* &&+hn%-4.4: cos <f 

4- 

This equation is in the form in which it was first published 
(reference (i)) and is? of course correcto 

Go      Yamsnouti 9s Formulae for Figure 8 

2&0    All other formulae found in the literature were for cases 
in which the surface normal to the receiving element was parallel 
to one of the three directions of the coordinates..    This is 
clearly the case discussed first by Yamanouti (reference Ch>) 
which is described by Figure b0    To arrive at the equations ox 
Yamanouti,, it is necessary to set &• ,   /?• and   #' equal to unity„ 
We can, make these substitutions in either Equation 12 or Equation 
13°    *o obtain th^ Equations in their rri~i?ieX forms« it is 
necessary to use E. nation 12a    Thus 

h •«x*> 

Zot»r 
-Htsi\-I /«+-& 

^THzo^rl ' JZMITM) (20) 

h") "&£—  i 
\/Xe**S* x^> 

"+«JI\ 'I Z-o -huT 
_„ -far,'1     %> "*""" . 

MM.**?) 
&»*-*<& fi)** 

% 
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\-hA\-*   2et-i*r 

Jx&HK-J)2' WS'+ty.-i}*' 

VX^-rbstuF 
- -J*tl«. ./ X, 20)^) 

<**0 - .i5= 
* 

ftc**fco+*3%j\ 

These equations are In agreement with those of Yasanoutl with 
the exception of a change in sign of the w in the numerator in 

and a change in sign the coefficient of the second term in dFqr 
in the .£ under the radical in the usnouuu JJ.UB l,Ul      VJ.       Uiit!     UUBillOlWIl 
of the second term in dF. _-  ..-,    _.    Both of these, we believe, are mis= 
prints and -we have written to Yaiaanouti concerning this0 

Ho  Condensed Form of Yamanouti^s Equations 

29o It should also be mentioned thas a condensed version of 
these equations can be obtained by making substitutions in 
Equation 13* These equations are 

cA.1 X — —<*z       I./5/S"'7T   ..la- ~-"" ••*• *i. r., „„; '. .. — 11^     I        M !••••    rnaivrMw •» 

JiV^vM*-/* 
+• .- 

<g-* f-" *-vT 
•>*•<*. 0"' /•»-*• 

K%"V£?a J*"^p ..)* 

(<**i) 

y.+jt 
XcWyo-jy+zf'-Z* 

+ ' Alters}* 
7*1% n-S 

[21) 

'J 
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Io  Equations of Moon and Spencer 

30o The closest equations to those of Y&roanouti are these of 
Moon and Spencer (reference (m))0 In fact, the problem discussed 
by Moon and Spencer is identical with that of Yamanouti, but the 
manner in «hieh the equations ate set up is a little different., 
Referring to Figure l*+„ Moon and Spencer determined the coordinates 
of the receiving element from one of the corners of the rectangle? 
To transform Yamanouti°s equations to those of Moon and Spencer? 
a translation of coordinates is necessary* Referring to Figure"!1*, 
the translation must be such that 

X>   ^Xt-LL;        Z& ^AT -f" /IT, 

i - 

22 
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Introducing this translation of coordinates into Yamanouti"s 
equations, we find that 

^^> 

/vw* 
f 

1/ V ^~L .. SL»   } Jy *•, 1~AAS"   j 

^ 

-ran"' 

fxTTZ* 

-r .2^; 

L 
z*U^L, --hut-*      «r_.   /    (22) 

VX* t-^^ 

X* 
J 

JLMJ• TAT ^r       Uj. ,.J        •«»'*l/     I    ru II tV 
1 

1 

/A . «£.' I =g .9 /*. 

ffr+or* 

V   / 

'•y*4.n /     ii£j£2z 
'f-hteuffv)*)    ""    JXTtfLr-tyr)* 

— Ta^f-/ 

tf&H&^jPt 

o^ 

y 
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Thes8 equations are the equations of Moon and Spencer (reference 
Cm)) with the exception of the B term which they define in a 
different manner„ 

Jo  Higbie8s Formula for Figure 9 

31o An equation which is equivalent to one of the Yamanouti 
equations is that derived by Higbie (reference (i)) suggested 
in Figure 9» To transform Equation 12 to the case suggested by 
Figure 99  the following substitutions are necessary,, 

%+Jt- 'it Z0 i-ur*7f 

V _ 0 • -f "9 

df=V  = ^'L^fer P*n-/ -*•— y.**-/   _2a_ ") 

^cv?^/      fi^TT"** 

This is Higbie !ls equation published in 1925 and it isf of 
course, correct,, Shis equation is equivalent to dFy in 
Yanmnouti's equations,. 

2h 

W 

••j"f 

1 

Making these substitutions in equation 129 j 
• 

*—•   W »£     '      ^  '   "" 

1 
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K0 Bethels Formula for Figure 15 

32» Another recent variation of Yamanouti*s equations Is 
that given by Bethe (reference (n)) shown schematically in 
Figure 15» In this case, the surface c£ the receiving element 
is parallel to the rectangular emitting source and its motion 
is confined to a plane determined by the Xc   axis and the 
line yo  a* Zo •    This is a special case of the first of 
Yamanoutl's equations (that is9 with<?< = / ) in which Y0   is 
simply set equal to «Z0 a In order to v/rlte this equation in. the 
final form in which it appears, it is preferable to make these 
substitutions directly in Equation 13« Doing this* dFx has the 
following valueo 

cCi v m -h 
*+te*-**)* 

•«.n 
x?7&0i>Mf+X>*-X* 

ya •HT 

fi&7%-urj* 

,\2J 

io-t-Jl 

Wtte txr 
1Z-     -t-*,rT' ~rr~r y I r&Zi/t. is* 

  —   "—T  "J,      j  '   *\ •>. \J Jj        .3. 
K?i<y*'jtr+io--» j 

(24) 

This is Bethe's equation in the form in which it was written. 
It is more useful in connection with square sources since in 
this case the flux dFx would be that JJI a plane normal to the 
square surface and through its diagonal, 

25 

'-•watSfrM^w , 
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Lo  Jones' Formula for Figure 5 

33° One of the simpler special cases of the Yamanouti 
equations is that suggested by Figure 5 in connection with 
Jones 8 contributionso in this ease, the receiving element is 
confined to a plane parallel to the C X, X ) plane but displaced 
a distance Z0    ~ *?  and *ne surface normal lies in a direction 
parallel to the / axis0 Obviously we must then make the 
following substitutions0 

MT 

Making these substitutions in dPy of Equations 20, we *'ind that 

o    ._ 

(2?) 

Except for the constant factor outside vfhich was neglected but 
could be inferred from previous equations and the misprint of 
an exponent as a subscript, this is the Jones" formula (reference 
Cf))0 It has often beenrederived in the literatureD 

Mo  Higbie°s Formula for Figure 10 

3*+o Another special case of these general equations is that 
of Higbie and Levins sepresented schematically by Figure 10o In 
this case, the receiving element is located at a distance a in 
theZ  direction from a normal through one corner of the rectangle 
and is oriented with its surface parallel to that ©f the rectanglec 
In order then t© transform these general equations t® Higbie8s 
formula,, the following substitutions must be madeQ 

| The most direct method of arriving at Higbie °s equation is that 
of using Equation 13° Making these substitutions in this equation, 

26 

i 
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r '*#     •  ,.- '     j. 

This ±3 the Higbie Levine formula (reference (i)) vhich appeared 
first in 1926 and it is, of course, correct. 

N. Jones' Formulae for Fig. 3 and Fig, h 

j)o       tiOiiiiS   aiSC   (liSCuSScC:    CWO   SQuX'CiCuai   biisco    Wii-LCii   ai"6   I"Cpi7c — 
sented by Figs. 3 and '4-. Obviously, if ve are to transform the 
general case in Fig« 12 to that suggested by Fig. 3j the following 
substitutions must be made* 

co/, ye--^ 29 

20, 21 with the same result» 

VXStfAJt.) 

\fJCS+•&*/• 

&t*r- 
(27) 

^•V/Wi^ 

Tufjs  equation was first published (reference (f)) incorrectly 
ili 1909 but was corrected in a following paper in 1910„ For 
Figj ht  the receiving element is parallel to the rectangular 
source and is located on a surface normal through the center 
of the rectangle. This again is a special case of the previously 
mentioned equations in this paragraph in which <a< *= 1 and y&  and 
j£a are both zero. Making these substitutions. 

2? 
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This equation is again correct and appears in Jones8 paper 
(reference Cf)) in 1911o 

0=  Bordoni "s Formulae For Figure 1 and Figure 2 

360 The last two equations which we shall mention are those of 
Bordoni (reference (e)) represented by Figures 1 and 2C These are 
slight modifications cf the cases already discussed -i- <*©p*ie*?+1«!T! 
with Jones" nanersn Thu? tc raSuue our general equations to those 
represented in Figure 29 the following substitutions must be made 
in Equation 12o 

Doing this, 

'("•'xf    WH~v- wmr^       (29, 

To obtain the aquation representing Figure i9 the following 
substitutions must be made0 

f Ch~  a 'j Yo  m   -V&l   <£« *» ^?« 

Thus Bordoni "s equation for the case in Figure 1 Is 

"0 

28 
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As suggested earlier, both of these equations are correct and 
apparently represent the first contribution to the radiation 
fields of rectangular sources of finite dimensions, 

P0 Special Photometric Equations 

37« There are tv;o other well-known simple photometric laws 
which can be used al30 as a check on these equations. Since 
Lambert's Phot one trie Eqiaation given earlier as Eq« 3 was used 
in deriving theso equations, it also ought to be contained in 
these equations as a special case. To establish that this is 
the case, it is necessary simply to assume that Xo  is much 
larger than X0» 

zo» ^ » a&3 w. If we make this assumption in 
Eq„ 13 and expand the arctangent terms in series retaining 
only the first terms, we find that 

JC 8ds' C^£^r)^ 
Xe* (3D 

V, Radiation Field of a Square Surface Source 

A, Deviations from Inverse Square Law 

39* As a particular example of these equations, a few calcu- 
lations were carried out for a square surface source„ One of 
the simplest and most often calculated cases for these problems 
is that in which the elementary receiving area is placed on the 
X0 axis paralloi to the source (<?<=-(,  X, * Za**  o ) « For such 
a case, our general equation goes over into the following 
simple form: 

L J' 
29 

(33) 

W 

which is in accordance with Lambert's Photometric Lai7« Finally 
if we make^ and w very large and of the same order of magnitude 9 
then for increasingly smaller values of X0, YQi  and ZQ9  Eq„ 13 
reduces to I 

a£p as   IT Bds'^ ^ (32) 

again a we Unknown results i 
1 3tfc It should perhaps be mentioned again that caution must be 

exercised in the use of these equations s If the plane cor- j. 
taining the elementary receiving area intersects the rectangular h 
source, these equations are then no longer applicable except \, 
in very limited cases0 
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w being the width of the square<,    In Fig* 16 we have plotted 
some data arrived at from this equation. In this fismre, the 
ordinate is dF«/B d„* and the abscissa Is X0 in units of the 
width Wo The full line curve in this figure gives the depend- 
ence of dFx/B ds' on X0 as would be expected from this equation. 

ho.    Often in problems of this sort, the Inverse square law is 
applied without being sufficiently careful as to the magnitude 
of the error introduced by its use* To Indicate the type of 
agreement to be found between the exact Eq. 33 for the square 
and that tc be expected on the basis of an inverse square law, 
we have  Included a second dotted curve In Fig„ 16 showing the 
values of dFx/B ds' found from the inverse square law. If we 
set *<•  !1 In Eq. 31> the equation describing the dependence 
of dF^ on Xot assuming en inverse square law, must then be 

*/=• _ Sds'   i±^l <3*0     I 
': 

For small values of X0, the Inverse square law gives larger 
values than the exact equation, the divergence between the two 
values being larger as X0 decreases. For small values of XQ 
compared with w, the ordinate for the full line curve approaches 

•JT while that for the dotted curve goes to Infinity* 

B« Special Case for which <h ~  Y0 = S0 = 0 
] 

**1. Another quite simple example Is that for which the elementary 
receiving area is still on the XQ axis, but its surface normal 
Is free to rotate in the (X, Y ) plane. For such a case in our 
general equations, we must set y a 0 and Y0 * Z0 • 0. Doing 
this we find that I 

This equation is identical In form with Eq„ 33 except for the 
presence of the ^~«, If we plot dF/B ds* as a, function of XQ 
and 0', we can then represent these values by polar plots of 
the forp shown in rig. 1?. For a fixed value of X0» dF/B ds' 
falls off simply with the cosine of the angle 9'. In this 
figure, the lengths of the vectors at each of the indicated 
values X0 (X0 « w, 2w„ 3w) contained in the circles of diasctsters 

30 
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are the magnitudes of dF/B ds% K having the values 1, 2, and 3 
for the Indicated values of Xge Below each of the circles is 
indicated the maximum value of dF/B da*. In each case, the 
elementary receiving area itself is normal to these vectors, 
For each value of Xos values of dF/B ds' are significant only 
up to the angle ©* at which the plane of the elementary receiving 
surface itself he^5_ns to intersect the square surface 
(for X0 • v, ©« *-*«50i X0 - 2v, ©» - 6C°J. Beyond this angle, 
these calculations of course have no value* 

C. Isophotopic Plots for (Y, Z) Plane vith ©< » 1 

H2Q In the last series of figures, we have plotted field data 
of  a more detailed type. For each of these figures, the 
elementary receiving area was confined to a given (Y, Z)  plane 
(that is, having a fixed X0 value) and had a surface normal 
parallel to the X0 axis (that is <s»c * 1)„ In carrying out 
these calculations, polar coordinates were Introduced in the 
(X, *») plane and calculations were made ror a fixed angle (p  with 
the Z0 axis and at various distances from the X©. axis*, If in 
the(Y. Z) plane the radius r and the distance X0 are expressed 
in units of w, Eq„ 2h  can, for purposes of calculations be 
written in the form 

*£. 

r- c<&s <$ w_ 
>/x A+ (r cos, 4 

X6»f> F•*•'- A J5 Strip 

1 

N 

r Sin 

O 'fa 

W 
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In arriving at numerical values from this equation, values for 
dFx/B ds' were calculated along fixed directions (that is, 
constant <f and variable v)  in each cf six (Y, Z) planes for 
which X0 had the values 1, 2, *f, 6, 8, and 10. Intervals of 
10° in d  were used in each cf these planes„ From this data, 
curves were plotted in each plane along each of_the chosen 
directions (that is, for fixed <? and variable r) and values 
of r chosen for which the quantity &FX/B &s

! had certain 
constant values* These data were then plotted on sheets of 
coordinate paper corresponding to each of these six planes, 
and all the points along each of the directions for which 
dFx/B ds

1 had the same value were joined together., The results 
of these detailed calculations and plotting are given in Figs.. 
18, 19, 20, 21, 22, and 23. In each of these figures, the 
values of 6FX/B ds* along each of these isophotopie lines is 
indicated direatly on the figure. The square itself is plotted 
to scale at the center of each of these figures* Most of these 
isophotopie lines, except for Fig* 18. can be aunroximated quite 
veil  by cizcies if the calculated and plotted values are accurate 
to three figures, 

*t3« Figures of this type can be quite useful in making rapid 
determinations of the total flux or flux density on an elementary 
receiving area placed in various planes and having surface 
normals with various orientations. All one needs to know are 
the coordinates of the point in question (which are determined 
from the figure directly), the magnitudes of B and ds* and then 
either dF or dF/ds' can be determined diractly from such curves» 

VI. CONCLUSIONS AND ACKNOWLEDGMENTS 

hh.    In this report, we have presented a rather detailed 
investigation of the subject of the radiation characteristics 
of reeiiiigular sources, when these sources radiate uniformly 
over their surfaces and obey Lambert's Cosine Lav. This has 
been dene from a very general viewpoint so that the elementary 
receiving area may have arbitrary coordinates, and a surface 
normal with arbitrary direction cosines. After a simple 
crasislatlon and rotation of axes, these equations may also be 
used for the equally important case in which the elementary 
receiving area is confined to one of the coordinate planes at 
the csnter of the coordinates and the rectangular source 
permitted to have arbitrary coordinates and a surface normal 
with arbitrary direction cosines. Using the equations in this 
forte, it is then possible to calculate the total flux failing 
on an elementary receiving area in the presence of an array of 
rectangular sources of various sizes having arbitrary coordinates 
and surface normals with arbitrary direction cosines, for the 
total flux will simply be equal the sum of the individual 
contributions of each of these sources*, 

32 
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*+5» These equations are also directly applicable to problems 
for which the previously designated elementary receiving area 
becomes the soures of the flux and the rectangular surface the 
receiving surface. Thus one can, by utilizing these equations, 
calculate the total flux entering a rectangular aperture from 
a small elementary source area when the source or the receiving 
area has arbitrary coordinates and a surface normal with 
arbitrary direction cosines* Assuming that the source in each 
case radiates uniformly over its surface and obeys Lambert's 
Cosine Law, the only limitation in the.use of these equations 
is that of being certain in each case that the plane containing 
the elementary source or receiving area does not Intersect the 
rectangle, for if it does, these equations (except in very 
special cases) are no longer applicable. 

h6»    A search of the literature has alsobeen made which 
resulted in the finding of seventeen formulae describing 
various aspects of the radiation fields of rectangular sources<> 
* .*.-. V*>»«4* MA^vtfa^ r>v imiw |^*#_•« v~ out that all these formulae are apparently 
very different, and that there are a few errors both 

., j        transcribing and arriving at these formulae» We have shown, 
however, that each of these formulae (except Bethe's) can be 

- —. - arrived at from the more general formulae presented in this 
report by simply substituting particular values for X0* Y0, 
Z0» <**- » &  » anc* 0    • ""©n discrepancies appeared between 
the formula arrived at from the general equation presented in 
this report and the corresponding equation published by others, 
we have shown where this discrepancy exists and have to our 
satisfaction established these discrepancies as errors in the      j 
equations of others. As a result of this investigation, we        h 

*        believe that all of these formulae, with the exception of Jones'    | 
«. • formula for Fig* 5 and the formulae of Yamanouti for Fig„ 8, 

are correct when they are written in the final form in which 
the authors intended. The errors appearing in Jones' formula 

3 are readily found from preceding equations, but the errors 
*- .,* -r in signs made In Yamanouti 'a equations Cannot be inferred 

l'\ *•" from his paper because they involve complex integrations which 
cannot j because of their length, be discussed in detail,, 
These errors in sign may, however, be the result of a misprint 
or due to an error in copying. It perhaps should also be 
mentioned again that the Jones5 formula for Fig. 3 appeared        j** 
incorrectly in his first publication but was corrected in a        ,; 

g following publication. Waldram's formula was the only one 
which was not discussed, for his formula, by his own admission, 
was only an approximate one. 

V7o The equations presented in this report for the rectangular 
source appear to be new. The first form of the equation, 

-* although not specifically written by Yamanouti, can nevertheless    ,° 
be obtained from Yamanouti's components of the "light vector" 
if the light vector is written for an arbitrary position and 
orientation and certain definitions are brought into agreement0 

33 
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, however9 a discrepancy in two signs appears 
Th« 

As mentioned before,, 
between the two equations*, 'f'he first form of the equation 
presented in this resort will also be found to agree with Bathe's 
much longer equation" after a translation of coordinates insertion 
of direction cosines, change in sign of one of these direction 
cosines, and a collection of the various terms0 The alternate 
form of"the equation seems, however, t^ be new, 

hb0    In the last section of the paper we have presented a few 
simple examples of calculations for the radiation field of a 
square surface source and also some more detailed plots of the 
radiations field when the elementary receiving area is parallel 
to the square source and is confined to planes normal to its 
axis* Calculations of the latter type are very long and require 
mechanized equipment to carry them outo Curves of this type are9 
however, very useful for rapid evaluations of the total flux or 
the flux density on the elementary receiving area© The number 
of isonhotopic curves which one plots would depend on the 
accuracy and variability in the position of the elementary 
receiving area which could only be anticipated by the user© 

h%.    The examples which we have cited do not illustrate the 
full versatility of these equations, for they can be used to 
determine the total flux or the flux density on an elementary 
receiving area which is restricted to any type of surface0 
All one needs to solve the particular problem are the coordinates 
X-, Yos Z0 and the direction cosines of the surface normal over 
the complex surface, and then isophotopic lines can be plotted 
over this surface in much the same way as was done in Figs» lb 
to 23o Radiation fields of targets having complex geometries 
can also, with sufficient patience, be calculated with these 
equations, for there are many targets which can be approximated 
by a series of rectangular sources0 Mechanised computing 
machines will be quite helpful in carrying out these calculations, 
for, without them,, these equations become quite tedious to 
evaluate even for"single isolated point5. 

50o This report may be subject to criticism because it is 
completely theoretical and has no experimental data to justify 
these equationso Further objections may also be raised"because 
some surfaces may not radiate uniformly over their surfaces 
and may not obey Lamtsrt °s Cosine Law» To the first objection 
we can orly say that detailed experimental measurements on such 
problems require a considerable amount of time and this time 
simply was not available*, Even after measurements are taken, 
they may not, because of the second objection, describe 
adequately the theoretical calculationso In cases of this 
sort the measurements are further complicated 1e?~use one must 
also determine how B depends on the coordinates ana on the angle 
of emergency Knowing the dependence of B on the coordinates 
and on the angle of emergence, additional integrations must be 
attempted to solve the problem rigorouslyo If these cannot 
be done, the radiating surface must then be broken up into a 

3K»h*.   4 

3fc 

mssssassamwsm 



r 
! MVORD Heport 2980 

i series of smaller surfaces for which these conditions of 
uniformity and satisfying of Lambert's Cosine Law are valid. 

51 o    The author is indebted to Gerald Fine of this Laboratory 
who expressed a considerable interest in this problem and 
carried out detailed calculations which were necessary for 
plotting Figs* 18, 19, 20, 21, 22, and 23, These calculations 
were very long and tedious and were done with the mechanized 
computing facilities of the Naval Ordnance Laboratory* 
Harold Feldman of this Laboratory plotted these data and Is 
responsible for the drawing of these figures* The author 
vould also like to acknowledge his Interest in this work* 
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FIG.  i 
BORDONl'S FIRST PROBLEM 
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FIG. 2 
BORDONl'S SECOND PROBLEM 
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FIG, 3 
JONES'   FIRST PROBLEM 
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FIG. 4 
JONES'  SECOND  PROBLEM 
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FIG. 5 
JONES'  THIRD PROBLEM 
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FIG. 6 
JONES*   FOURTH PROBLEM j-S 
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FIG.7 
WALDRAM'S PROBLEM 
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FIG. 8 
YAMANGUTi'S COMPONENTS 

OF THE S!LIGHT VECTOR" 
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FIG. 9 
H!GB!E'S FIRST PROBLEM 
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FIG. 10 
HIG8IE'S SECOND PROBLEM 
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FIG. I! 
HIGBIE'S  THIRD PROBLEM 
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FIG. 12 
GENERAL PROBLEM SOLVED 

IN THIS REPORT 
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F!G= 13 
ELEMENTARY RECEIVING AREA CONFINED 
TO (X,Y) PLANE WITH SURFACE  NORMAL, 

FREE TO ROTATE  IN  (Y,Z)   PLANE 
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FIG.14 
SPENCER'S AND MOON'S MODIFICATION 

OF THE GENERAL PROBLEM 
PRESENTED  BY YAMANOUTI 
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FIG. 15 
ONE OF SETHE'S SPECIAL PROBLEMS 
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FIG.!6 
DEVIATIONS FROM INVERSE SQUARE LAW 
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FiG.  18 
RADIATION FIELD OF A SQUARE SOURCE 

FOR oc-\ AND   X0
S w 

W 



r • P -    •-*.    J* 
• •.-J •-a***'»»»"« 

NAVORD REPORT z»SO 

.0015- 

-V* 

FIG, !9 
RADIATION FIELD OF A SQUARE SOURCE 

FOR©** I   AND X0 
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FIG, 20 
RADIATION FIELD  OF A SQUARE SOURCE 

FOR<*s I   AND Xo »4w 
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FIG. 21 
RADIATION FIELD OF A SQUARE SOURCE 

FOR «C = !  AND   X0 
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FIG. 22 
RADIATION FIELD OF A SQUARE  SOURCE 

FOR <* = ! AND  X0 = 8w 

•i   a i ••*!•• 111) »5flKE*k1ffi^'^PSPS^-=^'^a 



NAVORD REPORT 2980 

FIG. 23 
RADIATION FIELD OF A SQUARE SOURCE 

FOR U•- I AND  XosIOw 
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