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STATISTICAL AMALYS]IS OF OCEAN VAVES

*

R.R. Putz

l. In the study of the ocean and its interaction with its enviromment,
there is a need for effestive quantitative description of wave aotivity in the
ocean. If the surface 1s not too irregular, the time history of fluctuations
of the water level above some fixed point on the bottom is a useful quantity.
Similar data have been obtained for several years by mesn= of submerged pressure-
sensitive instruments. The recorded time-history ourve of the sutsurface

pressure for a moderate length of time, twenty mimates, for example, is what we
shall refer to as a wave record.

The questions we have been concerned with ares What information is
contained in a wave record, and how may & summary of this information be con-
veniently extracted? We shalil describe a mathematical model found useful
for interpreting wave records in terms of probability distributions and energy
distributions. Ve shall first introduce auxiliary curves closely related to
the original wave-record ourve and theon show how simple measurements on these
curves can be made to yield & description of ths emergy distribution. Ve shall
then desoribe some statistical regularities which have been observed in wave

records, and describe others which have been deduced as properties of the special
theoretical model.

The subject matter of this talk, as far as observational data is
concerned, is limited to the time history of pressure fluctuations at a single
point, submerged well below the ocean surfece, but in reletively shallow water.

Some of ths methods and results described are equally applioable to other kinds of
data,

2. In the lower half of Figure 1 we see & segment of & typical wave
record, showing the pressure fluctuation 3” ©'<t below the surfacs at Pt. Sur,
California. The total time interval show: vuats about four and one-half
minites, within which from twenty to twenl: .ve weTes pass the recording point.
It will be meen that the distance thc recor.ing pen has travelled from the
center positlion, a8 well as the effective voriical velocity and acceleration of
the pen, varies irregularly from instant to instent.

Let us suppose that in addition to the original wave-record curve Cg,
woe oonstruct & new gurve C, representing the fluotuating steepness, or slope,
of the ourve C, &t each point. This curve, which represents the velooity of the
recording pen, may be traoed for us by a machine if we wish. Applying such a
machine to the curve Cy, we shall obtain a curve Cp, reprssenting the velooity of
the pen whioch traces Cj, or the acceleration of the pen which traoces Cg,.
Bvidently this proocess of obtaining e new curve oan bs imagined to be repeated
indefinitely. We oall the resulting curves the derived wave-record curves.

* Presented at the 1963 Pacific Seotion meeting of the American Society of
Limnology and Cosanography, Santa Barbara, California 17 June 1953.
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Let us now consider any verying curve and imagine a horizontal streaight
line drawn aoross it at an arbitrary height. Suppose the fraction of the time
the curve sponds below this line is mesasured. As the line moves upward, this
fraotion will vary, taking on an inoreasing series of wvalues whioh can be plotted
on & graph. A typical twenty-minute wave record C, yields the graph shown in
Figure 2, known ae its distribution curve. The verticael scale repressnts the
arbitrary veortical level of the line, the horizontal scale the percent of the time
the wave-record ourve spends below that levels. The situation of the plotted
points in an approximate straight line is characteristioc, and is due to the
ochoice of the horizontal scale, which is the familiar Gaussian-distribution soale,
or normal-probability scale,

The significant thing about the ocean-wave records studied is the
apparent ability of the Gaussian distribution scale to rectify, very nearly,
the plots of the distribution ourves, not only for C,, whioch has been checked
experimentally, but also, according to the theory, for C; and C;. In each ocase
there will be some chart level, oalled the mean level, below which the curve
spends just fifty percent of its time. The mean level for the ourves C, and
C2 turns out to be zero, while for C, it can be arbitrarily set equal to zero
by making all vertioal measurements of the curve height from the mean level on
the original wave record.

Since the mean levels are a&ll tero, the only feature distinguishing
these straight-line distribution ocurves is their slope. We take as the msasure
of this slope the differance between the height of the line at the 84 percent
level and its height at the mean level. This difference is the so-ocalled
standard deviation or dispersion of the distribution. For the wave-record
ourves C,, Cy, Cp, we shall obtain in this way slopes denoted by o~ ,0-),072,
respeotively.

3+ We find an interpretation of these three quantities if we next ocon-
slder the number of times, denoted by N, and Nj, that C, and Cy, respectively,
pass through their mean levels (i.e. through the zero level), If the total
length of the wave-record is T seconds, then the average number of zerc-level oros-
sings per seoond will be No/T and N1/, respectively; multiplying by Tr, we de~
fine the quantitiesW, 2w N, /7 end w, =W N1 /re Theory predicis that W, 07} /o=

and Wy 30'-2/0. , relating the slopes of the distribution plots to the mean
zero-level orossing frequencies.

Let us look further at the curves C, and C2, measuring the fraotion
of the time that the two simultaneously lie on opposite sides of their mean levels
-= one ourve above its mean level while the other is below its mean level, or
vice versa. Call this fraction P,. 1If we refer to a trigonometrio table of
cosines, the value of the quantity €, defined as cos (1TP°) is, aocording to the
theory, & measure of the degree to whioh & point on one of the curves C, or Co
dstermines the location of the corresponding point at the same irnstant on the others
The quantity(’o is called the coeffioient of correlation between C, and Coe

Theory predicts that ¢ = '(°°O/U)1) = =(No/N;), showing the negative nature of thie
oorrelation. This relation has been found to check experimentally within a few
percent, for twenty-minute wave records.
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4. A further interpretaticn of the distribution slope & , for the curve
Co 1s possible if we examinoe the heights of the peaks on this ourve. If these
heights, measured from the mean level, are averaged, the resulting quanfityzﬂl
is jus%_one-half the average trough-to-crest wave heightuy. We han/? -
(/2)8 (= Qo) o, a theoretical relation which checks experimentally to within
a few percent. Thia is shown in Figure 3, where/y, i.e. %/‘ is plotted
against (No/Nl) 0™, for each of a number of twenty-minute wave recqigs. The
straight line represanting the theoreticel relation has slope (27r)=.

The dependenoe of the mean peak height 4y solely ono~, and fo
follows from the fact that these two quantitises determlne the entlre dis-
tribution of peak heights. Figure 4 shows the theoretical distribution of peak
heights for various values of (°,.when o~  ie teken 2c ths veriical scale unit
on the reoord chart. The horizontal scaga gives the percent of the wave peaks
which ocour below any .hart level M. This scale has beer ohosen to correspond
to the so-oalled Rayleigh distribution, which the peak heights follow more and
more closely as @, approaches the vnlue minus one. It may be noted that the
probability of a peak ocourring below the mean (zero) level is just'%(l + P Y
which is olose to zerc for numerical values of € , near unity.

Figure 5 shows & typioal observed distribution of vmve heights, measured
from treough to orest and pl~tted against a horizontal Rayleigh scale on whioch
may be read the peroent of wave heights below any height he The good fit of
the straight line represents further agreement, in a tweufy-minute wave record,
with the theory.

The Rayleigh distribution enters into the analysis of wave records
in another way. It can be shown that this distribution is the one followed by
the ordinates on an auxiliary ocurve, associated with the originel wave-record
ourve, and known as its envelope. 'he envelope concept is olosely related
to one aspeot of the already-mentioned theoretical model.

5. The mathematioal probability model approximating the wave records
has two aspects. The first is concerned with certain curve-~-height, or ordinate
distributions similar to those already considered. The second is concerned
with a theoretioal distribution of wave energies over a continuous set oi elemen-
tary waves of all possible frequencies.

The combination of these two kinds of distributions characterizes what
has been called a random prooess or & semi-determinate function. The capacity
of such & theoreticel model to desoribe ocean-wave records is illustrated by
oomparing a sample taken from suwoh a process and a typical wave reoord. In
Figure 1 is shown the two curves together; the upper one was generated by first
specifying three fixed numbers, characterizing the spectrwur, and then con-
sulting a table of random numbers published by the Cambridgs University Press,

Each of the distributicns appoaring in the general mathematicel model
may be specified by a ocurve. The ourve representing the snergles of elementary
waves is called the speotral-ensryzy distribution curve. This distribution of
energy is of fundsmental imporianoce for the study of the generation, propagation
end mechanioal effeots of waves. Its direct computation presents oertain prac-
tical dift'iculties and would appear to be too time-consuming for routine wavo-
date analysis. Our problem is the partial charectsrization of ths speotral=
distribution ourve by meens of a very few selected quantities.
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In Figure 6 are shown certain members of & mathematical family of
spectral distribution curves whioh are completely charaoterized by four numbers
euoche. Three of these numbers are the same for each of the speotral distribution
ourves shown. These common parameters are:; (1) the totul area enclosed by
the ourve, which turns out to be o= “, (2) the mean speotral frequsncy, ¢ ,
averaged over the speotral energy dgstribution, and {3) the stanaard deviation
or bandwidth TCw of the spectral energy distribution. The fourth number,
denoted By;is, is, for the fomily in Figure 6, &« measurs of the degree of a-
symmetry or skewness of the speotral-distribution curve. It is seen that there
is a marked degree of asymmetry when& z = 4 <.0.

It is oclear that the higher the spectral enorgy distribution curve,
the grecter the enclosed area, so that ¢r‘°2 represents the total ensrgy for
the wave record. Likewise, the spectral bandwidth is & measure of how
widely the energy is dispersed over all possible frequencies. A quantity of
some interest is the relative bandwidth g ., defined as the ratio %//:, ’
measuring the degree of spread of the energy relative to the midband location
at which it 1s centersd.

8. It is possible that for oertain purposes a spectral distribution may
be adequately desoribed by means of a few quantities, provided something is
Xnorm about the general shape of the spectral curve. With present knowledge
of typlcal spectrum shapes, the quantities just described would appear to be
useful for & general oharacterizution of the energy distribution. 1In fauct,
for simple speotra the three numbers d’oz,,/%; , and oy,,, may prove to be
adequate for many purposes if supplementad by one or two other parametera (such
as c('s) to indiocate speotral shape.

Ve can now desoribe how this kind of information ebout the spectral
distribution may be obtained from the wave record. This dsseription will re-
quire the concept of the envelope curve mentioned earlier. We eghall show later
how in special cuases approximate information about the spectral distribution
may be obtained by oonsidering only the previously-defined derived wave-reoord
ourves.,

For a regular wave system whose speotral energy is ooncentrated at
a single frequency, ome's intuition rightly suggests as the envelope curve,
the horizontal straight line passing through all the peaks on the vmve-record,
which has in this case a simple sinusoidal form. For more general wave systems,
the envelope ourve may be determined mathematically, but its exact location
on the chart is not as easy to visualize. It may be said, however, that if the
wave-record cvrve is not too irregular, the envelope curve oomes close to each
peak.

Suppose for a given wave-reoord curve the envelope is drawn and a
new curve then constructed at each point in the following way: Form the
squares of the heights of the ourve and of its envelope at each point, subtraot
the former froan the latter, and extract the sauare root of the differmsnce, The
result is the numerical value of the height of a point on a nsw curve zaid to
be conjugate to the original curve. The entire operation leading to the
drawing of the conjugate curve may, in certain cases, bs carried out by ma-
chines with sufficient accuraoy.
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7. 1f co' and cl’ are the ourves oconjugate to C; and C) respectively,
these fowr ourves may be paired together in six different ways. If for each
pair we measure the frsotion of the time tiis two ocurves lie on opoosiﬁe sides
of their mean levels, we find that except for the pairs (C C1 ) and (C,, ‘),
this fraotion is slways one-half, independent of the apeotrum of the or}gine.
ourve C,. For the remaining two pairs, this fraotion depends on the spectrum
of C,» ocontaining in both ocases essentially the same speoctral information,
which, it turns out, i8 just what is meedsd for ¢ . aputing the mean spsotral
frequensy A4 , for the - ive-record curve C,.

I~t P * be the fraction of the time the curves Co and C)* 1lie on
opposite sides of their mean levels. Then £ ¥, the value given in a table
of cosines for the angle (owP_*), will be the coefficient of‘ correlation be-
tween C, and c This quanti%y, together with the mean zero-level crossing
frequemy aetominoa the msan spectral fraquency. In fact, we have
/‘wa e 0) « Purther, it may be shown that/u = Po” Gy, where W ,,as
before, is the mean wave~crert frequency, neasurad by counting all peaks no
matter how hig. The correction factor (—( eo ) NOOASEATY to oonvert from
mean pook-to-peak frequency,(, to mcen spectral-distribution frequenoy,/‘,‘;’i,
mey be as small as 0.7 for a typical preesure record. The gquantity (-fo €5")
is in 81l praotical oases less than unity and smaller thet the similer quan-
tivy (’o*, whioch is the correction factor required when w, is used.

it will be ssen that if A4, is regarded as a suitable measure of
mean wave frequency, thenw, and w, probably would not be, since each of
these two quantities includes information about the speotral bandwidth as well
as about the center position of the spectral band. The extent to which fre-
quenoy bandwidth (o) thus enters into the mean gero-crossing frequency (@&,),
which might otherwise appear to be a simple measure of midband frequency, depends
upon the relative bandwidth (§ () of the spectral distribution.

8. If we consult the trigonometrio tables once more, fi'nding the numer-
lcal velue of the tangent of the angle { 7y P_*), we obtain the relative band=
width itself. The smaller this tangent, the more nearly tho wave-record curve
will resembls o single-frequency wave system. The smaller this quantity, the
more closely ocorrelated will be all the derived and conjugated curves ob-
tained from C, -- with the exception of those which simultaneously lie on op-
posite sides of their means exactly one half of the time, regardless of ¢, '8
spectral distribution. Figure 7 shows how, for e rather wide class of spoctral
distributions including thote shown in Figure 6, the values of po and S
determine one another with inoreasing preoisicn as the relative bandwidth de~
oreases, The region between the two ourves shown represents the possible
variation of these quantities, the upper ocurve corresponding to e z = 0.0, the
lower todl ; = 42.0. As the relative bandwidth decrsases, the distribution
of peak heights bacomes mere nearly like that of the envelope. The envelope
owrve itself then approaches the wave-record curve at each peak of the latter.

The ocase of small relative bandwidth is signifiocant since most modera-
tely desp pressurs rosords =eem to fall into this category with sufficient
proeclision to allow certain narrow-hand approximations to be meads, in most
cases with an error of a few percent. We then have the following approximate
formulas requiring no lmowledge of the conjugate wave-record ourve. In terms
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of the tlwree quantities o~ , wo, Fo' we have when & . is small,
' rolative bandwidth ~ % ten (1 R;)
mean frequency ~ [1 < tan? (rPy)| e,

(3)
mean wave haight ~ [1 - % tan? (’n’Po)] (2‘7{)"0‘0

N N’ St ” g’

9« The random process interpretation of wave reoords deals direotly with
the properties of the uncbserved part of & wave system, for it makes the basio
asgsumption that the wave record is only a sample from a ocontinulng processe
This approach has been used to prediot, by a least-squares method, the behavior
of waves &t one time and place from the behavicr of waves observed ai a time
and place nearby. In the lower half of Figure 8 are shown the wave record ob-
served,and that predioted,for the same point, using the wave record cbserved at
& point approximately 300 feet seaward. This prediction was made after an
initial analysis, not of these two wave records, but rather of two wave records
made &t these points thirty minutes earlier. The predioction method requires the
determination of but four numbers from each of the speotral distributions
involved. The upper half of Figure 8 shows tho results when the four numbers
ere determined from these wave records themselves, rather than from earlier
wave records at the same points.

10. A word of qualifioation should be added to the theoretical results
that heve been indicated. All of the quantities whose relations to each
other have been desoribed are assumed to have been ocaloulatsd from wave
records of suffioient length to minimize random sampling errors. There is some
ovidence that, for desoribing ocean waves, a twenty-minute record may be ade-
quate, although for some purposes, longer records may be necessary. Shorter
wave records, of course, reduce the likelihood of signifiocant ohanges in the
wave spectrum during the tiis covered by the record, due for example, to
meteoroiogicai oonditions. :

It may be suggested that the quantities described, when ocontinuously '
obtained from field installations by routine mechanized analysis, will be a
useful supplement to the results of an cocossional more refined, time-consuming
analysis of the wave spoctrume. Quantitative information would then be availa-
bel during the life history of a storm describing ohanges in the wave speotrim:
as they occcur. Numerical results would be available for investigating both
the generation of waves and their ultimate effeot on the occest and other struc-
tures, as well as for the establishment of wave-climate conditions at variocus
locations and seasons of the yeare.
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