ﬂrmed Services Technical Information fAgency

Because of our limited supply, you are requested to return this copy WHEN IT HAS SERVED
YOUR PURPOSE so that it may be made available to other requesters. Your cooperation
will be appreciated.

=i

NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHER DATA
ARE USED FOR ANY PURPOSE OTHER THAN IN CONNECTION WITH A DEFINITELY RELATED
GOVERNMENT PROCUREMENT OPERATION, THE U. S. GOVERNMENT THEREBY INCURS

NO RESPONSIBILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE
GOVERNMENT MAY HAVE FORMULATED, FURNISHED, OR IN ANY WAY SUPPLIED THE

SAID DRAWINGS, SPECIFICATIONS, OR OTHER DATA IS NOT TO BE REGARDED BY
IMPLICATION OR OTHERWISE AS IN ANY MANNER LICENSING THE HOLDER OR ANY OTHER
PERSON OR CORPORATION, OR COMVEYING ANY RIGHTS OR PERMISSION TO MANUFACTURE,
USE OR SELL ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THERETO.

Reproduced by

DOCUMENT SERVICE CENTER
KNOTT BUILDING, DAYTON, 2, OHIO

UNCLASSIFIED -

h - e ..ﬁ

™

P, |




WORKING PAPER. W~83.35

U. S. NAVAL ORDNANCE PLANT

Indianapolis, Indiana
RESEARCH AND TEST DEPARTMENT

ASTIA itk cop

LAGRANGIAN FORMULAE

by

Kaj L. Nielsen

1

18

PRELIMINARY DATA

This is en Infermal repert end is rronsmitted fer infermation

only. The dets prosented are lentative and sublect to
later revisten.

21 Dec 1953
e ———

————]
OND-P-1487

Navy—DPIPO NI, (ireat Lakes. 11




W, 53-35

U. S. NAVAL ORDNANCE PLANT
Indianapolis 18, Indiana
Captain Mell A. Peterson, USN
Commanding

LAGRANGIAN FORMULAE

by

Kaj L. Nielsen

Research and Tesi Department

21 Dec 1953



W-53-35

FOREWORD

Applied math mmaticians are ccrtainucusly sencerned with numerical
methods to obtain answers to prartica. problems. Many of these numerical
methods revolve arouna & x411 lnrowr formuis for polynomial representation
of a function due to Lagrange. 1t 1s tne purpose of this paper to present
this formula and apply it 1o ma:sv numerical methods and to collect
together appropriate tables whicii will reiluce tne amount of labor
necessary to obtain numerical arswers.

Although this formuia should only he applied to functions which may
be approximated by a polynomial, 1t 15 recalied that Weierstrass Theorems
shows this property to bhold *“¢r a large class of functicns It is, of
course, true that the degree of the poiyncmial is not specified and if
a functior is fitted by a pelynomial to 2 certarn specified degree, the
accuracy of the fit should be checked.

The collectioinr of derivatior of these formulae and tables form a
part of a study of numsrical methcds and the work was performed under
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1. INTRODUCTION

One of the most applicahble formuldas ir numerical analysis is one
which passes an nth degree polyncmial through {n + 1) given points.
This formula is credited to Lazrangs and is usually referred to as
Lagrange's interpolaticn fermula sivce 143 rriwscy use was for inter-
polation problems. However., it car bs ussad as the basis for many other
nunerical analysis problems end in special cases tables of coefficients
may be ocalculated which reijuce the probism to simply one of obtaining
the sums of products It is the purpose ¢f this paper to present the
complete development of ths fcrmulae arnd list some special tables.

2. THE FUNDAMENTAL FORMULA

ey ¥

Let there he given the vaiues of the crdinates y , ¥y o ”

of the function y = f{x) at the (c + 1)} points XX X
The polynomial of the nth degrea through these pcints can be written
in the form

{x - 1502~ x3) {x xn)
(l) L(X) = — 7 y
(xo- xljfxo ) . X - xn) )
{x - x(“ l 12) (x - xn)
& X - x 1x i tg_ ~x_) Yy
1 O b 2 - n
+ . .
/ ’ . . -
. {(x - xo) cee o AX - xi_l)\x - xi+1) (x - ) ,
- ) x - X, - X, ce. \X, - X i
(xi X4 VT E Yy x1+1) { i xn)
+ . . .. .

. (x - xo)(x - xl) eoe (x - xn_l) ,
(xn- xo)(xn- x]) o e (in- x )

n .

1
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If we let
n
= - - ' - { - ): - g

(2) P(x) = (x xo)(x x,) x - ox ) JEO (x xj)
and
(3) P (x) = (x - )" BGx) = (e - 20 1 (x - x,)

i x) = (x - xi) x) = {(x - X, i X - Xy
then formula (1) becomes
. P (x) P, (x) Pn(x)
i M Ry e TR R TRy
It is easily seen chat

Pr(xi) =0 i ifr
so that
Pr(xr)

(5) L(xr) = 3:(;;7 Y = Hp {r = 0,...,n)

and the polynomial given by (1) is one which passes through the (n + 1)
points (xr,yr), (r =0,...,n). 1In general, Pi(x) is a polynomial of

degree n; i.e.,

n n-1
(6) Pi(x) =ea X +ea 02 ooty with &, = 1
and
n n-1 :
(7) Pi(xi) =8, X te, x4 .vae = k,
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It is desired that L{x) approrimate the function f(x); i.e.,
(8) f(x) = L{x} + R{x)
where the remainder R{x} 1s such that

Ol 5 e 2 00 )

o~
o)
1}

(9) R(xi) =0 for

Furthermore, if we let

and consider any function
(10) o(z) = £(z) - L{z) - P(z) Q{z)
such that

w(xi) =0 and o/x) =0

if x £ X, for all i = 0.1,...,n; then ¢{z) vanishes at n + 2

points. By repeated spplicaticn of Rollefs theorem ¢n+1(§) vanishes
where x, < g f_xn. However,

" (z) = 0 and PP (2) = (n o+ 1)

so that upon differentiating equation {10) we have

0 =£""1E&) - (n+ 1) Qlx)

or

3
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Q(x) ='CT$377 fn+1(€)
and at 2z = x equation (10) yields
(11) £{x) = L) + P{x) " {g)/ (ns 1)
Thus we may write
(12) () - 1 §-f—’7 A s
where & 1lies in the interval [xo e xn].

The last term of formula {12) is in a sense & remainder term and
is a measure of the accuracy of the fit of the polynomial L(x).

Formula (4) is invariant under & linear transformation. Let us
make the transformation

X =hu+ a x, =hu, + a
1 1l
then
-1 -1
Pi(x) = (1*-xi) P(x) = (x- xi) (x‘-xo)(x ~%) oo (x- xn)
= (hu+a -hu, —a)*] (hu +a- huo-a)(hu +a-hy -a)....(hu+ae -hun-a)
NS -2 .n, Vo A )
=h (u ui) h (u uO;(u ug) +veen {u un)
= hnnl(u - ui)_1 P(u)
n-1

=h Pi(u)

4
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= - - oo (2, - x, - “ee -
Pylxg) = (x - x )(x; - x;) ETRE WPCLCTRE TN (x;-x))
= (hui+a-hu0—a)..c(hui*a~hui_£-a)(huf a-hui+1—a)...(hui+a-hud-a)
=h" M u. - u ), -G ) c{u, -u, Mu -, ) o0 (u, ~u)
. TN : - Sl T e M T i m
n-1i
= h Pi(ui)
Therefore
n P (x) r. P ()
L X = Z = po= = L U)
(x) i=o Pllxii Yy i=0 P11u1$ I3 (u;
3. EQUALLY SPACED INTERVAILS
If the values of X i =0,...,n) are giver st equally spaced

intervals, we have

(13) ¥ =% +1h

where

and also let

. (14) U= = or X = X_ + uh
o
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The polynomial Pi(x) now takes a special form

n

-1
15 P.(x)=(x - x, | X - X,
as) R = (- x) T G- x)
1 I
= (x + uh - x_ - ih) N (x +uh - x_ - jh)
V] o J=C' (o] (o]
= -1
=h (u-1i) n nu )
J=0
n s
=h(u-i)‘ﬂ(u-j)
J=o0
Now
n
(16) JH (u - 3) =ulu - 1) {u - n)
=0
_ Mt ot S.;1+1 n FPLLC TN
0 n
where
n+l 2 s .
S (i =0, ,n) are Stirling's Numbers of the first kind.

(17) s' 2 st - n S?.

and this recurrence formula is seasily used to build up a table of these
numbers (ses Table I).

Tor equally spaced intervals we have
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r o
18 P(x,)=1 {x, -x3... =h" 10 {1-3)_.
(18) R R T L L I
_ P ft(n-a)r (o)l
so that
n n
P, (x) b o fu- J)j¢i .
(19) i 3 J=0 (.30t
P.Ix )~ n . : LT
it h it{n-i)t
n-1i 2
= (-1) “[ita-i)e)l T n (u-j§).,.
-1)" T[atn- 1)t =z (u-d)yps
and
Y = 3 {1} -
(20) Lix}) =L (u)y + 1L {ady, + + L Wy,

where Li(u) is given by {19)

Since Li(u) are functions of n and u it is possible to compute

tables of these coefficients.and thus the value of L(x) for a
specified x can be computed hy a sum ¢f proaucts In order to cut
down the range of values on u for such a table, a shift to & "center®
value is made whioh changes the notation somewhat. Let us resmember

the n + 1 point X Kys o-oq K in the following mannor.
o) 1 n
Case 1. ®Bven number ¢f points: n + 1 = 2r

In this case we could remember the points

X X PR 4 . or'el &
-r’ T-er+1’ -2 -3 1 2 r

and we are faced with a choice of picking the "center” value to be
either x , or x . The general practice is to pick «x 3 to be the

"center®™ point and call it X, The numbering then becomes
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X rar’ Xorazt o0 ~1" 70" 71 2’ r
Exemple. Given 6 points, they are numbered
X g0 T_y0 X0 X . Xoy Xy
We now have
X, = X+ ih (i = -r+2, +os, -1, 2, «e-, )
i 0
and X = xo + ph
so that
n
21 P.(x)=(x-x.)" N (x-x.)
(21) 20 = G- x)T I - x
-1 -1 J
=h " (p-i) "~ N f{(x +ph-x_ - jh)
J=-r+1
2r-i - r
=L " (p~ i) n (- J)
J=--r+1
The product
r
0 (p-§) = (p+r-2)(ptr-2)...(p+1)p (p-1)...(p-r).
J==-r+l
B a2r-1 o 2r-1 i
(22) P.(x.)= 1 (x,-x.)...=h"""7" I (x +4ih-x -jh)=h"""1 (i-j).,.
it j=o L J J¥i j=r+1 © o} S i4j

BT [(Gar-1) (i4r-2). .. (142)(3). .. (2) (-2)(-2).. . (r-i)]

hzr—l[(i+r_1)l (rmi)l][—l]r-i
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and the coefficients of 4 become
r
1

(23) A () = LT Gar-) (i) 0 (e-g), L, -
j=-r+1 J=L

In the tabulation of these coefiicients the following property is useful

(24) a(p) =2, {1-p)

Case 2. 0dd number of points; n + 1 = 2r + 1

In this case the poirts are rumbered

X, . ;X X, X, . X

-1 -r+1 -1 o 1 r
and

i . r
L= 4 .
(25) A (p) = (-1) T((i+r)fe-i)]l T on (6~ ).
L j=-r J=1

with the property
(26) A (p) =4, (-p)
Let us consider as an example the case of § points, and let p = .7.

It is required to find A 2’ A ., AO, Al, A_ . Substituting into
formula (25) we obtain

242

A _(.7) ((-2+2)1(2+2)t) 2 7+1)(.7+0)(.7-1)(.7-2)

(-1)
1Y@ 1@ 7)(--3)(-1.3)])

1
57 (-4641)

.0193375
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A1) = (G 2) 21y )R T 42) (74 0)(.7 - 1){.7 - 2)]
= -{3¢) T [(2.7)(7T)(- 3)(-1.3)]
= -.1223%.

A7) = 122 )2 ) {7+ 2) T+ 1) T-1)(.7- 2)]
= .447525.

A7) = (GLMEBD)ATTCT+2)(T+1){7+0)(.7 - 2)
= .69615.

A (7)Y = (1A (0)) 7T LT 2) (LT +1) (T4 0){.7-1)

-.0401625.

Extensive tables of these cosfficients have heon published (see ref-
erence {(a)). A limited tatle for five points is given in Table II

4. INTERPOLATION

One of the prime appiicaetions cf Lagrange's formula is in interpo-
lation. The problem is to find a value of a function at & peint x

which falls between tabulated valuss at poiuts 10, X, .

A. EQUALLY SPAGCED INTERVALS

The simplest case is the cne in which the tabulated values are
given at equally spaced intervels; then formula (20) gives the desired
results. Furthermore. the coefficirents may be tabulated and the problem
is reduced to simply one «f findirg the sum of products of two numbers
and is easily performed as one operation on & calculating machine. For
this purpose the coefficients ars tabulatea abeut a "midpoint” and we
have

10
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(27) t(x) =4 y + A y t ..+ AT A

+ ... + A
-r’-r ~r41%-r+1 ¢l o lyl ryr

The procedure is explained by an example.

Example 1.

Find f(1.77) by a 5-poirt lagrangiarn formulz from the table of
values

xi 1.5 1.6 1.7 1.8 1.9 2.0
yi 48.09375 65.55600 87.69705 115.47360 149.86915 192.00000
Ai('7) .0183375 -.122850%0 4475250 6961500 -.0401625
A (-3) -.0261625 .2541500  .8895250 -.1368500  .0193375
X - X | _
Solution Let X, = 1.7. then p = B A S T L1 7

The Legrangian coefficients A (.7) are obtained from Table II
and listed abovse.

2
£(1.77) = T A, (-7)y, = 106.49336
1=-2 ¢ o
4 A
If we had let %, = 1.8, p = 14_;_T_i.§.= -.7 we obtsin
2
f(L.77) = Z A (-.3)y. = 106.49348
ates i

B. UNEQUALLY SPACED INTERVALS

The case of unequally spaced intervals makes the method more
difficult to handle tut increases its importance since fewer methods
are now available. It now beccmes necessary to return te formula (4).
A schematic may be devised which greatly aids the computation. First,
a linear transformation is made on the given x . (1 =0....,n) in

order to obtain small integers in so far as is possible.

11
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Form now the square array

-
X - X X - X X - X X - X
o o 1 ¢ 2 o) n
X - X X - X, R Xy - X,
(28) Xp = X, X, - % X - X, Xg - X,
X - X X - X X X X - X
n o} n 1 n 2 n
.

We note that the product of the principal diagonal is
(29) P(x) = (x - x Mx - x;) - (- x)

The products of the elementis in each row yield

(30) R, = (xi- xo) eoe (x- xi) . (xiv xn) = (x- xi) Pi(xi)
Thus
\ N - Y
(1) P () - Gl _ Pix)
Pylx,) (x - x.) 'R B
and
- _ P(x) P(x) P{x) P(x)
) b n
y y J
= P(x)| = + L e
R R
) A D

12
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The square array (28) may

of

yi/Ri (for spuedy cperation R,

-

nsed not bs recorded).

now be augmsnted by twc columns

R, and
i

The sum of the

last column multiplied by the prcduct of the terms of the main diagonal

yields the desired rosuli.
Example <.

Given the values

X 0 12 15 21 27
v 150 108 0 -94 100 144 -34
Find y at x = 18.
Solution
Woe first make the transformation x = 3s, then
S 0 1 3 4 5 7 9 and s = 6. The array of s - s; and
s, - s becomes after augmentéd by Ri and y_/Ri
re
STRER sl—sl S;=Sa|5:7Sy |37, S;=Sg | 55756 Ri yi/Ri
6 -1 -3 -4 -9 7 9 22680 .006613757
1 5 -2 -3 -4 -6 -8 -5760 | -.01875
3 2 3 -1 -2 -4 6 864 0
4 3 1 2 -1 -3 -5 -360 .150
5 4 2 1 1 -2 -4 320 | ~.3125
7 6 4 3 2 -1 -2 2016 | -.071428571
9 8 6 S 4 2 -3 -51840 .001620370
The product of terms in principal diagonal., P{s)=540. | -.244444444

= Zyi/Ri

y = {540)(.-244444444) = -132.

13
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C INVERSE INTERPOLATION

Lagrange's formula adapts 1tself wery nicely to inverse interpolation
since formula (2) is simply & relation between wwo variables, either of
which may be considered the independent variable. Thus, we can write x
as a function of y

P {y) P {y) P iy)
(33) L(y) = "P'_(_"o X + PGy + .. 4+ ——(-—)-n X
ool € Py Pn g B

Normelly, the values of vy will be unequalliy spaced and the method

it will be
reduce the

Jjust described must in general Ds
more difficult to find a linear
size of the numbers.

smplcyed Furthermore,
tracsfermatior whach will
Let us ceonsider an example

Example 3.

From a five-place table of natural sines we have

To five place accuracy x

14

o — > e o T

32,

X 30 3L 33 54 36
y .50000 51504 54464 55919 .587119
FPind x when y = .52992
Solution
Let y = .1s , then
Sy 5.0000 5.1504 5.4464 5.5919 5.8779 5.2992
and the computational form is
si-so si-s1 si-sz si~53 sl»s‘ Rl xi/Ri
.2392 -.1504 -.4464 -.5919 -.8779 .010438234 2874 .049
.1504 .1488 -.2960 -.4415 -.7275 |-.0021276792| -14569.867
.4464 .2960 -.1472 .1455 ~.4315 | -.001221146 ] -27023.796
.5919 .4415 .1455 2927 -.2860 .003182957 10681 .891
.8779 .7275 .4315 .2860 -.5787 | -.045611921 ~-189.267
Sum = -28826.990
P(x) = -.001110065; x = 31.9998.
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D. MULTIPLE INTERPOLATION

Interpolation in tables of muitiple argumsenis is a labcrious pro-
cedure and is usually accemplished by repsated application of interpo-
lation on a single variable. Repeated application of Lagrange's Formula
can best be illustrated by examrle. We shaell limit our sttention to
equally spaced intervals; for unequally spaced intervals repeatod applica-
tion of the technique of 4 B must de emplcyed.

Consider y = f{x,r) and suppose the table of values is arranged
as follows

x/r 7, ‘ s ‘ R o o g

o Yoo Yo1 Yoz To2 Toa Yos
X Y10 Y11 Y12 Vi3 Yia Y15
x2 y20 y21 y22 'J23 y24 y25
X, Y30 LAY Vaz Yaa Yas Yas
Ae Y40 Yaa Va2 Yan Y a4 Yas
X Yso Y51 I52 Y53 Ysa Yss

Let it be desired to find a vaiue of y{(x r) where X, < x<x, and

rp<r<r, by a three-peint Lagrangian formula

X - Xg L o

We obtain PL & — and pr = ST and utilize the points
X110 X3y Xq and ro, ry. rg, denoting the Lagrangian coefficient by
Afl. Az, Af and Afl, A, Ar If we interpolate first with respect

to x et each r, (i = 0.1,2) we have

15
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-
b'e b’ X
= A + A
yxo -2 ylo c Vzo ¥ Al v30
b'e X x
34 = +
(34) { I = By ¥y ¥ ¥, T A
_ Ax _ N A‘ . '
L Iea = By Va2 Y22 1 P Taa
Then interpolating with respect 1o r vyvialds
i
(35) y(xor) = A y +A YV tA Y
r X X X
- A-l [A-- Yi0 T Ao Va0 © Al yao]
+A" [(A* v 4 + At ]
o -3 T 21 1 ‘a1
X X X
+ A1 (A 1 Va2 e Y22 A; (321
r r X r
- A-l Al Yi0 ¥ A-A Ao 20 & A- Jrao
X r x
e A~1 Yoo ANt Y21 * Ao Az Va1
b’ or X rox
L A-l Y12 ° Al Ao Y22 © Az Ax Y32

It is seen that nothing is gained by attempting to use the last expres-
sion since this would require the recording of the 9 precducts

Ag A; (i,j = -1,0,1) while using the first expression ounly 4 recordings

are necessary. The second method would have application only in the
special case where px and pr remain constant for a large number of

interpolations. The most expediticus methcd,therefore, is to compute
the three (i = 0,1,2) and *then

5 r r
(36) y(x.r) = By Yo T80 Vg T A Yyy o

16
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5. DIFFERENTIATION

Lagrange's formula may be ussed to find the derivative of a function
y = £(x) which is known only atv discrets values x5 {(i =0, ..., n)
From formula (8) we have

fix) = Liv) 4+ R{x)

'

so that

(37) B o r(x) = 1 x) + R (x)

Since by formula (11)

(n-l- \
R(x) = P(x) £ " {&)/(n + 1)

38)  R(x) =2 () £yt w1+ p(x) £ EY (@ o+ 1)

The second term cf this sxpression would te cifficult to find even

: 2 : o (n+2), p : .
if it is known that fk )xx) existis Howsver, if 1t wsre evaluated
at a given point, X then P(xi) = 0 and only the first term remains.

In practice the remainder te:m is only used to check the accuracy.
The derivative of L“(x) is given by
0 v 0 Lo e s
(39) L) =L (v + Lydxjyy + o0+ LX)y,
and
1 d

1 1 .

= Pi\’lxi)' [(x~xo) (Jc-x.1 -1)(x-xi+1) (x_xn)]

17
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1 n ) n 1
(40) L/ (x) = n (x-x.).. pX -
i Piixi; j=0 NRAE 2 j=o ¥ x‘j 41
_ P, (x) ; 1
P (520 * %5 | g

Formula (39) gives an expression for firding the derivative of a function
at & general value of x. The computation of the coefficients of ‘A

(i =0, ..., n); namely, L (x). as given by formula (40) is somewhat

difficult to manage. It can best be handled by rorming the square array
(28) and computing Pi(x)/Pi(xi) as was dono by formula {31).

A. THE DERIVATIVE AT «x FOR UNBQUALLY SPACED INTERVALS

k
Of special interest is the derivativs evaluated at one of the given
points X, (i =0, ..., a). Formula (40) takes on two forms:
n
(a) k4§ i. In this case the predact 11 {x-x.). . =0 except
J:O J J*l

when it is multiplied by (xk - xk) ' thus
1 n

G & =rmy | L B e

J¥

1 ( 4
= ﬁzTEIT [(xk-xo) .. ‘xk"xkul)\xk_xk+1) ..(xk-xi_l)...(xk-xn)]

A\ W4

= P 1(x,) [Gmx ) Gpmmg e ) (ay-x )1/ (xg-x, )

1 n \ -1
= §;T;_7 jzo (xk TP (xk xl)

18
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If we let
= ) {
(42) D. (x x. ) Pi'xi) ; i 4k
we have
1 t ‘ 1 n
1.7 PISEENTC i % 5
(43) Li(x) == D {x -2
ik v
(b) k=i . In this case wo have
44 nix. . = P.(x,
(44) (k= xje = P, (x;)
and
P.(x.) n
) . l
yo 2 i
(45) L; {x ﬁzTETT 2, 5%
J¥l
|
| n
—_ ! - =
= o Fp 7 %)
\ Thus the complete expression for L'(xk) beccmes
\
(46)  L(x) =L (x )y + -0+ Lpx )y + ooe + Lo(x )y
© N G- x) e D (x - ox)
= — (X, - x.). + — X - X.,). el
Dok j=o0 e JJ%k le j=o k Ji¥k
I G Yy n
+ 2 o(x,-x.). .+ 4 wmme I ).
n Yy Y5 y n
o) - n -1
- = I (x -x,). —_—t — 4 + — + z -X, ).

19
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or

n n n

Z = -y 3 = 1 . - -1
(47) L (x) = jzo (xk 13) y D 4 z (xk x

. z )
J¥K 1= "1 1k itk Tk j=o J %k

This formula for the derivative of y = flx) ai « = ¥, can be found
by the use of a schematic similar to the one given in Section 4.B. Form
the square array

X - X X - x : X - X o X - X
o] 1 0 ] 0 k o n
X. - X X - X ¥, - X X - X
1 o 3¢ 2 B k 1 n
X, - - X X - X - X
2 xo xz 1 2 k xz n
X - X X, - X X X X, - X
k o k 1 k z k n
X -Xx X - X X - X X - X
| n o] n 1 n 2 b3 k

Notice that no element appears on the mein diagcnal. Now the product
of the elements of each row is Pi(xi). If this be again multiplied by

(xi - xk) we have -Dik. Thus we can augment this array by two columns,
Dik and Yy D;i; the first being obtained by multiplying the product of
each row by the element in the kth column {(i.e., this ciemen. twice in
the product) and changing sign. There will be no entry in the (i = k)

n n
row. The product n (x, -x,),,, = 00 [-(x. -x . is obtained
g j=0 (x J ik j=o (¢ J k)]J#:k

by multiplying together the negative of the elements in the kth column.

The elements of the second augmented column are now summed and
multiplied by this product to yield the first term of the formula (47).

20
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The second term is obteained by sraminyg the negative reciprocals of tihe
terms in the k' column as can ue easily seen from its expression. The
final value of the derivative is tnsn given by formula (47). Let us
illustrate the procedure with an examgle.

Example 4.
Let us consider the examplo 3 given in 4.B, and let it be desired
to obtain the derivative at s, =5; i.8., x=12.
S - a P - 123 I8 o~ e D D—l
51780 517 %175 | B % ST [P s | %1% ia Vi Yiaq
-1 -3 -4 -5 -7 -9 18900 .007936507
1 -2 =3 -4 -6 -8 -46C8 | -.023437500
3 e -1 -2 -4 -6 576 0
4 3 1 -1 -3 -5 -180 . 300000000
5 4 2 1 2 -4
7 6 4 3 2 -2 4032 | -.035714285
9 8 6 5 4 2 -69120 .001215278
n(s4 - Si) = 320. .250
Z‘,(s‘--s.l)"1 =% + T+ e 2022128212000
L'(x) = (320)(.25) + (1.2)(-100) = -40.

B. THE DERIVATIVE AT Xy FOR EQUALLY SPACED INTERVALS

If the values of the independent variable are given at equally
spaced intervals, we have from equation (20)

(48) L{x) = Lo(u)y0 + L (uly, + ...+ Ln(u)yn
wvhere

S .
(49) L) = (D77 G- )07 (s )y,

21
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Since x = uh + xo we have

dy dv du 1 dy

and
(50) Y EL(x) =& T L(uy,
h i=0 1 1
1 and
n
’ _ " n-i . PR 1 _d_ 3 s
(1) L) = (M- 00T )y
Furthermore [see formula (40)]
g4 D n n N
52 —_ I (u-j).,. =10 {u-,), T {u-j).0.
(82) o j=o( e S 3 iai
When x = xk we have
X - X X, - X
o k o)
(53) u=— = F = k

so that at this point formula (52} takes con two special forms:
(a) k%1

d

n
(54) G jllo (u-j )j:t:i

[ufu-1})...{u-k+1){u-k-1)...(u-1+41)(u-i-1)...(u-n)]

k(k-1) 1 £-1). .. (k-141)(k-i-1)...(k-n)

= (k-1)"* Kkt (n-k)t (1)K

22
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and
' (55)  Li(u) = (-1)" latin- 1)) k- 1) Tkt (n- k)2 (1)K
’ i+k k"(h'k)'
= (-1
(-1) it(n-1)v{k-1)
- - —/ 3
Note : (_1)211 i-k _ (~-l)2n(-1) 1+4k) _ (_1)1+k
(b k=i
4 B
- £ i{i- N ¢ - (- e {i-
(56) g I (eed)py; = (1E-D) - )DE)-2). - (on)
S 1 1,
[l +i~1 + .. 1 -T'+ e +1~_—r—1
n
- it(n- -1 g 2
J=0 I i1
so that
i i e s } n-i n
(57) Lo(u) = (-1)7t Iin i)!(-1) S
i it(n- i)t j=c 17 J|j%i
= +_.]_",. +1+1:a-.r1;)_}4~_ _-].'—=
TrTIat 2 1 1 2 n-i
i n-i
=R
l j:lJ j:l J
n-i 1
) =- 2 % if 2i<nl,
j=i+1 J
i
= 3 L oir zi»> on-l.
j=n-i+1 Y
23
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Thus the ocoefficients of y, (i =0... ,n) are all functions ot n, k,

and i, can be computed onceand for al*, and tabulated. Furthermore,

the table of coefficients is "negatively symmetric®" about the "micpoint® '
so that it is necessary to tabulate only half of them. Let the

coefficients be denoted by Aii , then for equally spaced intervals
(58)  y'(x) =L'(x ) =% (A vy, + ALy + ... +Al ¥y )
k k h ko ‘¢ ki 1 kn “n

and A;i are given by formulas (55) and (57).

‘ . . 1
Now for k> m where m=3n+ 1 if n 1is even and m = E(nd-l)
~

if n 1is odd, we have

(59) A

rd
ki ~ n-x,n-1i

By formula (55) we have for Kk # i

s (_13itk k' {n- k)!
Ay = (-1) it{n-1)t(k-1)
and
, _ (_1y(n-k)+(n-1) (n- k) (n [n kN
An-k,n-i = 1) (n-i)t{n-[n-1i)) (n-k-[n-1i]))
: (_1)k+i (n-k)* (k')
(n-1)t (1) (i-k)
_ 1 yktia {n-k)' k!
= (-1) (n-1)t (i) (k-1Yy
thus
ALI Sk n=g. ‘

24
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K 3
Al = z - &ud
kk J:tl‘-’k‘f‘l J
so that
A = “Bpox

The tabulation of A . can be made in two ways.

ki

obtain the lowest common denominator for the A

4

ki

The first is to

for each n and

tabulate the coefficients of y, Aas 1ntegers with a final division to

obtain the derivative. Thus

1

(60) vz ) = FTn

I d
where aki = Aki Dn

and Dn is the lowest commer derominator ¢f A

4

the values of D and & .
n ki

publish A

’

ki

Example 5.

for 10 points.

s
y
.

in decimal form. see Takle IV

Find =X at x = 1.7 in the data given in Example 1.

Here u =

From Tables [II (Dn = 60) and IV, we hove

1
* du

Table III gives
The second method -

e}

25
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Vs 48.093751 65.53600 | 87.69705| 125 4736C | 149.86915 | 192.00000
& . 3 -30 -20 6Q -15 2
ai
Aai .050000 | -.500000| -.333333| 1.0C00Q0 -.250000 033333
5
y. =10| = a . y.|/60 = 248.10650
2 .
1=0
6
- ’ = 2 1 55
v, =10 iio A:i yi| = 248 1065

6. INTEGRATION

As in the case of differentiation lagrange®s formula may also be
used to find the integral c¢f & function fi{x) which is known only at
discrete values x, (i =0,...,n). That is the integral of L(x) will

be a good approximation of the integral cf f{x) so that we may write

b
(61) 5/ f(x)dx =a ¥y +a,¥, + - +a ¥, +R
where
1 b
= A {y o = e

(62) a; = N C] S Pi\\.a,)dx (- o, ,n)

1 1 a
and

1 /b (Ml) ( 5
(63) R = m . £ (E) P\x) X .

26
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The problem of finding the irtsgral of f{x} then reduces to the
evaluation of the coefficients a_ and the sum of products. The

coefficients a, depend upen the n + 1 points, x,. and the limits of

g
-k

integration (a,b). If we write piis) as a pelynomial in descending
powers of x |

n -1
(64) Pi(x) =x +a X v oo 48 Xt

the integral may be writtev in the form

n+1 N
— o ol b X
(65) ,fPi(x)dx bi.n41x + hi,ux + thoE o+ bi,o
where
1 1
= i = 0. ;
bi,n+1 T n+1l (G : n)
(66) < b, |, = %'(a ) (1=0,....n: j=1,...,n)
| 1,J J :'-‘J'l
bio = constants of integration

\

The coefficients bij may ke placed in a tabular form and augmenied
by a row of the constants P%{xi)‘ It is not necessary to write b,

since they will disappear when the limits cf integration are inserted.
Thus

P e ' v 2 X P, (x.)
1 1
b
0,n+1 bo,n bo,u-] bonz c,1 Po(xo)
Dongd Coon Chyosa D 2 Do P,lx,)

27
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There remains now to consider the range of integration.

may be tabulated in the follcwing manner

If this rangse
changes so that it is desired to have umanv integrals, the values

for

4y

i x - - X X_~X .
55 X, - X, £ T 4 S
0 o) Qo Co ay
o

1 al ay = a.l
2 ay a, a, : a,
n

an an an an

For the case of equally spaced intervals

(67) Pi(x) = Pi(u) =u(u-1)...fu-i+1){u-i-1)...
and since dx = h du
(s8) /Pi(x) dx = h/Pi(_u) du .

The values of aij may be found easily by use of Stirling's numbers of

the first kind. Consider for example the case of 4 points

,

P (u) = u(u-2)(u-3) = - Su® + 6u )

7 F, (u) = u(u=-1)(u-3)

u3—4u2+3u)

u(u-1)(u-~-2) =u® - 3u? + 2u

L Ea(u)

28
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If we note that
Pi(u) = P(u)/(u-1)

the polynomial P(u) has for its ccefficients the Stirling numbers of
the first kind and from which we remove ths factor (u-1i). This can
be done by & synthetic division and easily put into & schematic. The
removal of (u-o0) does not ciange the numbers so that the first poly-
nomial has the Stirling numbers of the first kind as coefficients.

uw u? 1 uo Division
a . 1l -6 11 -6 0
oJ
1 -5
a_ ., 1 ) 6 1
1)
2 -8
a2J 1 4 3 e
+5 -9
a_ . 1 -3 2 3
34|

The coefficients bij are vow easily written down

A u o u P, (u.) L.C.D.
1 1
! € 11 5
boy Iy "3 - Y =5 i
1 5 6
i s 2 2 2
by j 4 3 2 .
1 4 3
bz.j 3 3 E) = =
1 3 2
b, 5 vy -3 5 6 12

29
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Pi(ui) are easily found by the formula

and realizing that Po(uo) = a and then they alternate in sign. A

00
column for the lowest common denominator (L.C.D.) is attached in case

it is desired to factor out the denominator; it is to be recalled that
Pi(ui) is a denominator.

Let us now consider a specific integral. say

2
J f{x) dx
0

for 4 points. We have

2
h
o " rtey /7
o}

4

__nh [b
- Pozuoi os

2
+b u+b W+ u)
03 02 o1 ‘o

- [%,»(2)‘ -2 @Y R @7 - (2)}

=- %[TIZ] [(3)(2)* - 24(2)° + 66(2)* - 72(2)]

= - 75 [48 - 192 + 264 - 144]

h
= - =5 (-24)

2
= g-h .

30
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The schematic eases the somputsut:or
; =
2%=16 | 2°=8 2°=¢ 2 |{L.G.D. P, (s )|an
1
b 3 -4 66 -T2 12 -5 -
0J 3
b 3 ~20 36 12 2 3
1] S r
b 3 -16 218 e -2 + £
2] 3
bsj 3 -1e 1 1< 6 0
2
f f(x)dx:hw[y +4y +y + 0y ]
& 3 0 2 2 3

For equally spaced intervals tne walues of ¢ i cen be tabulated

for the range cf integraticn © -1, 0-2, nic The value of an irtegral
between other integral limits can be found by recalling ‘hat

f‘ f(x)dx = f‘ £l Y B} j.a £ {2 )dx

2 Q Al

Values of a i are giver ‘9 Ta.le V acu thsir use cen be illustrated

by an example.
Example 6:

18
Find the g’ y éx given the teble
1}

b ¢ 145 1.6

[
°
-3

1. 8 1.9

™
O

£5.53600 | 87.69705) 115.47360] 149.86915) 192.

y; | 48.09375
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Solution

1.8 3
S f(x)dx = h J‘ f{u)du
1.6
5
= Z { - ¢
ho [ izo %1 (0-3) Ji J

From Table V for six points in the interwval 0-3 we have

a i“ .31875 1.36875_T .71250 [ .71250 ! -.13125 .01875
and since h = .1
1.8
ydx = .1 (233.721045) = 23.372104
1.5

7. Solution of Differential Equations

The methods most frequently used in the numerical solution of
differentisal equations are those culled step-by-step methods in which
the values of the dependent variable are calculated from a sequence

of equally spaced values of the independent variable. That is,
we have a differential equation

(69) y© = f(x.y)

and the initial conditions xo, yo, we compute & sequence of values

for y , say ¥, Y2+ Ya+ ---+, for equally spaced chosen values of

X , S8Y X, X5 K3y eeee To do this we rely upon formulas which

yield the next value of y , say Vigy from previously known values

of y and its derivative. Such recursion formulas for Vi4y

function.

Let us apply formula (58) to the case of five points, we have
(See Table III)

32
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derived from the Lagrangian formula for finding the derivative of a
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( yé = T%F (—25yU + 4By, - 56yL + 16y, - Sy, )
yi o= I%F ( -3y, - L0y, + 18yz - 6y3 + ¥, )
(70) ﬁ Y2 = T%H' ( vy, - by, + By, - ¥, )
y; = I%ﬁ ( - v, + Sy - 18y, + lOy3 + oy, )
L y; = T%F ( Syo = léy: + 66y2 - 48y3 + 25y4 )

It we consider the roimulas o0 y’ , ¥y’ , and y’ we can solve
E 3

7’
for Y in terms o: thess deriva..vus and Yo

[(12ny, = -3y - 10y, + 18y, - 6y, + v,
(71) 12h y, = v, - 8y, * 8y, - ¥,
12h y; = -y, * 6y, - 18y, + 10y, + 3y,

Wo have [rom the second cquation o. (71)

(72) Vo = ¥, - By1 + 8y3 - 12h v

Adding the rirst and third equation ot (71) gives

12h ( y. + Y, ) = - 4yo -y o+ 4y3 + 4y4

o1

v, - ¥, = -y, - 3y +y]

3

) +y,

and upon substitution of this into equation (72) we get

Vg = ¥, - 8 (= v, - uh(y1 +y ) + Y, ] - 12n v,
oI

9y4

9yo + 12h( 2y, -y, * Ay )

33
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so that

i 4}1 ’
(73) y, = v, + 3 ( &y

This formula yields a value of y
steps previous and the values of the derivative of
ceeding three steps.

Milne's method for the solution of diffsrential equations.

=N

in terms of the value of y four

y at the pre-

This is the well known "predictor" formula in

With this

*predictor® or extrapolaiion formula there is used & “ccrrector®

formula

(74)

which may be obtained from the last

(v

n+1

multiplying yi by 4 and adding:
3

+ 4y’ + ¥y
Yo ¥ Y1

three equations of (70) by simply

, 1
Ya Rl Yo - 8 o8y -y,
1
4y, oy L -4y, o+ 24y, - TRy, 4 40y, + 12y, ]
> 1
y‘ ﬂirélﬁl [ 3y0 - 16y1 + 36y2 = 48y3 + 25y4 ]
1
NAGIE S A v = 33 L 36y, + 36y, ).

Although formulas (73) and (74) will keep the solution going

once it has been started it will not start the solution.

The problem

may be started by using Taylor's Series expansion but more frequently
it is started by successive approximations using the following formulas

r

1

1

(75) 4

34

y =

y_ =

Yo

+

= N!U
oo

e4

2h

Wl

( 7y; + 16y + y:; ) + 2:212;:
( y; + 16y; + 7y:; ) + h?* yg’
( 5y - 3. -y )- 2y

1 -1 o
(y +45° +35;)
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which may be obtained by algebraic manipulation of the Lagrangian
derivative formulas. Trial values to start the method of successive
approximation are given by the siwmple Ruler formulas

N 2 _ y.’ + hyi.-
(76') [o] (o]
y =Y, 7 hyg

1

The procedure will be fllustrated by an example.

Bxample 7. Solve the differential equation
exgupas

4y _

= 2% y

if x =1,y =3

Solution Differentiating y~ we get
y” = 2 -3y° =2 - 2x+y
and evaluation at (xo.yﬁ) yields y: = 3.

The calculation may be arranged as follows

Ed

y = efx -y
1. The Start from Formulas (75) and (76)
¥ 4 3.115 3.1155 3.115512 3.115512
- |
v |13 -1.315 -1.3155 -1.815612 | sos L 004166667
v, 2.915 2.9145 2.914513 2.914513 | . _ 4
y: o ~.715 - 7145 -.714513 | °
2~ _
¥a 2.856197 | 2.856102 [P Yo /4 = 0075
y; -.456197 -.456192
2. The Continuation from (73) and (74)
x v, y: I Iy
.9 3.115512 | -1.315512
e = iy h/3 = .033333
1.1 2.914513 -.714513 4h/3 = .133333
1.2 2.856192 -.456192
1.3 2.822456 -.222456 | 2.822463 | -.222463
1.4 2.810960 -.010960 | 2.810968 | -.010968
1.5 2.819593 .180407 | 2.819600 .180400
1.6 2.846434 .353566 | 2.846440 .353560
1.7 2.889756 .510244 | 2.889763 .510237
1.8 2.947985 652015 | 2.947991 .652009
1.9 3.019708 .780292 | 3.019715 .780285
2.0 3.103635 .896365 | 3.103641 .896359 -
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8. Higher Derivatives

The higher derivatives are obtained by repeated differentiation
of equation (39). Thus

1y ™ _ X 2. N ”
(77) L* (x) = L (x) v, + Ln (x) vy + oo + L’ (x) e
where
(78) LY (x) = ?41(?«7 Si, {p.{x) ]
. $%30 9x®

Although & notation and schematic can be devised for the general
cagse it is very unwieldy. Conssequently, we shall develop only the
special ocase of equally spaced intervals. From equation (50) we have

n

1 :
4 - =) & "
so that
~ =
80 x) = = Z ” .
( ) y ) h’i:o Ll (U.))’i
Now

L (u) = (-1)"? T ?niﬂ N (“‘i)ul(z)

wherse (:) is the binomial coefficient notation.

Let

1 n-1i
(81) b, = "i“'.("(r)f-fiT’!'

r

n
’ d
—3 ey { -

then Li(u) by (== Jgo {u J)jﬁi
and p

P a® | o ,
(82) Li(u) = b, o= LJEO (u-3 )J’éit\
These derivatives may now be evaluated at u=0,1,2, 3, ..., n to
yield the values of the derivatives at x = xo, 45 =ss9h xn. Thus

we can write

1

(83) v (x) = Wiz ) = =3 (Mg ¥ + ALY, * ALY, + ot AsY ]
where

4 S ”» X

Ay = LJ (k)
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whioch may be computed cnce and for 211 and have been tabulated in
Table VI.

The coantinuation to higher der-wvetives ic immediate. The
third derivative is given by

. s P
84 4 = .73 3 = Xe + A e P4
(84) vy (x) L (x,) e (Agey, AR + Aknyn]

and the values for Agf havs bern tabulated in Table VII.
1

Examale 8.

Find the first, second, and third derivatives at x =1 of the
function whose valuss are

X -2 -1 ¢ i 2 3 4
y 104 17 0 -1 8 69 272
J
Solutiqg

Using Tables III, VI, VII with n =6, h=1, Xxa =1, u=3
woe write

v (1) g5 [ -1(104) + 9(17) - 45(0) + 0(-1) + 45(8) - 9(69) + 1(272))

Y (1) = s [2(108) -27(17) + 270(C) - 490(~1) + 270(8) - 27(69)

80 + 2(272)]
1
= 6]
¥7) = ”%? [3(104) - 24{17) + 39(0) + 0{-1) - 39(8) + 24(69)

- 3(272)]

- [ -

9. Lagrangiar. Multipliers

Although the Lagrangian multipiiser is not directly associated
with the Lagrangian formulas discussed this far it still seems
appropriate to include them in this paper because they are concerned
with the finding of an extremum of a function which is constrained
by some additional condition. In the principle of least squares
which is so often used in numerical anelysis we are concerned with
the problem of minimizing the sum of the squares of the residuals
of the analytical expression ant the valuss found by substitution of
the known pceints. If now cn additional constraint is imposed upon the
parameters in the analyticsl expressicn the problem could be solved
by use of the Lagrangian multiplier. 37
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Let us consider a function of two variables; f{x,y) and let it
be desired to find the meximum and minimum values of this function if
furthermore x and y are related by gz{(x,y) = O.

The necessary ocondition for an exitremum is that the total differ-
ential vanishes. Thus for the functicn f(x,y)

ge of 4y =
(85) 3% ax + o Jy = 0.

The total differential of ihe constrained relation is

og 98 = 0.
(86) $2 oax+ 524y o= 0

If now equation (86) is multiplied by an undetermined multiplier,
A, and added to equation (85) we have

(87) (a—x- )dx (--+)\~>dy=0

Equetion (87) would be satisfied if A were determined so that

(% 23) -0
o | (BB -
L g(x,y) = 0

The multiplier N 1is called the Lagrangian multiplier.

Let us apply this multiplier to a problem of fitting datae by the
principle of least squares. Consider the problem of fitting a set
of data by the expression y = mx + b . The principle of least
squares forms the n residuals

v, = mx + b - Yy i1=1, ...., n)

o8
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= a3 TS AA Ty (TR

and minimizes the sum of the squarus of these residuals

- S /
v, ,® =fo m,b)
- ) 2
‘-z (mx:‘ +b yi) )
= 2 h o
g—{f} 2m2xi -.»22;)(i g 2Z:xiy,l )
or = 2mZx, +&nb - 23y i
a—-— 1 1

If it is now further required that

g{m,b) = m+2 = 0
we have ag ., og  _ 2
om db T ?
and the three equations
2(zx.* m+ Ix, b- Ixy )+ = 0
i i Gt

2(inm+nb~ Zyi)+ 2h = 0

m+ 2b = 0
to solve for m, b, and \ . Letting
-— "y < — A =
Sl = in ’ S2 = 2xi i wl = zyi . h2 = zxiyi

we may write

252m+281b-2w2+7\ =90,

Sm+nb - W +X = 0,
m + 2b = O )
m = - 2b )
(-45; + 25, )b + X = 2W; |
(n-25 )+ »= W |
A = Wy + (45; - 25, )b ,
(n - 25, )b + 2W; + (45; - 25, )b = W, ,
(n + 482 £ 431 )b = W:_ c 2"2 )
[ b = Wl = ’7“2
N+ 455 - 48
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R o T2 = x v

Example 9

- Fit a straight line to the date such that the slope is a minus
twice the ‘intercept.

| 1 2 3 4 § 6 7
vl 4| 11] 15 {22] 23] 3.8
Solution
n=7,8 =2,% =14.7, W =741, 5, = 140
14.7 - 2(74.1)  _  -133.5
b T + 4(140) - 4(28)" = el
m = .5868
y = .5868x - .2934 J
Cheok:
' x 1 2 3 4 5 6 7
v || .2934 | .8802 | 1.467 | 2.0538 | 2.6406 | 3.2274 | 3.8142

This, of course, is not the best fitting straight line; it is
the best fitting straight line for which m = -&b.

10. Accuracy of Lagrangian Formulae

All of the formulas derived in this paper are based on the
assumption that the given data can be filted by a polynomial in the
region under discussion and this initisl assumption should frequently
be checked. The inherent error in the Lagrangian formulae is ex-
hibited in the remainder t rT 3f equation (12)

n+1

R =

n Ty E)

where & is an arbitrary point in the interval (O, n).
This remainder term may be carried throughout all of the derivatives
of the formulas and is a measure of their accuracy. Thus in formula

(58) for the derivative should be added the remainder

n
h n+1
S (n+1)

c

For the integrals we have the expression (63).

The accuracy should always be tested whenevor possible.
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TABLE II.

Ty

Lagrangian Interpolation Coefficients

5 - Polnts

P Ay Ay Ay Ay -Az " P
0.00|{ .0000000 | .0000000 |1.0000000| .0000000 | .0000000 |} 0.00
.01 1] .0008291 | .0065998 .9998750 .0067332 | .0008374 .01
.02]] .0016493 | .0130654 .9995000 | .01365986 | .0016827 .02
.03 |] .0024603 | .0193956 .9988752 | .0205954 | .0026352 .03
.04 |] .0032614 | .0255898 .9980006 | .0277222 | .0033946 .04
0.05 || .0040523 | .0316469 .99648766 | .0349781 | .0042602 || 0.05
.06 |} .0048325 | .0375662 ,9955032 | .0423618 | .0051315 .06
.07 |1 .0056016 | .0433468 .9933810 | .0498722 | .0060079 07
.08 |} .0063590 | .0489882 .9920102 | .0575078 | .0068890 .08
.09 {] .0071045 | .0544894 .9394914 | 0552576 | 0077740 .09
0.10{] .C078375 | .0593500 .9875250| .0731500 | .0086625 |} 0.10
.11 H .0085577 | .0650692 .9849116 | .0811538 | .0095538 .11
.12 {1 .0092646 | .0701465 .9820518 | .0892774 | .0104474 .12
.13 '1.0099580 | .0720814 .9789464 1 .097519¢ | .0113425 .13
.14 |1 .0106373 | .0793734 .9755960 | .105878¢ | .0122387 .14
0.15]].0113023 | .0845219 .9720016 [ .1143531 | .01313521]0.15
.16 || .0119526 | .0890266 .9681638 | .1229414 | .0140314 .16
.17 |} .0125879 | .0933870 .9640838 | .1316420 | .0149256 1T
.18 {1 .0132077 | .0976030 .9597624 | .1404530 | .0158203 .18
.19 1] .0138119 | .1016740 .9552008 | .1493730 | .0167116 .19
0.20 || .0144000 | .1055000 .9504000 | .1584000 [ .0176000 {| ..20
.21 | .0149713 | .1093806 94535121 1575324 | 0184847 .80
.22 11.0155269 | .11301%83 .9400856 | .1767642 | .01393551 .22
.23 }1.0160652 | .116505C L9345746 | 15861058 | . 0202403 23
.24 || .0165862 | .1198490 .9288294 | .1955430 | .0211098 .24
0.25}1.01708938 | ..23C469 +92.951A7 | .2050781 | .0219727 {10.25
26 }1.0175757 | .1260990 9166174 ] 2147090 | .0224283 .26
.27 {] .0180437 | .1290052 .9102036 | .2244338 | .0230753 «27
.28 |[.0184934 !.1317658 .9035366 | .2342502 | .02453 46 .28
.29 |1 .018924K ' .1343806 A966432 | .2441564 | 02534317 .29
0.30 {{.01933"5 | .1368500 5895250 | .2541500 | .0261625 ||0.30
.31 ([ .0197314 | .13591740 .8821838 | .2642290 | 0269701 .31
.32 [ .0201062 | .1413530 8746214 | .2743910 | .0277668 .32
.33 (| .0204619 | .1433870 8668398 | .2846340 | .0285436 .33
.34 (| .0207981 | .1452766 .8588408 | .2949554 | .0293179 .34
0.35 1] .0211148 | .1470219 8506266 | .3053531 | .0300727 «35
.36 |] 0214118 | .1486234 .8421990 | .3158246 | .0308] 22 «36
.37 }] 0216890 | .1500814 8335604 | 3263676 | .0315365 .37
.38 []1.0219461 | .1513966 8247128 | 3369794 | .0322419 .38
«39 |} .0221832 | .15256692 .8156586 | .3476578 | .0329302 39
0.40 || .0224000 | .1536000 .8064000 | .3584000 | .0336000 ||0.40
41 [| .0225965 | .1544894 7969394 | .3692036 | .0342500 .41
42 |1 .0227725 | .1552382 7872792 | 3800658 | .0348795 .42
.43 |{.0229281 | .1558468 T774220 | .3909842 | .0354874 <43
44 1] .0230630 | .1563162 LT673702 | .4019558 | .0360730 44
0.45 || 0231773 | .1566469 7571266 | .4129781 | .0366352 45
46 || 0232709 | .1568398 ,7466936 | 4240482 | .0371731 46
«47 || .0233438 | .1568966 7360742 | 4351634 | .0376857 47
.48 |[.0233958 | .1568154 L7252710 | .4463206 | .0381722 48
.0234271 | .1565998 .7142870 | .4575172 | .0386314 .49
0234375 | .1662500 .7031250 | .4687500 | .0390625 |{0.50

Ag -A; A, Ay -A_gz "-p

e o s i o




TABLE Li.

Lagrangian Interpolation Coefficients

S - Points
Lo P A, -Al, A, Ay ~A, p
s 0.50 |].0234375 | .1562500 7031250 4687500 | 0390625 (] 0.50
.51 1].0234271 | .1557468 6917450 4800162 | 0394044 .51
| .52 |].0233958 | .1551514 LBEORTY0[ .4913126 1 .0398362 .52
.53 1].0233438 | .1544046 .a6860121 .5026364 | .0401767 .53
.54 ||.0232709 | .1535274 BTG 5189842 | . 0404851 .54

0.55 |].0231773 | .1525219 .6447010] 5253531 | .0407602 {| 0.55
+56 |].0230630 | .15138u82 632562 5367398 | .0410010 .56
.57 }1.0229281 | .15012738 6202650 .5481412 | .0412064 57
.58 ]].0227725 | .1487422 .6077912| .5595538 | .0413755 .58
.59 [].0225965 | .1472324 .5951684] .5709746 | .0415070 .59

0.60 ||.0224000 | .1456000 +5824000| .5524000 ) .0416000 [[0.60
61 |].0221332 | .1438452 L56394496] .H93820K | L0416533 .61
.62 |].0219461 | .1419726 .5064408| 6052514 | .0416659 .62
.63 {[.0216890 | .1399804 .54355741 6166706 | 0416363 63
.64 ].0214119 | .1374714 .£<99430| . Ln0B06 | L0415642 .64

0.65 |{.0211148 | .135646Y .51650le| 6394781 | 0414477 [|0.65
i .66 }|.0207981 | .1333086 .0029368| 6508594 | .04124859 66
67 |].0204619 | .1308530 .48925248| .6622210 | .0410776 67
.68 |}-0201062 | .1282970 47545341 6735590 | .0408218 .68
69 |1.0197314 | .1256270 .4615428] .6348700 | .0405171 .69

0 0.70 [}.0193375 | .1228500 .4475250) .5961500 | .0401625 [|0.70
W71 ||-0169248 | .119967+ .4334042( 7073954 | 0897567 .71
.72 1].0184934 | .1169818 .419134n | .7186022 | .0392946 72
«73 |].0180437 | .113n942 .4048708| .7297665 | 0387358 .73
.74 |].0175757 | .1107070 .3304¢c4| 7405850 | .C382203 .74

0.75 }|.0170898 | .1074219 .3759766| .7519531 { .0375977 [{0.75
«76 1}.0165862 | .1040410 .3614054| .7629670 | .0369174 .76
.77 |1.0160652 | .1005662 .347T7E76] 7739223 | .03£1793 -
.78 ||.0155269 | .0969998 .3320376| .7348162 | .0353811 .78
.79 1].0149718 | .C53343¢€ L31728C2 1 .T956434 | .0345217 - 19

0.80 1{.0144000 | .0£3£000 .3024000| .»064000 | .0335000 j|0.80
.81 |{.0138119 | .0257710 .24745914 | .8170820 | .032:146 .81
-82 |}.0132077 | .0818590 L27285304) .%27¢8850 | .0315643 .82
.83 |].0125879 | 0778560 L2HTLL0%| Lo88e00C | 0304476 .83
.84 |].0119526 | .0737%4¢ .2424073] .BA8C3TS | .0292634 .94

0.85 {[.0113023 | .0696459 2273766 .5589781 | .0280102 |[0.85
«86 ||.0106373 | .0654254 .2122520| .8692226 | .0266867 .86
.87 ||.0099580 | .0611324 .1970994( .8793666 | .0252915 .87
.88 |}.0092646 | .0567706 .1819238| .3894054 | .0238234 .88
.89 ||.0085577 | .0523422 .1667306| .8993343 | .0222808 .89

0.90 |}.0078375 | .0478500 .1515250( .90J1500 | .0206625 110.90
.91 |[.0071045 | .0432964 .1363124| .9188466 | .0189670 .91

i .92 |[.0063590 | .0386842 012109821 .9284198 | .0171930 .92
.93 [].0056016 | .0340158 .1058880| .9378652 § .0163389 .93
: > .94 1).0048325 | .0292942 .C906872| .9471778 | .0134035 .94

0.95 |1.0040523 | .0245219 0755016 | .9563531 | .0113852 {|0.95
.96 |].0032614 | .0197018 .0603366 | .9653862 | .0092826 .96
.97 1] .0024603 | .0148366 .0451982| .9742724 | .0070942 .97

: .98 || .C016493 | .0099294 .0300920| .9830066 | .0048187 .98

: .99 || .0008291 { .0049828 .0150240| .9915842 | .0024544 .99

¥ o d
L3

3 1.00 }|.0000000 { .0000000 .0000000 {1.0000000 | .0000000 |{1.00

-p A, -A Ao A_, -A_, |I-p

1




TABLE IIT.

Differentiation Coefficients - Fractional Form

da,
G T
u=k
, ’ ’ ’ rd ’ rd rd ’, , k
Akn Akl Akz Aks Alu Akb Akc Ak'r Ake Aka
n=2 (3 points) Dp= 2
0 33 3 G} 2
1 -1 0 1
n= 3 (4 points) Dy =6
0 = 18 -9 2 3
1 -2 -3 @ = 2
n= 4 (5 points) D, =12
o 45 -36 16 -8 4
1 -8 10 18 -6 i 3
2 i 1 -8 0 8 -1
n= 5 (6 points) Dp = 60
o I| -1a37 300 -300 200 -7¢ 12 5
I .12 .65 120 -60 20 =3 4
2 3 -30 -20 60 5l 2 3
n= 6 (7points) D, = 60
o || -147 360 -450 400 -225 72 -10 6
1 -10 -77 150 | -100 50 -15 2 5
2 2 -24 -35 10 -2 : -1 4
5 =) 9 -ab 0 45 -9 1
= 7 (8 points) Dy = 420
0 Il-1099 | 2940 | -a410 | 4900 ~357% | 1764 | -490 60 7
1 -60 | -609 126¢ | -10%0 700 | -31¢ 54 -10 6
2 10 | -140 -329 700 -350 140 -35 4 |5
2 o 42 -252 | -10% 420 -42 25 -3 14
= 8 (9 points) Dp = 840
0 {[-2283 | 6720 [-11760 | 15630 | -14700 | 9304 | -z920 960 | =105 3
1 || -105 | -1338 2940 | -2940 2540 | -1470 588 -140 15 7
2 15 | -240 -798 | 1640 -1050 560 | -210 ay -5 6
3 -5 60 -a20 | -378 105C | -420 140 -30 5 5
4 3 B 168 | -672 0 572 | -1sv 32 =3 5
n= 9 (10 points) D, = 2520
0 || -7129 | 22680 |-45360 | 70560 | -79330 | 63504 l3s280 12960 |-2835 | 280 |l
1 || -280 | -4329 | 10080 |-11760 11760 | -8820 | 4704 |-1680 | 360 | -35 |l 8
2 35 | -630 | -2754 | ssso -4410 | 2940 |-1470 504 | =105 | 10 |7
3 -10 135 | -1080 | -1554 3780 | -1890 840 | -270 s | -5 |le
4 5 -60 360 | -1680 -504 | 2520 | -s540 240 | -45 s s
o Pen | e Aoz A nes | Akones | Pkones Ak nos | Ak ner Ay n-g Pk .n-g || &




TABLE IV.

Differentiation Coefficients - Decimal Form

e i
18t RITS
A\ Al A Al Al A A A Al A Al
k. Kt k2 K3 ke ks ke k=2 ks 1 4%
n=2
o -1.5 2.0 -.5
1 0L 0 45
n=3
0|l -1.+33333| 3.000000 [ -1.500000 .333333
£ - 93333 -.500000 1.000000 -.166667
e g = nekyn-l
0 || -2.083333| 4.000000 | -3.000000 1.333333 -.250000 % 9
1 -.250000| -.833333 1.500000 - .500000 .0R3333
2 || .033333{ -.666667 0 666667 -.083333
|
n-=
|
0 || -2.283333| 5.000000 | -%.000000 3.333333 | -1.250000 |  .20C000
1 -.200000| -1.083333 2.000000 | -1.000000 .333333 -.05¢000
2 .050000{ - .500000 -.333333 1.000000 -.250000 |  .(32333
n=6

0 || -2.450000| 6.000000 | -7.500000 6.666667 | -3.750000 1.200000 | -.166667
1 -.166667] -1.283333 2.500000 | -1.666667 .B33333 -.250000 .033333
2 .033333| -.400000 -.553333 1.333333 -.500000 |  .133333 | -.016667
K -.015667 .150000 - .750000 0 -750000 | -.150000 .016667

n-=
0 |[-2.592897| 7.000000 {-10.500000 | 11.666667 | -8.750000 ] 4.200000 | -1.166667 .142857
1 -.142857| -1.450000 3.000000 | -2.500000 1.666667 | -.750000 .200000 | -.023810
2 .023810( -.333333 -.783333 1.666667 -.833333 | .333333| -.083333 .009524
3 -.009524 .100000 - .600000 -.250000 1.000000 | -.100000 .066667 | -.007143

n=8
0 [|-2.717857| 8.000000 [=14.000000 | 18.666667 |-17.500000 | 11.200000| -4.666667 | 1.142857 | -.125000
1 -.125000 | -1.592857 3.500000 | -3.500000 2.916667 | -1.750C00 .700000 | -.166667 .017857
2 .017857| -.289714 - .950000 £.000000 | -1.250000 666667 | -.250000 .057143 | -.005952
3 -.0059%2 .071429 - .500000 ~.450000 1.250000 - .500000 .166667 | -.035714 .003571
4 .003571 | -.038095 200000 - .800000 0 .800000| - .200000 .038095 | -.003571
n=9

0 |{-2.828968 | 9.000000 [-18.000000 | 28.000000 |-31.500000 | 25.200000 |-14.000000 | 5.142857 | =1.125000 | .111111
1 -.111111 | -1.717867 4.000000 | -4.666667 4.666667 | -3.500000]| 1.866667 | -.666667 .142857 |-.013889
2 .013889 | -.250000 | -1.092857 2.333333 | -1.750000 1.166667 ) =-.583333 .200000 | -.041667 { .003968
3 -.003968 .053571 -.428571 -.616667 1. 500000 - . 750000 .333333 | -.107143 .021429 |-.001984
4 .001984 | -.023810 .142857 -.666667 - .200000 1.000000| - 333333 .095238 | -.017857 | .001587

45




]
TABLK V.
Integration Coefficients (ay )
n=2 (3 Points)
01 0 - l 0 - 2
a, 416666667 L333333323
a; .C66566667 1.333333333 3
az -.083333333 333333333
n=3 (4 Points)
a, 0 -1 0 - 2 0 -3
a, . 375000000 .333333332 . 375000000
a, .791655667 1.333333333 1.125000000
as -.208333333 .333333333 1.125000000
a, .041666667 0 .375000000
n=4 (5 Points)
ay 0 -1 0 - 2 0 -3 0 - 4
a, .348611111 .322222282 . 337500000 2311111111
a, .897222222 1.377777778 1.275000000 1.422222222
a, -.366666667 .266666567 . 900000000 533333333
a, 147222222 . 044444444 .£28000000 1.422222222
a, -.026333359 -.011111111 ~-.037500000 .311111111
n=5 (6 Points)
aj 0 -1 0 - 2 0 -3 0 - 4 0 -5
aq .329861111 .311111111 . 318750000 .311111111 . 329861111
a, .990972222 1.433333333 1.368750000 1.422222222 1.302083333
a, -.55416€667 182555556 .712500000 .533333333 .868055556
a, .334722222 089555556 .712500000 1.422222222 .868055556
a, -.120135889 -.065666667 ~.131250000 .311111111 1.302083333
ag . 018750000 .011111111 .018750000 | 0 .329861111
n=6 (7 Points )
ay 0 -1 0 - 2 0 -3 0 . 4 0 -5 0 - 6
e, .315591931 .301322751 .305803571 .302645503 .307126323 .292857143
a, 1.07658730C1 1.492063492 1.446428571 1.473015873 1.438492C63 1.542857143
a -.768204365 .008730159 518303571 .406349206 .527033730 .192857143
a, .620105820 .351322751 . 971428571 1.591534392 1.322751323 1.942857143
a, -.334176587 -.213492064 -.325446424 .184126984 .961061508 192457143
a, .104365079 069841270 .096428571 .050793651 .466269841 1.542857143
a, -.014269179 -.009788359 -.012946428 -.008465609 -.022734788 .292857143
n=17 (8 Points )
a; 0 -1 0 - 2 0 - 3 0 - 4 0 -5 0 - 86 0 -7
ao .304224537 .292857143 .295758928 .294179894 .295758928 .292857143 . 304224537
ai 1.156159060 1.551322751 1.516741071 1.532275132 1.515063822 1.542357143 1.449016203
az -1.006919642 -.169047619 .307366071 .228571428 .288318452 192857143 .535937500
a3 1.017964616 .647619047 1.322991071 1.887830687 1.720610119 1.942857143 1.210821759
[« A -.732035383 -.509748359 -.5677008928 -.112162312 .563202711 .192897142 1.210821759
as .343080357 . 247619048 .307366071 228571428 .704985119 | 1.542857143 535937500
a6 -.093840939 | -.069047619 | -.083253923 | -.0677248¢7 | -.102306547 .292857143 | 1.449016203
a, .011367394 .003465608 .010044643 .0084556 08 .011367394 0 .304224537
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TABLE VI.

Second Derivative Coefficients

’

da,
Ay = "l ek
B es e Ara b B s e Ay
n=2 (3Points) D, =1 :
far | o[ -2 1|
n = 3 (4 Points) Dn=l
0 2 -5 4 1
1 1 = 1 )
| 2 0 1 =2 1
3 ol 4 -5 2
n = 4 (95 Points ) D, = 12
0 35 -104 114 —56 11
1 11 -20 6 4 -1
2 -1 16 -30 16 =l
B -1 4 6 =20 11
4 11 -56 114 -104 3t
n =5 (6Points) D, =12
, O ﬂf a5 | -152¢ | =214 | -156 51 -10
i 10 -1 -4 14 -t 1
i 16 -30 16 -1 0
] | 0 -1 16 =30 16 =1
4 |i 1 -6 14 -4 -1 10
5 -10 61 -156 214 -154 4%
n =26 (7Points) D,=180
0} 312 ] -3132 5265 | =5050 2970 —972 137
1| 137 -207 -255 470 Y a3 -13
2 l -13 228 -420 200 15 -1z 2
3 | > -27 270 -490 270 -27 2
a 2 -12 15 200 -420 224 -13
: h-13 92 -285 470 | ~255 -207 137
{ 5, 187 | -972 | 2970 | -5080 [ 5265 | -3132 812
n =17 (8Points) D, =180
, 0 938 | -4014 7911 | -9490 7350 | -3618 1019 | -126
J 1 126 =70 -486 855 -670 324 -90 11 f
] 2 -11 214 -378 130 85 -102 16 -2
- 3 2 -27 270 -490 270 -27 2 ) <
l 4 0 2 -27 270 -490 270 -27 2 f
5 -2 16 -102 85 130 -378 214 -11
6 11 -90 324 -0 855 -48¢ -70 126
7 || -126 1019 | -3618 7380 | -9490 7911 | -4014 938
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TARLE VIT

Third Deriva’ive Coefficients

N
4],
. X1
Ak T ) e
T
1 Ay Ayt | A s B | Aes | Pke A
n = 3 4Pniz's ) Dp =1
a1l | -1 3 | 3 | L
n = 4 (5Poinis) D=
0 ) 18 -4 14 -3
1 -3 10 -12 6 -1
2 Y -1 2 o B H
3 1 -5 1 -1 3
4 ] -14 23 LE 9
n =9 {6Ponis) D, =4
0 -17 7 -1.8 Qg ~4] 7
1 -7 25 - 34 a2 -7 1l
2 2l S 18 24 K -1
3 1 -7 pR -0 1 3
4 -1 7 -22 34 25 7
9 -7 43 -8 LA -7 27
n=6 7Porcej D, =24
0 -147 696 -1382 1488 - 921 312 -45
1 -45 168 - 249 162 -87 24 -3
2 -3 -24 205 144 87 -24 3
3 3 -24 39 ¢ -39 24 -3
4 -3 24 --87 14a -109% 24 3
5 3 -2¢ g7 ~19e 249 ~-168 45
6 dh -312 921 -1488 1383 -696 147
n =177 (8Pants ) D, =120
0 -967 5104 -11787 155€0 ie7es8 6432 -1849 232—
1 -232 88¢ -1392 12056 /80 67 -64 7
b -7 -176 693 1¢00 R1H -288 71 -8
3 8 -71 48 245 -440 267 -64 7
4 -7 64 - 267 44C -245 -48 71 -8
S 8 -T1 288 =719 1300 -693 176 7
6 -7 64 -267 680 ~1205 1382 -889 232
7 ~2352 1849 ~643 1225 ~-15560" 11787 | ~5104 967
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