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WAVE GENERATION BY POINT SOURCES
by
W. A. Nierenberg

I. Introduction

The problsm of wave generation in water of arblirary depth
by complicated situations such as moving ships, surface disturb-
ances, etc., has baen dlscuessed many times. However, the treat-
ment of the simple model of a polnt source at a fixed ocircular
frequency has not been published. The advantages of such a model
are obvious. The judicious dispeeition of such sources in space
can he used as a rough model for almost any source of disturbance.
The Fourler synthesls of the solution can be used to interpret the
disturbance by a source varying with the time in any manner.

In this rsport, the exact goclution for all dletances from the
source for a point source in a linearized theory 1s obtained a la
Lamb. Application 1g made to a dipole source whose dimension 1s

ehort compared to the wavelength of the generated dlsturbance at
large dletances.

II. The Differentizl Equation and the Boundary Conditions

In this problem, the equation to be solved is the equation
&f continuity on the velocity potential Q .

vwh=0
-’

~~
3
AV 4

The solution to this equation will be made to satisfy the free
surface toundary condition and the condition of a spherical source
at a depth h from ths surface. The % -axls colncldes with the
vertical, with ¥ being measured as pdositive in the upward direc-
tion. The water depth is H. The usual technique of splitting
the region into two parte using a horilzontal plane through‘ad=£§p
will be followed. The reglon © >%2> %I will be lEbeled
with the subscript I, the region 31232 ~-H with the sub-
script II. The elementary solutions for the two regions are:
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(3)

O

¢V 1g the olrculsar fraquency of the harmonic =ource, k 18
the separation constant, A, B, C, D are arditrary oonstants, and

r 1s the oylindrical radiue rrom the origin. The boundary con-~ j
ditions to be satlisfied are:

*¢ 28 i
btf fs5 I ) 3=° (4)

47 aZZ, ,
e 255*‘( D

(6)
_DQI_—B
P g%fx » 2= 3 -
081 _
ot - W (7)

Equa%ion 4 is the well known free surface condition. In Eq. 6

z refers to the -factor of Eqs. 2 and 3. The disconti-
nulty in the 3 ocomponent of the velooity 1s 1llusory, for

the final linear combination wlll involve an integral like “

ot o e SRR L AP S 'v‘rt o A s —
ot ST The ey e 111; AR gk i e
- 5

1777' ."-
Pt T n i ; f o ‘rr 8—' .
ity '

R .
p \
P . e A Do g 08 e L. 3 a4 . o :
P . 5 2 (L b SLELE (R . & s Jo\h-x &, 2.y



!
o
]
i 3 U S e

Q0
r J.CRAORAR  whioh 1a equivalent to 5(&) . Equation 6
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represents continuity in pressure. Equation 7 requires vanishing
vortical motion at the bottom boundary. V 1is a constant which
will be interpreted subsequently.

The indicated substitutions are performed. The constants are
evaluated. Finally, the simple linear combination of summation
over ail Xk is chosen, ylelding

Lo o

‘-.‘v.. = b(H+ ol T (Rn) L4
towe Jsm{ﬂkf'“w“kéﬂm“ (0

eitfatenkhy ttainh bt oyl (H ) T (he) ot |

E J GRpimk RH~ wicrah kit (9) i
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There 1s still an ambiguity in the path of integration: the inte- ;
grand hae two poles on the real axis given by

= g,kvahH (10) ‘

Thess roots are oif the same absolute value but opposite in sign .
We will call them * k,. The path of integration is chosen to

avoid the poie by a amall sericircular excursion into the upper
half of the complex plane. (Fig. 1) This will guarantee
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that the final solution will consist only of outgoing waves at
infinity. Ve note that the real solutions of Eq. 10 give the cor-
reot phase velocity for the outgoing waves.

Finally, there iz the question of verifying the singularity
at the origin and obtalning the normalization of the source. In-
spection of Eqs. 8 and 9 shows that the integrals go to infinity
ag both /L -»c0 and %-r; 31 . Furthermore, the infinite

ccntributions come from the very large values ¢f k in the inte-
grand. Thercfore, to the approximation that L->0 and ;‘751

we may approximate the solution by

e Wt (ke ) 4 eﬁwr
-@I’>4¥e‘ fe FIT ko) dk = ar R (11)
. .
! otwt(_ kiz-3) A N
_@'r:;. ‘.‘%r e ofg §3 T (k) dk = TR (12)
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It follows that, in the nsighborhood of the singularity, the
solution 1s represented by a source whcge peak strength is VY
units of volume per sscond.

IIi. Ihe Evaluation of the Integral

In addition to the two real poles, the iniegrands of Eqs. 8
end © have an infinite number of pure imaginary poles, syumetrical
as to sign, given by Eq. 10. These roots will be denoted by kn,

M = 2], 2, 3. There are two limiting cases of general in-
terest.
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Case 1. or the shallow water approximation.
In the 1imit we find:

[ Hkp [ = m? n=1,23...... (13)

Case 2. There 18 nc simple approximation

for hnv but the early roote start as

/H /?,,\ (=(9.m-l):i{'— n=1,23...... (14)

For large values of n, the golution turns over to agree witia (13)
but the first roots are the only practical ones in the limiting
solution. If more than a few rocts are required, the series ex-
pansion from the origin is more useful. 8ince there are no branch
points, the integral 1s evaluated by elementary technique ylelding

poo/\,k,..(mg\m%/v (H+3) 2 >
H i
g T JtH é’ QR,,H/MJ" ’\m/‘ o[/? / (15)

where HS (/L ) 1e the zero-order Hankel function of the second
kind. This 18 the solution to the problem. It 1s to be notiged
that the artificial divisicn of the solution valid for two regions
has disappeared 1n the final expression in Eq. 18. This must be
80 and the fact that this occurs 1s a check on the soluticn. It

will be convenient to regard Eg. 15 as the Green's function for the
problem.

In any practical applicaticn, this solution can be used to
ldealize the situation by approprizte combinations of sources and
sinks. As an important example, we shall consider, in addition
to the source at the origin, another source whose coordinate is

3732 ,1=&, =0 which fs oscillating Just 71~
radlans out of phase with the firset. In this case, we have the
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difference of the two solutions. 8ince the various addition thec—
rems are *2 be applied, the solution i1s manipulated in a prelimin-
ary way:

F-Vetor MMQM ) —cowh bnlHt 320 ] i
atH I+I}‘;T/M‘2/?m

t_oo (16)
o Ve“" ML&(H#;,M/(’M(H 31)
20H MZ{, i J—MQ@# E kun)-H (/ﬁ,/l:)]

(k1)

where ﬂ-l 18 the cylindriocal coordinate measured from the sec-
orid source.

The two terms of Eq. 16 may be written in a more famlliar form
through the use of aidition theorems.

uot //{f) > };"(Hﬂf ) ]
g Lo o el 3/’*‘ Agdpnd by (e B) |
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This eolution 1s exact. In the next section various approxima-
tions are considered.
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E IV. The Various Approximations
; 1. The Asymptotic Approximation

In thlis approximation, the concern 1s with the wave am-

plitude &t dlstances such that Ko 2 > I . The
customary technique is to employ the asymptotic exoansions

of vhe Bessel functions. In addition, we recognize *hat the
terms for n = O yleld the outgoing waves, whereae the terms

n =<1, -2, etoc., yleld exponentially damped waves with dls-
tance. In practice, the damped terms may generally be neg-
lented at about one wavelength from the source. Thils approxi-
mation gives

Fo Veoad ko (Hig) et cho-of
QH( | 4—54,{?,04)»&&/&@ V&% 5

[ainkb, 38 wind h, (H + 3u222)
(18)

Fesah by (H 43 ){1- T (k) -2 ;’o e L%IJ;“ (bed ) ra g

2. The S8Shailow Water Agymptotic Approximation

In ihis approximation, the departure is Eq. 18 with the
additional assumption that R, H<< 4 . The ex~-
pression further simplifies to

& V@ Wt ~ken - LT
“4H VL}LW”?oﬂ.

2 = | ‘uf _
E’ [5'.(3")6“* ;%éﬁ_*—)-{' ‘/"J;[ktf)‘ QA“%e LrJo(é‘ﬂ)cv,Q/m g{?} (19)
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This approximation is intentionally inconsistent in the terms
of the second order. The effect of the vertical separation
of sources vanlshes in first order and the second order terms
have bean kept for the spscial case d = O. It 1s also useful
to have an exprsssion for an lsolated source to the same ap-
proximation. Reference to Eq. 16 ylelds

L‘wt -—c'r o JL — 2—7’”

. &
§ 4 H ‘vi?i';\"./"c, (20)

3. The Dipole roximation in 8 0 ater

In this sapproximation, the assumption i1s made that the
two sources are considerably lass than a waveiength apart or

that both /?&/l<<4 amd Il‘/(’o (5,"5;)/<<i

To terms of the first order only,

é-r _kdcoaye wWt-chon + E

. V \
4 /_/ r-L——_—i""fl\koll (21)

In effect, the single source 1s reduced by the fraction
Ro F,,G'N- f . The effect of the vertical separation
31 = 51, Ain shallow water 1s of higher order and 1s

evaluated in Eqg. 19.

There &are further useful approximations but they will
not be listed here since they are of secondary importance.
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v. Numerical Estimates

As an example of the order of magnitude of the effects involved,
we consider the case [/- /00/’ W = T/jo gec ! eingle source.

Since @ = F;%f

This corresponds to a wavelength of 1120 ft. If an overpressure
of 1 inch of water (approx. 56 1lbs/ft“) 1s considered at a distance
of 1000 ft, the peak flow volume in f£tS per sec 1s

Vv = 9.0 x 10° fts/sec or
V=5.4x10° oc.fom

If the source 1s a horizontal dogbleg of spacing 20 ft

the V required would be 6 x 10° f£t/min which 1s considerable.
For purposes of computation, 1t 1s convenlent to write Ea. 20a
in terms of W and /f alone.

p q"% p w" A
MEA X = U P78
. RH* VR { 2T (20a)

This indicates a rather slow dependance on 175 I
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