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The Effect of Acceleration Time on Plastic

Deformation of Beams under Transverse Impact Loadingl

by

D. S. Green2

ABSTRACT

This paper considers a snecial case of point impact
loading on a beam which is free to move in the direction of
striking. The impact is such as to impart to the mid-point of

the beam constant acceleration for a certain pericd,; and then
constant velocity for all subsequent time, If this acceleration
is sufficiently great, the beam will undergo permanent deforma-
tion. The analysis shows how the magnitude of the deformation
depends on the final velocity and the duration of the accelera-
ticn, assuming that the beam behaves in a perfectly plastic-

¥ rigid manner., This is the simplest problem introducing the
finite time of acceleration that can be solved, and, although
it is highly idealized, its solution will be valuvable as a

guide in the planning of experimental programs,.

l. The results in this paper were obtained in the course of
research conducted under Contract N7ong-35801 between Brown
University and the 0ffice of Nzval Research.

2, Research Assistant, Division of Applied Mathematics, Brown
. University.
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List of symbols

M

L= I - R ct

<
(o]

oy > R " <«
o

o 8 ® © ~w

i

1]

mass/unit length of beam

length of beam

fully plastic moment of beam

distance along beam from mid-point

time

duration of acceleration pulse

time at which outer hinges disappear

total time reguired to complete deformation
velocity of mid-point of beam

velocity of point distant x from mid-point of beam

final velocity of beam

striking rorce apnlied at mid-point of beam

W)
ct

bending moment X

distance of outer hinge from mid-point of beam
V2A

initial value of §

@ - 25)"

anglc < rotation of inner segment

final magnitude of €5 when t = T, § = ©

angle of rotation of outer segment

final magnitude of g.
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INTRODUCTION

The assumption of plastic-rigid behavior has been
adopted several times in previous analyses of the plastic deform-
ation of beams subjected to various types of impect loading
1 - H]3. It is now desirable to verify its practical applica-
bility by experiment. This can only be done if the theoretical
solutions relate to experimental conditions, In impact tests it
is easier, for example, to measure velocities than forces., With
this in mind, Symonds and Leth [1] solved the problem in which
the mid-point of a tree beam is suddenly caused to move with a
given velocity; they neglected, however, the effect of finite
time of impacte. Our present analysis, of which theirs is the
special case of zero acceleration time, introduces this factor
and therefore approaches more closely to real conditions. It is
our intention here to provide information on the effects of
acceleration and pulse time which will be useful in the arrange-
ment and interpretation of testse

The problem solved in this paper will now be specified.
A uniform beam AB of length 2f is at rest and without lateral
restraint, when its mid-point O is struck laterally in such a
way as to give to O constant acceleration for time T, and con-
stant velccity V thereafter (Fig., 1l). It is required to find the
resulting angle of deformation at the mid-point of the beam
(® in Fig. 2), assuming that the relation between tending moment

and curvature is that shown in Fig. 3. Perfectly plastic-rigid

3« Numbers in square brackets refer to the Bibliography at tke
end of the papere.
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mechanical behavior means that there are no elastic effects and
the beam bends only where it is subjected to the fully plastilc
moment M_, at which sections it can assume unlimited curvature
while M, is maintained., Thus elastic vibrations are precluded
and the solution is conspicuously simplified. An analysis based
cn this assumption is likely to produce valid results for ductile
materials only when the total energy absorbed in plastic deforma=~
tion exceeds by far the total elastic energy the veam could store
in bending [1,2].

There are three possible types of configuration that
could arise from the motion imparted to the bheam.s Which cf
these obtains depends as follows on the magnitude of the non-

dimensional quantity m{?V/MOT :

(a) m{?V/MoT £ 2, where m represents the mass per unit length of
the beams The 1imit moment My is never achieved and hence
there is no deformation.

(b) 2 <mdPV/M v < 41.7 A plastic hinge appears at the mid-
point and all the deformation is concentrated there.

(e) mX?V/MOT > hl.7 Three plastic hinges occur, one at the
mid-point and two symmetrically placed outer ones. The
initial positions of the outer hinges depend upon V/t, but
these hinges move cutwards until in the course of time they
r.ach points a quarter of the length of the beam from the

ends, and then the bending mcment is no longer sufficient to

sustain them and they disappear (Fig. 4)s These outer hinges

leave behind them smcothly-deformed regions.

P ——
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Conditions are always symmetrical abcut the mid-point of the
becam, After stating briefly the assumptions made to facilitate
¥ our analysis, we shali discuss cases (b) and (e¢) in detail, Cese
(a) is trivial,

Apart from the neglect of elastic effects the principal
assumptions made are that the limit moment is unaffected by
strain-rate [5], strain-hordening and shear stresses [6, 7].
Experiments are needed to tell us how important these phenomena
are, and within what range our results are useful, It is perhaps
fortunate that although strain-hardening and high strain-rate
tend to increase the 1limit moment, shear stresses influencec it in
the contrary sense, A further assumption made throughout the
work is that ihe changes of shape of the beam are so small as

to have a negligible effect on the equations cf motion,

ANALYSIS
l. Case of One Plastic Hinge (2 < m%?V/Mox < H1.7)

If V/t is greater than 2Mo/m£? the limit moment is
always reached al the mid-point of the beam and a plastic hinge
occurs theree Thics can easily be shown by considering the bending
meoment distribution caused by inertia forces in a rigid rode.

The equations for the rotation of either half of the

beam (Fig., 5) during the pulse and for the subsegquent time are

respectively
. o 3M
= 2L .29 (1)
and 2 i md>
5 3MO )
@ = - ¢ 2
b

-/ = = Ty F e T L 7 S e o i St b Bt
- -~



Al11-112 6

The plastic hinge disappears when © = O, Application of this

condition to (1) and (2) shows that the final angle of deforma=-

3
i tion developed by the beam is
:
3 1 Mo't m)CV2 o
@ = :(-é- = 2 ) M L] (3)
i m =V o

The value of ml°V/Mjw at which throe plastic hinges
first appear can be elicited from the bending mcment distribution.
Let M be the bending mement at a point distant x from O. The

g equation for the translatory motion of thce beam during the

acceleration pulse 1s

2
g.:m%:%_m&g )

g; whence,using (1), - M
= -é-zljim&%i-%-f (5)

where R is the total force appiied to the mid-point. The moment

at O is the 1limit moment M,, therefore, reckoning sagging bpend-

ing moment positive,

X

M = Rx/2 = My - m é (x - x')(V/7 - x' @)axt, (6)
Jo

By substituting for R and 5 and then finding the value of x at

which M is a maximum, wc find that the outer hinge first appears

when m2V/MgT = 41,7 and then x/L = 0,40k,
In Table I are shown some values of the final angle ©

for corresponding values of mQ?V/Mom lying between 2 and 41.7.

These have been plcotted in Fig., 9.

— VR O 3 5o N e o
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TABLE_I
! 1 i
2. i ) l ; i
ﬁkkv o2 3 4 5 | 10 | 20 30 | 41,7
= | ' 1 :
i ] |
MO | ! ; ; ;
& | 004125 10,188 10,225 : 0,300 | 0,338 | 0.351 | 0.357
m)&; i; | f f | |
él i JILES ) : ]

2. Case of Three Plastic Hinges (m&?V/MOT > 41:.7)

If V/t is greater than 41,7 MO/mX? three plastic hinges
form similtancously at the commencement of the motion. The
initial nositions of the symmetrically situated outer ones depend
on the magnitude of V/t. We shall now seek equations of motion
for the beam by first taking any functico Go = ;O(t) for the
acceleration of the mid-point. These general eguations can then
be csuitably adapted to reprcsent «ach phase of the motion in
tarn (e.z. by putting ;o = V/t = constant for O <t £ 1),

Conditions being symmetrical about the point O, we
need consider only half of the beam, OA (Fig. 6). H represents

the outer hinge in this half. The general equations of motion

for CH and HA respectively arc

2N, = 13— v, E%. o (")
= 5NS

where M = A(t) = distence of the outer hinge from the mid-point O3
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6 = angle of rotation of the inner segment OHj

¢

The element of mass md\, which is transferred from the outer to

11

angle of rotation of the cuter segment HA,

the inner segment as the yield ninge traverses a distance dA
Anes not influence the equations because its momentumr is not
affccted by the transfer. Equation (8) follows from therc being
zero shear force at H, and sc from the acceleration of the centre
of mass of HA being zero, Further equations represent the veloc-

ity and accelerati-n distribution along the rod: for x > A

A X
) A

dx = ! édx, (9)

V-‘:V-gé
, ‘
Jo Jda

o

and thercfore, by the rule for differentiation under integral

) 2

i "
l
!

signs, .

v=v, - | 8dx-X6- 9ix +\p. (10)

0 Jx
But the acceleration of the mid-point of HA, x = %(% + A) is
zero, whence

A I T ST A9 - ©) = O, (11)

Elimination of € and ¥ from (11) gives

6M 6M . . [y
-2+ 2 - 0 5 = = Mo - ). (12)
2 mA® m(d - N

Having derived the general equations (7) to (12), let
us Investigate the motion and deformation of the beam in the

following three phases:

oot o e o e

. s 1 e
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I during the acceleration pulse (0 <t < T);
IT the time between the end of the pulse and the elimination
of the outer plastic hinges H(T <t < t4);
IIT the time after this and until no more bending occurs at the
mid-point O(tg < t £ T).
It will be evident from cur subsequent analysis that the outer
hinges cease to be sustained before rotation ceases at the central
one,

Phase I, O <t & 7T

In this phase W = V/% = constant. It can be shown

{

that in this circumstance (12) demands that A = § and so A\ = XO

= constant for t < T« Thus from (12), and putting X\ /4 = E ,

o) 0’
) 2
2M T £ (1 - &)
20 = 2 4 ~C g (13)
m&"V (1 - 2E)

We have, therefore, that throughout the pulse period the hinsges
do not move along the rod; the greater the value of V/% the
closer are they to the mid-point; their initial positions can
never ve farther from the mid-point than 0,404l because V/g
must exceed 41.7Mo/m£?. Figure 7 shows V/t as a function of €0
the curve is asymptotic to the line CO = O, Henceforth in our
work we shall express deformation as a function of £, instead of
V/7t because of the consequent simplification. Figure 7 is a
means of rapid transformation intc terms of V/< if such is
required.

Returning to (7) and (8}, for 0H we have
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. 6M
] e = (% S O ita)
E koT mk%
j 2ll - 28,) - £ v L
1 = et (using (13)) (140)
‘-‘:O(l = 2Q 0)
N x e
QT T2 Q’CT (15

2
. 12}
LT z (16)
md -2 )% (1= 20 - E)
Pz = SR (17)

Substitution of values for Eo in these equations gives the re-
sults representing conditions at t = 7 in the first two lines of

Table II, page 16, It is our cbject in this paper to determine

the resultant deformation ®, so only the figures relating to it

have been tabulated, and those for ¢ have been omitted.

Phase II, = < t < tg

The deflections and velocities at t = ¢ are the initial
conditions tor the differential equations of motion feor this
phase. The acceleration condition now is that v, = 0y and so

(7), (8) and (11) become (18), (19) and (20):

Y 6M
0 = - —-.9. ...]:_. (18)
m{, 53
v 12M
¢ = —3—1 (19)
nt” (1 - E)3
= NS & ££;€%2L1§;+ ANg-9) =0 (20)

e e o e
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¢ - 0 =.§ [—L1— -1 (21)
1 -8 £°

Differentiation of (21) with respect to t, and then a further

sul'stitution for 5 and $ yields the following eguation relating

E e &k w . 2
_E,___(l-ﬁ) (22)
é2 T TE(2E - 1)

the solution to which is
. 1 Y N
e/ - 28) Texp(e/2)] = 4 (23)

where A is a constant of integration depending on the angular

velocities of the segments at t = T,

72M_C
A= (24 )
19
mi~V
where
C=C(g_)=(1=-2¢ )7/)-"/6(1 L )[3(1-28 )(1-& \-2“3-611-5 )3]9X (g./2)
- Eo)_\ o= o) L-":O LSy A 50) —50/‘ tJO \ o p O

(25)
The relation C = C(§,) is shown in Fig. 8. This phase of the
problem is virtually solved now that (23) represents the movement
of the outer hinges. It merely remains to find the incrz2ase in
© durirg the period T <t < tg, and the angular velccities ; and
6 at t by integrating (18) and (19).

From (18) and (23)

t t 0
’ "° 6u 2 {‘ TR !
Odt = - —_2 it’ =Fc .l - ty=c _ K -
=3 53 3T (1-K ) "“K"exp[ &(1 K ) J]aK
JT T JKO (26)

]
N
1-—,—_ & PR T . TR 5 7 - ora
V-
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P

Y.
where X = (1 - 2£)" and K, corresponds to §_. Then

t 0

n S ® )

L X 4n+2) L

| Gat = -§- I}:':' niO (o % DR 2 o - %;(1 - K1k (27)
JT ‘Ko

The fact that when t = ts, £ = % and K = 0 follows from (21) by
putting $ = 0, which is the condition for the disappearance ol
the cuter hinges. Fuarther, for the incrcase in © during this

phase we have

:\‘VS "\ts : i;ts )

. [ ] _ : . N I [ J ./
edt = | (6 - QT)at + QTdt {28)

: ' 3 -
] & '
JT T L

'~

which has to be evaluated by the same means as was (26). The
computed results are in Table II. The subscript s refers to

conditions at t = ts.

Phase III, t4 <t KT

Only the hinge at the mid-point now remains, and the
two halves of the beam rotate as rigid bent rods, The eguation

of motion for 0OA is therefore
6 = - 3Mo/m£3 (29)

So the angular acceleration is constante. The rotation persists
until the angular velocity is reduced to zero, Then + = T and
© reaches its final value ®.The results for thic phase are also

in Table II.

i A s G M MPI  H
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Recultant Deformation for Whole Period O <t < T

Coliecting together our data, we have ©, the final
angle at the mid-point (when three hinges have been present),
given in Table II. All these results are subject to the angles
being small, otherwise the equations of motion would be invali-
dated by changes of shape. The worliing has been checked by

GS, and a@lso by drawing

0.3, Only © has been

L]
graphical integration to ensure that P

I

up an energy balance for the case of EO
described here. Calculations show that ® - & is much less than
©., Figure 2 indicates gualitatively the sort of cdeformation that
occurs. It should be observed that most of the angle © is built

up during the period ts <t T,

3. Results

All the values of © in Tables I and II (i.e, for both
types of deformatian configuration) have been plotted in Fig. 9,
which contains the most important numericai results of the
analysis. In the graph the line Moe/miv2 = 0,425 has been ob-
tained from the work of Symonds and Leth [1] in which they
considered the limiting case of infinite accelerat:on. This
result can alsc be derived by the method used in the present
paper: (13) shows that for V/t—w, £, ,-30, and then suitable
modification of (23) gives the required answer. It is a satisfy-
ing check on the computation for Fig. 9, that the graph of
Moe/m{.v2 is asymptotic to this iimiting line., It is worthy of

note that, provided three hinges occur, our curve lies at all

places within 15% of the limiting case and within this degree of

e  tens
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Tllustrative Examples

(a) For a 3" squere steel bar 6" long, with mid-section

accelerated to 50 ft/sec in 1/20 millisec
T = 42
mi V/M T 3

SO we have the three hinge type of deformation. Figure

9 gives

® = 0,358 mAV"/M_.

Therefore
& = 0,15 rdnse.

(Note:s the limiting case of Symonds and Leth would

give © = 0,16 rdns).

(bp) An 8" x H%” @ 23 1lbs. American Standard I beam
32 ft. long, with mid-section accelerated to 50 ft/cec
in 1 millisec, also deforms with three plastic hinges
because

o

m£?V/MOT

i
f
==
o

Figure 9 gives

0,395 mdv° /1,

It

&
= 0,22 rdns.,

(Note: the limiting case of Symoncs and Leth would

give © = 0.24 rdns,)
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CONCLUSIONS

Figure 9 contains the major results of this work. The
type of Geformation that occurs in a beam subjected to the load-
ing specified in this problem is governed by the non-dimensicnal
quantity m%gv/MOT. For mX?V/MOT £ 2 no plastic deformation is
caused. If 2 < m{gv/MOT < 41,7 one hinge occurs at the mid-
peint and the damage can be ascertained for any particular case
by usirg Fig. 9. When, however, mkgv/MOT > 41,7 the quantity
MOCVm{N2 is substantially constant and an approximetion to within
10% is that

’) % n [y
© = 0.4 mbV"/M_ m&?V/MOT > 41,7 (30)

Thus © may be considered to be independent of % in this region
and to depend only on the square of the velocity V.
Experiments are now required for comparison with the
results of this paper, It will then bz known how influential
are the various erfects neglected in the analysis, chief among
which are elastic vibrations, shear forces, strain-hardening,

and strain-rate.

|

e e e e
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