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1.  In the study of the ocean and itr. interaction with its environment, 
there is a need for effective quantitative description of wave activity in the 
ocean.  If the surface is not too irregular, the time history of fluctuations 
of the water level above some fixed point on the bottom is a useful quantity. 
Similar data have been obtained for several years by mean" of submerged pressure- 
sensitive instruments.  The recorded time-history ourve of the sutsurfaoe 
pressure for a moderate length of time, twenty minutes, for example, is what we 
shall refer to as a wave record. 

The questions we have been concerned with are* What information is 
contained in a wave record, and how may a summary of this information be con- 
veniently extracted? We shall describe a mathematical model found useful 
for interpreting wave records in terms of probability distributions and energy 
distributions. ITS shall first introduce auxiliary curves closely related to 
the original wave-record ourve ana than show how simple measurements on these 
curves can be made to yield a description of thy energy distribution. We shall 
then describe some statistical regularities which havo been observed in wave 
records, and describe others which have been deduced as properties of the special 
theoretical model. 

The subject matter of this tallc, as far as observational data is 
concerned, is limited to the time hiBtory of pressure fluctuations at a single 
point, submerged well below the ocean surface, but in relatively shallow water. 
Some of the methods and results described are equally applicable to other kinds of 
data. 

2.  In the lower half of Figure 1 we see a segment of a typical wave 
record, showing the pressure fluctuation G< ^at below the surface at Pt. Sur, 
California.  The total time interval show ;     i*.ata about four and one-half 
minutes, within which from twenty to twent;  ./e wsves pass the recording point* 
It will be seen that the distance the recording pen has travelled from the 
oenter position, as well as the effeotive vortical velocity and acceleration of 
the pen, varies irregularly from instant to instant. 

Let us suppose that in addition to the original wave-record ourve C0t 

we construct a new Curve Ci representing the fluctuating steepness, or slope, 
of the curve CG at each point.  This ourve, which represents the velooity of the 
recording pen, may be traced for us by a machine if we wish. Applying suoh a 
machine to the ourve Cj_, we shall obtain a curve C2, representing the velooity of 
the pen which traces C^, or the acceleration of the pen whioh traoes 0o. 
Evidently this process of obtaining a new ourve can be imagined to be repeated 
indefinitely. We call the resulting ourves the derived wave-reoord ourves. 

* Presented at the 1963 Pacific Seotion meeting of the Amerioan Society of 
Limnology and Oceanography,  Santa Barbara, California 17 June 1953. 
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Let us now consider any varying curve and imagine a horizontal straight 
line drawn aoross it at an arbitrary height. Suppose the fraction of the time 
the ourve spends below this lino is measured.  A6 the line moves upward, this 
fraotion will vary, taking on an increasing series of values which oan be plotted 
on a graph. A typical twenty-iainute wave record CQ yields thw graph shown in 
Figure 2, known ae its distribution curve.  The vertical scale represents the 
arbitrary vortical level of the line, the horizontal scale the percent of the time 
the wave-reoord ourve spends below that level.  The situation of the plotted 
points in an approximate straight line is characteristic, and is due to the 
ohoice of the horizontal scale, whioh is the familiar Gaussian-distribution Boale, 
or normal-probability scale. 

The significant thing about the ocean-'wave records studied is the 
apparent ability of the Gaussian distribution scale to reotify, very nearly, 
the plots of the distribution curves, not only for 0o, v*iich has been checked 
experimentally, but also, acoording to the theory, for G^ and Co.  In each case 
there will be some chart level, called the mean level, below which the ourve 
spends just fifty percent of its time.  The mean level for the ourves C^ and 

Cg turns out to be zero, while for 0o it oan be arbitrarily set equal to zero 
by making all vertioal measurements of the curve height from the mean level on 
the original wave record. 

Sinoe the mean levels are all tero, the only feature distinguishing 
these straight-line distribution curves is their slope* We take as the measure 
of this slope the difference between the height of the line at the 84 percent 
level and its height at the mean level.  This difference is the so-oalled 
standard deviation or dispersion of the distribution.  For the wave-record 
ourves CQ, Cj_, Cg, we shall obtain in this way slopes denoted by <*-0»o~i>«»~2» 
respectively. 

3. We find an interpretation of these three quantities if we next con- 
sider the number of times, denoted by N0 and Hlf  that 0o and Clt respectively, 
pass through their mean levels (i.e. through the zero level).  If the total 
length of the wave-reoord is T seoonds, then the average number of zero-level cros- 
sings per second will be N0/T *nd NI/T, respectively} multiplying by TT, we de- 

fine the quantities UJ0 a ir N0//<p and U> x 
s Tr K1/f'T.     Theory predicts that u»0 r<r1/0~o 

and U)^ ***"2//<3rl>  relating the slopes of the distribution plots to the mean 
zero-level orossing; frequencies. 

Let us look further at the ourves C0 and Cg, measuring the fraotion 
of the time that the two simultaneously lie on opposite sides of their mean levels 
— one ourve above its mean level while the other is below its mean level, or 
vice versa.  Call this fraction PQ.  If we refer to a trigonometrio table of 
cosines, the value of the quantity f0 defined as cos (lTP0) is, aooording to the 
theory, a measure of the degree to whioh a point on one of the curves C0 or Cg 
determines the looation of the corresponding point at the same instant on the other* 
The quantityf0 is called the ooeffioient of correlation between CQ and Cg. 

Theory predicts that f Q * "(
w

0/u>i) = -(N0/Nl), showing the negative nature of thie 
correlation.  This relation has been found to oheck experimentally within a few 
percent, for twenty-minute wave records* 

\ 
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4. A further interpretation of the distribution slope o~ 0 for the ourve 
0o is possible if we examino the heights of the peaks on this ourve. If these 
heights, measured from the mean level, are averaged, the resulting quantityx^* 
is Just one-half the average trough-to-crest wave height>aH. We have/fry • 
(lf/2)8 (-f0) <J~0> a theoretical relation whioh oheoka experimentally to within 
a few peroent. This is shown in Figure 3, wherey"„,i.e. 2/*  is plotted 
against (NQ/N^) <J~~0  for each of a number of twenty-minute wave records.  The 
straight line representing the theoretical relation has slope (2"Tf)a. 

The dependence of the moan peak heighv^M solely oncr-0 and \ 
follows from the faot that these two quantities determine the entire dis- 
tribution of peak heights. Figure 4 shows the theoretical distribution of peak 
heights for various values of ^0-. when o~0 is taken as the vertical scale unit 
on the record chart.  The horizontal scale gives the percent of the wave peaks 
whioh ocour below any chart level M.  This scale has been ohosen to correspond 
to the so-oalled Rayleigh distribution, whioh the peak heights follow more and 
more closely as f0 approaches the value minus one.  It may be noted that the 
probability of a peak occurring below the mean (zero) level is just ^(l + f ), 
whioh is olose to zero for numerical values of (* 0 near unity. 

Figure 5 shows a typioal observed distribution of wave heights, measured 
from trough to crest and plotted against a horizontal Rayleigh soale on whioh 
may be read the peroent of wave heights below, any height h.  The good fit of 
the straight line represents furthor agreement, in a twecfEy-minute wave reoord, 
with the theory. 

The Rayloigh distribution enters into the analysis of wave reoords 
in another way.  It can be shown that this distribution is the one followed by 
the ordinates on an auxiliary ourve, associated with the original wave-reoord 
ourve, and known as its envelope.  The envelope concept is olosely related 
to one aspect of the aiready-mentioned theoretical model, 

5. The mathematical probability model approximating the wave reoords 
has two aspects.  The first is ooncerned with cerr-ain curve-height, or ordinate 
distributions similar to those already considered. The seoond is ooncerned 
with a theoretical distribution of wave energies over a continuous set of elemen- 
tary waves of all possible frequencies. 

The combination of these two kind3 of distributions characterizes what 
has been called a random prooess or a semi-determinate function.  The capacity 
of suoh a theoretical model to describe ocean-wave reoords is illustrated by 
comparing a sample taken from suoh a process and a typioal wave reoord. In 
Figure 1 is shown the two curves together; the upper one was generated by first 
specifying three fixed numbers, characterizing the speotrmr., and then con- 
sulting a table of random numbers published by the Cambridge University Press, 

Eaoh of the distributions appearing in tne general mathematical model 
may be specified by a ourve.  The curve representing the energies of elementary 
waves is called the speotral-energy distribution carve.  This distribution of 
energy is of fundamental importance for the study of tho generation, propagation 
and mechanioal effects of waves.  Its direct computation presents certain prao- 
tioal difficulties and would appear to be too time-oonsuming for routine wavo- 
data analysis. Our problem is tho partial characterization of the spectral- 
distribution ourve by means of a very few selected quantities. 
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In Figure 6 are shown certain members of a mathematical family of 
spectral distribution curves which are completely characterized by four numbers 
each* Three of these numbers are the same for each of the speotral distribution 
curves shown.  These common parameters are:  (1)  the total area enolosed by 
the curve, which turns out to be <r     ,   (2) the mean speotral frequency, •**,, » 
averaged over the speotral energy distribution, and (3) the stanaard deviation 
or bandwidth  0"^ of the speotral energy distribution. The fourth number, 
denoted bytfij, is, for the family in Figure 6, a measure of the degree of a- 
symmetry or skewness of the spectral-distribution curve. It is seen that there 
is a marked degree of asymmetry when St 3 s -\- 2.0, 

It is dear that the higher the speotral energy distribution curve, 
the greater the enolosed area, so that cr~ Q2 represents the total energy for 
the wave record. Likewise, the spectral bandwidth is a measure of how 
widely the energy is dispersed over all possible frequencies. A. quantity of 
some interest is the relative bandwidth £ta$ defined as the ratio ^y/-^ , 
measuring the degree of spread of the energy relative to the midband location 
at which it is centered. 

6.  It is possible that for oertain purposes a speotral distribution may 
be adequately desoribed by means of a few quantities, provided something is 
known about tha general shape of the spectral curve. With present knowledge 
of typical spectrum shapes, the quantities just described would appear to be 
useful for a general oharaoteriaution of the energy aistribution.  In fact, 
for simple speotra the three numbers cr~0^, X^L , and cr^, may prove to be 
adequate for many purposes if supplemented by one or two other parameters (such 
as cC *)  to indicate speotral shape. 

We can now describe how this kind of information about the speotral 
distribution may be obtained from the wave record.  This description will re- 
quire the concept of the envelope curve mentioned earlier- We ehall show later 
how in special cases approximate information about the spectral distribution 
may be obtained by considering only the previously-defined derived wave-reoord 
ourves. 

For a regular wave system whose speotral energy is concentrated at 
a single frequency, one's intuition rightly suggests as the envelope curve, 
the horizontal straight line passing through all the peaks on the wave-record, 
which has in this case a simple sinusoidal form.  For more general wave systems, 
the envelope ourve may be determined mathematically, but its exact looation 
on the chart is not as easy to visualize.  It may be said, however, that if the 
wave-reoord curve is not too irregular, the envelope curve oomes close to each 
peak* 

Suppose for a given wave-reoord ourve the envelope is drawn and a 
new curve then constructed at each point in the following wayj  Form the 
squares of the heights of the ourve and of its envelope at each point, subtraot 
the former from tho latter, and extract the square root of the difference,  The 
result is the numerical value of the height of a point on a new curve said to 
be conjugate to the original ourve.  The entire operation leading to the 
drawing of the conjugate curve may, in certain case", be oarried out by ma- 
chines with sufficient aocuraoy. 
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7« If C0* and Cj* are the ourvua conjugate to C0 and Cj respectively, 
these four ourves may bo paired together in six different ways.  If for eaoh 
pair we measure the fraction of the time the two curves lie on opposite sides 
of their mean levels, we find that exoept for the pairs (C »C *) and (C-, C *), 
this fraotion is always one-half, independent of the spectrum of the original 
curve C0. For the remaining two pairs, this fraotion depends on the spectrum 
of C0» containing in both oases essentially the same spectral information, 
which, it turns out, is just what is needed for c iputing the moan spectral 
frequency/*^ for the ave-reoord ourve C0. 

I-"t P * be the fraotion of the time the owves C0 and C^* lie on 
opposite sides of their mean levels.  Then f *, the value given in a table 
of oosinee for the angle (lf"P *), will be the coefficient of correlation be- 
tween C0 and Ci*. This quantity, together with the mean zero-level crossing 
frequency (A*0, determines the mean spectral frequency. In fact, we have 

^*yj*   f 0 ^Q.  Further, it may be shown that^/** 
a"t°o ^o***fl» wnoro *** i#as 

before, is the mean wave-orest frequenoy, measured by oountmg all peaks no 
matter how high.  The correction factor (-f Q  fQ*) naoessary to oonvert from 
mean poak-to-peak frequency,^, to mean spootral-distribution frequency,/^., 
may be as small as 0.7 for a typical preesure record. The quantity f"f0^o ) 
is in all practical oases less than unity and smaller thate the similar quan- 
tity f   *, whioh is the correction factor required when UJ0 is used. 

It will be seen that if.^^is regarded as a suitable measure of 
mean wav6 frequenoy, theiiu>0 and cw-^ probably would not be, since eaoh of 
these two quantities inoludes information about the spectral bandwidth as well 
as about the center position of the spectral band. The extent to which fre- 
quenoy bandwidth (gt*u)  thus enters into the mean rero-crossing frequency (W0), 
whioh might otherwise appear to be a simple measure of midband frequency, depends 
upon the relative bandwidth (£to) °* •9  spectral distribution. 

4 

8.  If we consult the trigonometric tables once more, finding the numer- 
ical value of the tangent of the angle { 7f P0*), we obtain the relative band- 
width itself.  The smaller this tangent, the mure nearly the wave-record curve 
will zssemblc a single-frequency wave system.  The smaller this quantity, the 
more closely correlated will be all the derived and conjugated curves ob- 
tained from CQ — with the exception of those which simultaneously lie on op- 
posite sides of their means exactly one half of the time, regardless of C^'8 

speotral distribution.  Figure 7 shows how, for a rather wide class of spectral 
distributions including thote shown in Figure 6, the values of f     and Su» 
determine one another with increasing preoision as the relative bandwidth de- 
creases.  The region between the two curves shown represents the possible 
variation of these quantities, the upper ourve corresponding to eC 3 • 0.0, the 
lower to dL 3 • +2.0. As the relative bandwidth decreases, the distribution 
of peak heights becomes mere nearly like that of the envelope.  The envelope 
curve itself then approaches the wave-record curve at each peak of the latter. 

The oase of small relative bandwidth is significant since most modera- 
tely deep pressure records seem to fall into t.M s category with sufficient 
preoision to allow certain narrow-band approximations to be made, in most 
cases with an error of a few percent. We then have the following approximate 
formulas requiring no knowledge of the conjugate wave-record curve.  In terms 
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of the tliree quantities °~0» 
tJkJ

0»   P0» we have when ^ is small, 

relative "bandwidth /v ^ tan (trP0) \ 

moan frequenoy ~s   [i - - tan2 (trP0)j^0 ^  (3) 

mean wave height ***   [l - £ tan2 (TTP0^  (2TT)«"a-0 ) 

9*  The random prooess interpretation of wave reoords deals direotly with 
the properties of the unobserved part of a wave system, for it makes the basio 
assumption that the wave reoord is only a sample from a oontinuing prooess. 
This approaoh has been used to prediot, by a least-squares method, the behavior 
of waves at one time and plaoe from the behavior of waves observed at a time 
and place nearby.  In the lower half of Figure 8 are shown the wave reoord ob- 
served; and that predioted,for the same point, using the wave reoord observed at 
a point approximately 200 feet seaward.  This predlotion was made after an 
initial analysis, not of these two >wave reoords, but rather of two wave reoords 
made at these points thirty minutes earlier.  The prediction method requires the 
determination of but four numbers from eaoh of the spectral distributions 
involved.  The upper half of Figure 8 shows the results when the four numbers 
are determined from these wave reoords themselves, rather than from earlier 
wave reoords at the same points. 

10. A word of qualification should be added to the theoretical results 
that have been indicated. All of the quantities whose relations to each 
other have been desoribed are assumed to have been calculated from wave 
reoords of sufficient length to minimise random sampling errors.  There is some 
evidence that, for describing ooean waves, a twenty-minute reoord may be ade- 
quate, although for some purposes, longer reoords may be necessary. Shorter 
wave reoords, of course, reduce the likelihood of significant changes in the 
wave spectrum during the tiao covered by the reoord, due for example, to 
meteoroiogioai conditions. 

It may be suggested that the quantities described, when continuously 
obtained from field installations by routine mechanised analysis, will be a 
ussful supplement to the results of an oooasional more refined, time-consuming 
analysis of the wave spectrum.  Quantitative information would then be availa- 
bel during the life history of a storm describing changes in the wave spectris* 
as they oocur.  Numerical results would be available for investigating both 
the generation of waves and their ultimate effeot on the ooast and other struc- 
tures, as well as for the establishment of wave-climate conditions at various 
locations and seasons of the year. 
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