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Project N5ori-C7856 

SURVEY 

The greatest effort of the group during the period described by this Progress 

Report has gone into the problem of configuration interaction in solids,   and its rela- 

tion to the correlation energy.    My Technical Report No.   6,   dealing with this problem, 

came out at the beginning of the period.    Dr.   Lowdin,   though he has left the group 

after his profitable period here and has returned to Sweden,   has now found time to 

write up the extensive work which he did while he was here on these subjects,   and his 

contribution forms a major part of the present Progress Report.    He hopes to elabo- 

rate some of this material in the form of later papers,   and also probably will write a 

Technical Report for this group,   dealing with some aspects of the many-electron 

problem     Dr    McWeeny too has been concerned with these problems.    In the present 

Progress Report he presents valuable conclusions from his study of the n electrons 

in benzene,   in which he has been able to compare the results of several different ap- 

proaches.    He delivered a series of lectures during May on the subject of configura- 

tion interaction in solids,   which are being written up in the form of a Technical Re- 

port.    In these lectures he presented the theory of molecular calculations from the 

point of view of the density matrix,   a point of view which has been independently fol- 

lowed by Lowdin in his contribution to the present Progress Report. 

Several conclusions emerge from this work.    In the first place,   there seems 

to be no simple way of avoiding the labor of a configuration interaction calculation. 

McWeeny's results on benzene show that in even as simple a problem as this,   a rather 

extensive configuration interaction is required to get acceptable results,   whether one 

starts with molecular orbitals,   with the valence bond method using ordinary atomic 

orbitals,   or with the valence bond method and orthogonalized atomic orbitals.    It is 

true that in certain cases one can introduce rather extensive configuration interactions 

merely by considerations of symmetry,   particularly in the problem of spin degeneracy, 

as has been discussed by Lowdin;  but this will hardly go far enough,   in the ordinary 

case,   to make further configuration interaction unnecessary,   though the simple case 

of the ordinary Heitler-London calculation for hydrogen is one in which it gives mod- 

erately acceptable results. 

If one is to use configuration interaction methods,  then for practical reasons 

it is essential to start with the best one-electron functions,  in order that there will be 

the most rapid convergence of the configuration interaction;   that is,   in order that one 

can get an acceptable answer from a minimum number of determinantal functions 

formed from these one-electron functions.    I suggested some time ago that this goal 

might well be reached if the one-electron functions were to be chosen as solutions of 

-1- 
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(SURVEY) 

a one-electron Schroduiger problem,   with a potential determined by a certain self- 

consistent condition.    This condition could be put in a form general enough to hold 

even in the presence of configuration interaction.    Lowdin now appears to have proved 

that this suggestion of mine,   which I arrived at intuitively,   really has a rigorous 

basis.    His proof,   and the "natural spin-orbitals" which he discusses,   deserve fur- 

ther study,   and if they prove to be justified,   they allow us to draw some conclusions 

about practicable methods of carrying out configuration interaction. 

Let us ask what this procedure implies,   if carried through completely.    Sup- 

pose one starts with a set of one-electron orbitals,   constructs determinantal wave 

functions from them,   but decides to use only a limited number of such determinantal 

functions.    One carries through a configuration interaction using this limited number 

of configurations.    Then the implication of the theorems is that the configuration in- 

teraction will converge most rapidly if the one-electron functions are determined 

from the self-consistent field.    That is.   we conclude that the effect of the configura- 

tions which we have omitted will be a minimum,   if we use the self-consistent field to 

determine the one-electron functions      Lowdin has not proved the theorem in pre- 

cisely this form,   but his proof is close enough so that this is probably what is implied. 

In practice,   one will probably never carry through this whole procedure;   it 

is likely that after anyone has carried through a configuration interaction in any given 

problem,   he will be so exhausted with his labors that he will not want to take any fur- 

ther steps to get self-consistency.    Nevertheless the theorems point out the direction 

to work in,   and suggest that if we could find a good approximation to the self-consistent 

field,   and use solutions of this for the one-electron .'unctions,   we should get good con- 

vergence from the configuration interaction problem.    For instance,   the simplified 

Hartree-Fock method using a free-electron correction for exchange,   which I proposed 

several years ago,   might be close enough to the correct self-consistent field so that 

if we could solve a one-electron Schrbdinger problem using this potential we should 

get good convergence from a configuration interaction. 

Further progress has also been made during this period,   in the solution of 
I 
* the one-electron problem.    Dr.   Koster presents further results on the problem of 

perturbed periodic lattices:   he has considered the question of scattering of a wave 

f by a perturbation,   a problem whose applications to such phenomena as electrical re- 

sistance are obvious.    He has also carried further the tight-binding approximation 

for energy bands,   which he and I worked out some time ago.    It seemed to us too bad 

that there was no calculation of density of states for the face-centered cubic struc- 

ture,   such as we recently carried out for the body-centered case.    The calculations 

of Fletcher and Wohlfarth on nickel would give a suitable example,  but they had not 

carried their work through,  on account of the tedious mathematics involved.    We had 

worked out methods of solving the necessary secular equations,  using Whirlwind,  in 

I 
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connection with the body-centered case,   and we have decided that it will be worth 

while to complete the work of Fletcher and Wohlfarth by computing the energy bands 

at many points in the Brillouin zone,   and finding the density of states.    The reason 

why this will be interesting is to compare with the calculations which Krutter and I 

made many years ago by the cellular method.    From ihe work of Howarth on copper 

we know that this early cellular calculation agrees much more closely with the tight - 

binding method than with the older cellular work.    The old calculations gave a dip in 

the density of states near the middle of the d-band,   for copper;   we wish to find if a 

similar dip is indicated by the tight-binding calculation. 

In the meantime,   Howarth is continuing his study of the augmented plane 

wave method for copper,   to compare with his cellular calculations.    The results,   as 

of the moment,   are encouraging:   the convergence appears to be more rapid than by 

the cellular method,   and the method seems to be practicable.    Saffren has made some 

interesting studies of the behavior of the method at symmetry points in the Brillouin 

zone,   and has suggested improvements in the method to be used at those points.    Cor- 

bato continues his study of energy bands in graphite,   by the tight-binding method.    A 

number of the other Dieces of research in the group are going on successfully.    One 

investigation which has been carried to completion is Kleiner's work on the magnetic 

scattering of slow neutrons from oxygen gas,   using Meckler's wave function.    His 

calculated results agree within a few percent with the experimental determination at 

Brookhaven. 

There have been several changes in personnel since the last Progress Re- 

port.    Dr.   Pratt,   who was spending a number of months on leave of absence at the 

Raytheon Manufacturing Company,  has returned to the Lincoln Laboratory,   but in 

Group 35,   where he will be less closely associated with the Solid-State and Molecular 

Theory Group.    Dr.   Kleiner is leaving shortly to join Dr.   Pratt in Group 35.    Dr. 

Schweinler is spending the summer on leave of absence at the Oak Ridge National 

Laboratory.    One new graduate student,   Mr.   Schultz,   appears in this Progress Re- 

port.    There are several others who have been doing a little work with the group, 

and several new postdoctoral members will join the group next fall.    Several of the 

present staff members will leave at the beginning of the fall,   including Drs.   Howarth, 

Kaplan,  and McWeeny. 

Our faithful secretary Phyllis Fletcher,   who is responsible for the handsome 

appearance of these Progress Reports,  had the misfortune to break her arm just as 

this Report was ready to be typed.    We trust that the readers will pardon the delayed 

date of its appearance. 

J.  C.   Slater 
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1     SOME  REMARKS ON THE BASIS OE THE ONE-ELECTRON APPROXIMATION IN 

I HE QUANTUM THEORY OF ATOMS,   MOLECULES AND CRYSTALS 

This contribution was originally  meant for the April  15 Progress Report, 

but due to the author's traveling and other circumstances,   it was delayed beyond the 

deadline and has therefore instead been prepared for this issue      It is here presented 

as a series of more or less independent short notes on the one-electron scheme,   but 

the results will also be published in full length 

I would like to take this opportunity to express my sincere gratitude to Pro- 

fessor .1    C.   Slater for the great hospitality 1 have enjoyed during my stay with his 

Solid-State and Molecular Theory Group at M. I. T.     I am also greatly indebted to him 

and to the members of the group for many inspiring and fruitful discussions. 

Density Matrices,   Natural Spin-Orbitals and the Extended Harlree-Fock Metho 1 

Let us consider a system of N antisymmetric particles described by the 

normalized wave function $ = J(x..x,, . x.,), where the coordinate x. gives the 

situation of the particle i in ordinary space, spin space, and, in also considering 

nucleons,   isotopic spin space     The basic Hamiltonian may have the form 

H       = W +   T,  H.   +  -•£' G. . , (1. 1) 
op .        l        2 ij 

i ^    ij 

where the different terms contain zero-,   one-,   and two-particle operators,   respec- 

tively.     For the following discussion the explicit appearance of the Hamiltonian,   which 

also may contain many-particle terms,   is without importance,   but we rote that,   for 

an electronic system (atom,   molecule,   or crystal) without external field at absolute 

zero,   we have simply 

2 z z. p.2        ,      z ?. 
W = ?_     V   -J-±. H    =_L_-e27_£, G..  = -£-. (1.2) 

?       *•'      r  i l        2m ^   r•„ 11        r. .   ' L      gh     x8h g     lg J iJ 

where we have neglected relativistic effects and the zero-point vibrations of the nu- 

clei 

The wave function  $>  may describe a particular physical situation exactly or 

in an approximate way.    If the first and second order density matrices,   y and   T,   are 

defined by 

yUj'IXj)   •   ^)/^*(x
1'

x2x3 xN)5^xixZx3     • •   XN} dx2dx3 • • •   dx
N- 

rUj'x^'jXjX^)   =   (g)J J*(x1
lx2'x3 xN) J(x1x2x3 .       xN) dx3 . . . dxN, 

(1. 3) 

-4- 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

••: ith the usual probability interpretations of their diagonal elements,   then the average 

energy of the situation may be expressed in the form 

<H     >,     =   W  + v   op-<Av /Hj yCxj'IXj) dXj + J G12r(x1»x2'|x1x2) dXldx2, (l. 4) 

where,   after the operations in the integrands have been carried out,   we have to put 

i 
x,,   x,' : x,.    If the Hamiltonian contains also many-particle terms,   the higher 

densities are introduced analogously. 

In order to analyze the situation,   we shall introduce a complete orthonormal 

system of one-particle functions or spin-oribtals »h,(x) (k = 1, Z, 3 . . . ).    The total 

wave function may then be expanded in a system of Slater determinants over all con- 

figurations K,   i.e.   over all selections of  N   indices k .  < k, < . .     < k   • » • 1 I N 

K 

(1.5) 

where 

JM L 1 C IN •> 

(1.6) 

I   • 

If  K   and  L  are two arbitrary configurations,   one may derive the formula 

/*K*Ldxldx2---   dXN   =  DKL  =dt,t{dkl}' dki=/<+ldx' (»-7) 

where d, . are the "overlap integrals" between the basic functions belonging to K and 

L.    We note that,   due to the orthonormality,   the only non-vanishing elements in the 

determinant D„,   appear for pairs (k, i) referring to the same orbital occurring in 

both configurations K and L (d, . = 1).    For the following discussion we need D.,.   as 

well as its first and second order minors,  D„, _ ...   DKt . I,  w      11''       elc" 

The density matrices   v and F are Hermitian and may be expanded in the 

basic set  >k   in the form 

YU^ XJ)   =   £ Vxi') ^x0 >ik 
kt 

Hx.'x- x,x2) I 
kl<k2 

•S^i')+k2<V> 

K^^K^,') 

+ . (*,) +, (x  ' 
1 *2 

1    L     lZ 

(1.8) 
JJJJ,   klk2> 
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(REMARKS ON THE BASIS OF THE OXE-ELECTRON APPROXIMATION) 

wherfe we have used the fact that T is antisymmetric in each pair of its indices;   the 

matrices of the coefficients are again Hermitian.    Taking over a terminology from 

quantum chemistry,   we may call v. .   the "charge order" with respect to the spin- 

orbital ik   and y_   the "bond order" with respect to the pair of spin-orbitals ik   and vj».. 

By using (1.3),   (l. 5),   (1.6),   and (l. 7),   and expanding the Slater determinants ijv in 

their first and second order minors,   we may derive the relations 

(k)   O 
V|k   •   I    ICKDKL;kiCL/    I   CK DKL CL • 

K   (L) KL 

(kik
2HJiV 

(1.9) 

i y    T c D c/yc*Dc L L        K     KL;k,k,, 1,1,     L'    ^   ^KUKL^L* k- i •   1   2'   1 2 KI. V2'klk2 K L *   1   2'   1 2 KL 

v(k) 
where the symbol  2L       means summation ever all configurations  K   containing the 

K (k    k   \ 
Vx   1'   2' index k,   and the symbol   /_, means summation over all configurations containing 

K 
the pair k., k.),   etc.    For the diagonal elements we obtain in particular 

vkk = (f |cK|2/Z|cK|2< 1 
K 

(i.io) 
(kjk2) 

rkln2,k,k  =   I  KI2/ I ISJ2*1- 1212 K K 

showing that y. ,   measures the probability for the occurrence of the spin-orbital k. 

We note that the special case y.,    =   1 occurs only if the spin-orbital  k  is present in 

all configurations in expansion (l. 5),   necessary for describing the situation. 

Let us now consider the physical interpretation of results obtained in a one- 

electron scheme based on an arbitrarily chosen basic set ik.    The physical proper- 

ties of the system are determined by the total wave function J,   i. e. , by the coefficients 

CK in (l. 5),   and,   e.g.   the eigenfunctions of the Hamiltonian (l. 1),   and may be derived 

from the variation principle 

6<"H    ">.      =  0. (1. 11) 

which,   applied to the expression (1.4),   leads to a secular equation of infinite order. 

Even in approximate forms, the numerical calculations involved are a formidable 

size,   but,  as shown by Boys       and Meckler       in their treatments of atoms and mole- 

-6- 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

cules,   the numerical work can be carried out,   at least by the aid of electronic com- 

puters.    However,   the preliminary result is then a rather complicated wave function 

in configuration space,   and one is stili looking for simple physical interpretations. 

In this connection,   we would like to point out the importance of the first,   second,   and 

higher order density matrices (l. 3). 

For the sake of simplicity,   let us consider only the first order density 

y(x .' x .) having the Hermitian charge and bond order matrix v_   with respect to the 

basic system >\i.    We let U be the unitary matrix which transforms -y„   to diagonal 

form with the diagonal elements n, ,    =  n. : 

U   YU   =   n   =  diagonal matrix. (l. 12) 

We have further   v  =  UnU   ,   and,   if we introduce a new set of spin-orbitals cp^ by (p = 

4*U,   or 

\   =     I+aUak' (»•») 
a 

we may rewrite the density matrix in the form 

k 

This form is characterized by the fact that all bond orders are vanishing,   and the new 

spin-orbitals <Pu(x) W'H therefore be called the natural spin-orbitals associated with 

the system and the corresponding "charge orders" n. ,   which are the eigenvalues of 

v.. ,   will be interpreted as their occupation numbers.    If two or more charge orders 

are the same,   the corresponding orbitals form a degenerate group,   and v(x'|x.) is 

then invariant with respect to unitary transformations of the orbitals of the same spin 

type within such a group. 

According to (1. 10) and the relation   / v(x.|x.) dx,   =  N,   the occupation num- 

bers fulfill the conditions 

0 < \ < ';        £ n
k  = N, (1. 15) 

k 

and we can therefore conclude that the particles must be distributed over more than 

N natural spin-orbitals with a limiting case when they are occupying exactly  N  spin- 

orbitals.    The condition for the limiting case may be expressed in the form 

YZ =   v. Tr(Y)   =  N (1. 16) 

n**" 
i 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

showing that the matrix v.,   has exactly  N   eigenvalues equal to 1 and the remaining 
zero.    If,   in such a case;   we choose the natural spin orbitals as our basic set,   all 
configurations in expansion (l. 5) must contain the fully occupied spin-orbitals,   i. e. , 
this expansion is reduced to a single Slater determinant.    This would mean that,   if 

the necessary existence and convergency theorems for the solution J  are fulfilled, 
the relation (l. 16) would form a sufficient condition for the possibility of reducing the 
total wave function to a single determinant,   i. e. ,   for the strict validity of the Hartree- 

Fock approximation.    The reverse theorem has previously been proved by Dirac.     ' 
It is well known that,   in a system where the particles show mutual interac- 

tion,   the Hartree-Fock approximation is usually not strictly valid,   and this means 
that the occupation numbers by the effect of this interaction are depressed below 1: 

0 <  n.   < 1.    The corresponding Cayley-Hamiltonian equaiion for the matrix is then 
more complicated than the first relation (l. 16). 

We note that the antisymmetry condition on ^, which leads to the fir^t. condi- 
tion (1.15), is here much more general than Pauli's exclusion principle in its original 
form,   which considers only the occupation numbers 0 or 1 and therefore explicitly 
must refer to the Hartree-Fock approximation.    We note that,   in the Hartree-Fock 

(4) 
scheme,   some changes of the system,   as ionization       or excitation,   may be described 
as resulting from entire particles jumping from occupied to unoccupied spin-orbitals 
(or to infinity),   whereas the circumstances in an exact theory are   more complicated 
with the occupation numbers changed by fractions of 1 (and possible changes also in 
the non-diagonal elements n, .).    The same complications occur,   for instance,   in an 
exact electron-positron theory,   which is based on Dirac's idea of a fully occupied 
vacuum. 

In the Hartree-Fock approximation the natural spin-orbitals are identical 
with the ordinary Hartree-Fock functions,  being undetermined on a unitary transforma- 

tion between functions of the same spin type.    Already at this stage,   the numerical 
computations involved are extremely laborious,   but,  by the aid of the modern elec- 

tronic computing machines,   it seems now possible to reach beyond this approximation. 
It will be interesting to see how much the natural spin-orbitals and the occupation 
numbers will be changed in the higher approximations;   for "closed-shell" systems, 
where we know that the Hartree-Fock schemes already give good results,   the changes 
will certainly be small,   but,   in other systems,  they may be appreciable. 

In the higher approximations,   the natural spin-orbitals are of importance for 
obtaining as rapid convergence as possible in the expansion (1.5) of the total wave 
function in Slater determinants over all configurations.    It could happen that the arbi- 
trarily chosen basic set >k   is inconvenient for its purpose,   and the convergence of 
(1.5) is then correspondingly slow.    By using (l. 13) and carrying out the transforma- 

tion 4<  •   <pU    or 

-8- 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

*k   =    I<PaUIk' (1.17) 

•\e obtain 

*K   =     ?   *L ALK' * 

LK 

'lkl       'lk2 

u+  ,.  ,U+ 

K'%- •%} —= det <cp,  . ip. 

uj.. 
1   N 

vrw" v N 

(1. 18) 

and,   according to (l. 5),   the total wave function  $  may then instead be expanded in 

configurations   $.   of the natural spin-orbitals   (p.: 

I   *L( I ALK CK>- (1- 19) 

In the most favorable case (l. 16), this expansion is reduced to a single determinant. 

If only a finite number of the occupation numbers n, are different from zero, expan- 

sion (1. 19) will be reduced to a sum of comparatively few determinants,   and we see 

that,   in this way,   we shall obtain a solution of the convergency problem previously 
(5) 

discussed by Slater. 

There is also a close connection between our natural spin-orbitals and the 

functions discussed by Slater       in his extension of the Hartree-Fock method.    Let us 

assume that our basic set contains only   M  orthonormal functions ik   (k = 1,2,   ...   M), 

and let us introduce their projection density matrix 

M 

p(x1,x- I  +!(x,)tk(x,). (1.20) 

This matrix is a projection operator,        which fulfills the relation p     =  p. 

function g(x.,x2) which is expansible in the basic set ik.^,* 

longs to the subspace defined by this set,   we have further 
•   «l» M' 

I. e. 

For every 

which be- 

Pg  =  gP  =   g (1- 21) 

For the sake of simplicity,   let us consider the special case when G     = e  /r... 

The variation principle (l. 11) gives,   as before,   certain conditions for the coefficients 

CK,   but it gives now also a condition for choosing the set   ik, I\I?. J<,, in the most XM 
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(REMARKS ON" THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

convenient way in the form of "extended Hartree-Fock equations".    By multiplying 

the equations for each k by 4*1,(4 i) anc* summing over k from 1 to M,  this condition may 

be condensed in the form 

H    yteJXj)  +  2e"[ *   *   -   '   dx2  =  f(6     x2). (1.22) 
r12 

M 

ftej.xj) =   I +k^i,*^xi) K&- (1-23) 

K, * — 1 

Since the Lagrangian multipliers X_   associated with the orthonormality conditions form 

a Herrnitian matrix,   the same is true for the right-hand member function f(x., x,), 

which may be considered as the "projection" of an arbitrary Herrnitian function F(x., x,) 

on the subspace defined by the set  \\>.,I\I?,   ... <i>M: 

f  =  pFp. (1.24) 

Wc see that,   when M -* oo and the system 4'i<(
x) becomes complete,   we have 

iim      p(Xl,x2)   =  6(x.,x2). (1-25) 
M •* » 

In this limiting case, the function f(x., x,) in (l. 22) may be an arbitrary Herrnitian 

function, and the extended Hartree-Fock equations (l. 22) loose their meaning as a 

restraining condition on the basic set «k ,   which may then be chosen arbitrarily. 

Let us now keep M finite,  and let us carry out the transformation (l. 17) to 

natural spin-orbitals tp, .    By multiplying (1. 22) by <p£(4i).  integrating over d£. and 

dividing by n.    ^ 0,   we obtain 

2P
2
   r&tO r^lx

2lXlX2> 5? 1 
"l»k<»l>  +  7T-;— r, d^ld*2=      I^Xl)^knk <»•*> k 12 i= 1 

where   X'   = U   XU.    The second term in the leic-hand member may be written in the 

form 

Vop(l)Vk(x,) (1.27) 

where V      is a complicated operator containing ordinary potentials as well as exchange 

operators.    Eqs.  (1. 26) for k = I,   2,   ...   M represent the exact integro-differential 

-10- 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

equations or extended Hartree-Fock equations satisfied by the natural spin-orbitals 
having n,    f  0. 

In order to obtain the connection with Slater's approach,   we shall now replace 
V      by its "best approximation" in x space: 

Vop (t>k(x)  * V(x) <pk(x)>     k» 1,2. ...  M (1-28) 

which may be defined by the condition that the sum 

M 
s 

k= 1 
I  *k|VcP*k(x)   "  V(x)<PkW|2 (1-M) 

should be as small as possible. The quantities K, are here appropriate weights, and 
for the natural spin-orbitals, it seems natural to choose them as being just the occu- 
pation numbers:    *c.    = n, .    In this way,   we obtain 

£ nk <(xl> Vop %{x0           , rHx1x2lx1x2) 
V(xj)  =    ~    =  2eJ  dXjAtxJXj),       (1.30) 

£ nk<Pk{xl><Pk(xl) rl2 / k 

where we have used the fact that  T belongs to the subspace defined by our basic set 
and satisfies (l. 21),   i. e. ,   pf  = p.    Our approximate form of (l. 26) is then 

f M 

(HJ + VUjjjq^Uj)  =    I    cp/x,) \^ n"1. (1.31) 
1= 1 

Since the operator (H.  + V.) is Hermitian,   the same must hold also for the matrix 
X_   n.    ,   which means that we can have X' couplings only between natural spin-orbitals 
having the same occupation number.    Within such a group we can then carry out a uni- 
tary transformation,   bringing (l. 31) to the final form 

(HJ + VIXJ)}*^)   -  -fc^tx,). (1-32) 

(5) which are just the equations intuitively proposed by Slater. Our procedure gives 
also a new derivation of Slater's average exchange potential    ' in the ordinary Hartree- 
Fock scheme based on a single determinant. 

Our investigation confirms Slater's assumption that the solutions to (l. 32) 
would form a convenient basic set for obtaining rapid convergency of the expansion 
(l. 5). However, we have also shown that, instead of forming the average potential 
(1. 30) and solving (i. 32),   we may find the natural spin-orbitals simply by diagonalizing 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

the first order density matrix,   y(x,    x.). 

Treatment of Spin and Orbital Degeneracies by Projection Operators 

In treating many-particle systems having a Hamiltonian (l. 1),   there is al- 
ways a certain complication if the system shows spin or orbital degeneracies.    L,et 
us assume that the degenerate states are classified by an operator A  having a finite 
number of discrete eigenvalues   X0, X.,   ...   \  ,   and let further  $ be an arbitrary 

function associated with the space of degeneracy and having an expansion of the form 

n 
i -    I  akJ., (1.33) 

k = l 

where $.   is an eigenfunction to A belonging to the eigenvalue   X,.    We note that,   since 
the factor (A - X  ) annihilates the term for k = p in this expansion,   the operator 

Oi  = IT      (A  - Vk)/(X| - XR) (1.34) 
k = i, n 

takes out only the term for k = I,   i. e. ,   it gives the "projection" of J on the eigenstate 
of A having the eigenvalue  X-: 

01J  = a1$| (1.35) 

The operator O, is therefore another projection operator,        which,   in matrix repre- 
sentation,  fulfills the Cayley-Hamilton equation (A - XjO.  =  0,   from which we easily 
derive the relation 

O/   =  Oi (1.36) 

As an example,   let us consider the projection operators associated with the 
spin degeneracy of N   antisymmetric particles.    Measuring the spin in units of-h,   we 
know that Sl has the figenvalues 1(1 + 1),   where i = N/2,   (N/2) -  1,   (N/2) -2,   ...   0 
or  l/2,   depending on whether  N   is even or odd.    According to (l. 34),  the operator 
for creating a state of multiplicity (Zl + 1) is then 

{21+1)0=    TT      (s2 - k(k+  1)}/ {i(l+ 1) - k(k+  1)}. (1.37) 

where the product is taker, over all k f i from 0 to l/2 or N/2.    For S    we may here 
use one of '.he expressions 
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(REMARKS OX THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

s2 =   X s • s 

sV • sz
2 - sz 

r l       ^ (1-38) 
=   -   |N(N  - 4)/4\   +     1   (1 + <r. • tr.)/2 

J i<j J 

-   {N(N  -4)/4J   +     £    P* 
L<j      lJ 

vv rr   rjiitii .all now investigate the effect of our spin projection operators (l. 37) on 

a single Slater determinant,   built up from  N  spin-orbitals.    Let us assume that  N   is 

even (N - 2n) and that wc are interested in states with S    = 0,   i. e. ,   having an equal 

number of  a  and  p   spins.    Let us further assume that we have   N  space orbitals a., 

a,, ...   a   , b  ,   h^, . . .   b    at our disposal and that the first  n orbitals are occupied by 

particles with plus spin and the last n orbitals are occupied by particles with minus 

spin.    The corresponding Slater determinant 

i=det |a,Q.a2a.   ...   ana;   b,p,b2p,   ...   bnp} (1.39) 
VN.' 

may then be denoted by the abbreviated symbol 

(aa . . .   a|PP . . .   p) (1.40) 

showing the spin distribution over the given orbitals in their given order.    Let us fur- 

ther introduce the notations 

TQ   =   (aaa . . . J ppp . . . ). 

Tj   =   (Ipaa . . .   I +   lapa . . . |   +   ...   ||apP . . .    I +   lpQp ...   I +   . . . ), 

T2   =   (ippa . . .  |  +   IpaP . . . I   +   . . . ilaap . . .   I +   | aPa . . .   I +   . . . ), (l. 41) 

Tn   =   (ppp ...|aaa ...), 

where T,   contains all different combinations obtained by  k  spin interchanges between 

the two originally given groups of orbitals;   T„ is identical with the given determinant 
(8) (l. 39).    Following Pratt,        we have here used a symbolic form of "multiplying" de- 

terminants.    T,   is the "product" of two factors,   each containing (. ) terms,   and T. 

consists therefore of (, )    determinants. 

-13- 
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(REMARKS ON THE 2ASIS OF THE ONE -ELECTRON APPROXIMATION) 

By using the last form of (1. 38) and counting terms,   we may derive the 

formula 

S2Tk   =   (n - k +  l)2 Tk_ j   +   (n(2k +  1)   -   2k2] Tfc + (k +  l)2 TRi , , (l. 

including the definition T        =  T       .   =  0.    Since the projection operator (l. 37) is a 

polynomial in S   ,   we have then proved that there exists an expansion of the form 

42) 

n 
(2i+l)OTQ   =     I    ckTk. (1.43) 

k = 0 

The coefficients in this expansion may be determined by using (l. 42) and the relation 

S2 I  C.   T.    =  J(i+  J)  £   cu T-, (1.44) k  'k x        *'  <-   "k  xk 
k k 

which leads to the recurrence formula 

(n-k)^ck+1+    (n(2k +  1)   -   2k2   -  i(i+  1)] cR + k2 ck_ j   -  0 (1.45) 

For the important cases of lowest and highest multiplicity (i = 0 and i = n),   we obtain 

particularly 

n 
lOTQ  =  cQ    £    (" Dk <£)" l T  . (1.46) 

k = 0 

(2n+1)OT0  =  cQ    I   T (1.47) 
k = 0 

with the constants c„ undetermined.    The value of c0 is usually unessential for the 

applications,   but,   by considering a system with doubly occupied orbitals,   i. c. ,   a,    = 
- 1 b. ,   the value of c„ for the singlet operator is determined:   cQ  =  (n + 1) The 

corresponding expansion for an arbitrary i   is somewhat more complicated. 

It seems likely that,   except for a constant factor,   our projection operator 

for constructing singlets 

lO - (1 - A-)(l - ±-) . ..  (1 - -S,) (1.48) 
1-2 2-3 n(n+ 1) 

is identical with the spin operator recently introduced by Pratr   ' in an entirely differ- 

ent way,  and we note that (1.46) is just the Clebsch-Gordon expansion from which 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

Pratt started his investigations. 

As an example,   we shall calculate the energy of a spin state of multiplicity 

[ll +  1) having a wave function obtained by projection of a single determinant 

4 = (
2I+1

>OT. (1.49) 

for a spin-free Hamiltonian.    By using (l. 36) and (1.43),   we get 

/^H      $<dx)   =     l   ejTjH      Tk(dx), r$*$(dx)=     I   ck/rjTk(dx).    (l. 50) 
I. _ n * * \r   — f> k = 0 k = 0 

In the simple case when all orbitals a,, a,,   . . .   a  ,  b.,b,,   . . .  b    involved \      b n        i      c* n 
are strictly orthogonal (as for molecular orbitals),   there will be contributions to the 

energy only for k = 0 and k = 1 and to the normalization integral only for k = 0.    From 

(I. 45) follows 

Cl   = 
1(1 +  1)   -  n 

(1.51) 

and in this case,   we obtain therefore 

<H    >A     =   [T* H      Tn(dx)  +   i(i * *> ' n [T* H      T,   -   W  +   7 (uiH|u) 
•  op   Av       J    0    op    0      ' 2 J    0     op     1 *-   r     ,n 

nv 

ll   apiuj II 

ti   £MGM-i        I       (tivlGlv^) - 1(i + y - n      Z   (a.blGlba),        (1.52) 
1.3=1 2n' 

where the spin is eliminated in the matrix elements,   and ji and v are to be summed 

independently over all orbitals a.,  b.. 

Since the exchange integrals for Coulomb forces are always positive as "self- 

potentials",  formula (i. 52) shows that,   under our specific assumption of orthogonality, 

the state with highest multiplicity will always have the lowest energy.    This extension 
(9) of Hund's rule was recently pointed out by Koster    ' by using Dirac's vector model. 

Spin degeneracy problems have previously been treated by either Slater's 

determinant method or Dirac's vector model. We note that,   even if we have taken 

over some elements as the spin permutation operators in (l. 38) from Dirac's theory, 

our approach is firmly based on Slater's determinant idea with the wave function (1.49) 

expressed as a sum of determinants.    However,  there is also a connection with the 

vector model,   and if we form the mean value of the energy for all possible distribu- 

tions of o- and p-electrons over the orbitals a., a,, 

obtain 

..  an,  bj.bj, bn,   we 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

<Hop>Av>Av  «  W +   I  GilHIn)   •  \   I (jxvlHl^v) 

I N(N -1)    J       . 

(1.53) 

which is just the average energy given by the vector model. 
In the applications   we shall sometimes free ourselves of the assumption of 

strict ui iiiogonality and apply formula (l. 50) to sets of orbitals having non-orthogonal- 
ity or overlap integrals. 

We note that the method described here is quite general and that degeneracies 
associated with the isotopic spin,   the orbital angular momentum and other types of 
symmetry degeneracies may be treated analogously.    A detailed report will be pub- 
lished. 

An Extension of the Hartree-Fock Method to Degenerate Systems 

The importance of the ordinary Hartree-Fock scheme depends partly on the 
fact that a single Slater determinant 

J0  =-J=   det  {+1.*2...     +N} (1-54) 
N! 

is the simplest wave function having the correct antisymmetry property which cor- 
responds to the idea that the  N particles are moving independently of each other in 

the  IN   spin-orbitals +., IJJ,, i^o,   • • • ^vi-   Even if the antisymmetrization introduces a 
certain correlation between particles with parallel spins,  the scheme has a visuality 
which is useful in the physical interpretations and in constructing ionized and excited 
states. 

However,   if the system has spin or orbital degeneracies,  there is a difficulty 
connected with the fact that the total wave function must be expressed as a sum of 
Slater determinants,  and part of the visuality seems then to be lost.    We shall here 
show that this problem may be sol ved by treating the degeneracy by ti?e projection 
operators introduced in the previous section. 

Let A be the operator which is used for classifying the degenerate states (at 
least in a first approximation) and let O. be the projection operator (l. 34) for select- 

ing an eigenstate belonging to the eigenvalue \..    The wave function 

J  =  O$0 (1.55) 

is then usually a sum of Slater determinants,  but we note that it is still invariant with 
respect to unitary transformations of the spin-orbitals of the same spin type in JQ. 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

It must therefore be possible to express the properties of the system in the invariant 

Dirac density matrix, 

N 
p(x1(x2)  =     £   +£(*!) +k(x2), (1.56) 

k= 1 

fulfilling the relation p     =   p.   In forming the average energy,   we obtain 

JV Hop $(dx)   = /$*(0+ HQp O) J0(dx),        f$* $(dx)   = fo* O J0(dx). (1. 57) 

i. e. ,   the same expression as for a single determinant ^n and a "composite" Hamilton- 

ian of the form 

«       =  0+ H      O, (1. 58) op op x ' 

where one also has to take the normalization condition into account.    S'nce the projec- 

tion operator fulfills the relation (l. 36),   the composite Hamiltonian is reduced to 

fi       =  II      O,   if the operators H      and A strictly commute, op op r op J 

The projection operators are symmetric with respect to the coordinates of 

the N particles involved, and, if their explicit form (l. 34) is known, the composite 

Hamiltonian (l. 58) may be expanded in the form 

a    = Q + To. + 1 T' a., + -i T' a...  + ... , (1.59) 
op **     1 2.1   f*       1J 3'   *-•       IJK 

i ij ijk 

containing also many-particle terms.    Under specific assumptions about the basic 

spin-orbitals ir. (l. 54),   this expansion may sometimes be reduced to comparatively 

simple forms.    As an example,   we shall mention that if all the basic orbitals in (1. 54) 

are strictly orthogonal,  the combination of the equation T.   =  (S    - n) T0 and the first 

relation in (l. 52) leads to a composite Hamiltonian of the form 

a    = vv ^  y H. + ifi •i(i+ V "n (s2 -")} I'G••• d-60) 
op r     i     2 I. „2 J   fr     ij • 

i n ij 

containing also three- and four-particle operators,   since S    is given by (1. 38). 

The question is now whether it is possible to extend the ordinary Hartree- 

Fock scheme io operators containing also many-particle terms.    For a single de- 

terminant if0,  all density matrices may be expressed as determinants of the invariant 

(l. 56) and,   in analogy to (1.4),   we obtain therefore 

•17- 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

<n   ">.    = f&n    iAdx) = n + fo. p(i', 1) >* op/Av     jr   x0    op x0 ./     1 r '-I * ii/Qu 

3.' •'     1 23 

p(l\ 1) p(l',2) p(l',3) 

p(2\ 1) p(2',2) p(2'(3) 

p(3', 1) p(3\2) p(3:,3) 

dx. dx, dx.,   + 

p(l', 1) p(l',2) 

p(2', 1) p(2»,2) 
dxldx2 

(1.61) 

where,   after the operations in the integrands have been carried out,   we have to put 

x.1 = x .    The variation principle 6<C^      ^      -   0 leads then to extended Hartree-Fock 11 r r ^   op    Av 
equations of the form 

N 

fieff(l)+k(x,)   =     I   +i(*1)^|k. 
1 = 1 

where the one-particle operator U fr(l) is given by 

Beff0)   = O,   + /«12(1  " P12) PU'. 2) dx2 

:i"P12-P13) 

p(2',2) p(2', 3) 

p(3\2) p(3',3) 
dx,dx,   + 

(1.6?) 

(1.63) 

and P     is the; ordinary permutation operator for interchanging the coordinates x. and 

x .    Due to the invariance of (1. 56),   we may carry out a unitary transformation of the 

set ik   which brings the Hermitian matrix of the Lagrangian multipliers to diagonal 

form,   and in this special case,   we obtain 

oe„(i)+„(»,) • <k+„<*,) (1.64) 

Since the operator ft ff is Hermitian,   the eigenfunctions belonging to different "orbital 
eff 

(11) energies" are automatically orthogonal. The formal simplicity of our scheme de- 

pends pa-tly on the fact that we are considering spin-orbitals without restraining con- 

ditions on the orbitals themselves;   compare Ref.   11.    Our results show that,   even for 

a degenerate system,   we may keep the idea of the existence of an "effective" Hamil- 

tcnian,   but due to the degeneracy,   all terms in (l. 6 3) may now contain couplings be- 

tween several spin-orbitals corresponding to the occurrence of many-particle forces. 

In investigating the excited states,   we shall now show that,   in addition to its 

formal importance,   the operator ft  .. has also an essential physical meaning.    Let us 

consider two states associated with the same eigenvalue of the classifying operator 

\   and therefore having wave functions £  and J,   which are obtained from single de- 

terminants by the same projection operator: 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

$  =  O$0' 5  = ° $0 (1.65) 

We characterize the determinants Jn and Jn by their invariant density matrices (1. 56), 

p and p.     We have 

p   =  p   +   Ap-p  +   Ap.   -   Api , (l .66) 

ssume that,   in a first approximation,   Ap   and AD   are factorized in the 
(12) l 'J 

and we shall a 

following way 

Api(x1,x2)   =  ij(. (xj) +i(x2), Ap(x1,x2)   = t|i. (xj) +j(x2) (1-67) 

This means that we are considering a single excitation i -* j,   but the spin-orbitals 

4»- and k«j. involved are still undetermined. 

In order to determine the differences 

AE   =  E -  E, ^eff " °eff  " °eff 
(1.68) 

we shall put p   =  p   +   Ap into (l. 61) and (1.63) and carry out the subtractions.    The 

results may be expressed in terms of determinants of the elements p and Ap,   and we 

note that all determinants of third or higher degree in Ap will vanish identically in- 

dependent of their order,   since they may be expanded in determinants containing two 

or more columns of Ap. or Ap   which vanish due to the factorization in (l. 67).    Hence 

we obtain 

AE  = /"eff()/ Ap(1'' 1} dxl  + z/°l 

2 J    12J 

Ap(l\ 1) Ap(l',2) 

Ap{2', 1) Ap(2,,2) 

Ap(l\ 1) Ap(l',2) p(l', 3) 

Ap(2', 1) Ap(2\2) p(2', 3) 

Ap(3', 1) Ap(3',2) p(3', 3) 

dxjdx2 

dx. dx, dx,   +   . . .   , 

(1.69) 

and 

^eff  =/ni2(l  -P12)Ap(2'.2)dx 

+ /«123( :i"P12-P13) 

Ap(2!,2) p(2,,3) 

Ap(3',2) p(3',3) 
dXp dx,   +   . . (1.70) 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

By putting p  =  p   -   Ap into (l.6l) and repeating the subtraction,   we obtain a new form 

for AE expressed in fi   f,,   p,   and Ap,   which is analogous to (l. 69) but has minus signs 

for all the determinants of the second degree in Ap.    By adding the two expressions 

for AE,   the determinants of second order cancel,   and the higher order determinants 

combine to determinants of the third degree in Ap,   which will then vanish identically 

due to (1.67).    In this way,   we obtain the simple formula 

AE = i/{neff(i) + neff(i)} AP(I\ Ddxr 

By using (l. 70) and (l. 67),   we may derive the relation 

y*Aneff(i) {AP.(I«, 1) + Ap.(l'. 1)} dx1 = 0, 

which,   in combination with (l. 71),   gives 

AE   = /Seff(l) Ap.(l', 1) dxj   - y"neff(l) Ap.(l', 1) dxj . 

or finally 

(1.71) 

(1.72) 

(1.73) 

E   -  E   + /^Uj) Oeff ^(xj) dxj   - /+*(x1) «eff ^(xj) dxj , (1. 74) 

According to the variation principle,   the excited eigenstates of the Hamilton- 

ian (l.l) are associated with the extreme values of E,   and since  E  is a constant, 

these occur simultaneously with the extreme values of the second and third terms in 

the right-hand member of (1. 74),   i.e. ,   for functions >J/   and +   satisfying 

0 ,, vL.   =  E. 0/., 
eff *J        j V 

For the excitation energy,   we obtain 

eff +i   =  Li +< • (1.75) 

E -  E   =  t. it. 
1 

(1.76) 

The process may be described as an excitation i •* j of an entire particle from an oc- 

cupied spin-orbital 4». to an unoccupied spin-orbital 4";-    We note that the orbital en- 

ergy r. refers to the "effective Kamiltonian" Q tf foi the excited state,  which gives a 
J (13) 

correction of the naive form t   - t. for the excitation energy.       ' 

Let us now consider the corresponding wave functions jp and J,  which may be 

obtained from (l. 65) and (l. 66).    By a suitable unitary transformation,  the determi- 

nant <£„ may be built up from eigenfunctions to the operator Q „,  and the determinant 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

J,. may be built up from eigenfunctions to the operator il ff, and the determinant I. 

may then be obtained by replacing ''he column containing the spin-orbital +• m Jn with 

a new column containing the excited spin-orbital fy..    By using (l. 70) and (l. 67),   we 

rnav derive the relation 

/ 
+* AJ2 f, +. dx.   =   0 , (1. 77) j        eff    I       1 

which shows that the spin-orbitals vp. and +. satisfying (l. 75) are still orthogonal. 

The same is then true for the single determinants  J„ and £„,   and one can further 

show that,   for rather general forms of the projection operator  O (as for the ordinary 

and isotopic spins),  the total wave functions  jjj and  $  also fulfill the necessary orthogo- 

nality condition. 

The projection operator formalism renders also a simple way of calculating 

transition moments,   for if D  =  e  2, r. is the moment operator,   we have 
i      1 

/ J* D $(dx)   = /$J(0 D O) 40(dx) , (1. 78) 

which may be expanded analogously to (l. 61). 

We have here treated the excited states before the ionized states,   since,   in 

the excitations,   the total number of particles is kept constant,   which is of importance 

for the form of the projection operator  O in (l. 65).    However,   since an ionization 

may be considered as the limiting case of an excitation to c sp:.n-orbitai  vj>   at infinity 
  J 

with  t.   =  0,   we obtain from (1. 76) 
J 

E - E   =   -t., (1.79) 

showing that (-£.) is the ionization energy     This is an extension of Koopmans1 iheo- 
M) rem       to degenerate systems or to Hamiltonians containing many -particle interac- 

tions. 
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(REMARKS ON' THE BASIS OF THE ONE -ELECTRON APPROXIMATION) 

A Method of Alternant Molecular Orbitals* 

In a theory of molecules and crystals,   where the total wave 

function is approximated by a single determinant constructed froru 

molecular spin-orbitals,   there is a certain difficulty connected with 

the fact that the cohesive energy shows a wrong asymptotic behavior 
(14^ for separated atoms.       '   This depends on the fact that such a wave 

function permits electrons of different spins to accumulate on the 

same atom and give rise to negative and positive ions having higher 

energy together than the ordinary dissociation products.    See Fig.   1-1.    One way of 

removing this defect is by con.figuratior.al interaction,   but except for the simplest 

molecules,   this approach leads usually to secular equations of such a high order that 

they are extremely hard to solve. 

Fortunately,   there seems to be also another approach to this problem.    Sla- 

ter has many times pointed out that in an antiferromagnetic material there must 

be a tendency for a certain spin alignment with the crystal divided into two sublattices 

with the valence electrons having either plus or minus spin.    Slater is accordingly 

looking for a crystal theory which would be similar to a valence bond method for sep- 

arated atoms and similar to a molecular orbital method for small and intermediate 

distances between the atoms,  but until now none has succeeded in finding a bridge be- 

tween these two stages.    The essential point is apparently to find a modification of the 

ordinary molecular orbital method which,  for separated atoms,  automatically would 

lead to a spin alignment of the type proposed by Slater,   for then there would be no 

possibility for the excessive occurrence of ions. 

In investigating the hydrogen molecule,  Coulson 

and Fischer showed that by introducing an additional 

parameter they could continuously transform a molecular 

orbital over a semi-localized molecular orbital into an 

atomic orbital.    See Fig.   1-2.    The question is now whe- 

ther one could generalize this idea to a polyatomic mole- 

cule or a crystal. 

Let us say that by solving the Hartree-Fock 

^S 

Fig.   1-2 

Semi-localized molecular 
orbitals for  a diatomic 
molecule. 

equations by,  e. g. ,  the MO-LCAO method,   we have found a set of MO's for the valence 

electrons      ' belonging to the system.    In the naive MO theory,  the orbitals for the 

valence electrons are only partly filled.    By using all the MO's available,   we may now 

! 

*A preliminary report of the ideas in this section was first presented by the author 
at the Nikko symposium of the Japanese International Conference on Theoreti- 
cal Physics,  September,   1953,  by using the conventional methods of construct- 
spin multiplets.    The treatment is here essentially simplified by the introduc- 
tion of the projection operators. 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

try to construct combinations which tend to be localized on two interpenetrating sub- 

systems,   I and II,   for separated atoms.     For \he sake of simplicity,   let us consider 

an alternant system,   for instance,   a crystal constituted of two equivalent sublattices 
(18) 

I and II,   as the body-centered cubic structure,   or an alternant hydrocarbon where 

the atoms,   if one moves along a chain of unsaturated carbon atoms,   belong alternately 

to set I and to set II. 

We let <t>    be the ordinary atomic orbitals associated with the system and 

having the overlap   integrals 

d>    <b   dx   =  A       =6       +S 
[t.       V \LV \LV \XV 

and we introduce further the orthonormalized AO's cp    by the formula 

or 

(19) cp = <j>A 

(1.80) 

-1/2 

q>   = y <t> A' {lz 

p. *-        Q        (X\i. 
a 

(1.81) 

It is i characteristic feature of the alternant systems that the MO's occur in pairs, 

j1 and j",   with orbital energies  c , and c.,, belonging to symmetric places in the lower 

and the upper half of the "energy band",   respectively.    The excited orbital + M is ob- 

tained from the lower orbital  <\>-, by changing the sign of the coefficients of the AO's 

of one of the subsystems,   let us say II: 

i II 

+,,- y cp c . + 

I 

1\ 
II 

+r" 

M-J 

W 

(1.82) 

Let us now form the combinations 

I II 

*jl   =  a+j'   +   b*j"   =   (a + b)    X % c
w   +   (a - b)   X   <P^ c^j- 

I* M- 
I II 

4> ir =  ail*.,   -  biL.,,   =   (a - b)    A cp   c       +   (a + b)   J*   cp   c     . 
Jll         J          J n   w                  **   >   w 

(1.83) 

Since the normalization condition takes the form a    + b     =   1,   we may put a = cos 9 

and b  =   sin 8  and describe the mixing between the MO's by an angle 0.    We note that 

the special cases: 
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(REMARKS ON   THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

6   =•  0,       ordinary lower half MO's, 

9   =  45   ,   purely alternant MO's 

9   •-   90   ,   ordinary upper half MO's. 

For 0  <   6  <   90   ,   the orbitals  ^t are semi-localized on system I and the orbitals  I|I... 

or. system 1;,   and we shall therefore call them alternant molecular orbitals.    For 

9   =  45    this localization may be complete.     We note further that orbitals belonging to 

different indices  j  are orthogonal and that 

di.T f,. dx   =  cos 29   =   \ (1.84) 

As a simple example,   we may consider the lowest orbitals for a linear chain.    See 

.XAAAA/. 
ORDINARY MO'* 

>/ 
A 

ALTERNANT MOi 

Fig      1-3 

In order to construct a wave function for the system,   which has the correct 

jymptotic behavior for separated atoms,   we shall now consider a Slater determinant 

T      =   (aaa ..     |  (3(3(3 ... ) 
U I II 

(1-85) 

where we have used the notation (l   40),   and each orbital of type I is occupied by an 

electron with plus spin and each orbital of type II by an electron with minus spin     The 

various spin multiplets may then be obtained by using the projection operator (l. 37): 

$  *  Ui+1)OT0. (1.86) 

If,   for separated atoms,   we let 8 tend to the value 9   =  45   ,   there will be a spin align- 

ment of the type proposed by Slater,   and the wave function (l   85) will then have the 

correct asymptotic behavior.    We shall now check that the various spin multiplets with 

the wave function (l   86) also have preserved this property.    For 9   -  45   ,   the discus- 

sion is simplified by the fact that all the alternant MO's become strictly orthogonal, 

cf    (l   84),   and the energy is then given by formula (l. 52): 

<Hop>Av  = /T0 % T0(dx>   "   -(if'i"   "       £    (jI.kUlGlkn.jI). (1.87) 
2n j,k=l 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

Since the exchange integrals >n the last term in the right-hand member tend to go to 
zero for 8   =   45    and separated atoms,   our theorem is proved. 

For 8   =   0 and I = 0,   the function (l. 86) reduces to the well known single de- 
terminant wave function of the ordinary MO theory.    This means that,   by varying 8, 
we may obtain a depression of the energy curve also for intermediate distances,   and 

in particular cases,   the improvement of the energy minimum may be appreciable. 
The physical interpretation of this procedure will be discussed in the next section. 
The energy expression in the general case (8  ^ 45  ) is somewhat more involved than 
(1.87),   due to the occurrence of the non orthogonality integral   K  =   cos 28 in (l. 84), 
but there are no principal difficulties in its derivation.    A full discussion of the en- 
ergy at intermediate distances,   including a  comparison between the spin states of 
various multiplicity,   is new being prepared for publication. 

Sorne Aspects on Correlation Energy 

The basic idea of the ''independent-particle model" is that,   in a first approxi- 
mation,   one ran neglect the   mutual interaction between the  N  particles in the system 
in constructing the total wave function,   which then takes the simple product form 

I 
! 
, where + ,p   +->. •    •   'Kj are a set of N spin-orbitals.    However,   between the particles i 

and  j there is in a reality a potential G     which,  particularly for small distances 
r.    Si 0,   may be tremendously large.    If this potential is repulsive,   like the Coulomb 

!'• J 2 
potential G..   =  e  /r. ,   it tries naturally to keep the particles apart,   and since this 
"correlation" between the movements of the particles is entirely neglected in forming 
(l. 88),   the corresponding energy is affected by an error which is usually called the 

"correlation energy". 
The situation is somewhat changed by the antisymmetrization procedure, 

which transforms the product function (l. 88) into a single Slater determinant.    For 
every antisymmetric wave function,   the second order density matrix (1.3) 

r(x,
1x'2 x, x2) (1.89) 

is also antisymmetric in each pair of its indices, and this implies that, if two indices 

are the same (x*. = x1, or x. = x,), the corresponding element will vanish identically. 
For the diagonal element we obtain in particular 

r(xjX2 XjX2)   -   0, for Xj   =  x2 , (1.90) 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

showing that the probability density for two particles with the same spin to be in the 

same place is zero (the "Fermi hole").    This means that the antisymmetry itself acts 
as if there would be a rather strong repulsion      ' between particles with the same spin 

at small distances,   and this consequence of the Pauli principle automatically diminishes 
the error due to the neglect of the G     correlation.    The exchange energy will therefore 
take care of a rather large part of the original correlation energy,   referring to particles 
with parallel spins,   and the corresponding effect of the antisymmetrization on the par- 

ticle distribution has been investigated by Lennard-Jones. 
The main problem is apparently lo take the correlation between particles hav- 

ing different spins into proper account,   and a first estimate of this effect was given by 
Wigner.        '   Here we shall now use another approach to this problem and show that it 
is possible to treat the main part of this effect within our extension of the Hartree-Fock 

approximation. 
Part of the importance of the ordinary Hartree-Fock scheme depends on its 

visuality,   which is useful in the physical interpretations and in constructing the ionized 
and excited states,   and in a previous section,   we have shown that this visuality is also 
preserved in our extended scheme,   where the wave function   J  is a projection of a 
single determinant  J  • 

$ = O$0, (1.91) 

cf    (l. 55).    We shall now take the correlation into account by utilizing the fact that we 
build up our basic determinant £.. from spin-orbitals of such a type that the orbitals 
for particles having different spins may be different in order to let the particles avoid 
each other.    This extension of the ordinary picture is possible since we have become 
free of the idea of "doubly filled orbitals". 

As a first example,   we may consider the two-electron problem and its applica- 
tions to the helium atom and to the hydrogen molecule.    By starting from two basic 
orbitals u(r ) and v(r ),   we may construct a total wave function J   =  0(ua, vp),   which for 
the singlet state,   is reduced to the form 

n 

$   =  const,   {u^} v(r*2)   +   u(r*2) v^)}   |a( 1) p(2)   -   a(2)   p(l)}   . (192) 

This is one of the exceptional cases,   where it is possible to separate the orbital and 
spin parts of the total function into two factors.    The orbitals  u  and  v  may be strongly 
overlapping,   and their best form is found by solving the extended Hartree-Fock equa- 

tions (l   64).    However,   due to the connection with other investigations,   we may obtain 
some preliminary results without further calculations. 

Let us start by considering the normal state (is)    of the helium atom.    In the 
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(REMARKS ON THE BASIS OF THE ONE-ELECTRON APPROXIMATION) 

literature are given the results obtained by approximating u = v by a single exponential 
(24) (25) function or by a Hartree function. (See Table  1-1. 

Table  1-1 

Approximation (u = v) Energy 

Single exponential function (Z - 1.6875)        2.8476 

Hartree function 2. 867 

Experimental 2.9032 

If we now try to include the correlation,   we shall use two different orbitals (u f v) 

having a somewhat different radial distribution in order to permit the two electrons to 

avoid each other.    If u  and  v are approximated by exponential functions associated 

with different effective nuclear charges Z. and Z?,   one obtains by using the variation 

principle: 

Table  1-2 

Approximation (u f v) Energy 

Exponential functions with 
Zj   =   1. 19 and Z£ = 2. 184 2.8756 

a result first given by Eckart      ' by considering only the spatial part of the wave func- 

tion (1. 92);   all energies are here expressed in the atomic units (e  /a    =  2 Ry).    It is 

somewhat surprising to see that,   already in this rather rough approximation,   the en- 

ergy comes out better than in the conventional Hartree-Fock scherre 

Eckart's results have recently been improved by Taylor and Parr by using 

a method of configurational interaction based on a series of determinants of exponen- 

tial functions.    Their results have been analyzed with respect to the electron distribu- 
(28) 

tion by L,ennard-Jones who has shown that the spatial correlation here may occur 

in two ways:   as an "in-out" effect,   with one electron tending to be outside the other, 

arid as an "angular" effect with the two electrons tending to be on opposite sides of the 

nucleus.    However,  Taylor and Parr pointed out that,   even if they obtained about 97 

percent of the angular correction,  their method showed a slow convergency with re- 

spect to the radial correlation and their best wave function contained only 64 percent 

of the radial correlation energy. 

It will be interesting to see how good the wave function (l. 92) can be,   if the 

two orbitals  u  and  v are determined as solutions to the Hartree-Fock equations (1.64) 

in their extended form.    In contrast to Hylleraas' famous solution as well as to Taylor 
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and Parr's series of determinants,   the function   +  =   0(UQ, V(3) has a simplicity and 

visuality which is of advantage in the physical interpretations.    Numerical calculations 

on the helium problem are now in progress. 

The wave function (l. 92) could be applied also to the hydrogen molecule prob- 

lem,   and the question is how good an approximation of James and Coolidge's result 

one could obtain in this way.    It would probably be very hard to solve the extended 

Hartree-Fock equations (1. 64) for such a problem,   but significant results could be 

obtained by using the variation principle.    In this connection we observe that the method 

of alternant molecular orbitals of the previous section is nothing but an approximate 

method for taking the correlation into account,   since it is based on the use of orbitals 

(see Fig.   1-2 and 1-3) which permit electrons of different spins to avoid each other. 

Our results are in close agreement with ideas of the correlation energy in 
(29) crystals due to Slater, who assumes that the main part of the difference between 

the two curves in Fig.   1-1  is just the correlation energy of the crystal in addition to 

the correlation energy of the constituents.    As shown in the previous section,   we can 

eliminate this difference by the method of alternant molecular orbitals which is just 

one of the ways of treating correlation effects in our extended Hartree-Fock scheme. 

In considering the atomic orbitals,   we can say that our correlation correction is as- 

sociated with the elimination of the excessive occurrence of negative ions with too 

closely condensed electrons.    However,   at intermediate distances and particularly at 

the energy minimum,   there is a fraction of these negative ions left,   and they are as- 

sociated with Coulomb integrals which certainly are too large,   since the electrons 

are too closely condensed.    The same problem occurs in the theory of conjugated or- 

ganic compounds (ethylene,  benzene,   etc. ) and Moffitt and Pariser and Parr have 

proposed that one should solve this difficulty by replacing this atomic Coulomb integral 

by a lower value taken from experiments.    We observe that a more strict approach is 

here possible,   since we may construct our alternant molecular orbitals from atomic 

orbitals,   which are slightly different for electrons having different spins. 

In conclusion we note thai,   by using the idea of projection operators and wave 

functions of the form (1.91),   we have here given a generalization of the ordinary 

Hartree-Fock scheme to include the treatment of degeneracies as well as correlation 

effects.    The extended Hartree-Fock equations (i.64) are associated with a "composite" 

Hamiltonian (1. 58) containing also many-particle operators,   but otherwise the scheme 

has preserved the simplicity and visuality characteristic for the theory based on a 

single Slater determinant.    It seems to us therefore worth while to investigate the 

numerical applications of this scheme in greater detail,   and in addition to the helium 

problem,   we are now going to re-examine our previous treatment of the sodium crys- 

tal. 
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2.   MANY-CONFIGURATION CALCULATIONS ON BENZENE 

The energy calculations on the i electron system of benzene have now been 
completed and an account will be published in due course as a third paper in the 
series,   "The Valence Bond T heory of Molecular Structure".     '        The calculations 
have already been outlined       and it now seems opportune,   in the light of the final re- 

sults,   to attempt a comparative survey of the various many-configuration approaches. 
In Fig.   2-1 we illustrate the results of three types of calculation of the ben- 

zene  TT  electron levels.    These comprise:    (l) The MO method,   with and without a 
limited amount of configuration interaction;     ' (2) The VB method,   also in various 
stages of elaboration;   (3) The conventional VB method,   in which the five non-polar 
singlet and nine triplet VB structures were expanded into VB structures so that rigor- 
ous energy calculations could be made,   using the existing VB techniques (see also 
Ref.   3).    It will be remembered that in the parallel calculations on cyclobutadiene 
both the principal methods (MO and VB) could be carried through to completion (within 
the given basis of 2p AO's) and that they then yielded identical results as indeed they 
must from general theory.    In the present case,   however,  there are too many con- 
figurations to make such a calculation at all attractive,   and so the different incom- 
plete approaches give "final" results, which are still at variance.   The most striking 
feature of the figure is probably the obvious importance of configuration Interaction: 
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itb inclusion does not represent a refinement but leads rather to a complete reorgani- 

zation of the energy level system,   and taken at face value the results are almost 
equally discouraging by whichever method we proceed.    But let us look at the various 

approaches individually. 

The MO Method 

WA        1U The principal advantage of the MO theory is undoubtedly the simplicity 
first approximation to "he ground state wave function;  this simplicity is independent 

of molecular size and the approximation may,   as the present calculations shew,   reach 
an accuracy which is not easily surpassed.    But although these features of the MO 
method make it extremely attractive,  they should not be overrated.    In the first place, 
the one-configuration approximations to the excited states are obviously unreliable, 
while even the ground state predictions are not infallible (as,  for instance,   in the case 
of cyclobutadiene);   and,   in the second place,   the conceptual and mathematical sim- 
plicity of the method is characteristic only of this first approximation. 

On the other hand,   the many-configuration method is inescapably clumsy and 

th*> absence (in general) of any guiding principles in selecting the appropriate con- 
figurations leads to considerable uncertainty.    Parr,  Craig and Ross,   for instance, 
considered only excitation of one or two electrons from the lowest energy MO's:   they 
confidently asserted,   on the basis of previous calculations (where,   however,   many 
integrals were neglected),   that their results should closely approach those of a com- 
plete calculation,   but we now nee that the configurations they omitted must have a 
considerable net effect,   though individually they might appear unimportant.    Both dif- 
ficulties are clearly related to the non-localized character of the MO's.    This means, 
firstly,   that all the matrix elements involve orbitals which overlap strongly through- 
out the molecule and consequently that there is little scope for simplifying approxima- 
tions in estimating the effect of the higher configurations (as there might be ;f the 
orbitals were tightly localized so that many of the component integrals in a matrix 
element were negligible).    Secondly,   that improvement of the wave function in particu- 
lar regions,  e. g. ,  to keep two electrons off the same atom,  or to describe the piling 
up of charge on an atom of hi{,h electron affinity,   must demand the superposition of 
many configurations,   since each one of them spreads every electron out fairly uni- 
formly over the molecule.    There is a rough parallel here with the exciton oroblem, 
where many configurations of Bloch orbitals must be superposed in order to describe 

the local correlation between electron and hole. 

The VB~ Method 

From Fig.   2-1,  we see that the VB method is perhaps better adapted to pre- 
diction of the general character of an energy level system,  and particularly of the 
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excited states,   which are so poorly approximated in the earlier stages of the MO ap- 

proach.    Even the simple theory (in which only the obvious structures are included) 
predicts levels which are probably in the correct order, * and it will be remembered 
that this was also true in the case of cyclobutadiene.    And although,   quantitatively, 
the ground state is slightly inferior to that of simple MO theory the excited states are 
very much better.    The VB calculation is very easily systematized and owing to the 
strongly localized form of the basic orbitals the difficulties discussed in the last sec- 

tion do not arise.    In fact,   the smallness of most of the AO integrals allows us to ap- 
proximate matrix elements between all pairs of structures,   often in terms of just one 

integral,   with remarkable accuracy -- precisely as in the cyclobutadine calculation, 
and the results of the many-configuration calculation again were found to be scarcely 
affpcted by simplifications of this kind.    At the same time,   the pictorial interpretation 
of bonding,   in terms of "charge hopping",   suggests immediately which structures 
should be mixed to describe the lower energy states. 

We must not lose sight,   however,   of the fact that large numbers of VB struc- 
tures must be included in the calculation.    The obvious way of accounting for nearest 

neighbor bonds,   for example,   is to include all non-polar and adjacent-charge singly- 
polar structures (e. g- ,   29 for the benzene singlet states) and,   except in cases of high 
symmetry,   this leads immediately to seculp.r equations of high order;   this is the 
penalty we pay for constructing functions which we can handle so easily.    Moreover, 

to get good results we should certainly include a reasonable selection of doubly - polar 
structures,   for in the present case the 36 doubly-polar structures which interact 
most strongly with those of the simple theory stabilize the ground state by no less than 
2 ev.    The corresponding figure for cyclobutadine was l/2 ev and this suggests most 
strongly that the importance of the multiply-polar s.ructures increases with their 
abundance,  i. e. ,  with increasing molecular size.    The inference seems to be that the 
MO approach (which,  in effect,  puts the multiply-polar structures on the same footing 
as the non-polar) should become increasingly successful with increasing molecular 
size.    It is well known that this is true of the naive MO theory of conjugated molecules 
and it is perhaps for similar reasons that the approximations of solid-i>tate theory 
are so remarkably satisfactory.    There are apparently two directions in which calcu- 

lations of the present kind might be extended:   (l) Simple saturated molecules,   where 
the number of "reasonable" VB structures may be fairly small;  (2) More complicated 
systems (e. g. ,  larger conjugated molecules),  with the assumption that similar struc- 
tures may be grouped i.ito "blocks" so as to artificially reduce the dimensions of the 

*The final reversal of the    B,u and    Blu levels is probably spurious.    Inclusion of 
non-adjacent chargeTriplet structures was not considered worth while in 
view of their small effect on the singlet states,  but they would probably de- 
press the    Bju by as much as 1/2 ev. 
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secular problem (and in which the matrix elements would certainly be approximated 

throughout).    First experiments along the lines of (2) have already been made in the 
'3) case of cyclobutadiene, v      and now in the case of benzene,   by introducing the blocks 

of VB structures to which the orthodox VB structures are equivalent.    This of course 

enables us at the same time to bring the old VB theory into the discussion. 

The VB Method 

The benzene states which we have considered (and no more) can all be built 

up out of S singlet VB structures (2 "Kekule",   3 "Dewar") or 9 triplet structures (6 

Kekule type,   3 Dewar type,   each with one (+) link).   Expansion into VB structures (see 

Kef.   2) then yields 5> singlet combinations and 9 triplet,   and the dimensions of the 

secular equations are then 5 and 9,   ignoring for the moment symmetry reductions, 

instead of the corresponding 29 and 45 of simple VB theory.    In practice of course the 

Kekule and Dewar structures give independent symmetry combinations and the secular 

determinants never exceed 2x2.    If the results are good we shall have good reason 

for saying that the mole^uie is well described by a mixture c;f "bonded structures";   if 

they are very bad we shall be tempted to say that,   in this case,   chemical intuition 

finds no support at all in the wave mechanics of the problem.    The matrix elements 

are easily evaluted by VB methods.    The diagonal energies of the combinations of 

various symmetry,   labeled K or D according as they are built from Kekule or Dewar 

VB structures,   are shown on the extreme right of Fig.   2-1,   and these are mixed to 

get the best VB theory results in the next column.    It is clear of course that the ex- 

pansion of a VB structure should strictly include all kinds of VB structures,   but the 

non-adjacent charge and multiply-polar structures are found io be &o grossly under- 

weighted that their inclusion does not materially affect the results and they are there- 

fore best omitted.    Inclusion,   for example,   of 36 of the doubly-polar terms improved 

the VB ground state by only about 1/2 ev,   out of the 4 cv required.    The energy levels 

we have given,   then,   are substantially representative of a rigorous energy calculation 

on tht   orthodox VB theory.    It is now seen that in the ground state this theory is about 

as successful as simple MO theory (or only slightly inferior) but that it is consider- 

ably more reliable in its predictions of the excited states.    This is encouraging,   in 

spite of the fact that the results are still not very good quantitatively,   and shows that 

the VB method,   in whichever way it is developed,   is worthy of further attention.    The 

principal defect of VB wave functions is their failure to give suificient weight to their 

polar VB constituents.    Unfortunately,   this failure cannot be corrected within the 

framework of simple (i. e. ,   non-polar) VB theory;   in order to get really good wave 

functions it would be necessary to add at least singly-polar VB structures (which have 

a correspondingly higher content of polar VB structures).    It is evident then that the 

mixing of a few obvious ''bonded structures" can give a rough account of the first few 
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electronic states,   but that this procedure is not sufficiently flexible to be really ade- 

quate.    In the circumstances it would seem better to keep to the straightforward VB 

formulation,   which is inherently so flexible,   rather than reverting to a wholehearted 

attack on the problems of orthodox VB theory,   we might for instance expand intuitively 

satisfactory VB structures and subsequently improve them by increasing the weights 

of their polar constituents,   either parametricaiiy or simply in accordance with experi- 

ence -- the idea simply being to get a better starting point before proceeding to the 

secular problem. 

Conclusion 

Convergent calculations by at least three many-configuration methods are 

certainly feasible for simple molecules.    If attention is confined to the ground state, 

and if each theory is used in its simplest approximation,   there seems to be little to 

choose between the three approaches.    But in calculations of excited states,   and in 

the systematic elaboration of each theory,   the valence bond approach appears to offer 

distinct advantages.    These conclusions can only be fully substantiated by detailed 

calculations on a number of molecules.    In particular,   we should consider simple 

saturated molecules:    here all electrons can be treated explicitly and there is no need 

for the "framework" assumption which characterizes  TT  electron calculations,   and 

there are reasons for believing that the VB approximation of perfect pairing (one VB 

structure) may prove particularly satisfactory.    Preliminary work along these lines 

is now in progress. 
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3.   LIMITED CONFIGURATION INTERACTION TREATMENT OF THE NHL MOLECULE 

All necessary one-eiectror. integrals have been evaluated and progress has 

been made with the remaining two-electron integrals.    In connection with integrals of 

the form (NHlHH) 't has been found necessary to extend Schweinler's work on the de- 

composition of direct products of spherical harmonics       to include products of the 

forms e,   c^   and e,    er    where t = 0,   -1,   . . . ,  -4 and v = 0,   - 1,   . . . , - 5.    The re- im  4t im   5v 
suits are available but were deemed too cumbersome to be worth reproducing here. 
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4.   A THEOriY OF SCATTERING IN SOLIDS 

In a paper entitled,   "Wave Functions tor Impurity Levels" which the author 
and J.   C.   Slater have submitted to The Physical Review for publication,   we have 
considered the effect on the wave functions of a crystal of a perturbation of some 
sort in it which destroys the perfect periodicity.    This work was summarized in the 
recent Progress ileports of this group as well as in Technical Report No.   5.    In this 
work,   we set up the problem of this perturbation in a crystal in terras of a set of dif- 
ference equations which the coefficients of ihe Wannier functions satisfy when the 

wave function of the impurity level is expanded in the complete set cf Wannier func- 
tions.    The method used to satisfy this set of difference equations was essentially a 

Green's function method applied to difference equations.    This method was particu- 
larly useful in studying the bound states associated with an impurity.     For the un- 

bound states,  those states whose energies lie in the band,   the method turns out to be 
somewhat ambiguous.     What we are interested in for the unbound states is essentially 
a scattering problem.    The difficulty with the method described in the aforementioned 
paper was that it did not guarantee that the scattered wave corresponded to an outgo- 
ing wave-    This difficulty has been overcome by modifying the formalism which is 
useful for the bound states.    The results of this new treatment have been submitted 
to The Physical Review by the author under the same title as the title of this contri- 
bution to the Progress Report      We shall not reproduce the contents of this paper in 
this Progress Report but instead merely sketch the method.    For further details,   the 
reader is referred to the paper. 

The way the impurity problem was treated consisted of expanding the per- 
turbed wave function in terms of the complete set of VVannier functions.    II we call 
Ji(r) the perturbed wave function it is expanded as follows: 

¥x)  =   I(n)  £(R\) Un(Rj) an(?- Rj) (4- 1) 

In this equation,   n denotes the band and R. are the primitive translations in the crys- 
"*     ~* th "*" th tal.    a  (r - R.) is the Wannier function associated with the n     band and the R.      lat- 

tice site.    U   (R.) are the unknown coefficients which are to be determined by a varia- nt   j' J 

tion procedure.     We assume that our Hamiltonian is split into two parts:   an unper- 
turbed part Hn with which the Wannier functions are associated and the perturbation 
to this Hamiltonian H..    If the variation is carried out,  the unknown coefficients must 

satisfy a set of difference equations 

V(m, £.)[,?    (R. - R.) 6        +V      (R.,R.)]u    (R ) = EU   (R). (4.2) ^      '    ylO m     I        y    nm        nm     I     j'J     mv   y nx   r v       ' 

In this relation the quantity  <?    (R.  - R ) are the coefficients of the expansion of the 
th l •' energies in the m   " br-nd in a Fourier series. 
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Em0O   •   I(RJ #{RJ e 
- ik • R 

(4. 3) 

The quantity V      (R , R.} is a matrix element of the perturbation between a Wannier H •     >      J th 
function associated with the n     band located at the lattice site R. and another Wannier 

th 
function associated with the m     band and situated at the lattice site R..    E is the en- 

ergy of the perturbed state. 

These equations (4. <L) are the same whether we are doing the case of a bound 

state,   E not in any band,   or the scattering problem,   E in one of the bands.     For the 

scattering problem we wish the solution to the difference- equations to consist of an 

incident Biouh wave at large distances plus an additional outgoing scattered wave.     We 

do this by letting the unknown coefficients U   (Rj have the form 

R 
U    (R )   =   6 e mv   j' q, m +  X(R,) c    (R.) K_       (R. - R.) (4.4) 

The first term on the right-hand side of this equation denotes the solution to the un- 

perturbed difference equations which represents a Bloch wave.    This Bloch wave is 
th 

assumed to have an energy,   E,   lying in the q   ' band.    The second term on the right- 

hand side of (4. 4) contains unknown coefficients c    (Rj multiplied by a kernel of Green's 

function K„      (R    - R.). E, in '   j i 
In the treatment of the bound states arising from a perturbation this Green's 

function was taken in the form 

«E,JRrRl= I(k)~ 
ik • (R. - R.) 

J        r 

E - E    (k ) m     ' 
(4.5) 

The solution to the bound state problem was obtained by eliminating the first term in 

(4. 4) (since there are no propagating Bloch waves for energies not in one of the bands) 

and then substituting the Eq   (4.4) into the difference equations to obtain a set of simul- 

taneous homogeneous equations for the c's.    If we substitute (4. 4) into (4. 2) for the case 

of scattering it can be shown that the c's must satisfy the equations 

Km. R\, R\> [- N6(Ki - R,) 6^ • Vnm(R. ,R.) K£  m(R. - R,)] cjfij 

Y(R ) V     (R., R ) e 
^     J   • nq    l     J 

ik • R (4.6) 

N is the number of lattice sites in the macrocrystal over which the periodic boundary 

conditions are applied. This equation ^?s derived using the form of the kernel func- 

tion given in Eq. (4. 5;.  Th* summations extend only over those lattice sites over which 
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the impurity has matrix elements and for only those bands between which the perturba- 

tion has non-vanishing matrix elements.    Thus vvc Tee that our scattering problem 

will be solved if we solve this set of simultaneous linear inhomogeneous equations 

whose order is determined by the extent of the perturbation.    The only trouble with 

this formulation of the problem is that there is no clear way of ensuring that our 

Green's function consists only o! outgoing waves for large distances from the perturb- 

ing center.     We notice that the summation in (4. 5) for the q     band will contain a zero 

denominator of the fraction for some values of k.    It turns out that it is the manner in 

which we integrate around this singularity which determines the nature of the scattered 

wave. 

In order to avoid this difficulty it is more convenient to use a Green's func- 

tion .-.r •*"» **%•»*** 

K 
E, m .K, - R.) = (i/O I(iO/"Jt e 

J *• o 

b HE m (k)]t    ik 
e 

(H, R, 
(4.7) 

If this form of the Green's function is substituted into (4. 4), the equations that the c's 

will satisfy can be shown to again be (4.6). This form of the Green's function has the 

great advantage of contributing to only outgoing waves for large distances from the 

perturbation. Actually the asymptotic form of this Green's function can be calculated 

by the method of stationary phases and an explicit form for the asymptotic behavior of 

this kernel function has been derived. We shall not reproduce this asymptotic form 

here since the derivation is rather involved. 

In the paper to appear a simple one-dimensional example is worked out as 

well as the case of spherical energy surfaces in three dimensions. 

G.   F.   Koster 

-39- 

  
—,— .  7 



5.   CALCULATION OF A DENSITY OF STATES CURVE FOR NICKEL 

In the Quarterly Progress Report of April  i5,   1954,   a calculation of the den- 

sity of states for the 3d band in a body-centered structure was described.    This den- 
sity of states showed a pronounced dip in the middle.    Since many of the transition 

elements display the face-centered structure instead of the body-centered structure, 
it was decided to do a density of states calculation for a face-centered transition ele- 
ment. 

In the calculation of the density of states for the body-centered structure 
mentioned above,   the nearest neighbor interactions of the  d  electrons were taken 
from the calculation of the band structure of nickel done by Fletcher and Wohlfarth. 
(The method by which this was done is described in Technical Report No    4 of this 
group and in a paper by J.   C.   Slater and G.   F.   Koster to appear in The Physical Re- 
view. )   In the calculation of the band structure of nickel done by Fletcher and Wohl- 
farth,   they also calculate part of the density of states for this element.    Unfortunately 
their calculation only gives the density of states for about half the range in energy 
over which the bands extend.    What we are doing is to extend just the calculation that 
they have made over the additional part of the energy range in order to get the com- 
plete density of states curve.    We wish to see if the density of states curve shows a 
dip as appeared in the body-centered structure. 

In order to calculate the density of states for nickel,   we first calculate the 
band structure throughout the first Brillouin zone.    This is done by using the matrix 
of the interaction between the five Bloch sums formed from  d  atomic orbitals as 
given by Fletcher and Wohlfarth.    Because of the symmetry of the energy band« in 
reciprocal space all we need do is solve the secular equation associated with this 
interaction in one fourty eighth of the first Brillouin zone.    We have chosen a mesh 
of 10    in the three directions of reciprocal space.    This gives us a total of 680 points 

in one-fourty eighth of the first Brillouin zone at which the five by five secular secu- 
lar matrix must be diagonalized.    The writing down of the matrix elements for this 
number of secular equations became such a chore that it was decided to program the 
calculation of the matr.x elements on the Whirlwind computer as well as using the 

machine to diagonalize the matrix by a routine programmed by Dr.   Meckler.    This 
program was written and at this time we have the energies of the  d  bands at all of 
the 680 points in the segment of the first Brillouin zone mentioned. 

We are now in the process of computing the density of states by the same 
method used in the body-centered calculation.    Inderjit Prakash,   who recently joined 
the group as a computer,   is carrying out the major portion of these calculations and 
we hope to have them completed in the near future. 
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h.   ENERGY BANDS IN COPPER 

A previous report       outlined the methods used ::o determine the best linear 

combination of augmented plane waves to represent the waue function associated with 

a given point in k  space.    The formation and solution of the resulting secular equa- 

tion has been programmed for the Whirlwind digital computer on the lines laid down 

previously. 

A large number of states have been calculated for the three potentials used 

to represent copper;   a detailed account of the results will be submitted on the conclu- 

sion of the work,   but meanwhile several noteworthy features have emerged. 

It will be recalled that in the linear combination we may make two choices 

of functions:   those with the same reduced wave vector but with different values of E 

inside the sphere;   and those with differing wave vectors.    The work carried out has 

shown conclusively that,   for copper,   inclusion of terms including two vaiues of  E   for 

each wave vector,   and two wave vectors (the reduced wave vector and the smallest 

vector of the reciprocal lattice) is sufficient to produce at least three figure conver- 

gence in the lowest lying eigenvalues for s,   p and d-like states.    Several cases have 

been investigated using up to six different E's per  k   vector,   and in such cases,   four 

to five figure convergence is obtained. 

As an example,   the following table shows the lowest eigenvalue of the secu- 

lar equation taken to various degrees of approximation.    The example chosen is the 

state  x. (symmetric state at k = (0, 0, 2n-/a) using the Hartree-Fock atomic potential 

for Cu + .    This is a state which caused particular trouble in the cellular calculation of 
(2) the band structure of copper. This is a typical result on all the state of high sym- 

metry,   and the extremely rapid convergence of the method is immediately apparent. 

Table 6-1 

State x s 
No.   of wave vectors 

1 

2 

No. of E per k 

1 2 3 4 5 6 

3760 . 3752 . 3747 . 3747 . 3746 . 3746 

3754 . 3746 . 3746 . 3746 . 3746 . 3746 

So rapid is the convergence that it has been possible to extend the calculation 

to points of lower symmetry In the Brillouin zone-     When the work underway is com- 

pleted the following points in the Brillouin zone will have been considered,   and it can 

be claimed that results for the lowest eigenvalue converge in every case to three 

figures,   and often beyond this:    (The notation for the points in momentum space is 

that of Bouckaert,   Smoluchowski and Wigner. v 
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The latter point is one of no symmetry,   and accurate results can be obtained as a 

result of one hour's computation. 

In the light of further results,   a more detailed summary of the work and of 

the results themselves will appear in the next report. 
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7 SYMMETRY POINTS IN THE AUGMENTED PLANE WAVE METHOD 

Since my last report i have sought methods by which the convergence of the 

augmented plane wave (APW) method could possibly be improved In this report I 

suggest a way of speeding convergence at the symmetry points in reciprocal soace. 

It is well known that it a solution,   or an approximate solution,   is to satisfy 

the symmetry requirements of the Hamiltonian of a periodic potential problem it must 

first satisfy Bioch's theorem and second belong to an irreducible representation of 

the operations which leave its reduced wave vector invariant. 

The various augmented plane waves certainly satisfy Bioch's theorem.    For 

the general APW the only operation which leaves its reduced wave vector invariant is 

the identity;   so that the general APW has the proper symmetry as it stands.     For any 

APW with a larger wave vector  group the symmetry problem is still simple if the wave 

vector lies in or on the central Brillouin zone.    Such an APW is invariant,   as may 

r-^aiily be verified,   under its wave vector group.    Only for an APW with wave vector 

outside the central zone are degenerate symmetries possible.    Such an APW must be 

replaced by a linear combination of APW all of which are generated by application to 

the initial APW the operations of the group of its reduced wave vector.    (I denote such 

a symmetrized combination of APW as SCAPW   )   The coefficients of the APW in this 

combination are obtained from the irreducible representations of the group.    The re- 

sulting SCAPW will then transform properly under the operations of its wave vector 

group      Because the Hamiltonian is non-diagonal in the set of the APW in the SCAPW 

the expectation of energy of the SCAPW will differ from that of any of the APW.    The 

SCAPW though it represents a better first approximation to a solution is not derived 

directly from a variational procedure even if the APW are. 

In the augmented plane wave method as described elsewhere       there are two 

variational procedures.    The first is applied to an APW to minimize its expectation of 

energy relative to the energy parameter.    The second is applied to a combination of 

these APW and leads to,   of course,   the secular equation.    If solutions are desired at 

symmetry points the SCAPW do not enter the problem until the secular equation is to 

be solved,   the combination of the APW being taken to simplify the elements in the secu- 

lar determinant     Howarth in his application of the augmented plane wave method to 

copper has proceeded in this way       and has found that the lowest root of the secular 

equation converges encouragingly well (his report appears elsewhere in this Progress 

Keport).    1 now propose,   even so,  that rather than form SCAPW after the first varia- 

tional procedure that they be formed before it.    Once this is done it is found that the 

resulting energy expression is no longer independent of the direction of the reduced 

wave vector of the plane wave parts of the SCAPW and does indeed depend on the sym- 

metry of the SCAPW and the particular set of Brillouin zones from which its wave 

vectors were chosen.    I believe that this is not a complication.    It is evidence that a 

part of the burden of the secular problem is placed on the energy expression.    On the 
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face of it,   were this true,   it would indicate thai a first approximation SCAPu obtained 

by this method is closer to a solution than the first approximation SCAPVV obtained in 

the previous method      I shall try to make this more plausible after I have described 

the modified method.    Furthermore,   if the proposed modification is successful,   a 

different energy expression for every different symmetry should be more welcome 

than a slowly converging secular equation,   which even on a computing machine like 

Whirlwind,   is no small job to compute compared to a simple matter of forming an 

energv expression and finding its roots.    The new energy expressions not only re- 
(4) 

semble very closely the oid energy expression       but,   ol course,   include it as a spe- 

cial case when the SCAPVV contains but one APW.    Happily,  though it is not surprising, 

all the other pleasant features of the previous augmented plane wave method are re- 

tained;    the expectation of energy of a SCAPW is equal to the energy of its non plane 

wave portion;   two SCAPW of the same wave vector magnitude but of different energy 

are orthogonal and have no component of the energy between them;   the overlap and 

matrix component of energy between different SCAPW is relatively simple. 
A SCAPW if^    __        is written in terms of the unnormalK'.ed APW i^ : 

k + K, E k + K, E 

llT+Kl.E i 
» 

k + K, £ 
i 

th 

(7.1) 

In the above equation the subscript  i  refers to the i      symmetry operation and the 

summation is to be taken over all operations which leave the reduced wave vector k 

invariant.    The a       are given by the theory of group representations.    The super- 

script in a SCAPW refers to the manner in which it transforms under the group of its 

wave vector.    As pointed out before (in different language),   J-»    -*     ,   will vanish ex- 
-• k + K, E 

cept for particular   n  and  K.    In the equation below.   t,q.   (7. 2) is given the new energy 

expression and the notation is that of Ref.   (2) and (3). 

D^     (E - !k%Kl2; = fW ^ 
k + K k%K 

(7.2) 

and 

f/n*      = np   -   4TTR 

k + K 

j,(|K. - K.lR)      ,  .„,    ,  . 
I    JL-1--J a(n)* a^n) 

IK. - KIR 1      J 

where   p   is the integer which is the quotient of the number of operations in the group 

of the wave vector by the degeneracy of the representation 
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f(n,_=  4TTR
2
   X S(n) —(E;R)j.2(|k + KIR)(2J \  1)  +   F["

) 

and 

k<K I      k + K, i  u K 

,   . J,(R!K    - K.|)    IK.  - K.I2      ,   .„,    /  v 

K ij       RlK    - K.I J i .1 
J 

J 

S< 

and where 

(n)^       .    ZaW*a(n)p    ft**]'    {*+*£ 
k + K, i        ij     l 3        '  \   liT+K.I    Ik + Kl 

where P. is the Legendre polynomial of order I. 
It is interesting to compare the modified energy expression with the unmodi- 

fied.    For the old energy expression it was possible to show that the analogue of the 
right member of Eq.   (2) resembled a cotangent curve.    The energy vs plane wave 
energy curve was generated by the intersections in the right member,   plotted as a 
function of energy,  by the left member which was a line of fixed slope whose position 
along the abscissas changed as the plane wave energy changed.    In the modified ex- 
pression the right member need not be cotangent-like,   it could be tangent-like as 
well,  or even change from one behavior to the other as the plane wave energy changed. 
There if an additional modification due to the term F-*   -* in she right member which 

K 
+ K 

shifts the point of inflection of the  right  member.    There is the  additional com- 
plication in that the left member,  although a straight line,  certainly does not have 
constant slope,   indeed,  the slope could possibly change sign.    These features make 
a detailed exposition of the structure of the energy curves difficult.    Yet a lew things 
can be said about the new energy curves. 

To each reduced wave vector direction will correspond a triply infinite £et 
of energy vs reduced wave vector curves.    If a curve is characterized first by the 
symmetry of the wave function which belongs to it and second by the set of Brillouin 
zones from which its wave vectors are taken and last by the order of the root of the 
energy expression which it solves.    (Ai isolated symmetry points each such curve 
degenerates to a point. )   From a glance at the energy expression (7. Z) it will be seen 

(4) 
thai asymptotes    ' will appear which the energy curves cannot cross.    However, 

since for certain symmetries particular angular momenta will appear neither in the 

SC AP W or the energy expression the spacing of asymptotes, and so the separation of energy 
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curves is greater in the modified method than in the unmodified.    This suggests that 

the interaction in the secular equation between branches is smaller in the present 

method than in the previous method.     Thus as a function of its pnergy parameter 

al^ne,   a SCAPVY would appear to be an improved first approximation as compared to 

a corresponding APW.    I do not pretend this argument to be rigorous.    I shall try to 

state it more precisely and in a different way- 

Suppose the APW of the previous method to be expanded in exact solutions 

of the problem.     For an arbitrary wave vector the APW will be a comDination of solu- 

tions having the same reduced wave vector as the APW;   but in this combination will 

appear many different symmetries.    The coefficients of the exact solutions will de- 

pend on the energy parameter.     When the value energy parameter is inserted which 

makes the expectation of energy a minimum the expanded APW will still contain a 

variety of symmetries,   and because the APW is a function with discontinuous slope the 

expansion will converge quite slowly.     Now suppose the functions which enter with the 

larger coefficients are of a particular symmetry.    If when the APW is symmetrized 

it is symmetrized with that particular symmetry,   then the expectation of energy is 

not a bad approximation.    If,   however,   this is not the case,   then on symmeirization 

the dominant terms disappear from the wave function and the resulting function is 

composed of many terms of comparable magnitude     This argument is not favored 

when the energy of the APW is low since at low energies terms of the same symmetry 

are widely separated in energy and the coefficients should fall off quite rapidly with 

energy.    However,   if it is hoped to examine higher bands with the augmented plane 

wave method the argument could very well be important. 

By an argument similar to the above it would seem profitable to try to form 

combinations of wave functions which were "smoothed" in slope before   varying the 

energy parameter.    I have tried to do this by the following procedure-    A definite num- 

ber,   say  n.   SCAPW are chosen which have the same symmetry and whose wave vector 

magnitudes are the  n  lowest for the reduced wave vector which characterizes the 

SCAPW linear combination is formed such that the first  n  radial parts which appear 

in the non plane portion of the SCAPW join with continuous slope the corresponding 

plane wave parts.    The coefficients are then fixed by the condition that the resulting 

function be normalized.    The expectation of energy is obtained and minimized with 

respect to the energy parameter.    However,   the resulting energy expression is quite 

intractable so far and I hold little hope for the success of this idea. 
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8. ENERGY BANDS iN GRAPHITE 

In a previous report,     ' there was described the basic outline of the tight- 

binding method applied to a single graphite layer.    Since that time effort has been 

devoted to the evaluation of the integrals involved.     For this purpose,  the following 

assumptions have been made:   (1) The carbon atomic potential can be approximated 

by     P^      and the crystal potential by a superposition of atomic potentials.    (2) The 

one-electron atomic wave functions can be taken to be HF SCF AO's and the one-elec- 

tron crystal wave functions to be Bloch sums of these AO's.    (3) Two-center integrals 

(and estimates of three-center integrals) can be used to obtain the necessary integral 

values. 

To carry out the calculations, considerable programming has been done on 

the M. I. T. high speed digital computer Whirlwind I. This machine work can he di- 

vided into three categories: 

(1) Fitting of HF SCF AU's and the Z    function with exponentials:   The Z  (r) 

or the tabulated HF radial probability functions,   P.   ,(r) (when divided by appropriate 

powers of  r  or node factor r    - r) are "exponential-like".    Each of these functions 

was fitted with a sum of exponentials by a machine iteration technique developed for 

the purpose.    To apply the scheme,   for an  n  exponential fit,   2n representative points 

of the "exponential-like" function are chosen,   and fed into the machine program.    The 

program then iterates until the fitting function agrees sufficiently with the 2n repre- 

sentative points,   at which time the error curve,   Pf..  - P.   .,   is generated,   projected 

on an oscilloscope and automatically photographed.    By trial and error variation of 

the 2n representative points,   and subsequent re-runs,   it is possible to optimize the 

fit.    The functions which have been fitted in this manner are the  Is,   2s,   2p,   and Z 

of the carbon    P configuration.     '    '    It was found that two exponential fits of the radial 

probability functions were accurate to about one percent of the maximum values of the 

functions,   and that three exponential fits were very nearly accurate to the round-off 

error of the tabulated functions;  this is in subsianUal agreement with the accuracy 
(4) 

attained by Lowdin. The Z    function was more difficult to fit and reciuired three 
P 

and four exponential fits,   respectively,   for corresponding accuracy.    Although the 

most accurate fits are probably not warranted by the approximations of the problem, 

they can be used to estimate the effect of errors in the wave functions and in the po- 

tential upon the final energy levels. 

(2) Evaluation of one-electron,   two-center integrals between Slater AO's: 

The theory of two-center integrals between Slater AO's (normalized single exponential 

wave functions),  has been comprehensively studied by Koothaan,     ' Riidenberg,     'and 

Muliiken,   Rieke,   Orloff and Orloff. *  '   Although r\_i.   7 gives short tables of overlap 

integrals,  these were not sufficient for all the integrals required in the present prob- 

lem.    Ref.   5 gives formulas for the necessary integrals,   but because of their com- 

plexity,   it was felt v%orth while to use machine techniques io evaluate the expressions 
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desired.    The following computer programs have been developed. 

A "basic" subroutine which evaluates overlap integrals arising among the 

Os,   Is,   2s,   lp,   2p Slater AO's,   (the  14 integrals of Eq.   25 in Ref.   5),   for arbitrary 

values of the parameters.    The machine time is about  1. 7 seconds per integral.    The 

program is based upon the ability to rapidly generate the functions (7 significant fig- 

ure accuracy): 

An(p)   -/Ve"eP<*.     BnU)   =fl  ^e-^dr, 

A "combination" subroutine which,   using the above program,   automatically 

computes two-center integrals between wave functions,   (is,   2s,   2p),   expressed as 

arbitrary sums of Slater AO's.    This routine can be used with any of four operators, 

which are symrr.ev.ric in the interchange of the two wave functions.    If the integral 

between centers   a  and  b,   separated by a distance R,   is defined as: 

). .(R)  =  /V(r  ) O     4»(r. ) d- lj     '      J   Ti    a'     op    jv   b' 

where 

1 "j 

+l(ra>  =     ^   ck*k(r«>'        *j(rb>  =   ^    cl*i(rb) 

k= ) J i= ! 

and the c, ,   c. are arbitrary coefficients of the one parameter Slaier AO's,   <J>  (r), 

then these operators can be written as: 

O    =   1 (overlap) 
n 

O,    =   - — v    (kinetic energy) 

2 (r. ) 
O   4,(rJ = *,(-rJ -V^ n c vjx b'      Tr     a       r.        I z - z   r 

Z (r  )"   Z (rj    '        >     ZP
(r)  =      £    Cme 

O,   = P    a    +      P    b I m = 1 
a b 

Thus this subroutine evaluates the integrals of a particular operator,   at several 

values of R,   from the specification of:   nR,  and the values of R;  n.,  and the values 

of c,   and the <J>,   parameters;   n ,   and the values of c. and the <t>. parameters.   The 

foregoing scheme thereby allows one to calculate integrals involving wave functions 

fitted by several exponentials without serious extra effort.    It should be noted how- 

ever that the machine time required for a given integral is equal to (nRn.n.\)  x 
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(1.7 sec ) where \ varies with the operators a,   b,   c,   d as 1,   1,   n. ,   2n  ,   respectively. 

(3) The secular equation between the one-electron states:   The secular equa- 

tion,   which arises,   is of the form detlH     - ES.   I =  0,   where the matrix elements H. 
ij !J i. (8) lJ 

and S . are functions of the reciprocal lattice vector k.    Dr.   Howarth,        presently 

with this group,   has adapted Dr.   Meckler's subroutine for solving the usual secular 

equation to handle this more difficult equation.    In order to simplify the use of Dr. 

Howarth's program,   an auxiliary program has been devised which,   for a given k, 

generates the required matrix elements from the basic two-center integrals of the 

first,   second and third nearest neighbors of the graphite layer.    With this procedure 

it will be possible to readily calculate the one-electron energy levels as a function of 

k. 
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9.   SOFT X-RAY EMISSION" SPECTRA 

In order to better understand the observed soft x-ray emission spectra for 

the transition rr.etals,   and consequently the apparent band structure,   it seems neces- 

sary to study the effect of spin-orbit       coupling on the crystal wave functions.    For 

this reason I am retting up the secular equation for the d bands in nickel,   making full 

use of the results of Fletcher's    ' calculation,   and especially his analytic potential 

and one-electron atomic wave functions,   including the added spin-orbit coupling terms 

in much the same way as Brooks.     '   Since the calculation is made according to the 

approximation of the tight binding method,   the spin-orbit matrix elements are the 

same as for the free atom.    Keeping within the approximations of the method,   the 

spin-other-orbit terms are excluded as being negligible. 
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10    NUCLEAR ELECTRIC QUADRIPOLE INTERACTION IN THE KCT MOLECULE 

The calculation of polarizability effects for the F    ion in both uniform and 

point  c harge perturbing fields is continuing along the lines given in the previous 

Progress Report. 

L.  C   Allen 
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11.   MAGNETIC SCATTERING OF SLOW NEUTRONS FROM OXYGEN CJAS 

Some aspects of the calculation of the magnetic scattering of slow neutrons 

from O, gas have been discussed in previous reports.    The calculation has been com- 

pleted,   and the results will be submitted for publication in the near future.    Here we 

present a summary. 

The original motivation for considering neutron magnetic scattering was to 

examine in detail the possibilities for deriving from experiment a distribution for the 

electrons of unpaired ^nin in a magnetic material.    Neutron magnetic scattering has 

an advantage over x-ray scattering in which only the total electron distribution can 

be measured.    There are several reasons why scattering by oxygen gas was con- 

sidered.    One of the simplest magnetic systems to treat theoretically with reasonable 

rigor is the oxygen molecule      The electronic structure of O, has been given con- 
(1) siderable theoretical study by Meckler       in this group.    Interest in the magnetic 

scattering experiment had r.lready been stimulated several years ago by Halpern. (2) 

The experimental magnetic scattering is obtained by subtracting the nuclear scatter- 

ing, which has been calculated by Halpern and Appleton, from the measured scat- 

tering.    Very recently the integrated cross section for the scattering of slow neutrons 

of a variety of wave lengths has been measured by Paievsky and Eisberg at Brook- 
'4) haven National Laboratory. l 

The gas was assumed to be in thermal equilibrium at room temperature and 

at low enough density so that double scattering and the correlation among molecules 

is negligible.    The scattering is then given in terms of the cross section for cne mole- 

cule.    A major difficulty in extracting useful information from the experiment is as- 

sociated with the variety of velocities,   angular velocities,   and orientations of the 

molecules of the gas      From the viewpoint of deriving the distribution of electrons of 

unpaired spin from :t scattering experiment it is unfortunate that the gas does not 

consist of a number of stationary molecules all with the same orientation.    In the 

scattering of x-rays from a gas the situation is similar,   but,   because the speed of 
5 

light is greater than that of neutrons of appropriate wave length by a factor of 10", 

only the random distribution of orientations causes appreciable difficulty.    The added 

difficulty which one may expect in the neutron case,   associated with the low neutron 

velocities leading to a ratio a(of the transit time for the neutron across a molecule 

to the period of moleculai   rotation) which is of the order unity,   was pointed out in 

a previous report.     '   A detailed analysis shows that the two limiting cases a «  1 

and a »  1 yield cross sections which would be difficult to distinguish experimentally, 

even if each molecule were to have the same linear velocity.    This suggests that for 

neutron magnetic diffraction as well as for x-ray diffraction from molecules the scat- 

tering will be rather insensitive to the distribution of angular velocities.     For a more 

detailed discussion consider the general expression for the scattering. 

The O, molecule partial magnetic cross section for unpolarized neutrons 

54- 

1 

7 



{MAGNETIC SCATTERING OF SLOW NEUTPONS FROM OXYGEN GAS) 

corresponding to a molecular transition during scattering from the rotational level  J 
to the rotational level J'  is 

^J,J(K) =   U.J' +  l)(k'/k)    f    {(2i+   1) J    Pj,^) PJ(fi) P^n) d^/zj  A/(K)      (11. 1 

- 24 2 in units of 0. 3650 x  10   "     cm   .    The cross section (11. 1) is in center-of-mass co- 
ordinates as a function of K   (hK = fi(k -k') is the momentum transfer),   and is per 
initial state of the molecule;   k   and k' are the initial and final neutron wave vectors; 

Pj(n) is a Legendre polynomial.    The Af(K) are coefficients in the Legendre polynomial 
expansion of a "magnetic scattering amplitude": 

f(K)   -   /elK • r p(p) dr   =    Z   (21 +  1) i1 A/K) P/fi) , (11.2) 

the  Fourier transform of the spin density p(r ),   which gives the spatial distribution of 
electrons of unpaired spin;        u is the cosine of the angle between the molecular axis 
and the radius vector from the molecular midpoint.    Eq.   (11.2) is derived in Born 

approximation and is associated with the classical'dipole-dipole interaction between 
the neutron and electron-spin magnetic moments.    It can be shown on the basis of 
time reflection symmetry that interaction between the neutron magnetic moment and 
the orbital electron motion contributes no scattering when the 02 molecule is in its 
ground 2. electronic level. 

In the limiting cases a « 1 and a »  1 the cross section reduces to 

I   a       (K)   =   <|f(£)!*> (11.3) 

independent of the initial level J,   and 

*00(K)   --   |<f(K)>j2   =   A0
2(K) (11.4) 

^v^denotes a uniform average over all orientations of K.    The derivation of (11. 3) 
depends on the static (or semi-classical) approximation in which the relative change 
of the neutron momentum by the scattering is neglected. 

If the spin density p(r ) were spherically symmetrical,   one can see from 
(11. ?.) that Aj{K)   =   0,   i ^ 0,   and hence,   from the selection rules on    J      Pp P. P   dji, 

that only elastic transitions (J* = J) are allowed.    In this circumstance (ll. 3) is rigor- 
ous in the sense that the static approximation is not required,   and,   in fact,   Eq.   (ll. 3) 

reduces to Eq.   (11.4).    One may in general associate the difference between (li. 3) 
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and (11.4) with the non-vanishing of the A ., i j 0. 

The A.(K) were computed for I 4- S from the spin density p(r ) derived from 
(1) Meckler's       O, ground electronic wave function,   and were found to have very roughly 

t 
the form of spherical Bessel functions (l/2)(l + (-) ) j.(KR/2),   but with considerable 

damping with increasing K.    (R is the normal internuclear distance. )   The overall 

magnitudes of the A- were also found to decrease raoidly with increasing 1.    The result 

is that (11. 3),   based on the static approximation,   gives the cross section to quite 

satisfactory accuracy. 

Of basic interest is the sensitivity of the scattering to the form of the elec- 

tronic wave function assumed in the calculation.    It turns out that Meckler's approxi- 

mate many-electron wave function leads to a spin density in which the only atomic 

orbital involved is the oxygen 2p.    An alteration in Meckler's wave function which 

might be expected to cause a significant change in the calculated values of molecular 

parameters,   e. g. ,   the energy,   is the replacement of Meckler's Gaussian atomic or- 

bitals by Hartree-Fock orbitals,   or other reasonable orbitals.    To examine the effect 

of such a change on the magnetic scattering,   the A.(K) were computed from a spin 

density which differed from that derived from Meckler's wave function only in that 

Meckler's 2p Gaussian orbital was replaced by a hydrogenic 2p with effective nuclear 

charge Z - 4. 44.    The difference in the A.'s for   the   two orbitals is so small that the 

associated scattering in the two cases would be indistinguishable experimentally.    Un- 

fortunately,   one must give up the hope that neutron magnetic scattering might provide 

a sensitive method of experimentally determining the distribution of magnetic elec- 

trons,   at least in the case of gas scattering. 

The integrated magnetic cross section was computed from (11.3) based on 

Meckler's wave function.    This was then transformed to the laboratory frame of ref- 

erence and averaged wiih respect to the thermal distribution of molecular velocities. 

The resulting integrated magnetic cross section per molecule o- is given in the table 

below as a function of the incident neutron wave length >.. 

Table 11-1 

Mangstroms) ! 2 3 4 5 7.5 10 15 20 30 

<r(barns) .130     .490     .981      1.516     2.015     3.054      3.96     5.76     7.52      11.09 

(4) Preliminary analysis of the scattering data of Palevsky and Eisberg    ' of 

Brookhaven National Laboratory indicates agreement between theory and experiment 

to within experimental error. 

I would like to express my thanks to Miss Edith Moss for performing a large 
| 
I part ol the numerical compulation involved in this work. 
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12.   THERMAL VIBRATION'S IN Cu-Zn SYSTEM CRYSTALS 

Our principal task is to find the localized change in conduction electron 
cnarge density prouuceu wiicn one ion core is ui^piace*-* in an otucrwisc perfectly 

regular metal lattice of ion cores.     From this Ap we can by Feynman's theorem 
find the conduction electron contribution to the force produced by the displacement on 

all the other ion cores,   and thence,  by taking the derivative,   to the 3x3 matrices of 
interatomic force constants between each pair of atoms.    It is felt that the careful de- 
termination of these force constants is the crucial step in obtaining meaningful results 
for the frequency distribution spectra of thermal vihrationsr.   from the experimental 
values of E.   Jacobsen of Professor Warren's x-ray group    ' for the force constants 
of Cu one can see that the usual assumptions made -- such as that vibrations perpen- 
dicular to the interatomic radius are associated with a negligible force constant -- 
are definitely not justified. 

Our approach to the calculation of Ap using the perturbation theory expansion 
of wave functions in terms of displaced Bloch waves,   following the Slater-Koster de- 
velopments,     ' has proved successful.    The method is feasible only for the solution 
of small size lattices,   and considerable care must be paid to the mesh of allowed 
points in k-space inside the first Brillouin zone used in the perturbation theory expan- 

sion,   which mesh depends of course on the size and shape of the lattice used,   given 
the application of Born-von Kuriv.an boundary conditions.    The dipole symmetry of the 

problem tells us that the matrix component of the perturbation potential between two 
Wannier functions on the central site vanishes,   while the eight non-vanishing matrix 
components in a fee lattice between thp central and first neighbor atoms are all of the 
same magnitude,   although half are positive and half negative.    As our first step in a 
self-consistent procedure we neglect all other matrix components. 

Our success in solving the unusual Slater-Koster secular determinant rests 
entirely on the fact that first order perturbation theory results are rigorously correct 
for our purposes,   since the atomic force constants are derivatives at the equilibrium 
position of the expressions we obtain with respect to the perturbation parameter it- 
self.    The results of our explicit solution of the secular equation for a fee lattice with 
the above matrix elements are that each group of degenerate levels has one level split 
off upward and one level downward in energy by equal amounts which increase from 
zero for the upper and lowermost levels to a maximum for the middle group of de- 
generate levels.    Explicit expressions were obtained for the sets of perturbation co- 
efficients corresponding to each of the split-off level." -- the levels which remain 

degenerate do not of course contribute to Ap.    From these coefficients there can be 
set up expressions for the Ap for the given finite lattice which take a quite simple 
general form,   once certain wel!-justified expurgations are made.    Since the approxi- 
mation is introduced that the unperturbed Bloch waves used in the perturbation ex- 

pansion are simply plane waves,   one sees after elementary manipulation of the ex- 
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pression that it is essentially a three-dimensional Fourier expansion of Ap. 

The expression for Ap exhibits a symmetry consistent with that from which 
the perturbation matrix elements were obtained.    Just as important,   the imposition 
of self-consistency in magnitude is rendered relatively easy by the fact that the one 
independent matrix element magnitude can be factored out of the Ap expression.    Also 
this factorization means that this magnitude can be treated as a parameter to be fixed 

from the experimental force constants or clastic constants,   relying on the difficult 
independent numerical calculation of Wannier function matrix elements only to check 
the order of magnitude.    Calculations have beer, made for 32 and 500 atom cubic crys- 

tals,   and are being extended to 2048 cubic and ^>12 Bravais-fcc celi-shaped crystals 
to check that the results are substantially independent of the size and shape of the 

finite lattice used,   as we would expect from their Fourier expansion nature.    From 
the analytic expression for Ap it can be shown that Ap is indeed not a function of the 

S'7e of the crystal for very large crystals.     Furthermore,   the sum of the magnitudes 
of all the energy splittings (two to each degenerate initial set of levels) is independent 
of the size of the lattice for very large crystals. 

The numerical results obtained so far indicate ihat Ap is sufficiently local- 
ized about the displacement site so that it is a good approximation to have neglected 
all perturbation matrix elements but the eight ones connecting the central site to the 
eight nearest neighbors in the fee structure which do not lie on the plane bisecting the 
direction of displacement along one of the cubic axes.    A crude self-onsistency cal- 
culation gives the result that the dipole moment roughly equivalent to Ap cancels from 
one-half to three-quarters of the dipole moment produced by the displacement of the 
unshielded ion core. 

The approximations made in our model are such that it applies with equal 
validity to Cu,   Ag,   and Au,   the difference ir the Ap expressions coming onl>  in the 
multiplicative factor.    According to our model,    .lerefore,   the conduction electron 
contribution to the atomic force constants and hence to the elastic constants of any 
two of these metals should be proportional to each other,   and we can exhibit the pro- 
portionality factors.    Unfortunately,   no accurate predictions are avaUable of the con- 
tribution of closed ^hell repulsion terms to the elastic constants of Au and Ag,   so this 

predicted proportionality cannot be tested,   although crude estimates indicate it to be 
borne out.    However,   we observe the analysis we describe here can easily be ex- 
tended to th? uec structure,  leading to a similar prediction of proportionality amor.g 
the elastic constants of Na,  K,  and the other bec metals with a single S conduction 
electron outside a closed shell.    After using the results of Fuchs^4' on the core-core 
repuision effects to adjust the experimental elastic constants,   we found that the pre- 
dicted proportionalities between the conduction electron contributions for Na,  K,   and 
Li did exist,   and that the constants of proportionality agreed with the very simple 
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expressions derived from our model to within a few percent. 

The primary specific goal of our work is to predict numerical values lor the 

atomic force constants relating the first three orders of neighbor atoms in Cu and 

compare them with the values found by Jacobsen       from thermal diffuse x-ray scat- 

tering data.    In finding xhe conduction electron contribution from our Ap results it is 

planned to use .1 numerical integration scheme to carry out the Coulomb integrations 

involved.    It should be mentioned that the nature of our approach through calculation 

of Ap is such that the accuracy of the predicted force constants is about the same for 

all orders of neighbors,   no matter how far removed      We must also find the contribu- 

tion of closed-shell repulsion terms to the force constants to make comparison with 

experimental results possible.    Approximate results are easily obtained from the re- 
(4) 

suits given by Fuchs       for the interaction energy of the closed shells of two Cu ions 

on the basis of a Thomas-Fermi approximate calculation by Lenz.    The important 

point ii> that the closed-shell effect contributes appreciably to only two of the three 

first neighbor constants,   and to none of the further neighbor constants. 
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13.   ELECTRON-LATTICE INTERACTION 

A study of the electron-lattice interaction problem has been initiated with 

particular emphasis on cases where the interaction is too large to be treated by per- 

turbation theory.    Treatments for slow electrons based on methods developed for 

meson theory by Tamm and Dancoff and by Tomonaga have been reviewed.    Attempts 

at treating stronger coupling,   higher energies,   and the effects of the periodic poten- 

tial are being made. 

T.   D.   Schultz 
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