TH1S REPORT HAS BEEN DELIMITED
AND CLEARED FOR PUsLIC RELEASE
UNDER DOD DIRECTIVE 5200,20 AND
NO RESTRICTIONS ARE IMPOSED UPON
ITS USE AND DISCLOSURE,

DISTRIBUTION STATEMENT A

APPROVED FOR PUBI.1C RELEASE)
DISTRIBUTION UNLIMITED,



® ? L . | I _! :° ﬂ
ervices 1ecnnicai iniormation Hgenc
U IV EEd
r limited supply, you are requested to return this ccpy WHEN IT HAS SERVED
)SE so that it may be made available to other requesters. Your cooperation

:iated.

»

N GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHER DATA

! ANY PURPOSE OTHER THAN IN CONNECTION WITH A DEFINITELY RELATED
PROCUREMENT OPERATIC?, THE U. S. GOVERNMENT THEREBY INCURS
ILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE

MAY HAVE FORMULATED, FURNISEHED, CR IN ANY WAY SUPPLIED THE

iS, SPECIFICATIONS, OR OTHER DATA IS NOT TO BE REGARDED BY

OR OTHERWISE AS IN ANY MANNER LICENSING THE HOLDER OR ANY OTHER
JRPORATION, OR CONVEYING ANY RIGHTS OR FPERMISSION TO MANUFACTURE,
ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THERETO.

Reproduced by ‘v

DOCUMENT SERVICE CENTER
KNOTT BUILDING, DAYTON, 2, OHi0




On the Conoept of Concentrated Loads and an Extension of the

Uniqueness Theorem in the linear Theory of Elasticity

by
E. Stermmberg and R. A. Eubenks

ASTIA FiLE copy

A Technical Report to the
Office of Naval Reseaxrch

Department of the Navy
Washington 25, D. C.

Contract N7onr- 32906

Project No. WR 035~302

Department of Mechanics
Illinois Institute of Technology
Chicago 16, Illinois

June 15, 1 95il



Z‘ RN S R ORI AT,

On the Concept of Concentrated Loads and an Extension of the

Uniqueness Theorem in the Linear Theory of Flasticity

by
E. Stermberg and R. A. Eubanks

A Technical Report to the
Office of Naval Research

Department of the Navy
Washington 25, D. C,

Contract N7onr-32906

Project No. NR 035-302

Department of Mechanics
Illinois Institute of Technology
Chicago 16, Illinois

June 15, 1954

s S P PL e




On the Concept of Concentrated Loads and an Extension of the

Uniqueness Theorem in the Linear Theory of Elasticity*

by
E. Sternberg and R. A. Eubanks

Illinois Institute of Technology
Chicago, Illinois

1. Introduction

The traditional formulation of the second boundary-value provlem of
the linear theory of elasticity in the presence of concentrated surface
loads, rests on the following properties required of the solution to such

a problem: (a) it must satisfy the field equations of the theory through-

out the region occupied by the m.edium;1 (o) it must conform to the boundary

conditions for distributed surface trac’cions;2 (c) it must be regularB'with

the exception of siuguiariviez 2t the noints of application of ccncentrated

loads such that the resultant of the tractions cn any surface surrounding

a given load-point, and lying wholly in the body, tends io the correspond-

ing prescrived concentrated ioad in the limit as the surface is contracted

toward the load-point.

Since the classical uniqueness theorem does not hold in the presence

of singularities of the type under consideration, there is no assurance

*The results communicated in this paper were obtained in the course
of an investigation conducted under Contract N7onr-32906 with the Office
of Naval Researct.., Department of the Navy, Washington 25, D. C,

1Internal concentrated loads are excluded for the time being.

2If, in particular, the loading consists of concentrated forces only,
the solution must clear the boundary from tractions.

3The precise nature of these regularity requirements., which is ordi-
narily not specified, will be considered later in detail.
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that the foregoing formulation uniquely characterizes the solution to a
concentrated-load problem. That this is not merely an idle concern has
been shown previously. In [l]h'were exhibited an infinite aggregate of
distinct "solutions® correspondinz to the half-space and the sphere under
normal concentrated loads, each of which possegses the three properties
cited. There is a priori no reason to give preference to any one member
of this aggregate, and the question arisss as to what prrecisely is meant
by the solution of a problem involving concentrated surface loads., It is
hardly feasible or desirable to base this decision on experimental evidence
in each individual instance; nur can the question be dismissed by a refer-
ence to the fictitious nature of concentrated loads:' the point is that

the fiction is convenient, provided it is made meaningful.

In order to supply an answer to the question just raised, one may

unigusly define the solution to a precblem involving concentrated loads
as the limit of a sequence of solutions, corresponding to distributed
loadings, which are covered by the classical uniqueness theorem. Speaking

loosely, for the iime being, a uni
b

3

ue characterization of the sclution to

o

such a problem is reached by considering the modified problem in which
each of the concentrated loads is replaced with an arbitrary distribution
of surface tractions over finite surface elements (lnad regions) sur—
rounding the points of application of the concentrated forces. The so—
lution to the original concentrated-load problem is then defined as the
1imit of the solution to the modified problem, as the surface elements are
shrunk to the load points while the resultants of the distributed "replace-

ment loadings®™ are made to approach the prescribed concentrated loads.

uNumbers in brackets refer to the bibliography at the end of this

paper.
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This limit process is spelled out precisely in Ssetion 7, where ws
prove that the limit-soiution so defined exists and is independent of the

choice of the load regions as well as of the mode of distribution of the

replacement loadings, provided these tractions on each locad region are
sufficiently smooth, parallel, and of the same — H
The preceding limit-definition, which is analogous to Kelvin's defini-
tion through a 1limit process of the solution associated with a concentrated
force applied at an internal point of a medium occupying the entire space,6
is natvral on both theoretical and physical grounds. Although Boussinesq
[3] vased his solution for the half-space under concentrated loads ¢n the

traditional formulation of the problem, his results are in accord with the

i

definition adopted here, as is readily verified with the aid of the appropri-

ate limit process applied. say, to Cerutti's solution7 for the half-space

subjected to distributed tractionse The corrssponding limit process for

the sphere under radial concentrated loads, was carried out in [1]. The

usefulness of the limit--definition wltimately depends on; and is conf'irmed

by, experimental evidence such as that supplied by Frocht and Guennssey th]

in commection with the problem of the sphere under diametrically opposed

concentrated loads.

Intuitively, one would expect the limit-solution defined earlier %o
possess Properties (a), (b), and (¢). That this is indeed the cuse is
proved in Section 7, where an additional property of the limit-solution is

ez=tablished: (d) the order of the stress-singularities at each point of

application 2£_§_concentrated load is r—2, where r 1is the distance from

5Actually, a considerably weaker, but physically less transparent, re-
striction is found to be sufficient.

.6See, for example, (2], art. 130.
560 [2], art. 166.




the load point. Also Condition (d) is intuitively plausible — at least

if the boundary has a continuously turning tangent plane in a neighborhood
of each load-point; similarity considerations lead one to expect that the
singuiarity at such a puint has the order of the Boussinesq singularity,
induced by a concentrated load applied £o a plane boundary.

We shall refer to "solutions" of concsmtrated-force problems which
meet Conditions (a), (b), (c), but fail to agree with the limit-—definition,
as "pseudo—solutions'.8 The solution corresponding to a heavy sphere on
a point-support, published in ES:L was ldentified as a pseudo-solution in
El]. In the same paper cihisr pseudc—sclutions were constiructed and their
physical significance was examined. All <f the pseudo-solutions discussed
in [1] violate Requirement (d)s It is, therefore, natural to enquire whether
there exist pseudo-solutions which also satisfy Condition (d). According
to a generalized uniquensss theorem; proved in Section 8, this is not pos-
sible, and the four properties cited represent a unique charactesization
of the limit-solution.

The significance of this extensioci of ths ¢l
thecrem to concentrated loads, which is the main result of the present
paper, may he described as.followsz

(1) The theorem ylelds an alternative unique formulation of concentrated-
load problems in terms of Conditions (a), (b), (¢), (d) which is equivalent
to, but far more convenient than, the limit-definition from which it derives

its physical motivation. In specific applications, the theorem obviates

8The existence of pseudo-solutions stems from the existence of so-
lutions of the field equations, which are reguliar except for seif-
equilibr:. ted singularities at the bourdary, and which clear the entire
boundary from tractions.
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the necessity for performing a limit process which is apt to de cambersomo,9
if not prohibitive.X?

(2) In contrast to the limit~definition, the alternative definition
through Requirements (a), (b), (¢), (d), permits a study of the detailed
structure of the gingularities encountered in concentratad-force problems.
These singularities require separate treatment if one is to arrive at practi-
cally useful representations of the soluticn to such problems., Indeed, in
order t o assure results which are amenable to a onmplete numerical evalu-
ation, it is esasntial to determine the relevant singularities in closed
form, at least tc the sxtent where the residual problem is governsd by
finite and oontinuous surface tractions. In [§] we employ Conditions (a),
(b); C(c), (d) to investigzte vhe maturs of the singularity at the point
of application of a concentrated load acting perpendicular to a curved
boundary: The boundary, in a neighborhood of the load point, is assumed
to be representable by a sufficiently smooth arbitrary surface of revolution
whose axis coincides with the load-axis, We show there that the singularity

is, in general, not identical with the known singularity appropriate to a

load applied normv 1 to a plane boundary; inrthermore, we determine the
s:rplementary singularities needed to affect a reduction of the problem to
one obeying the foregoing regularity requirements.

(3) The uniqueness theorem of Sesction 8, and hence the alternative
formulation of concentrated forcs problems to which it gives rise, applios
to the gaeneral anisotropic mediuwr in the pressncs of a positive definite

9mus, the exceedingly tedious limit computations performed in [1],
twrn out to be superfluous,

mParticuln- dilficulties arise in the event a concentrated load &

appli«)l at a corner of the boundary (e.g., a lcad applied at the vertex of
8 cone).
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elastic potential. On the other hand, the uniquaness of the limit~definition
is established in Section 7 only for the isotroplc med*l.um.l‘1

Tha portion of the paper preceding Section 7 is, in a sense, prelimi=-
nary; though partly expository in character, it still contains results
which are hoped *o0 be new as well as, perhaps, a more rigorous and system-
atic development of certain known results.

Following a review in Section 2 of some geometric concepts needed
throughout the remainder of the paper, we re—examine in Section 3 the pre-
cise regularity limitations inherent in the classical reciprocal and unique-
ness theorems. In this connection we introduce the notion of "regular
states", which proves to be useful and econcmical in the subsequent analy-
sis. Section L is devoted to Kelvin's definition through a limit process
of internal concentrated lecads, and should supply scme conceptual clarifi-
cation of this subject. In particular, we construct here a counter—example
to show that Kelvin's limit process does not yield a unique definition of
internal concentrated loads in the absence of a restrictive requirement
whi<h appears t¢ have gone unnoticed.

The brief unified treatment in Section 5 of higher internal singulari-
ties (e.g., rorce-doublets and centers of rotation) permits same remarks
which are intended to be clarifying; at the same time, this section is pre-
paratory to the proof in Section 6 of the Lauricella-Volterra theorems con-
cerning the representation of the solution to the second boundary-value
problem in terms of the given surface tractions. The present reconsideration

of these theorems might be justified on two grounds. First, a statement of

11An extension of this proof to anisotropic media would require the

generalization for the anisotropic stress—strain law of Kelvin's solution
to thz problem presented by a concentrated force at a point of a medium
occupying the entire space.
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elther theorem; sufficiantly preclse for our needs, is apparently not
available elsewhere; second, the proof given by Lauricella [7] for the

second theorem 1s different and probably less direct, while a satisfactory

prool of the first theorem in the formulation employsd here seems to be
lackinge12 The two theorems under consideration form the basis of the :
limi{~treatment of concentrated surface loads, given in Section 7. ;
3
3
E
ii
12

The sketch of a proof appearing in [2] is not safe from objections,
as we shall have occasion to point out,
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24 Goecmet»ic Preliminaries

For convenient future refecrence, we summarize at this place certain
geometric notions which are needed repeatedly in the following develop~
ments. Most of these concepts are used in the sense of Kellogg, and the
corresponding definitions are quoted from [8].

A regular arc is a point set which, for some orientation of a cartesian

coordinate system (xl, X55 x3), admits the representation,
Xy =£(x), x3=glx), a=x =b, (2.1)

where f(x,) and g{x,) are comtinuously differentiatle in the interval
! 1

(ayb). A regular curve is a point set consisting of a finite number of

regular arcs arranged in order, and such that the terminal pcint of each
are (other than the last) is the initial poiunt of the following arc. The
arcs have no other points in common, sxccpt that the terminal point of the
last arc may coincide with the initial point of the first, in which case

the curve is a closed regular curvee.

A region (of space or of a surface) is a connected, not necessarily

13

closed, ™ point set (in space or on a surface). A regular region of the

plane is a bounded closed region whose boundary is a closed regular curve.

A regular surface element is a point set which, for some orientation of the

coordinate system (xl, Xos x3), admits the representation,

x, = f(xl, x2), (xl, x2) in R, (2.2)

where R is a regular region of the (xl, x2)-plane and f(xl, x2) is

LBWhenever this is essential, the distinction between open and closed
regions will be made explicit.
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continuously differentisble in R. It followslh

that the boundary of a
regular surface element is a regular curve.

A regular surface is a point set consisting of a finite mumber of

regular surface elements, related as follows:

(2) two of the regular surface elements may have in common either a
single poin%, which is a vertex for both, or a single regular arc, which
is an edge for both, but no other points;

(b) three or more of the regular surface elements may have at most
vertices in commnn;

{c) any two of the repular surface elements are the first and the
last of a chain, such that each has an edge in common with the next; and

(d) all the regular surface elements having a vertex in common form
a chain such that each has an edge, terminating in that vertex, in common
with the next; the last may, or may not, have an edge in common with the
first,

The term edge here refers to one of the finite number of regular arcs
of which ths boundary of a regular surface element igs composed
vertex is a poirt at which two edges meet. If all the edges of a regular
surface belong each to two of its surface elements, the surface is a closed

regular surface (otherwise it is open).

By a regular region of space we shall mean15 a closed (not necessarily

bounded) region whose boundary consists at most of a finite number of non-
intersecting closed regular surfacese. Throughout what follows D + B will

designate a regular regiui ¢f space with the boundary B (D being the

1hSee (8], p. 106.

LY
L>This definition is somewhat more general than that used by Kellogg
[8]s p. 1135 it is more convenient for our purposes.

T




open region). We observe that the boundary of a regular region of space
cannot extend to infinity; 4f D+ B is not bounded, D contains all
sufficiently distant points.16 Clearly, B mav have a uniquely defined
tangent plane along its edges and at its vertices. On the other hand, any
arc or point of B for which this is not true, 1s necessarily an edge cor
a vertex of B; in order to avold ambiguity, we shall refer to such arcs

and points as singular edges and corners of B, respectively. Any point

of B at which the tangent plane exists will be called a regular point of

B. By a regular subregion of B we shall mean one which contains only

regular points.

16Thus, the heli-space bounded by a plane or the region bounded by a
hyperboloid, are not reguvlar regions of space.

10
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3. Regular States, Limitations of the Classical Reciprocal and Unigue-

ness Theorems

With a view toward examining the precise circumstances under which the
theorems of Betti and Kirchhoff hold; it is expedient to introduce the notion

of "regular states" in the sense of the foilowing definitions.

Definition 3.1: Let®! w (P), e, .(P), and 77 .(P) be a field of displace-
1 13(F)s and 73 4(P) bea ef

ment, strain, and stress defined for P(xl,z2,x3) in D3+ RB. Then the

ordered array of functions of position [ul,uz,uB; €1138109 03 711,7;2,.,.]

is said to define a state S(P) in D+ B.

The state S may be regarded as a vector with 15 components in a
function space of states and is a generalization of the concept of stress~
state introduced by Prager and Synge E9] for different purposes. Equaiity,

states, are defined as in ordinary vector analysis. Thus, if & and &'

N - 4 [} i
are states with the components u,; 8 43 7;3 and u/, of 43 713, respectively,

while k 1is a scalar constant, S* = kS + S' is the state with the com—

1} 1
ponents ku, + ul, keij + ey kvij + 7y

Definition 3.,2: S(P) is a regular state in D + B, corresponding to the

body-force field Fi(P), if
(a) S is continuous in D + B, ui ig continuously differentiable

713 are piecewlise continuously differentiable in

in D+3B,and ey,

D + B;

'"Throughout this paper Latin suff{ixes, unless otherwise specified,
assume the values 1, 2, 3, and the usual summation convention for repeated
suffixes is employed. The coordinates ¥; are rectangular cartesians, and
differentiation with respect to a coordinate is indicated by a comma.
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(b) s in D satisfies the equilibrium equations

fiJ,J = Fi’ (301)

the stress~strain relations

e..=c,, 7 _, (3.2)

1) ijmin’ wan

and the strain-displacement ralations

gt Uy = 2eij; (3.3)

(c) in case D is not bounded, u, = o(r™), 7’13 = 0(r"2), and

7;:) 5= 0(r°3) as r — oo, where r is the distance from the origin.
: a2 == es

It is assumed that the elastic constants in (3.2) satisfy the symmetry
relations
®ijmn = Sjimn = ®i3m = mnij’ (3.h)
and are such that the strain-energy density
W=, 7.7 (3.5)
? “ijmn’1j’mn *

is positive-definite. If, in particular, the medium is isotropic, the in-

verted form of (3.2) becomes

7iy = A,Sijekk + 2fhey g, (3.6)

where A and M ars Lamd's ccnstant ard the shsar modulus, respectively,
while Si:) denotes ths Kronecker delta. In this case S will be referred

to as an jsctropic regular state.

If Z is an orieunted regular surface lying in D + B (in particular

> may be a subregion of the boundary B), n,(Q) is the outer unit-normal

e T T T T T RN o LS L M B T A s S TR ot é ¥ A3
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of 3 atapoint Q, and S is a state regular in D + B, then the re-

sultant surface traction T, of S on 2. at Q, is given by

7,(Q) = 7 ,(@n,(Q). (3.7)

We note that '1‘i is defined only at regular points of Z.

The proof of the reciprocal and uniqueness theorems in i{he iimnsar thecry
of elasticity rests on the divergence 'c.heoreru;18 the validity of these
theorems is thus restricted by the limitations underlying the divergence

theorem which we citel9 at this place.

Thneorem 3.): Let v be a vector field20 continuous and piecewise continu- w

ously differentiable in D+ B. If D is not bounded, let v, = o(r 2)

as r —» . Then,

where n is the outer unit-normal of B. {

The foregoing statement of the divergence theorem represents the
strongest valid form wiiich is relevant to owr purposes. The theorem still
holds if Vv is continuously differentiable merely in the interiors of a
finite number of regular regions of which D + B is the sum, provided the

volume integral in (3.8) is convergent. This generalization, however, does
laIn the proof of the uniqueness theorem for the Dirichlet problem, the

use of the divergence theorem may be avoided and a stronger theorem is ob~

tained with the aid of the maximum principle appropriate to harmonie functions

(see [8], Exercise 2, p. 224). The analogous maximm principle does rot

hold in elasticity theory.

19See [8], pp. 118, 217. The extension of Kellogg's proof to regions
which are regular in our sense, is trivial.

2OLet'I:,ers carrying bars denote vectors. The symbois "% and "x" desig-
nate scalar and vector multiplication of two vactors, respectively, Unless
otherwise specified. the scalar components of a vector v are v Vv is
the usuzl del-operator. i
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not result in a physically significant strengthening of the theorems of
Betti and of Kirchhoff. An examination of the prcofs of these theorems

in the light of Theorem 3.), with the aid of Definition 3.2, ylelds the
following statements.

Theorem 3.2: Lot S and S' be (not necessarily isotropic) regular

states in D + B, corresponding to the body force fields F and f',

respectively. Then,

J’f‘-ﬁ'do'-rjvf-'ﬁ’df: T e Rdo+ | Fr-ud?
y J ¥
B D B D
A N > (3.9)
=] qje'i:jd'f:d i'.jeijﬂf‘
VD D J

If, in Thecrem 3.2, in particular, wve take S = 8!, we reach the

energy formula I

jT-ﬁdt+LF~ﬁd’/:2leﬁ (3.10)
B

where W 1is the strain-energy density given in (3.5). Eguaticn (3.10)

forms the basis for the proof of the subsequent uniqueness theorem.

Theorem 3.3: Let S' and S" be (not necessarily isotropic) regular

states in D + B, corresponding to the same tody-force field. Let Bu’

B, be subregions of B guch that B +B =B, u'=u" on B, and

Tt = Tn at all regular points of B . Then 723 =‘1".1':j
The proofs of Theorems 3.2 and 3.3 availabla in the literature2l rest

in D+ B.

on the assumption of a bounded region and are limited to the isotropic
| stress-strain relations (3.6). The adaptation of these proofs to the more

general hypothesss employed here is, however, immediate. Equally trivial

“*See, for example, [2], p. 173 and p. 170.
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is the extension of Theorem 3.3 to mixed-mixed boundary-value problems (e.ge.,
normal component of the displacement vector and tangential component of the
surface traction prescribed). Furthermore, the divergence theorem, and
hence the twc last theorems cited, remain valid if B extends to infinity
(D + B is then no longer regular),22 provided B is sufficiently smooth.

We emphasize that the regularity requirements at infinity stipulated

in Part (c) of Definition 3.2, though sufficient, are by no means necessary

for the truth of the uniqueness theorem. Indeed, these conditions are arti-
ficial in character since the prescription of a definite rate of vanishing
of displacements and stresses at infinity cannot, in general, be justified
on physical grounds. The extent to which the conditions at infinity can

be weakened, and thus made physically plausible, is still in need of investi- u
gation.23 In case B extends to infinity, the mere requirement that the
stresses vanish at infinity is evidently not sufficient for uniqueness.
This is apparent from a paper by Neuber [11], containing a non-vanishing
solution of the field equations for vanishing body forces, which is regular
in a region bounded by a hyperbolold of revolution, clears the entire boun-

dary from tractions, and possesses vanfshing stresses at infinity.

We speak of a "unigue formulation" of a particular boundary-value
problem.if, assuming the existence of a solution to the problem, the
solution is unique. On the basis of Theorem 3.3, and with reference

to the notation used in the statement of this theorem, the subsequent

223¢e Footnote No. 16.

23pifren [10] considered the analcgous issue with regard to the two-
dimensional treatment of the plane problem. The authors are indebted to
. Dr. B. Budiansky of the NACA for calling their attention to an exampla
which contradicts the theorem stated in the Summary of Tiffen's paper.
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formula tion of the mixed problem in the linear theory of elasticity; is
unique?.

Given F,(P) for P in D, U (Q) for Q on B, T(Q) for Q on
By, as well as the elastic constamis ©4 ymn? find a state S(P) which is
regular for P in D+ B, corresponding to F =F,, such that u=1u, on

B, and T=7_ at 2ll regular points of B,.

It should be noted that the preceding statement of the problem rules

out non~vanishing tractions at infinity; this case, however, 1s reducible
to the case of vanishing tractions at infinity by means of the principle

of superposition.

Theorem 3.4: The following conditions are necessary for the existence of

a solution to the mixed boundary-value problem in the foregoing formulation:

(a) 4, Q) must be continuous on B,‘1 and continuously differentiable

in any closed regular subregion of Bu;

(b) T,(Q) must be continuous and piecewise continuously differenti-

able in any closed regular subregion of Bt3

(c) f*(P) must be piecewise continuous in D+ B and, if D is

not bounded, F, = o(x~3) as r —e 0;

(d) If D is bounded and B =B, then F, and T, must satisfy

the equilibrium conditions

D B D

Theorem 3.L is a direct consequence of Dafinition 3.2. The list of

{\
Sf* d7’+S'T* de=0, \TxF, d7’+§:xT* do= 0.

necessary conditions given in this theorem could easily be augmented. In-
deed, any boundary conditions which cannot be assumed by a state S which
is regular in D + B (e.g., violate the symmetry of the stress tensor),

are inadmissible. The determination of a set of conditions sufficient for

TSR T T AT T e P SR o Ko bt hsdind
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the existence cf a solution tc the problem under consideration is beyond
the scope of the present paper, which is primarily concerned with the
unigusness of solutions whose existence is postulated. Suffice it to say
that the available existence theorems assume a degree of smoothness of

the boundary which is not necessariliy possessed by the boundary of a regu~

lar region of space.
Our main objective in stating Theorem 3.L is to draw attention to the

fact that the cless of boundary counditions covered by the classical unigue-

ness theorem is far more limited than appears to be generally recognized.
In particular, not only concentrated loads, but even most instances of
discontinuous distributed loadings are outside the domain of wvalidity of
the traditional unigueness theorem. It is not difficult to demonstrate
the incompletsness of the customary formulation of problems involving such
distributed loadings, which says nothing regarding the reguiariiy of the
solution at the boundary and in no way specifies the nature of the singu-
larities there encountered. To i1llustirate this observation, we refer to
the well known plane-strain solution for the helf-plane under a uniformly

distributed shear load applied to a finite segment of the boundary.2h

Superposition upon this solution of the traditional solution for a concen-

trated tangential load,25

applied at an endpoint of the load segment, yields
an entirely different stress distribution which nevertheless still conforms
to the usual formulation of the original problem. Moreover, the new *so-

lution", as well as the traditionally accepted one, exhibit infinite stresses

at the endpoints of the load segment.

21‘See, for example, [127, p. 129.

25see [12], p- 88.
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Although a detalled study of the uniqueness of solutions to problems
characterized by singular distributed loadings is beyond our present in-
tentions, we shall briefly retwrn to this subject at the end of the paper.

We nom turn to the concept of concentrated loads which is our main concern.
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Lo Singular States. Internal Concentrated Loads

Definition L.1r S(P) is a singular state in D+ B if it is not regular

in the sense gz.Definition 2.2

Definition L.2: Let Q, (a=1l, 2, ...N) be a set of discrete points in
ol _— = = 3.

D+ B. A state S(F) iz regular in D + B except for point singularities

at Q - if it is singular in D + B but regular in every closed regular

subregion of D + B which does not contain the points Qw.

If a Q = lies in D, we shall speak of an internal point-singularity

of S; if a Qob lies on B, we shall refer to a surface point-singularity.

The analogcus definitions of states regular except for singularities along

a surface lying in D or along an arc on B would enter naturally into

26

the study of uniqueness questions in the presence of dislocations™" and

discontinuous distributed surface tractions,

For future convenience we recall at this place the Boussinesq-Papkovich

solution of the field equations for the isotropic medium in terms of four

27

scalar stress functions,

Theorem h.1: Let #(P) and V(P) be a scalar and a vector field which

are three times continuously differentiable for P in an arbitrary open

region D. E‘it_

Mmi= V@ +T V) -L0 - P, (Lo1)
24 _ _ _r o F 2 _ F_
v = 2(1 - »)° ViV 2(1 - ¥) (h.2)

in D, where r iz the position vector (xl, X, x3) of P, while L

2056 [23J, p. 225, second paragraph.

2—-lSee [3], pp. 63 and 72, as well as 13]. The solution was redis-

covered later by Neuber [1L]. The extension of this solution to the case
of non-vanishing body forces ccnsidered here, is due to Mindlin [15].

19
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and 3) are the shear modulus and Poisson's ratio, respectively. Then the

stresses associated with the displacement field u in the sense of the

displacement—strain relations (3.3) and the isotropic stress-strain relations

(3.6), satisfy the equilibrium equationz {3.1) for the body-force field
F(p).

The truth of the iheorem ls confirmed by direct substitution. An ele-

gant proof of the camplsteness of the foregoing solution of the field
equations was given by Mindlin [16], first for the case F = 0, and was
later extended by him to include body forces in [15‘].28

Our next objective is the definition through a limit process of the
concept of internal concentrated loads. By virtue of the principle of
superposition, it is sufficient here to consider the Kelvin problem pre-
sented by a concentrated load applied at a point cf a medium occupying
the entire space. A physically natural unique definition of the solution

to this problem for an isotropic medium is supplied by the following theorem.

Theorem h.2: Let D be the entire space and C be the origin. Let

Dn + Bn be a sequence of bounded regular regions of space such that each

Dn contains O, and dn—'o as n —» @, where dn is the maximum

diameter of Dn + B . L__eE 'f'n(P) be a sequence of body-force fields with

the properties:

(a) ?n(P) is twice contirnusly differentiable for P in D;

(b) F(P)=0 for P in D and not in D + B 3
n —— e e— (=== )] n

Rl ’

(e) j f‘nd‘f—»'ﬁ as n —» o;
D
n

28The precise limitations regarding <the nature of the region and the

regularity requirements at infinity inherent in Mindlin's proof, are in
need of clarification.
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(a) S If‘n‘ d7’ remains bounded as n —» ™.
D, :

n
Then there exists a unique sequence of isotropic states Sn(P) s regular in

D and corresponding to ‘F"n(P). The sequence S (P), for all P # 0, con~

verges toward a limit state S(P) which is independent of the particular

choice of the seque\nces D +B, and ?n(P). Moreover, S(P) is generated

by the stress functions,

ma _ L
g(P) = 0, ¥(p) = - (L.3)

where r 1is the distance of P from the origin O.

Definition L.3: The limit-state S of Theorsm L.2 ("Kelvin-state") is

said to be the sta*e corresponding to a concentrated force Y applied at

the origin to an isotropic medium occupying the entire space.

Proceeding to the proof of Theorem L.2, wé& observe that the Newtomnian

potentials
( FQ - F () 9
¢n(P) = o a7
J RO
n
3 " gn(q‘) ’
Vn(P) = - cb\ - ar’, g (L.L)
vp R(P.’Q)
n
where w=1/8 71 =), j

r(Q) is the position vector of a point Q of D , and R(P,Q) is the
distance from Q %0 a point P of D, satisfy 'ﬁ-he Poisson equations (L.2)
for F= f‘n throughoul T. Furthermore, it follows from Hypotheses (a),
{b), as well as framn the properties of Nuwtonian potentials, that the se-

quence of states Sn(P), generated bv the stress functions fén and '\'Tn
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in the sense of Theorem i4.l, is regular in D corresponding to the body-
force field ?n, in accordance with Definition 3.2. Thus S (P) exists
and, in view of Theorem 3.3, is unique.

In order to confirm that Sn(P) - S(P), it suffices to show that
Vn(P) ~+ ¥(P), and that the first and second partial derivatives of ¢n(P),
vn(P) tend to the corrsspcnding derivatives of @#(P), ¥(P) for a1l
P # 0. Since the argument in each instance is strictly analogous, we
merely-prove that Vn(P) —=V%(P). To this end, note from (L.3) and (L.k)
that |

- - -1 ~1
7,0 - %8| = xl| F@ [Flee - e] o

.

n

+ rY(P) [- (‘ F_(Q) a7~ L-l ,

LD .

- (L.5)

o
whence, holding P # O fixed, and for all n sufficiently large to insure

that P 1s not in Dn + Bn’
-

Vn(p) - V(P)| é’obj; an(Q)IIRfl(P,Q) - r‘l(P)l a7’
n
+ L (P) i F(Qar-T i .

l“’n

~ (hoé)

)

By Hypothesis (c), the second term in the right member of (L.6) tends to

zero as n -+ ; the first term, on the other hand, is bounded by

: 1
@ mx |EeQ - )| 5
Q in Dn + Bn Dn

7| e (1a7)

which approaches zero by !ypothesis (d) and since dn - 0. This completes

the proof.
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The Kelvin-state S, generated by the stress functions given in (L.3),
was first presented by Kelvin without derivation in [17], and lster de-
duced by a 1imit nrocess in [18], Pe 277, on the basis of a sequence of
concentric spheres for‘ Dn’ and on the assumption of body forces which are
constant within Dn' The present derivation, with the aid of the
Bouséinesq-?apkovich stress functions, is analogous to that employed by
Mindlin [15] in connection with the problem of the half-space under a con-
centrated internal load. ‘

Love's exposition [2], art. 130, of the Kelvin limit process, which
no longer restricts the shape of Dn and the body-force distribution
within Dh, is nevertheless open to minor objections and suffers from a
certain conceptual vagueness. While the use of a sequence (or family)
of regions Dn contracting toward O, 1is clearly implied, it does not
become fully evident that the argument involves an associated sequence

~ (or family) of solutions of the field equations. Moreover, it is essential
to make suitable smoothness requirements, such as our Hypothesis (a),
regarding the body-force distributions Fn(P), if the uniqueness of the
approximating states Sn(P) is to be assured. Finally, lack of explicit
detail in carrying out the limit process leads Love to overlook the need
for a restriction on fn(P) such as our Hypothesis (d).

Hypothesis (d) could easily be relaxed somewhat, although this would
seem to serve no particular purpose; it is implied by Hypothesis (c¢) in
the special case in which the body forces fn(P) are parallel and of the
same: sense within Dn‘ We now show by means of a counter-sxampie that
Theorem L.2 iu lalse, and thus that the Kelvin limit-process does not yield
& unique definition of internal concentrated loads, in the absence of

Hypothesis (d).
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Theorem h.3: Theorem L.2 is false if Hypothesis (d) is omitted.

To demonstrate this, it is sufficient to exhibit sequences Dn and
Fn(P) , conforming to all hypotheses of Theorem L.2, except Hypothesis (d),
such that lim S (P) # S(P) for P # O, where S(P) is the Kelvin-state.

n = @©
Let Dn be the sequence of concentric spheres

0<r <l/n (n=1, 2, ...), (L.8)

and let ?n(P) be defined by

= 7
r
Fn(P) =?i'n(r) for 0 <r < 1/n, !
(L.9)
Fn(P) =0 for r>1/n,
where,
336 9, 12,2 .3 _ .1
fn(r) = - —5— (1 - #n'(r- 5) (6rc + =r+ ;?). {i4.10)
Direct computation confirms that
£3(0) = £3(0) = £,(1/m) = £(1/n) = £1(1/n) = O, (1.11)%

whence fn(P) meets the smoothness-hypothesis (a) of Theorem L.2. In view

of the polar symmetry of Fn about 0, clearly,

J f‘n d7 =0 (n=1, 2, «es)s (L.12)
D .

so that L =0,
The stress-functions ¢n(P) and Vn(P) s genera*ing the sequence of
states Sn(P) , which correspond to the body-force distributions ?n(P) and

are regular throughout D, now again follow from (L.lL), with Fn(P) defined

29me primes denote differentiation with respect to r.
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as in (L4.9), (L.10). Consider a fixed P # O and choose n > r(P). Then
¢n(P), as well as the components of Vn(P), for every such fixed n, are
the Newtonian potentials at a point of free-space of mass distributions over
the sphere Dh’ whose densities have polar symmetry about the center O,
According to an elementary rssult ix potential theory, the value of such a
potential at P equals the value there of the potential associated with a *

single particle at O, whose mass is equal to the total mass of the distri-

————

bution. Hence, and by virtue of (L.L), (L.5), we have

8 _(P) = ;g;yj r £ (r) 47,
D
n

> (L.13)
V.(P) = - oFy J:) Foar.
On the other hand, (L.10) is fouzd to implyP
a,L r fn(r) a7 =1, (L.1k)
and (L.13), (L.lL), together :ith {L.12), yield
g(P)=1/r, V (P}=0 (= 15 25 wes)s (L.15)

The sequence Sn’ therefore, tends toward a limit state S which is gener-

ated by the stress-functions

g(p) =1/r, W) =o0. © (L26)

According to (L.1) and (L.16), the displacement field belonging to S is

given by

30, e rolynomial (L.10) was actually constructed to meet conditions

(holl) » (holh) *

e vt sy g o s - -
2
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u(p) = V 1/r, (L.17)

and is thus identified as appropriate to a center o compression31 at O.
. If the conclusions of Theorem L.2 were valid here, Sn should tend to the

null-state, since L = O, Indeed,

I
n

; for the =equence of body-force fields (L.5), (L.10), which thus violate 1

a7 —» ©

Hypothesis (d) of Theorem L.2. The proof of Theorem L.3 is now complete

and we turn to a discussion of certain properties of the Kelvin-gtate.

Theorem L.4: The Kelvin-state S of Definition L.3 has the properties:

(a) S 4is regular, corresponding to zero body forces, in the emtire

space D, oxcept for a point-singularity at the origin 0;

(b) Let L be any closed regular surface surrcunding O and let

T be the resultant surface traction of S on that side of (L wmhich is

oriented toward O. Then,

r Tdo=1TI; (L.18)
Ja

= 0(r%) ss r-» 0.

() 73

fde

Property (a) follows from Theorem L.l, since the stress functions (L.3)

are harmonic in D except at O, and from the observation that wu, and

713 belonging to S, vanish at infinity as rL and r-z, respectively.

Properties (c) and (b) are estabiished by inspection of, and an elementary
computation based upon, the stresses of S. A trivial limit process confirms

that (a) and {c) imply

Hsee [2], p. 187, and Definition 5.2 of this paper.

s comem N - v T
ey ‘ S




27

(a) J' rx Tdo=0. (L4.19)
0

Thus, the tractions of S on f) arestatically equivalent to the single
force I at O.

Kelvin's realization that the definition of internsl concentrated

loads necessitates a limit process, was apparently neglected in the sub~

sequent treatise literature, with the exception of Love [2]. Thus, for
example, in [12], art. 120, Kelvin's problem in formulated in terms of

Properties (a), (b), and (d). To see that this formulstion is not unique,

consider the state

St =85 + cs°, (L.20)

where S is the Kelvin-state, S® 3is the state appropriate to a center of

compression at 0, whose displacement field is given by (L.17), and ¢ is

an arbitrary real constant. S' is readily found to possess Properties (a),
(v), (d), and might be called a "fseudo-solution" of Kelvin's éroblem.

In [19], art. 32, and [20], art. 350, the problem of Kelvin is approached
oun the basis of Properties (a), ‘b), (c), and Precperty (c) is claimed to be
a consequence of (b). This claim is not justified as is again apparent from
S!' which possesses Property (b) without conforming to (c). The question
remains, however, whether Properties (a), (b), {c) of Theorem L.l uniguely
characterize the Kelvin-state, and thus yleld a legitimate formulation of
Kelvin's problem. An affirmative answer to this question will be supplied

by the uniqueness theorem provod in Section 7 of this paper.
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5. Higher Internal Point-Singularities

Theorem 5.1: Let the stress-functions # and ¥ of Thecrem Lol be har-

monic in an arbitrary open region D and there generate a state S. Then

the state Si = S,i is generated l_:_uz
by=By+7, Ty=V, (5.1)

and in D 3satisfies the isotropic field equations for vanishing body forces.

This theorem follows at once from Theorem L.l and by inspection of Equations
(3.1), (3.3), (3.6).

Through successive differentiations of the Kelvin-state S_(P) with
respect to the cocrdinates xy of P, one obtains an infinite aggregate
of states which are regular in the entire space D, except for progressively
stronger point-singularities at O, In this section we deal briefly with
those singular states which result from a single space-diiferentiation of

S(P) and are needed later.-¢

Let S, (P,Q) = 8,(x}, X, x,3 gl, 52’ 53) be the Kelvin-state
corresponding to a unit concentrated load applied at Q( ﬁl, £2, é3) in
the x,-direction and, for brevity, write Si(P) & Si(xl’ X x3) in

place of Si(P,O). We now define a2 set ol nine states Si;j(P) by means of
=8 £ =Y
Sij(P) = oi,j\P). (5.2)

The physical interpretation of the states Si 3 in terms of the Kelvin-

states Si s is apparent from the observation that

. 3%%hat follows is a unified treatmeni of material discussed in (2],
art. 132.
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<
ir
5,4(P) =hlino = L_Si("l’xz”%) -si(xl-Sjlh,xz-%th,xB-83311)]
k(s.s)
ir
. =h1-j:no = _Si(xl’x2’x3)-Si(x‘.l.’x2’x3;831h’832h’833h)]’
N J

where 313 again designates the Xronecker delta.

Definition 5.1: The state Sij(P)’ for i =3, is said to correspond to a
33

force-doublet,”~ applied at O parallel to the xi-axis. The state Si

j,

i for i # J, is said to correspond to a force-doublet with moment about the

x, -axis (k #1, j), applied at O parallel to the xi-ast.Bh

We now vecord the Boussinesg~Papkovich stress functions, as well ag

the displacement fields, belonging to representative members of the set of

' states Si and S,,.
For S: ¢1 = 0, ‘71 = - c’.{}-, 0. o-|,
2
apm - f3-b2 T % x1"3]
d—‘L T +r3’ —r';") r3 ’ P‘(SO’J)
@=1/87 (1 - #).
J
: @ _ A )
For 8§, ¢11 == vll = w[xj, 05 O],
.(5.5)
" 2 2
2/‘;1 _ 09[3)4 . (1 - h,))xlj 3xx,, ) x_g’ 3x2x3-x3].
1 P 3 ICRRE (N G J

33A "double force without moment", in the terminology of Love [2].

3ot that Siy# +8ye

= — . .H""’ 3 g -
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For S,,3 ¢—0\7’—ob[fc—2-00 1
12 12 =% V12 = %= 0, 0},
*x, (3-L%) 2 % 3 )
- Sax, O-Laix, xx, » XxX
2#“12=-°°[ e s e e

-

Equations (S.L), (5.5), (5.6) are cbtained from (L.3) with the aid of
Theorems 5.1, L.1. The associated fields of stress follow from (3.3); (3.6),
and may be omitted here. On the basis of the stress fields belonging to

(5.5), (5.6), and with the aid of (5.2), (5.4), and Theorem 5.1 we arrive

at the following theorem which is analogous to Theorem L.lL.

Theorem 5.2: The states Sij’ defined by (5.2), have the properties:

(a) sij is regular, corresponding tc zero body forces, in the en-

tire space D, except for a point-singularity at the origin O.

(b) Let L be any clossd regular surface surrounding O and let

T.. be the resultant surface traction of §; j ©onthat side of L) which

J

is oriented toward O. Then,

~

J 'Tij dd'= 00 (507)
Q0
For i = j,

S()f x ‘fij do = 0, (5.8)

5 T X Tij do = €3, (5.9)

where Ek is a unit-vector in the kadirecticn, € =1 if (i,j,k) is

a cyclic permutation of (o220 and € =~ 1 otherwise.

(©) 7igmn =0 as r 0. (5.10)%

f
3)The last two suffixes refer to the components of the stress tensor

belonging to Si j°

——
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In contrast to Propertiess (a), (b), {c) of Theorem L.L, which will be shown
in Section 8 to characterize the Kelvin-state uniquely, Properties (a), (b),

(c) of Theorem 5.2 clearly do not supply a unique characterization of the

states Sijf
Theorems L.k, 5.2 suggest a remark concerning Saint-Venant's principle.
The stresses of the Kelvin-state, whose tractions on any surface L sur-
rounding O are statically equivalent to a force, decay as r'“'2 at in~-
finity. On the other hand, the stresses of a force-doublet state, whose
tractions on () are self-equilibrated, decay as r_3. This comparison
has traditionally been cited36 in support of Saint-Venant's principle as
formulated by Boussinesq [3]. It should be observed, however, that the
stresses appropriate to a force-doublet with moment, whose tractions on 0
are statically equivalent tc a couple and thus are not self-equilibrated,
also vanish as r-3 at infinity. Hence, the condition of self-equilibrance
of the tractions on L does not yield a reduction in the order of wvanish-
ing of the stresses at infinity as compared to the case in which merely the
resultant force on {2 is zero. This observation contradicts rather than
supports Boussinesq's version of Saint-Venant's principle; it is consistent,

however, with the modified version of the principle announced by von Mises

[21] and proved in [22].

Definition 5.2: The state S° = S,; is said io zorrespond to a center of
COEEression at 0. 222 state sk.= %»(sij -8

4)s where (i,j,k) is a

J

cyciic permutation of (1,2,3), is said to szorrespond to a center of rotation

at O parallel to the xk-axiso

Hgea [3] and [2], art. 133

- h-"k——.__.._.__,’f_.:_ - - -
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The stress functions

and (5.6).

32

and displacements for S°® and s¥  follow from (5.5)

For S°: ¢°__.2(1_2,))Q; ¥V* =0 L
g 37 |
(5.11)
put = (1 -2p) mvé.
o
For 83: ¢3=0, V3=d'|‘-—§— l —-‘(—): ] W
<L 9xp r
" " > (5.12)
=3 1 1 1
et e —— 10 2y o Ly o,
e L [ng (r)’ > (r) ] )
Theorem 5.2 now yields the properties,
Jr T do = 0, rx T do= 0, '/;J—O(r 3) as r —» 0, (5.13)
£ Q
3 ™ o= 0, 3 ?x'fk do’='a'.k, 7’.§J=O(r-3) as r —» 0. {5.14)
QL Q
3TNote that a° wd T°  are equivalent,_ fo ¢ and V 52 as computed

from (5.5), in the sen

a
ne
-

e that they generate u°
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6. The Theorems of Lauricella and Volterra

We proceed to state, and indicate the proof of, two lemmas which are
prerequisites for the proof of the two theorems to be considered in this

section. These theorems, in turn, form the basis of the limit-definition

of concentrated surface loads.

Lemma 6.1: Let S(Q) be a state regular in a neighborhood of a point P.

Let S'(Q) be regular in the same neighborhood. except for a singularity ]

at P. Moreover, let

Q) = 0(=™) and 74,(Q) =0(x) as r—0, (6.1)

where r is the distance from P to Q, and let

Snm j Trdo=1%, (6.2)

Z(S) being a sphere of radius 8§ centered at P, whose outer nommal is

directed towmard P. Then,

Jin P .3 do=0, glim [_ Preo Gdo=L « H(P). (6.3)
0 0 e
-~ (8) RN ¢ )

The first of (6:3) is immediate from the first of (6.1). To estab-

lish the second of (6.3), observe that

< U Fr(Q - |:E(Q.)-E(P)1 dor
WS (8) B

i
»c-“ﬁ(l’)o‘: Q) do'-I-‘.
' (8) B

The second term of the right member of (6.L) tends to zero with § by

T+ « 3do-L ¢ u(p)
(3)

L (6.L)

7

(6.2); the first term approaches zero as © —» 0O by virtue of the second

of (6.1) and in view of the continuity of u(Q) at P.

33
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Lemma 6.2: Let S(Q) be a state regular in a neighborhood of a point P.

Let Sk(Q) be the state corresponding to a center of rotation38 at P,

parallel to the x -axis. Then,

lim Jr ? . gr=0, 1im f T - Tdr= w(P), (6.5
where $(8) is defined ss in Lemma 6,1 and & =3 V x T 1is the rotation

vector belonging to u.

Consider k¥ = 3 as a typical case, take P as the origin, and let Q
have the coordinates X, To prove the first of (6.5), we note that an

elementary computation, based on (5.12) and (3.7), ylelds,

f TeWdo= gﬁﬂj‘ [7‘11"1"2 ® 7{2(*3 - ‘i) 1
S(8) O I5(8) | L (6.6) |

- .
+ '/13"2"3 - TooX%p - 723%%3 ] 4

-

The right member of (6.6) may be written as a sum of integrals of the form

1(8) = | 7(Q) £(Q) do, (6.7)
JZ(S)
where,
5
£(Q) do=0, £(Q) =0{62?) as § o,

%) : L (6.8)
7(Q) = 7tP) + g(Q), g(Q) = 0 as Q —-F,

whence I(8) -0 as § —oO.
®e turn to the proof of the second of (6.5). With the aid of the

stresses associated with (5.12), we find that

33566 Derinition 5.2.
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"-l"k » udo= -8?23,1\[ (Jr._l_u2 - xzul) do. (6.9)
>
A Taylor expansion of ui(Q) about P gives,

P} +

AT

(P) + g,

53 £AY = o
U, \3I/ =t .
Vs i 1]

xy Lui’i’ (Q)], |

with gij(Q) -0 as Q-» P. J

Substitution of (6.10) into (6.9) confirms the desired result after a short
camputation.

The tractions of the singular state S' in Lemma 6.1, on any surface
L) surrounding P and lying wholly in the neighborhood under consideration,
are statically equivalent to a single force L applied at P. The tractions
of Sk in Lemma 6.2, on any such ), are statically equivalent to a couple
of moment Ek’ where ;k is a unit vector parallel to the x -axis. The
work done in an "infinitesimal" displacement of a rigid body by a force
system which is statically equivalent to a single force ¥ at P together

with a couple of moment N, is given by
v=L.3ap) +8% . D, (6.11)

in which u(P) and O are the displacement vector of F and the rotation
vector, respectively. One might suppose that the second of (6.3) and (6.5)

follow trivially from (6.11); in fact, this is suggested by Love [2] on

pp. 236 and 2LS. Such an intuitive argument, however, is not sound, as can

be szen frcem the following observation. Let S be defined as in Lemma 6.1,
and let S®* Dbe the state corresponding to a center of compression at P,

given in (5.11). Here,

! et Gt el f
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® e = - 2-‘-1-—-—2—21 A T
81_11:0 (S)T u do A= ) u_i,i(P)’ (6.12) -3

although, according to (5.13), the singularity of 8° at P is self-
equilibrated.
We turn 4o the statement and proof of two theorems regarding an ix‘xpo-

gral representation of the solution to ths ==2~ond boundary-value problem in

terms of the given surface tractions. These theoi'm” were given in dif-

ferent form by Lauricella [23], and were attributed by him tc V. Volterra.

Theorem 6.1: Let S(Q) be an isotropic state, corresponding to the body

force MQ), which is regular in D+ B and such that W(F ) = @(P,) = 0,

where P, is a point of D. Let P be a point of D and 8)(Q,P,P)) be

a state characterized by the properties: i:
(a) Si(Q,P:Po) = 8, (Q,P) +"3:,'(Q:?,P°) + SI(Q,P,?O), (6.13) ' ‘ 4

@rean

where Si(Q,P) is the Kelvin-state corresponding to a wnit force at: P in
the xi-direction,

ry _ _ . T J
s;(QSP)Po) = si(Q"Po) + Ais(P’PO) 8 (Qs!’o):
| g > (6.1L) !
with }\13(?,?0; =fx 8 - ay |
SJ(Q,PO) is the state corresponding to a center of rotation at P parallel 4
to the xJ-—direction, B 4is the vector from P to P, and i'i is a unit

vector parallel tc the xi-axia. ,

(v) SI(Q,S,?O) corresponds to F{(Q) =0 snd is an isctropic regular

stats for Q in D+ B;

560 [2], art. 169, and [297, ». 122.
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(c) ii(Qy,P,Pc} =z -'f'i(Q,P) + Tz(Q,P,PO) + TI(Q:P:PO) = 0, (6.15)

in which T{, T, Tio, T: are the gurface tractions on B of 8!, 8, Si,

S; s respectively;

(d) 'E;(P.O,P,Po) - ZJ’I(PO,p,PO) = 0. (6.16)

Then, l
n \ |
w (P) = ) Q) - WQ,P,P) dcr+) F(q) * uj(Q,p,P ) a7, {617
B D
Observe that S: is defined through (b) and (c) as the solution of a
second boundary-value problem in D 4+ B. While the existence of s;, and
hence of Sj'_, is postulated, the uniqueness of these states is assured by %
Theorem 3.3 and the fact that (d) precludes an arbitrary additive rigid ‘
diaplacement fields The singularities inherent in Si and Si, because of

(6.14), (L4.18), and (5.1lL), constitute a self-equilibrated system; thus,
the boundary condition (c) for S; conforms to Condition (d) of Theorem :

3.4, which is necessary for the existence of SI if D 4is bounded.

In the proof of the theorem, consider first the case in which P = Po.

Here, in view of (a), (b), S is regular throughout D + B and, by (c),

e e -
E R LY L DT IT TS S e  NY

(d), is the null-state. Since E(Po) is supposed to vanish, (6.17) clzarly
holds if P = PO.

Now, let P # P, and let Z(S), 20(8) be spheres of radius O,

lying wholly in D and having no points in common. The region £  bounded

by B, Z(S), and ZC(S), is then a regular region of space in which S(Q)

and S{(Q,P,Po) are rezular. An application of the reciprocal theorem,

Theorem 3.2, to S and 5; in ®, in view of (c), leads to,

TS — )




P O T T T Y W e

36

J‘!{"ﬁdo'-i- Tt « Udo= T-Ti'da'-i-J"i"ﬁ'do'

VB
2 ° 22 > (6.18)

n
+ T-G'do--o-“?-ﬁ'd'/.

J

2 o v, J

Proceeding to the limit as § -0 in (6.18), we find by means of Lemmas

6.1, 6.2, Hypotheses (a), (b), and (L4.18) that

p — [y 4
‘) AT dd'-oui(P), b
S i Y . |
ST{ u do - ui(P)-i-Rxai w\Po)-—O, > (6.19) 3
()
S T -"_{do--»o, f?-ﬁidc--.o.
S
dep J

Equation (6.17) now fullows fram {6.18) and (6.19). This completes the
proof. The next theorem aims at an integral representation for the strains
of a regular state in terms of the associated surface tractions, which is

analogous to the representation (6.17) for the displacement components.

Theorem 6.2: Let S(Q) be an isotropic state, corresponding to the body

forces F(Q), which is regular in D+ B. Let P be a point of D and

a—

Si,(Q,P) be a state characterized by the properties:
3 rea

where Si;j(Q’P) = - Si,j(Q’P) is the state corresponding to a force doubletho

with or without moment, applied at P;

hOSee Definition 5.2. Recall that all differentiations are with re-

- gpect to the coordinates Xy of P.
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(b) SIJ(Q’P) corresponds to ¥{{) = 0 and is an isotropic regular

state for Q in D + B;

- - %
in which T4, Ty, T, are the surface tractions on B of S}y Sy Syg0

rospectively. Then,

f
8y 4{P) = \g’?(c) * 1],(Q,P) do+ | F(Q) - 9},(Q,P) 47 (6.22)
B D '
Moreover,
o AR
S{J(Q,P) = 2’ Lbi’j\‘i)?,rol + Sj,,i(Q’P,PO)]’ (6'23)

where Si(Q,P,Po) is defined as in Theorem 6.1.

Note that S;j is uniquely definedhl as the solution of a second

boundary-value problem in D + B. By virtue of (5.7), (5.8), (5.9), the
singularity of sij + Sji at P 1is self-equilibrated; hence, the boundary
condition {c) for S;J satisfies Requirement (d) of Theorem 3.l, which is
necessary for the existence of SZJ if D 1is bounded.

We shall deduce the present theorem from Theorem 6.1. To this end,

define a state SgJ(Q,P,Po) through

1
SgJ(Q2P,P°) = '2' (Si’.,j s Ss,i)’ (6'2h)

where S{(Q,P,Po) is defined in Theorem 6.1. If we compute the strains

eij(P) belonging to S(Q) of Theorem 6.1 from the displacements (6.17),

th the aid of the strain-displacement relations (3.3), we obta:in,'l2 (6.22)

“L¥ithin an arbitsary additive rigid displacement field.

U214 iz not difficult to show that a single differentiation with respect
to the coordinates x4 of P cof the improper volume integral in (6.17),
may be performed under the integral sign. The proof of this statement is
strictly similar to the proof of Theorem II on p. 152 of [87.
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with “{j(Q’P) replaced Ly ny (Q,P,. ). It remains to be shown that
ng(Q,P,PO) coincides with the state S*j(Q,P) of Theorem 6.2.
Let

1 _1
std@,p,p) =325

1-
sy (Q,P,P) = 5 _s* + 8% ]

i QP P ) and s:(Q;PsPO) being the states defined in Theorem 6.l. Since

iJ(Q’P) = - si,j(Q’P)’ it follows from (6.2L), (6.25), and (6.13) that

S
sgj(Q’P:Po) = - %‘ [Sij(Q’P) + sji(Q’P)]

- (6426)

+ Sij(Q:P:PO) + S?(Q:P:Po)- )

()

cmparing (6.26) with (6.20), we note that S**(Q,P) = Sgﬁ(Q,P,PO) foliows
if we show that SOJ(Q,_,PO) is the mull-state and that S;(Q,P) = S; (Q,P,P ).

Indeed, an elementary computation, based on (6.1l), yields,

—i = - - o — -k -\
Uy g = (a.J x a ai) u (Q,P). (6.27)
=1 -j _ Q . ij

whence U + v ., =0 and thus, according tc (6.25), S is the null-
| 0,J 0,1 o
! state.

With a view toward verifying that S,(Q,P) = sz*(Q,P,PO), observe that
both states are regular in D + B and, by Theorem 3.3, must be identicale

if their surface tractions on B coincide. A direct computation, involving

(3.7), (6.15), and (6.25), confirms that T (Q,P) = T**(Q_,p,po) on B, which

completes tha proof of the theorem.

h3See Footnote No. Ll.
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Lauricella [7] establishes (6.22) directly and then merely states the
usual line-integral representation for the displacement field of S(Q) in

terms of the components of strain. Love [2], art. 169, and Trefftz [19],

p. 12L, present a rough sketch of the proof of Theorem 6.1. Both these
anthors specify merely the stress-resultants of ths singularity of

S{(Q,P,Po) at P ; in view of our observations following Theorem 5.2, this

i
The formation of eii(P) from (6.22), at once leads to Betti's formula

Lk

is insufficient for a unique characterization of S

for the dilatation in terms of the surface tractions. The gingular states

S of Theoreme 6.1 and 6.2 play a role which is analogous to that

3
played by Green's function of the first kind in connection with the Dirichlet

i and S{

problem. Formulas (6.17) and (6.22) reduce the solution of the second

boundary-value problem in a given region D+ B to the determination of :

*

the complementary states S, and Sij appropriate to D + B. 3

hbSee 2], p. 23k
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T Limit~Definition of Concentrated Surface Lcads

We turn now to the definition through a 1limit process of the soluticn
to problems involving concentrated surface loads and, without ioss in
penerality, confine ourselves tc the case in which the body forces are
absent.

\
Thecrem 7.1: Let D + B be a regular region of space and let J

(=1; 2, «..N) be N distinct points on B. Let A(n) (n = 1. 2y wis)

be N sequences of closed subregions of B ("1oad regicns") such that

A(n), forall n and o=1, 2, «..N, is a regular surface containing

qu in its interior, and S(n) —+» 0 as n -» w, where S(n) is the maxi-

mun diameter of A(n)

Let {f. } (=1, 2, «..N) be a set of vechors ("concentrated loads")

. -(n) . .
and “(Q) a sequencs of functions ("replacement loadings") defined

lm

for Q on B and such that

@ ™) =o for Q not in Ag‘) (o= 1, 2, «..N);

(2) f(n) dcr-ofoba_s_ n —» o;
A(n)
ol

(3)

?(n)[ do is bounded as n —» .

[

Let S(n)(P) be a sequence of states with the properties:

(a) S(n)(P) is regular and isotropic in D+ B for F = 0;

) T(Q) = T,(@) + I'™(Q) for Q on B, with T(Q) continuous

(c) ﬁ(n)(Po) = w(n)(Po) = 0, where Po is  point of D,

L2
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Then S(n)(P), together with its first space-derivatives, as n —» o,

is uniformly convergent in every closed subregion of D + B which does not

contain any point Qoo' The limit state S(P) = lim <.(n) (P) is independent

of ths particular choice of the sequences j; )n and f Moreover, for

P in D, the limit state S admits the representation:

n N
ui(P) = T*(Q) ¢ ﬁ{(Q,P,Po) do + E zm° ﬁi'.(Q&P’PO)’ (7.1)

!JB ! i“-—

p N
o 5(P) = | T,(Q) « W,(Q,P) do + E L 8 4(QeF)s (7.2)

VB a= .
7y 5(P) = A8, s + 2pte, s (7.3) 4

where uf(Q,P,P;) and u},(Q,P) are defined as in Theorems 6.1 and 6.2,

respectively.

Here T*(Q) are the distributed surface tractions prescribed in the

concentrated=load problem under consideration. We proceed to the proof

of the theorem. Applying Theorem 6.1 to the regular states S(n)(P) s We
have,

1] b

N
uf"(p)=J’r*<o>-a{<o,p,po> do + E 1 J ™) 5 @PP) e (7.h) |
B o= Agl) |

for all P in D. Since u.,in)(P) is continuous in D + B,

(n) (n)
1i P) = (Q ), o
p m%ui ( "‘i o (7 5)

where Qo is a point of B. We assume henceforth that Qo is not in

{Qd} (=1, 2, ««+N). Then there exists M > 0 such that n > ¥ im-
)
plies that Q  is not in Ag’l). For such a choice of n, the integrand

of the second in%egral in (7.L4) is a continuous function of P at P = 4,

S R R S I M R N oy R
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and

1™ (q) - Ti{Q,PP,) dor

N
-Z; L(s‘“’(q)-qm, P 4|
- a

Equations (7.4), (7.5), (7.6) assure that

s

P-rQ &3 ‘Lt(:)

> (7.6)

lim PT (Q) © u'(Q’P,P ) dor (7.7)
P - Q

exists.
By (7.1) and (7.L),
N
o) - (e = > J 1)““’(@) * 3(QP,P,) dor

(n

=T |

r {7.8)

L L(i'. ﬁi(Q‘_‘gP,Pc) L, :

P

in which ui(P) is given by (7.1), and provided n > M. Furthermore,

according te (7.1), (7:L4): (7.5), (7.6), (7.7), lim 1(?) !ni(Qo)
exists, and (7.8) remains valid for all P in D + qu but ret in {Qq}

(“'—_ 1, 2, oooN)o
Thus, for P in any closed subregicn E of D 4+ B which does not

contain any of the points Q . and for n > N, we may write,

M ) - u (|« Z“ li‘(n)(Q)”u'(Q,P,P )- §} QP2 | oo

I

- P (n) =
+]| 51 (QuP,P ) * J o W
Ny, ]

The second term in (7.9) tends to zero uniformly for P in B as n —» o

since ‘-'l(chP’Po) is hounded for P in E, and in view of Hypoitresis (2).
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Moreover, clearly, the integral in the first term of (7.9), for a2l P ia

E, is bounded by

mex i'i{(Q,P,PO)-ﬁj'_(QwP,PO)
(n)
Q on [\ob

which uniformly tends to zerc by Hypothesis (3) and because ﬁi(Q,P;PO) is

() (1

= o

continucus with r spect to @ for Q in .A,c(:) and P in E if n > M,
while 8&?)»0 as n - .,

We have shown that uin)(P) uniformly converges towerd ui(P) of
(7.1), for P in E. To camplete the proof of the theorem, we have yet to
establish the uniform convergence of the ctrains eig)(P) toward eij(P)
of (7.2), as well as the uniform convergence in E of the first space-
dsiivatives of uén)(P) and egg)(P); this, however, is accomplished by
strictly analogous means.

Theorem 7.1 is the counterpart, in comnection with concentrated surfacs—
loads; of Theorem L.2, which supplies the limit definition of internal con-
centrated loads. It should be noted that while the existence of the seguence
of approximating states Sn(P) in Theorem L.2 was demonstrated, the exist-
erice of the approximating states S(n) in Theorem 7.1 is postulated.
Hypothesis (3) of the present theorem is analogous to Hypothesis (d) of
Theorem L.2; it could easily be weakened and is implied by Hypothesis {2)
in the event that the replacemsnt loaaing on each load region constitutes
a system of tractions which are parallel and of the same sense. Theorem
7.1 is readily extended to the limit definition of tha solution to a mixed

boundary-value problem involving concentrated surface loads.

Definition 7.1: The limit state S(?) of Theorem 7.1 is said to constitute

the solution of the second boundary-value problem for the region D + B,

et - s -
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characterized by the surface tractions T*(Q), the concentrated loads T b

B

T DR I T A e

ey A

applied at the points ng and by vanishing body forces.

Theorem 7.2: The limit state S(P) of Theorem 7.1 has the propsriiec:

{a) S(P)} is a regular isotropic state, corresponding to vanishing

body forces, in » + B, except for point-singularities at every point Q -

for which L _# O

~~

L) ®(Q) = T*(Q) at all regular points of B which are not in

~

¢= 1’ 2, '.ON)'
(c) lim T do= L (=1, 2, ...N), where Zé&) is the

48)

intersection with D + B of a sphere of radius 8, centered at Qcﬁ the

1%

outer normal of Z being directed toward Q.

(d) 7'3_3(1’) O(r ) as r, -0, where r is the distance from P

to Qg

Property (a) follows at once from Definitioms 3.2, L.l, L.2, as well
as from the fact that the sequence of regular, isotropic states S(n) of
Theorem 7.1, together with its first space derivatives, converges uniformly
in any closed subregion of D+ B which contains no points in {QOJ.

Conisider a regular peint Q of B, which is not in {Q }(o{. 15 25
«seN), and recall that the maximum diameter 8( n) of the load region A( n)
in Theorem 7.1, tends to zero as n -» oc. By Hypotheses (1) and (b) of
Theorem 7.1, Property (a) in the present theorem, and since S(n) (Qo) - S(Qo)

as n — o, given € > O, there exists M > O such that n > M implies
) = T0e), [T - M| < €,

which confirms Property (b) of the limit-state.
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Let ZogS), in the statem:nt ol Property (c), contain rno points in
{Q“} (=1, 2, «..N). It follows from the uniform convergence of S(n) (P)

toward S(P) in every closed subregion of D + B which excludes the set

{Q a} that

T do= 1im ™™ 4o=  1lim (1) 46, (7.11)
Z Z n-—e 0 Nn - ©

& o ¥ oL
Next, let "ﬂ-dSS) be the intersection with R of the solid sphere

of radius 8, centered at Qq. Choose & small enough so that 'ITG,’ con—
tains no member of the set {Qp} (p: l, 2, ...N) for which P # db Since
S(n)(P) satisfies the homogeneous equilibrium equations in D + B, and

from Hypothesis (b) of Theorem 7.1, we have

r ) 4o = f 7 4o - [ T, do+ [ i) do, (7.12)
v vﬁ vﬁ YA (n)
oL ® Ca Ao

for all n sufficiently large to insure that Agj) is wholly ccntained

in TrqéS'). Hypothesis (2) and (7.12) yield,

lim é"f(n) do = LT* do + 500 (7.13)
n —
ol al

which, together with (7.11), implies

lim T do= I:(L. (7.1L4)
2 £9)
Thus Property {(c) is verified.
According to Theorem 6.2 and Equations (5.5), (5.6), Ej'_j = O(r-?') as
r - 0, if r is the distance from Q to P. Hence, Property (d) follows

directly from (7.2) and {3.6) This completes the proof of Theorem 7.2,

which is the analogue of Theorem li.l.
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Let Ad.':J;_ do be the area of Zd: Then Property (c¢) in

Theorem 7.2 implies ;

2
g }:mo § Acb(S) > 0, (7.15)

unless [ = 0+ Condition (7.15) is certainly met if the load point Q_
is a regular point of B. This condition need not be satisfied, however,
l3es on a singular edge or on a corner of B. To illustrate

this eventuality, let Q_ be the origin and let B, in a neighborhood of
oL

Q o be a surface of rzvolution whose axis is the x3-axis. Thus, let B

locally admit the representation, ‘

p= f(x3) for 0= Xy = g, (7.16) I

1/2
whera p= (x.? + xg) » £(x,) is continuously differentiable in ' :
_) e

0<x.<a, £f(0) = £1(0) =C, and f(x3) >0 in 0K x3£a. For suf-
ficiently small § we have here,

AdSS) = 278(8 - x4), ' (7.17)

b o o

and a trivial computation ylelds,
1m §7% (8) = o. (7.18)
- 0

In the sense of the foregoing observation, the body is "incapable of sup-

porting 2 concentrated load®™ at the point Q . under consideration.

It will become apparent in thc following section that Properties (a),

T et e i

(v), (c), and (d) in Theorem 7.2 uniquely characterize the limit-state

S(P) of Theorem 7.1 Or the other hand, as pointed cut in the Introduction

1
[
[

and damonstr: iud in [1], there exist "pseudo-solutions" of concentrated-icad

<
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problems which pcssess Properties (a), (b), and (c¢), without being ldentical
with the limit-state S(P), defined in Theorem 7.l. Thus, the traditional
formulation of concsntrated-load problems in terms of Prcperties (a), (b),
and (c), is incomplete. Mareover, any expectation, based on an appeal to
Saint-Venant's principle, that pseudo-solutions represent useful approxi-
mations to S(P), is unfounded, as was shown in [17]. This observation is

not in conflict with a rigerous formulation of the principle [217, [22].
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8. Extension of the Uniqueness Theorem to Concentrated Loads

In this section we state and prove a uniqueness theorem appropriate to
problems involving intsrnal concentrated loads as well as concentrated sur-

face loads.

Theorem 8.1t Let D + B be a regular region of space. Let Bu and B,

be subregions of B such that Bu + B; = B. Let {Qo{,} (=1, 2, eeeN)
D SubEeE onoHaL bl LT 2 t =1

b_e. a ssv o N distinct points such that each le lies eithe~ in D or

in the interior of B,. Let 3 (8) be the intersection with D+ B of

a sphere with radius §, centered at Q o the outer normal of > o, Deing

directed toward Qd/’

Let S and S' be two stetes with the following properties:

(a) S and S' 2are (not necessarily isotropic) regular states in

D + B, corresponding to the same body-force field, except possibly for

point singularities at Q_(d= 1, 2, ...N):
— oL

(p) u'=11v" on B, Tt = T at all regular points of B, at which
— u —_— —_— Y ——

§ and S' are non-singular;

(c) lim S do = 1lim Tr deos (8.1)
() 734(P) = (g} and o7} () = 0(r77) as v, —»0, where r,

is the distance from P to Qd:

Then 7"ij(P) =7 (P) for all P in D+ B and not in {Qob}
(=1, 2, «esN).

We note that Theorem 8.1 reduces to the classical uniqueness theorem,
Theorem 3.3, in case S and 8! are free from singularities iz D + B.

To prove the theorem, considar the state
s(P) = s'(P) ~ s"(F). (8-2)
In view of Hypotheses (a), (b), (c), and (d), S(P) has the properties:

50
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() S(P) is regular in D + B, corresponding to r(F} = O, with the
possible exception of point singuwlarities at Q (= 1, 24 osell);
(B) u=0 on B, and T =0 at all regular points of B, at waich

S 1s non-singular;

(c) lim S Tdo=0 (ob=1, 2, «eoN); (8.3)

(D) 753.(?)=o(r:f) as r_ 0.

Evidently, there exists 80 > 0 such that 0 < 8§ < 80 implies:

() no two members of the set of solid spheres O < r¢£8 (=1,
2, «+.N) intersect;

< $ does nct inter-

i - P
(P) if Q. is in D, the solid sphere O < )

sect B3
(y) if Q, is on B, the sclid sphere O € rdé § intersects

neither Bu nor any edge or vertex of B, which does not contain Qw,

t
and the intersection of zogg) with B, is a closed regular curve.
Figure 1 shows a schematic diagram of D + B together with the points
Qy, and the associated spherical surfaces FJS) Let D (8) + B(8) ve
the closed region, with the boundary {3(8), consisting of all peints in
D+ B and not in Ofrot < 8 (=1, 2, «..N). By (), (p), and (Y),
D) + B) is a regular subregion!Js of D+ B, in which S(P). an-
cording to (A), is regular. We may, therefore, apply the energy formula
(3.10) to S(P) in &£ + @, and, by virtue of (A), (B), (a0, (p), ()/),

obtain,

hSSee the definition of a "regular region of space” given in Ssction 2.

Conditions (a), (p), and (y) assure that () consists of a finite num-
ber of non-intersecting closed regular surfaces.

e o 0O A QR i‘mmmm“ " ¥ IR NIIE o

51

e




=

3
F‘

e

L_..e,-a.._me.m...m..b..... i s il

52

. -
T e.udo= Teudo=2 wWda7r.
B(3) = 023) (%
> (8.L)
< 8 < So). )

Furthermore, the intersection of 0 ¢ a < rob< § < 80 with D + By
for every fixed o, is also a regular region of space in which S(P), in
view of (A), satisfies the homogcneous equilibrium conditions. This ob-

servation, together with (B), (C), (&), (p), and (y), yields,

E T do=0 for 0 < S < 80 (ot=1, 2, ...N). (8.5)
>4

To establish the theorem, we need to show that 7{3. (P) = O for every
P in D and not in {QQ} (=1, 2, «o-N). To this end it suffices to
show that

=0 Jp@®)

since W is a pcsitive definite function of the components of stress. Thug,
we need to prove that the improper strain-energy integral j"ﬂ d7’ is con-
vergent and has the value zero. L

We turn to the proof of (8.6). According to (8.L), we merely have to
demonstrate that given & > O, there exists Sl > 0 such that

0< $« §, implies,

-
|f T; 3y do| < € (no summaticn)
PIRLY L (3.7)

(ob=.1; Ts onell)a
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For convenience, we shall henceforth write Z(S), T, and u, in place of

Zé%), Ti’ and Uy, respectively. Thus, examine the integral,

1) = ! 7(a,8) u(q,8) do (0 < § < 8), (8.8)
%)
where Q 1is z point on 2(8) and, from (8.5),
J T(Q,S) do= 0 0< 8¢ SO). (8.9)

>(8
Let Z(l)(g) and Z(z)(S) be the subsets of 2(8) which are

characterized by the requirements,

=
T(Q,8) ®0 for Q in z(l)(S),
> (8.10)
72,8) £0 for Q in 2(2)(5).
Then,
Tu 40 = r Tu dU'+J‘ Tu do, (8.11)
s® I, 5(2)(8)
and, by (8.9},
2
J T do= —f T do. (8.12)

Equations (8.10), (8.11), and (8.12), in conjunction with the generalized
first mean-value theorem for surface integrals, assure the existence of

two points Ql(S) and Q2(8) in Z(S), such that

|I(S)| 3 u(Ql’S) = u(Q2,8)| L(l) T(Q,S) do~ -

@) L (8.13)

(©<¢ $ <S°).
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By (D), there exist M > v, §, > O (82 < 81), such that
iT(Q,S)l < M/S2 for 0< 8 ¢ 82 and all Q in Z(S). Hence,

7(Q,8) do < LrrM. (8.1L)
vsBs)

Moreover, by (A), u(Q,%) is continuous on 5:(8,‘ so that, given € > 0,

there exists 81 > 0 (81 < 82) such that 0 < § < 81 implies,

Equations (8.13), (8.1L), and (8.15) yield

1(8) l <e ir 0<8<h, (8.16)

which completes the proof of the theorem.

Theorem 8.1 is readily extended to mixed-mixed boundary~value problems,
as well as to the case in which the boundary B, assumed to be suitably
smooth, extends to infinity. The theorem confirms, in particular, that
Properties (a), (b), (¢) in Theorem L.L and Properties (a), (b), (e¢), (d)
in Theorem 7.2, uniquely characterize the Kelvin-state and the limit-state
of Theorem 7.1, respectively. On the basis of the present generalized
uniqueness theorem, we arrive at the following unique formulation of mixed
boundary-value problems, involving internal concentrated loads as well as

concanbrated surface loads:

Let D+ B, B, By, {ro}, r s and zd(‘S) (=1, 2, ...N) be defined

as in Theorem 8.1. Given F (P) for P in D, v (Q) for Q on B s

Te(Q) for Q@ on B, I (=1,2, ...N), and the elastic constants

4 jmn’ find a state S(P) with the properties:

sh
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(a) S(P) is regular in D + B, corresponding to F = 1'5*, except for

point singularities at each Q for which rw# 0.

(0) u=9, on B amd T=T, atall regular points of B, which

L - 3 v
are not in {o ).
{(2) 1i Tder=F (a=1, 2, ...N).

(d) 7;j(P) = O(r;f) as r -+ 0.

Necessary conditions for the existence of the solution to the foregoing
problem, analogous to Conditions (a), (b), (c), (d) of Theorem 3.4, are im-
mediate and need nct be listed here explicitly. To these we add Condition
(7.15).

The significance of this alternative formulation of ccncentrated-load
problems, which derives its physical motivation from the limit-definitions
contained in Theorems L.l and 7.1, was discussed in the Introduction to

the present paper.
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9. Concluding Remarks

As emphasized in the discussion following Theorem 3.4, not only con-
centrated loads but also most instances of discontinuous distributed
loadings, are beyond the range of validity of the classical uniqueness
theorem, Theorem 3.2. The traditional formulation of problems character-
ized by discontinuous distributed surface tractions is, in general, not
unique, which fact was illustrated in Section 3.

A natural and unique definition of the solution to the second boundary-
value problem for an isotropic medivm, in the presence of merely piecewise
continuous surface tractions, may be based on the Lauricella-Volterra for-
mulas which were deduced in Section & on the assumption that S(P) is
regular in D + B. Thus, we may use (6.17) and (6.22) to define the dis-
placement and strain field of the solution, although T(Q) are hers no
longer the surface tractions of a regular state.136

Such a formal definition of the soluticu to a problem characterized
by piecewise continuous surface tractions does not, however, satisfactorily
dispose of the uniqueness questions here involvad. First, from the view—
point of applications, it is analytically awkward to be limited to a for-
mulation of the problem which is tied to a particular integral representa-
tion of the solution. Second, any specific application of the foregeing
definition presupposes an explicit knowlédge of the states Si and S;j,
defined in Theorems 6.1 and 6.2; this, in turn, necessitates the solution

of two usually highly complicated boundary-value problems.

L6

Analogously, but for lack of motivation, we couid have directly
adopted (7.1), (7.2), and (7.2) as a definition of the solution to the
second boundary-value problem in the presence of concentrated loads.

e P RN R VI it R 2 o B T S K A L P g O PRR Mr SpEIIoN.OE R P T PWIT 4om ~ &
Ao~ SRR~ — . T 5



i

A possible program to he pursued in comnection with the class of prob-

lems under consideration, consists in first adopting (6.17), (6.22) as a

definiticn of the solution; one may then study the properties of the so- E
lution sc defined == in particular, the character of the singularities ‘
present — with a view toward reaching an extension of the classical unique- r

ness theorem, analogous to Theorem 8.1 for concentrated loads. Such a
generalization of the uniqueness theorem wouid give rise to a practically
useful alternative formulation of the problen in terms of intrinsic proper-
ties of the solution. This task is, however, beyond the scope of the
present paper. Similarly, uniqueness questions related to geometrically

induced singularities, are in need of further attention.
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