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Inzirumentation, i.e, of such methods that are used for scientific investi-
| gations or for the construction of scientific or technical irstruments.
transducerg, am

plifierg, filters, integrators, and meters, The present
report deals witih mathernatically operating elements, or analog computer
elements, e.g. clements that add or subtract voltages, or that differentiate
or integrate a voltage-time functior. The standard elements and a variety
vi nonconventicnal imathematically operaling elements are described,

This report, however, aspires t¢ be more than just a collection of
unrelated methods. For each basic mathematical operation, we have attempted
to describe the special rcquiremsziis of any device to be used in this applica-
ticn, to point cut tne difficulties inherent in the operation itself, and to pro-

vide criteria by which ¢ velative merits of ihe warions devices and any

E

5

i

! FREFACE
{
i This report renresents a pari of a larger undertaking, the goai oi
i which 15 the collection, analysis, and organization of the methods of

A

future devices may be evaluatied.

»

We have limited ourselves in this paper to devices with elecirical

inputs, in which the desired cperation is performed on electrical signals.

Most of ine devices described in this paper have eclectrical outputs, but some
devices with non-electrical outpuis have becn included, mostly in cases

where the importance of the device as a transducer was secondary to its

importance as a device capable of performing a mathematical opecation on

an electrical signal.

As to the presentation, the descriptive physical aspect is emphasized.

Mathematical derivations are omitted. Where the derivation is not obvious,
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references are given. Only references published in ordinary scientific and
technical periodicals or textbooks are quoted. Semipublic material, such

as theses, technical reports, or patents, is omiited. The r.:. Jf paient
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literature is a very complex problem thiat mav require special considera-
tion in the future,

The couverage of the fieid of Instrumentation in the existing literature
iz not homogeneous. Some authors deai with it in generalities and block
diagrams, others furnish detaiied informative results of investigations on
single methods, ranges, limits of application, etc. This state of affairs is
necessarily reflected in this report,

The goal of our work is both a practical and a theoretical one. Ths
use of the material collected in a reference book should previde a broad
view as well as useful information on any particular aspect of the field an
avoid in the future the wasteful repetiticn of developmental work which
frequently exists in research laboratories. Moreover, the analysis of the

basic eiements 07 these geientific methods should form a skeleton for a

logically coordinated science of Instrumentation.
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General Consideraticens Concerning Mathematically Operating Flements

The general form of a mathematicaily operating elziuent is shown

in Fig. 1, where

z = f1 {x,y). (1}
y
" p .
s J_. I
|
Figure 1

The problem in instrumentation is to find an appropriate systemm M which
performs the operaticn expressed by the symbol f1 te a satisfactory degree.

Frequently the sclution will differ from the one in Eq. (1) such as

[ 5
g

t = - 7 / . 5
z a fl(x,y).+ bfz(x,y) + <,..3gx,y,t) + cf4(t) + e, (

The soiution may differ from the true value of z by a constant scale factor

2. Tt may also contain a distortion term which is a function fz of the

independent voriables x and y (amplitude distortion) and a term f_(x,y,t)
9

incorporating the time derivatives of x and y (dyramic error, transient

effect, frequency distortion, phase distortion). The solutiocn may further be
different from the correct value of z by a time variant componen! df4(t) such

as driit or noise, ard finally by a constant component e,

The performance of a mathematicaily vperating element is character-
ized in general by the following factors:

1. The useful range, i.e. the lowest and highest levcls of input signals

which furnish a useful output signal.

The highest useful level ig in general reached when the value of
distoriion (see second term in Eq. 2) exceeds the maximum per-
miscsible error. Scmetimes practical considerations limit the
highest useful ievel (power dissipation or voltage breakdown of

component parts).

o
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The lowest useful level is in general reached when the relative

magnitudz of the erroi or noise-to-signal exceeds the maximum

permissible relative error,

—rwevar
[a%

The input characteristic, i.e.

e

a. the level of useful input signais
b. the input immpedance

Both imagnitudes togethar determine the power level of an input

o e v g

sigrial required by the system,

3. YThe output characteristic, i.e.

a. the level of useful output signals :
b. the output impedance

Both rnagnitudes together determine the power level of an output

signzal available from the system.

4, The frequency range,

In general input signals vary with time, and an ideal eclement would
follow such variations rcgardless of the rate of cnange. However,
ail mathematicaily operating elements become unsatisfactoiry at
high rates of change, and some at low raies of change. If a sinusoi-
dal signal of varying frequency is applied to the input of the element,
the response will be satisfactory only over a limited frequency
range.

| 5. The accuracv, expressed by the error, i.e. the deviation Az of the

3 output signal from the true value of z. This figure incorporates

¢ the four last terms of Eq. (2) above. The error also includcs
variations of the output signal produced by environmental influences,
such as temperature, pressgure, humidity, stray fieids, mecharical
vibrations, etc,

1 6. Construciive considerations. For many practical considerations

it is necessary also tc consider the size and weight of the element

plus the accessory equipment, its ccst, the necessity for maintenance,

AR, 2oy mrmEe 2, ooy 7 P g = e a3 s ¢ g Lo Ll e
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the power requirements and the use of standard parts for its

construction,

Indirect Methods
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Where the direct instrumentation of a particular mathematical opera-
tion is difficult, it may be advantageous to use indirect methods of perform-
ing that operation. Two main indirect miethods heve been used:

i. Substitution of an equivalent mathematical operation

Example: xy = antiiog (log x - log y).

The signals x and y are firet applied to two independent logarithm-
forming elements. The output signals from these elements are
added, and the sum is applied to an antilogarithm system.

2. Implicit (trial and error) methods,

xample: If (zy - x) = 0, then z =

g | M

The value of z is varied until the equation zy - x = 0 is satisfied.
The value ¢f z corrcsponding to solution of the equation is then
equst to the desired output signal. MNaturally this method may be
uscd only when the equation to be solved has a single root, A
servomechanism or other feedback device may be used to solve
the equation continuously, and so give a continuous output.

Either of these two indirect methods may permit simpler instrumentation

than direct methods

VA PR e pam e € i s
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1. Additicn and Suktracticn

1,00 Geaneral Considerations

a.
s ADDING OR

e k(ze *02’!.1!
2.5 SUBTRACTING

e €L EmMEDT

Figure 2

The general {orm of an adding or subtracting element is shown in
Fig. 2. Since e "€y is equal to e, F (-e2), any of the methods of additian
can be used for subtraction if some means is available {or inverting the
signal.

Three fundamental methods for addition and subtraction of voltages -
the series, the parallel, and the bridge method - are described in Secticn
1.1. In some cases it is more practical to convert or transform the input
voltages into other equivalent voltages or currents, and to add the latter
ones, This is primarily required when interaction between the different
input voltages is to be minimized. Vacuum tube methods suitable for this

purpose are des<ribed in Section 1.2,

if the input signals are presented in the form of impedance or re-

sistance levels, a summation operation can be carried out by networks

described in Section 1.3.

A nuinber of electrical methods wiiich are different in scope from the
fcregoing three sections are presented in Section 1.4, They have in common
that the addition or subtraction of the input gignals is performed with trans-

ducers and appears as a mechanicn] displacement {meter output),

n——
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.11 Series Connection of Voltage Sources

Addition and subtracticn of voltages may be obtained by connecting the
innut generators e ez, €q in series according to Fig., 3. The method

requires floating potentials of all but one of the input circuiis, If suchis

Figure 3

not the case one or several of these input veliages must be converted into

voltages of floating potential {e.g. hy mweans of transformers).

where eo, e

i

the output voltage is e, =e te, te
&

B 5 LT RL TS P e me—— e PP

The output voltage for the circuit, Fig. a, is

R

L
e =(e. +e.+te_+...)
i 2
0 1 3 R1+R2+R3+...+RL

L are instantaneous voltages. Rl, RZ’ R3 include the internal

mpedances of the source. For infinite load impedance (RL >> Rl’ Ro' Rq)

1 3

The output impedance is

f» )
e

L
+ + R :
R3 L)

“0 = (Rl +R2 + R3) ‘ (Rl +R2

* o sy oy [T R — LS
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The input impedance for any one of the sources is the sum of the other

source impedances plus the load resistance, as for source e, the input imed-

2%
ance is

I‘-\i = Rz + RB =+ RL.

Thus, for infinite load impedance RL, R. too is infinite.
1

The mutual coupling between two input circuits, i.e. the curvent in-

crement produced at one input by the voltage increment at another input is

and becomes zero for RL = w .,

The method is appiicablie for DC voltages. AC voltages can also be
used for arithmetic additions if all generators operate in phase for addition,
or 1809 out of phase for subtraction., If the output voltage varies from
positive to negative values, a phase sensitive indicator must be employved
for the measurement of e or the zero point of the meter must be shifted
electricaily towards the center of the scale by an auxiliary voltage. The
useful range and the accuracy of the method are limited only by the system
whichh measures the ouiput voltage e, - Paralle!l capacitances and capacitances
to ground of the single input sources are iikely to cause difficuities at high

frequencies.

e
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1.12 Parallel Connection of Voitage Sources

The voltages e , e _, e

1? €97 By - ¢ are connccted in series with the imped-

ances or resistances R, R

A
the interral impedances of the

Figure 4

=3
..3..

cutput voltage is

\ R .
el(R2I{3i + ez(R1 3) + e (P‘R )

Te) R.R.R

1 2 3
RIRB -R2R3+R1R2+( Ri_

)

or

. G e +G 2e2+G391+

11
o G + G +G3+...+G

L

b o JOY

where G =

XM the resistance of the load is large (R >/- R R

eo=a'el+b-82+<:'<:3
where
.. Gl Gl b—;’}_vc_jg
Gl + G2 + C- = za” G’ =G
for Rl = R2 = R3' the output voiitage is

S
e v T B, B0 T o e O 1 B e o v s N LY 005 08t 7
e

Y

, R.) £q. (1) becomes
2 3

. include
9

—~

4
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1
e =—(e te,t+te) (3)
o n 1 2 3

where n is the number of sources (e.g. n = 3 in Fig, 4j.

The output impedance for resistive elements (as in Fig. 4} is

e
s

i1
R 'R. R, R,
1 R

1
'3

The input impedance for any source, e.g. for e_, i

w

1‘

The mutual coupiing factor (e.g. the variation of current in the leg |

produced by a variation of the voltage e2) is

i aly ) g
! [;e? RleRQ o
° B.R_+ + + —
172 RZRS RBRI RI

The method is particularly applicable if one terminal of each source

Wi 11D P
o sana § o

] is to be kept at the same potential (e.g. ground potential). For accurate

3 performance the resistances K., R_, R_ or their ratios must be kept constant.
Y

2" 3
1 (J. Lentz and 1. A. Greenwood, Jr,, Electronic Instruments, Rad., Lab, Series,
Vol. 21, Sec. 3.2). The useful range and the accuracy of the method are
limited only by the system which measures the ouiput voltage €, Accuracy

, R

for transient response requires that Rl’ R be either pure resistances

2

or reactances (capacitances) or that they have ihe gsame time constants. For
subtraction one or several of the input voltages have to be inveried by
means of transtormers, tubes or other inverting elements. (For further
references see D. MacRae, Jr., A, H, Frederick. and A. S. Bishop, Wave-
forms, Rad. Lab. Ser., Voi. 19, Sec. 18.2}. The same circuit with feedback

amplifier at the output is described in Sec. 1.24 below,

e A N T AT s, R S e R RN S e
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1.13 Bridge Circuit tor Voltage Sources

The DC or AC voltages tc be added or subtracted are e, and e_ in

2
voltage source must be fioating. Either a

Figure 5. One a balanced bridge

(Z :2Z =2 :2Z ) or an equal arm bridge (Z =
a h c d a

W
N
"
N
1"
N
1
N
2
Y
‘<
lea
(0]

b c d
used. In the latter case the output voltage is
e e
o st —— a2
o 2 Z+2Z Z+Z
1 2
The input impedance for either input e, or €, is Z,
The utual coupling between the scources e and €, is zero.

The oulput impedance is

3 72 + / ’7‘ 2 a3 2
27 + Z (4Z1 522) + Z{82Z 4_ + 2Z2) b BZIZZ

2,72 33 —2 2 2
» - g
82" + Z° (BZ | + 8Z,) + Z(14Z Z, + 4Z) + 4Z Z;
for Z. =7 =2
1 Z S
222 + 0222 + 10z 2% + 323
s S S
Zs,=&—73 2 2 3
+ +
8Z" + 16272 + 20Z 2 + 42
tfor Z'1=22=Z
z
z =3 .
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1.2 Vacuurn Tube Circuits

The use of vacuum tubes for =lcctrical analogue additon is, funda-
inentally, not different from the methods listed under Sections 1.11 and
1.12 above. Vacuum tubes offer, however, some practical advantages.

The high input impedance of such tubes reduces the power require-
ment for the input signals. The alrnost compiete isoiaiicn of piaie and
rid circuits in

~ ~r v il
<a |3V 0 L6

in & vacuum e mutual coupling between
multiple inputs. Feedback metiliods permit the closer approximation of
ideal performance. Offsetting these advantages are the inherently greater
instability and complexity of vacuum tube circuits. A circuit featuring high
attainable accuracy and great flexibility is the parzllel input-d.c. feediack

inethod described under 1,24,

1.2} Single Vacuuin Tube with Two Inputs

In the circuit of Fig. 6 the input voltage e  is applied between grid

1
and ground, and the voltage e, between cathode and ground.
*E b
RL

€o
|
.l

3

Figure 6

The signal output voltage is

R

) 07 .
=] . = )
eo r + R +{u +1)R (u el (‘“1)62'

B L ! o
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or, for u>>1,
: [T RL‘
| o TT +R_vuR, 17
p L "2 °
! The output voltage depends primarily upon the difference (e, - e ).
1 A 7
It also depends upon the absolute magnitude of e and €y The difference

’

e, - ez) affects the output voltage u times more than does the common mode
i

level change,

! The output impedance is

(r + RZ (p'-rl)).

&

+r + +1
o RL 5 RZ(IJ )

The input irnpedance to the grid for e, is usually several megohms;

1
the 1nput 1mpedance to the cathode or e, is low and is
r +R
L
R =- : .
o w +1
%
A generator with low input impedaiice is reguired for €y
‘ A modificaticn of thig circuil which reduces the zero shitt of e, caused
il i
: by common mode level change is given by K. Kelner, J, W, Gray, E. F,
l_ MacNichol, Jr,, Direct Coupled Discriminators, Rad. Lab. Ser., Vol, 19,
i
! Waveforms, Sec. 9.22.
8
’ ; 1.22 Differential Vacuum Tube Amplifier
A. Fig. 7 shows a symmetrical differential circuit where the inpu
¥ voltages e and ey are applied to the grids of two triode sysiems. The use
fa 4
! of two equal systems in one envelope reduces zero shift of the output
: veitage caused by variation of the cathode tewnperature.
:
£
1 The output voltage for triodes with identicui iinear characteristics is
5 I RL
- R +r &%
o r
i L
s
i
E
&
}
£

MIH e &
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Figure 7

unzffected by RK or plate supply variation (unless the plate supply voltage

affects the vaiues of y and rp).

The output impedance i3

The tubes should be carefully matched for accurate results.

A complete analysis and some modified circuits are given by John W,
Gray, Direct Coupled Amplifiers, Rad. Lab. Ser., Vol. 18 (Amplifiers)
Sec. 11.10,

B. Fig. 8 shows a modification of the symmetrical differential
amplifier. The resistor RK is substituted by a triode operated as a
constant current element, This effects a virtual increase of RK to infinity
and improves the linearity. The output level (potential of A or B) is approxi-
mately 200 volts and changes by only 2 volts as the common mode level of
inputs changes from -50 to +150 volts., Using a 6SL7, the output voitage
&y wiil in general vary less than 0.1 volt fcr a 200 volt common mode
change of the input level. (R. Kelner, J. W, Gray, E. F. MacNichol, Jr.,
Direct Coupied Discriminators, Rad. Lab. Ser., Voi. 19, Waveforms,

Sec. 9.22, p. 360.)
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Figure 8

C. Fig. 9 shows a second modification of the symmetrical difterential

amplifier with cingle ended (one sicde grounded) output.

Figure 9

The input signals are applied between grid and ground of either tube.

The output voltage between P1 and ground is approxirnately

e -e€
! 2 +E
e = ;
o 2 be’
the one between P2 and ground is
e, -®
ef = ‘_" P -~
2 b'o

Tt ot m‘(.'h.\.ﬂ""!t-’
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(Eb is a constant additive component,) The output: is accurate to within
C
A

D

(o]

0]

er cent vver a range of 80 volts for each input. See D. MacRae, Jr.,

o

A. H, Frederick, A, S, Bishop; Addition and Subtraction by Means of
Vacuum Tubes, Rad. Lab. Ser., Vol. 19, Waveforms, Sec. 18.3, p. 646, where
a similar singie ended output subtractor circuit with asymmetricail tube

arrangement is described.

1.23 Vacuum Tubes in Parallel

A. Each of the variationa!l input voltages €, €5, €g in Fig, 10 is

applied between cathode and grid of a vacuum tuce, thus conirolling the

plate current and producing on the common load resister RL a signal

—0+Enp

output voltage

] .'m1 m2 2 m3 3 -
o " 1 1 1 1
— +(— + — +—)
RL r r r

{assuming linear characteristics). For small load resistances (RL<< T

pentodes) Eq. (1) is simplified to

5
W
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e, tg ce.).

If all tubes have the same transconductance &’ the output voltage =

& e

e =R "a (e, +e_+e_).
L @ B S STie g

The output impedance is, in good approxiration,

-y
4

p =--B
O Lol

where n is the number of input tubes (e.g. 2 in Fig. 10).

o e3 is usually several
&

The input impedance for the single sources e., e

megohms.

The mutual coupling between the inputs is negligible, except for capa-

citive coupling cf the input sources.
Triodes offer the advantage of simplicity, Pentodes are preferable

wherc high speed operation and, therefore, small input interelectrode

capacitances are required.

B. A variation of the multiple tube adding circuit is shown in Fig, 11,

The input veltages €y, €, €4 are applied between the grids of the tubes and

ground. The ioad resistance RK between the common cathode connection

and ground produces a degenerative effect,

‘ e \ I/ & \IV

c

Figure 11
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The output voltage, within the lincayr range o

u(e1 te, + 03)

P =
2 - 3 R
o nf{u+1)+ rp/ K

fory >>1landn- u >> rp/RK

e~l(e +e_+e.)
o " n 1 2 ‘2

where n is the number of input voltages (e.g. 3 in Fig, 11).
. g g g

The ocutput impedance is

- RK 'p
B K__{(n+1)
o] rp +n (K !

or, for RK(uH) > >rp, andu > > 1,

1-
N T
O mu n-g

The input impedances for the inclividual sources el, e2, e3 are usvally

several megohms.

The mutual coupling between the input scurces is zero, with the ex-

ception of capacitive coupling.
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1.24 Parallel Voltage Sources with Feedback Amplifiers

The use of a feedback amplifier ir. the output increases the precision of
the method, provides less mutual coupling between the input circuits by de-
creasing the input impedance, and can be built to decrease the output imped-

ances. The method is applicable for AC and DC. For the arrangement chown

Ry .
YAYA j

L

0,

é°2 AMPL IFIER
J J € 2o
Gain .A
—o
[RI r"z
Figure 12
in Fig, 12, the output voltage is
e /R, +e_[R
- 171 727772
o 1 1,1 1 1
(o o )
R.F A R1 R,“ RF

if the output R of A is small, If the gain A of the amplifier is large (the
minus sign denotes a reversal of the output polarity with respect to tne

input), the secon : term in the denominator can be neglected and the output

wvoltage is

o IR1 2R2

if A is large, the input voltage to the amplifier is kept nearly constant and
very small, Thic has the effect that the input impedance to the amplifier

is small, Ri = RF/(l + A). The input impedance for any source is, therefore,

approximately zero.

The mutual coupling is

e S . 7 b PP 1y ot ot - - 3 o e A g o e e

e r——" o e
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and tends to zero for large gain A, (Ref, D, MacRae, Jr., A. H., Frederick,
A. S, Bishop, Mathernatical Operation ¢n Waveform, Rad. Lab. Series,

Vcl. 19, Waveforms, Sec. 18.3.)
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1.3 Addition of Impedances (Resistances)

If the input signals are presented in the form of impedances or
impedance variations (usually resistance variations} & sum or difference
formation can be obtained in two ways. One way consists of convertug
the resistance variation into equivalent voltage variations and using one of
the methods for addition and subtraction of voltages (See 1.1 and 1.2). Another
way consists of adding or subtracting the resistances with appropriatic net-
works and obtaining an output signal in the form of an impedance.

Three principal mnethods are available, The impedances are either
arranged in series (Sec, 1.31) or in parallel (1.32) or in a bridge circuit
(1,33). The output impedance representing the result can be measured with
anv one of the customary methods. Most comrionly used are ohm meters
(usually nhyvperbolic scale), constznt current sources and voltmeters (linear
scale), and ratio meters, (the indication is independent of supply vcitage
variation). Higher accuracy at the expense of speed can be obtained wiil the
Wheatstone bridge operated with manual or servo system balance. Some

representative circuits are indicated.

1.31 Resgistances in Series

A. The total (output) resisiance of the circuit in Fig. 13 is

Ro =R + ARl +AR2 + AR3'

AR,
an,

AR

Figure 13
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If the resistances are replaced by impedances, these must either be pure

reactances or must all have the same tirac constants.

B. An application of this circuit for analogue computers is shown in

Fig. 14. With scales arranged like F.l and Rz, the total resistance increases

n,_ =0

n
A
n

1

[
-——

= \/\/\/\/\/\/\/\/\1
1

R
{ —'\/\/T/\/V\_/\/‘-/\/\/\/ e
|
|1
[=]

E -J\/\N\/\,’Y\/\/\!\/\/\—- 2
[
|

ﬂz L]

with increased setting of the resistance scaile, and whe result Ro is equal to
the sum (Rl + R_ +R,). With a scale arranged in opposite direction (R3)

4 9
the total resistance dimmenishes with increased scale setting and ihe result

indicates the difference RO = (Rl + Rz) - RP_. For such setups the 0 point

3-
of the meter has to be brougkht in the middle of the scale so that for Rl’ R

o e e

2

and R_, set at zero the meter reads zero and can indicate negative values
3

at increased setting (decreased value) of R3.

1.32 Resistances in Parallel

If the scales of the resistances Rl' RZ' R3 are calibrated proportionally

to the conductance G = 1/R an arrangement according to Fig, 15 can be used.

I l Q?.ﬁ
T

Figure 15

£
3
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The total current measured with the meter Mis 1 =E . (= + + )

R1 Ry R.3

E-(G1+G2+G3.,.).
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1.33 Resistances in Bridge Circuits

A. The resistances Rl’ Ri, R3 and Rz, R'Z, R, in Fig. 16 are

>,
N

L
s
{3

&H

)

>

|

Ry

~

D
V=

Sy A

A
P
RS

approximately equal, If the resistance variations AR < <R, then the current
iM in the diagonal 1s approximately proportional io ihe suin of these varia-

b [ G e

tions. (J. Krdnert, ATM J 0821-1, 1932),

B, Modified Wheatstone Bridge

O BT ) PN | O AR TV

Figure 17

i v o i, B 5 st

1 The current iM in Fig. 17 is proportional to the resistance variations

ARi - AR,,. {(Method of Griiss and Siebert, Arch, Techn. M. J 0821-1, 1932),
4
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1.4 Addition by Means of Transducers

The following methods use transducers as adding or subtracting elemeunts;
the result is indicated by the cdefiection cof a meter or by the rctation of a servo

system. The input signails may be voltages (1.41) or mechanical positions of

£

synchro (1.42).

[T
1b
3

1 Meter with Multiple Inpat*

The deflection of the differential moving ccil meter si:own in Fig, 18
is proportional to the current difference (i, - i.). If one of the current connec-
1 &

tions is reversed, the meter will read the sum (i1 +1i,). Other meter types

for DC can be similarly adopted with multiple 1nput terminals. Particularly
suitable are those types with fixed coils, such as iron vane types, eleciro-
dynamometers with multiple inputs to a subdivided stationary coiland a
constant auxiliary curre:mnt applied to the moving coil. Application of AC
may introduce mutual coupling between the different input circuits. Where
this coupling causes undesirable effects, the AC inpats can he rectified

and the direct currents added.

*The exact description of this instrument will be given in the section on
transducers.

PRSP = e e i i
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Chapter 12.)

minimum error available is in the order of 0.19°,

different ranges of angular position,

23 !

i.42 Synchros

The following method can be applied if
the input signals can be converted into me-
chanical rotation of a synchro axis.

The two rotors of the synchromotors I
and Il in Fig. i8 are connected to the AC supply
line, inducing in each of the three stator wind-
ings Sl‘ SZ’ S3 voltages of a relative magnitude
depending upon the positions of the rotors. The
stator windings of ocne synchromotor are con-
nected to the rotor of the difierential synchro D;
the stater windings of the other synchro motor
are connected to the stator of ID. The rotor o
D will indicate the difference oi the angular
positions of I and II. If one pair of leads is
reversed (e.g. S1 and S3), the differential
synchro will indicate the sum of the rotor
poritions of the two synchro motors. The
The accuracy varies in

{See W. F. Goodell, Jr., Rotary Inductors,

Rad. Lab, Ser., Vol. 17, Components Handbook, Sec. 10.4 and 190.5, p. 326,

F. B. Berger, Electromechanical Modulator, Rad. Lab. Ser., Vcl. 19,

— e e — 0 S

S,
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MULTIPLICATION AND DIVISION

N
=g

2.0 General Considerations.
2.1 Circuit Elements as Analog Multipliers
2.11 Single Multiiplying Circuit Elements

2.12 Multiplying Elements with Servo Systems

2.2 Amplitude and Frequency Mcdulation System for Analog Multiplication
2.3 Pulse Methods for Analog Multiplication
2.31 Electronic Switch Method

2.22 Pulse Coincidence Methods
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1 Split Target Cathode-Ray Tube Multiplier

b

.42 Crossed Field Cathode-Ray Tube Multiplier
2.5 Transducers as Analog Multipliers
.81 Elasctrodynamoemeter
2.52 Ratio Meter
2.6 Multiplication by Logarithmic Methods
2.7 Multiplication by Square Law Method
2.71 Isolation of the Product by Canceilation of the Undesired Terms
2.72 Isolation of the Product by Frequency Selecticn
] 2.8 Multiplication of resistances

2,81 Bridge Methods
2.82 Addition on Logarithmic Scales
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2. Multiplication and Division

2.0 General Consideraticns

e
!
o——— ANALOG
%
¢, WMULTIPLIER
o— !
Figure 2.1

The general formn of a physical analog multiplier system is shown

diagrammatically in Fig, 2.1, where

e, a(t:1 e e2).

The magnitudes e, and e_ are the elecirical input signals; € is the

output signal,

operations, are discussed together. Division can be performed with any
multiplier by means of indirect or implicit methcds.

While very satisfactory methods of electrical analog addition and sub-
traction are available, no completely satisfactory method of electrical
analog multiplication or division has as yet been devised. The great output
range required, equal to the product of the input ranges, is one of the
greatest difficulties for satisfactory multiplication.

All multipliers are limited by practical consideraticns in their range,
accuracy, and speed of response. Some multipliers have inherent limitations
of a more fundamental nature. A perfect multiplier operates in four quadrants;
i.e. the sign of its oucput changes with the sign of each of its inputs. For cer-
tain multipliers the sign of the output is independent of one or both of the
input signais. In these cases the muitiplier is said to be capable of operation

in two or one quadrants, respeciively.
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The input signals (factors) are generally available in the form of
variable voltages or currents {2.1 to 2.7), but may be presented in the form
of variable resistances or impedances (2.8).

The simplesi {oem of an analog multipler is a circuit element with an
output proportional to the product of two input voltages or currents (2.11),
Howewer, none of the available circuit elements ot this type furnishes
isfactery results over an extended range of operation., Beiier results
are obtained by using these elements in conmnection with servo systems (2.1

In some cases it is advantageous to use the i1nput signals {or tlie modcuia-
tion of AC sources (2.2) and carry out the multiplication with a discriminator.

Another group of methods tries to solve the problem by converting the

input signals into pulses {2.3) and obtaining the desired result by measure-

ment of the pulse average (2.31) by probability methods (2.32) or by a time

o= ot

a3
2 2
S-S

s
:

The use of electron beams for the performance of analog multiplication
(2.4) provides for relatively fast methods, requiring, however, sgecial cathode-
ray tubes (2.41) or special feedback systems (2.42).

The application of output transducers for multiplication purposes ileads
to a mechanical output (2.5). The result appears as the deflection of a
meter, A voltage cutput can be obtained from such devices indirectly by means
of input transducers or servo systems (example 2.51B).

An eniirely different way of e¢lectrical analog multiplication is the one by
equivalent operations, such as the addition of logarithm (2.6) and the use of
square law devices (2.7). Such operaticns are more easily instrumented in
some cases than direct multiplication, but both methods require nsn-linear
devices that must be stable, accurate, and of extended range. The logarithmic

method is, of course, inapplicable for negative vaiues,

By 281 e Lt~ £ a0 Calpmadaclis: 5 ] i el e o e B S —
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2.1 Circuit Elements as Analog Multipliers

Certain circuit elements, such as vacuuin tukes, transisiors, and
thermistors, whose currents are functions of the produci of iwo or more
inputs, may form adequate physical systems on the basis of which analog
multipliers may be developed. In general these systems will not have out-
pute strictly proportional to the product of two variables, at least over any
extended range. Iany of these devices, however, will have outputs propor-
tional to the product of one variable and some function of another variabie,
Although very simple in principle, all these systems havc a very restricted
range of vperaticn, and usually exhibit instability and drift, in particular

when operated with DC signals.

2.11 Single Circuit Elements

Al, Vacuum Tubes

Figure 2.2

The output voltage e_ in Figure 2.2 is, within a resiricted range, ap-

0
proximately proporticnal to voltage e; applied to the grid and to the voltage

ez applied to the plate

The proporstionality range is small, For a 6K6 connected as a triode, grid

voltages between 0 and -20 V and plate voltages of less than 25 volts furnish

Y e D . — - aovary e eSS —
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acreptable results. The load impedance R_ should be small; a transformer

L
with low primary impedance is recommended for AC operaticn,

A2. The operation can be improved by the setup of Figure 2.3.

The tube V2 acts as a cathode follower; the tube V1 as a variable cathode
impedance. The circuit may be used for DC and AC operation,

A3.

Figure 2.4

In the circuit of Figure 2.4 ire plate current is ip =a-e, ’ <;2. i.e,

approximately proportional to the prouduct of both grid voltages. Tubes 6SA6
and 6SAT are recommended for this purpose.
For references for all three methods, see ¥, B, Rerger and D. MacRay,

Jr., Waveforms, Vol. 19, Rad, Lab. Ser., Chap. 12.3, p. 669, 1st ed., 1949,

A4. A small AC signal ey and a variable DC signal e, are appiied between

2
grid and cathode of a pentode, Figure 2.5, The mutual conductance of the
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Figure 2.5

tube varies with the anplied grid bias (signal ez); the output signal (AC

component) 2 is approximately proportional to the product e, " e, A 6SK7
tube is recemmended, operated with ep =250V, €gy © 106 Y and a grid voltage

(e1 + ez) between -1 and -10 volts (Ref.: J. Lentz and I. A, Greenwood, Jr.
Vol. 21, Rad. Lab, Series, p. 53).

D

B. Non-linear Pzssive Systems

An input voltage e, (Figure 2.6) is applied to the series combination
of a resistor R and a thermistor T. The resistance of R should be small

compared to that of T. The current is then approximately e, /’l‘1 and the

output voitage is,

The resistance of T varies with temperature which, in turn, can be controlled

by a voltage e, 80 that
R .
. o2
o f ' "
(e2) > o
. s 2 el /T R c.
The method is subject to large errors and in- -
[ s ol ] [
stability with time and is limited by the time Vi
constant of the thermistor. =
el

Figure 2.6
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C. Vohage Dividers

[ o —

Figure 2.7a Figure 2.7b

The signal e, in Figure 2,7a is applied to the voltage divider; the

1
cutput voltage is

i.e. the output signal is proportional to the product of the input voltage and the
attenuation factor f. The factor f can be varied in response to a signal, for

instance with a servo system. The muliiplication system thus formed is

¢

very stable and capable of the highest accuracy. One can also apply two input
signals, as e, and e, in Figure 2.7b, and adiust the voltage divider ratio
{(factor f) by a servo system or manually, until the meter M does not

indicate any current. The ratic e2/e = f can then be read off the veltage

1
divider. A system of this kind is described by A. A, Gerlach and D. H. Pickens,
Electronics 25, p. 145 (May 1952). The accuracy is better than 1 percent.
Resistive voltage dividers are usvally correct within §.1 percent., A
high precision system using resistors to be controlled in steps by relays is
described bty E. A. Goldberg, Electronics 24, 121 (August i951). The accuracy
is ¥ 0.001 percent of the full scale, the spezd of response i3 in the order of
1 sec. for full scale operaticn,
The multipiication by means of resistive voltage dividers as in Figure

2.7a is correct only when the output gignal is fed into an impedance that is

high compared with r. If this is not the case the resistance R should be

L1
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tapered so that the output voltage is proportional to the shaft rotation angle,
regardless of the load curreni. Anoirer way of overcoming this difficulty
is in the use of a constant impedarnce attenuator (W, Shannon, Electronics,
19, 110-113, 1546, Aug.) An arrangement whereby the exact voltage divider
ratio can be measured with a Wheatstone bridge is described by C. E. Berry
et al, J, Appl. Physics, 17, 265, 1948, #4.

Voltage dividers can also be built with inductive and capacitive means.
The standard inductive voltage divider (Variac) has an accuracy of only
several percent. Special constructions permit accuracies up to C.1 percent,
(J. Lentz and 1. A. Greenwood, Jr,, Rad. Lab. Ser, Vel, 21, Electronic
Instuments, p. 49.) The use of synchros with an output proportional to the shaft
rotation is also described, Besides being controlled by mechanical means,
voltage dividers can also be controlled by purely eiecirical means. For
instance the element A or B in Figure 2.7b may be replaced by a tube
with controlied plate resistance, or by a variable impedance. Multipliers based

on this method are likely to be unstable and of low accuracy.

D. Amplifier with Variatkle Gain

' — ey
e, AMPLIFIER €
. S—— S

Lo &
Figure 2.8
The output voltage e, from an amplifier in Figure 2,8 is proportional

to the input voltage and to the gain A of the amplifier

2 =A’e,.
o i
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The gair, in turn, can be varied by the application of a gain control voltage
e_. In general the gain is not proportional to es but is proportional to a
function f(eG). The variable gain amplifier is, therefore, an imperfect
multiplier which can be made tc a perfect multiplier by the use of a servo

system (see Sec. 2.21).

E. Vibrating Capacitor Multipiier

If a parallel plate capacitor is connecied in a circuit as in Figure 2.9

and if one plate of the capacitor is vibrated about a zero position so that

rig. 2.9

it can be shown that the output voltage, for d, << do and for wCoR <<1, is

1
d1
C wCoR *— ccs wt

d
o

e =e
o) 1
where C0 i3 the capacitance for d = do' This relation forms the basis of a

precision analogue multiplier; e, is properticnal to cne signal, and d, is
1

1
made proportional to the other. A measurement of s then gives the
product, An application of this miultiplier in a feedback servo system is

treated with 2.12A, below,
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2.12 Servo Systems for Multiplication

No single element acts as a perfect multiplier, i.e. furnishes an out-

put voitage of the icrm

= . e e
€, k 1 e.2

over a large range cf the input signal voltages e and €y however, a number

of elements {imperfect multipliers) provide output signals of the form

=] o 'l
e, k e, f‘ez)

where f‘(ez) 1s either a nonlinear though morotonic function of e, (e.g. a

vacuum tube characteristic) or a variaiion of the iransfer ratio of the element
in response to e, (2.g. the gain of an amplifier controlled by a variation of
02). Perfect multiplication with such elements can be accomplished through
the use of servo feedback systems,.

€, OUTPUT
——
e, .
) € -810i8,) v
L §
es \ ERROR SIGNAL
A by e 8‘- Cs

Figure 2.10

The generalized scheme of such a feedback system for multiplication
and division is shown in Fig. 2.10. M is an imperfect multiplier or a servo
controlled voltage divider or attenuator. A voltage e, (reference volt-ge)

is applied to the input of M and emerges as a signal of the form
[ - e
e} k- e, f(ez) (1)

which is fed into 2 comparator. The output from the comparator (error
signal e =e'1 e, " k- e " f(ez) - ey is fed back, via an amplifier A, inio
the multiplier M, If the gain of the amplifier is very large, the system

will come to equilibrium when the error signal approaches zero, so that

e e W et b A A R e - e ————— oy o —
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) ) =g
k e, I(e;) e3 .
or
e
k- f{e, ) = -
2 ey

If now another signal €,

(3)

is applied to M and if its effect on tlie feedback loop

is separated from that of € (so that the voltage feedback to M is still e2)

then the output of M is

"z k- . 3 3
e, e, f(ezl. (4}
From Eqs. (3) and (4) it follows that
€3
outpute.!' “e - —,
) 4 4 e
1
Means must be provided tc separate ilie signal voltage e4' from the refer-
ence voitage cutput el" . Three methods are available for this purpose.
A. Duplicate System Feedback Multiplier
¢ o—m e-ke f(e s
Ml | 1 (02’ c 3
Ce A ese-e,
M e
& iy . °
Figure 2,11
The system shown in Figure 2.11 requires two identical imperfect
ultipliers Ml and M, (such as amplifiers with controllable gain or attenu-
ators with controllable attenuation factor). One signal €, ig fed into II]

and emerges as

ST g S Tian
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This output el' and another signal e3 are fed into a comparator. The output
from the comparator (error signal) e = el' - e, is fed back via the high-gain
amplifier A into the two multipliers M:.L and Mz, thus setling the gains of
these units, The system comes tc equilibrium when the error signal becomes
zero, i.e, when

T . " ) -
e, k e f(ez, eq

e
k. fle)) = 3 :
P el
™~
If a signal €, is applied to the multiplier Mz, its output will be
e =e, ~k-fle)=e ig
o) 4 R 4 ey )

Ref, See Korn and Korn, Electronic Analogue Computers, p. 220 and
"Electronic instruments," Rad. Lab. Ser., Vol. 21, p. 50. Also N. L. Fritz,
Reo. Sc. Inst., 23, 687 (1952) #12. An example of a duplicate system feed-
back multiglicr, using n vibrating reed capacitor system as descriked under
2,11 E, above, is shown in Figure 2.12.

VIBRATING
REED
CArACITOR

1k |
e, g |
3 9] RECT!FIER ! I
L L

ke,

ked -e, | error signal R R
o r in] \“l

S,
RECTIFIER |—4 0

Py

AMPLIFIER $ I
| S s e,
> = NG
) AN
 S— mvING COIL
\ ns. 2618~
SOURCE

Figure 2.12
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The voltages e,. &, €, are applied as shown., The AC source

oscillates the reed at an amplitude d The ocutput fruen the vibrating

1
capacitor of separation d is kleldl' This is rectifiecd and fed to the

comparator C. The error signal is kleld1 - e, This error signal is
amnplified and adjusts the output of the AC source. This feedback system,
if the gain of the amplified system is sufficiently high, will make the error

signal approach zero, or

kleld -e_ =0,

1 3

‘The output from the other capaciter is

K e_e
r
o = 32
.’4-" = -
E3 nH e1
1 i

The device can be used for multiplication or division, As a multiplier, it
has accuracies oo 0.1%, but the attainment of this accuracy requires great
care and precision in the construction. Operation in two quadrants is
pcssible.

Ref. J. Ientz and 1, A, Greenwood, Jr., M.I.T. Rad. Lab. Serics, Vol.

21, Electronic Instruments, Sec, 3-10, p. 44 and 57, and Korn & Korn, p. 224.

B. Frequency Selection Method

Fs
BLOCK W ‘——>e°
TERMS
€, € 2inkly
3 .
M
i|62 E Y
R
PASSES w RECTIFIER C p—e
[ AMPUFER TERWMS © 3
GAme A T
]

ERROR SIGNAL 2

Figure 2.13
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The input io the imperfect multiplier (Figure 2.13) is composed of an

AC reference voltage E. * sin mot plus a variable DC signal voltage e

1
The output frum the multipiier is

4

e' =k-E1-sinwot°f(ez)+k'e4~f(e2).

These twc components are separated by two sets of filters FR and FS.

Fiiter F only passes the first {(AC) component which acts as a "'reference"
or "gain setting' component. The output is rectified and fed into a comparator.

Another signal e_ is also ied into the comparator. The output from the

3
comparator is the errcor signal e which is amplified and fed intc the

multiplicr. L'he system comes te equilibrium when

k- . =
1 E1 f(ez) e

3!

or

=1

K! ey

Y
f(ez,

The signal component e, passes the multiplier and emerges as

The frequency of the referernce signal must be sufficiently different from that
of the signal voltage e, so that the two components may be separated by
the two filters,

References: '"Waveforms' M.I.T. Rad. Lab. Series, Vo. 19, p. 674

and Korn and Korn ""Electronic Analogue Computers,' p. 229.

C. Time SMrig&Method.

The voultages €, and €y in Figure 2.14 are appi:ed alternatively to the

imperfect multiplier M by mweans of a vibrating switch. A synchronous
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Figure 2.14

vibrator applies ihi¢ output tc the feedback loop Sl—C-A-M when e is applied

and to the smoothing circuit S_, when e, is applied. Time constant circuits

2’ 4
in tha ormAants meeisa O 1

AP P . P e . o
.......... cothing circult %) Reep e {eeduach condiiions constant as if

1
were applied all the time. The feedback system adjusts itself to equiii-

brium so that the error signal approaches zero, and e_ does not vary with

2
time, thus fixing the operating point of the multiplier. Although e, is applied

intermittently, the smoothing circuit 52 gives a steady output,

) —8483

o/ el

-

Ref. Korn and Korn, Electronic Analog Computers, p. 228.

Iy

2.2 Amnplitude and Frequency Modulation System as Analog Multiplier

In the following method one input signal is used for frequency rmodu-

lation of an oscillator. The resulting carrier is amplitude modulated by the

nancme - e e Al et by bt s 1

other signal. This wave is fed into a discriminator of the Foster-Seeley

type, which furnishes an cutput proportional to both amplitude and frequency

deviation of the input signal.
A block diagram of the system is shown in Figure 2,15. Lirear

frequency anud amplitude modulators are used to produce a signal with

e

frequency deviation proportional to one input signal and amplitude deviation

proportional to the second input signal. The refcrence signal for the dis-

4 criininator ie derived from the output of the frecyuency modulator sc that
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Figure 2,15

the sensce of the output signal is preserved as e, passes through zero. This
makes the device capable of operatiomn in all four guadrants,

Gue of the advantages of this multiplier is that the modulators act on

Ll L ey S, SR
UlilC I Ty Liar ao

[ s

{ is possible by means of feedback methods, to insure stability and accuracy

of €ach modula haracteristics of the resulting modulator are
determined ultimately by the stability and accuracy of the discriminator.
Another advantage is that nowhere in the multiplier, except in the output, is
the range of the multiiplier limited,

R. Price (Technical Report #213, M.1.T. Res. Lab. of Electronics)
degcribes an FM-AM multiplier of high accuracy with a dynamic range

of 2500:1.
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2.3 Pulse Metheds for Analog Multiplication

2.31 Electronic Swiich Modulators

The average value of a rectangular pulse signal as shown in Figure 2,16

is E = e ‘t—.
av, 1 T

JTT T
l 1 E rveroge
—of 1 F—to—« f

1 19—
o-— " — "

Figure 2,16

If e, is proportional to one input signal, and t is proportional to a second

input signal e,, and if T is constant, then

2)
‘a‘v'. ,r - ) 2

and the device will serve as an analogue muitipliier.

Several schemes have been proposed for maintaining t proportional
10 e, Perhaps the most straightforward of these involves the feeding of a
triangular waveform to a discriminator which will form a pulse of duration
equal to the time the input waveform remains above a certain level. A

diagram illustrating operatior of such a system is shown in Figure 2.17,
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In general the production of a time interval proporiional to e, will not be
possible over 2 large range. A feedback muliiplication and division system
for three input signals based on the square wave pulse method (accuracy

better than * 0.2 per cent of maximumn voltage, input signals with the ranges

23 to 57 voltg, 48 to 23C volis, and 22 to 230 volts, and an cutput signal range
of 5 to 165 wclts) is described by J. Lentz and 1. A, Greenwood, Jr. in

Electronic Instrumaeants, Rad. Lab. Ser,, Vol. 21, p. 6G it, McGraw Hili,

LY. 1848,

z

See also E. A, Goldberg, RCA Review 13, 265, 1952 ""High-Accuracy

Korn & Korn, Electronic Analog Computers, p. 223,

2.32 Pulse Coincidence Methods

If several independent events cccur with a random distribution in
time with: the probabilities Py» Pgs Pyt v then the probability of simultane-
cus occurrence of all of them is

P=P; " Py Py
This result may be extended to periodic wave forms whose periods have no
common divisor, In particular, if rectangular pulses of independent repeti-
tion frequencies are superimposed, the time during which all pulses are
positive will be proporticnal to the product of the duty ratios t/T of the
pulses.

A system which uses this principle for analog multirlication is shown
schematically in Figure 2,18,

The elements p,, P2, and P3 produce rectangular pulses of a duty

vatio t/T proportional to the applied input signals e and e, .* These

Sio° 3

1)

*Means to accomplish this to be described in the section on pulse generators,

See also the preceding paragraph.
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Figure 2,18

rectangular pulses are added by means of a resistance network {see this
chapter, Section 1.12). The resulting voltage is applied to a tube V1 which
is biased in such a way that a plate current flows only when all three signals
applied to the g114d of this tube are positive. The average plate current in

this tube is then proportional to the product oi the input voltages.

1)

Any number of input variables may be used with this method, Th
accuracy obtained is in the order of 4 per cent, limited primarily by the
error in linear time modulatior of the pulses. Using input signai of fre-
querncies in the order of 20 kc, the time needed for a computation is indicated
to be about 500 miicroseconds.

Refevences: A. C. Hardy and E, C. Dench, J. O. 5. A, 30, 308 (1948)
""An Electronic Method of Solving Simultanecus Equations."” See also '"Wave-
forms' M.I.7. Rad. Lab. Series, Vol. 19, p. 676 and "Electronic instruments"

M.I.T. Rad. Lab. Series, Vol, 21, p, £9,

2.33 Time Selection Multiplier

A capaciter originally charged to a voltage e, is allowed to discharge

through a res:istor. The voltage appearing across its terminals at a time t ig

2% T
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This relaticn has been used as the basis of an analogue multiplier,
The original voltage €, is made proportional to one input signal, and
na
€ proporiional to a second input signal. A block diagram of such a

multiplier is shown in Figure 2.19,

S ircH SWircef PuLse e

e
— &/ { 1 3 ConvERTER
> R

BLOKING | SANP. PusE BLocking

OSCiLLAT. 400 ¢ OSCILLAT
— I
_e: Swircsy Y &

2 C+ 22 & '
e

Figure 2,19

The circuit operates in the following manner:
1. Initially switches 1 and 2 in Figure 2.19 are closed, switch 3 is

open, Signal ey charges C1 to voitaze e., and signal e, charges C,_ to

1’ 2

voltage €,

2. Every 1/4C0 of a second a pulse produced by the blocking
oscillator 1 opens switches 1 and 2 simultaneously, and then the voltages
across C1 and Cz decay exponentially with time,

3. When the voltage across Cz is equal to €., the comparator

roduces a pulse to trigger blocking osciallator 2, which briefiy (5u sec)
4 J -

closes switch 3. At this instant t1
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and
5
e’ =e€R202=e. (2)
2 2 3
4. Closing of switch 3 procduces a pulse of a magnitude e' 1 at the
input of the pulse converter (smoothing circuit) and a DC voltage e, = k-e'

4 1
appears at its output.

Then, if R, C, = R,C, it follows from Equations (1) and (2) that

The frequency of the input signals is restricted by ihe repetition fre-
quency of the device. Since the attenuation of the networks is always positive,
the method will operate in two quadrants only. For reference see T. Brcomell
and L. Riebman, Proc. IRE 40, (1952), p. 568, "Sampling Analogue Computer.”
The described multiplier has an accuracy of the order of 1 per cent and input
ranges for e,, 0 to 12 volts; €5, 51t0 90 volts; e

x 2 to 85 volts, Signai e

must be less than ez.

3 3
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2.4 Electron Beam Analog Multipliers

The following methods empley focussed electron beams, such as used
in cathode ray tubes, for the solution of analog multiplication problems. The

input and output signals are presented in the form of voitages,

2.41 Split-Target Cathode Ray Tube

g >

SLUere. | ——a

Figure 2.20

A cathode-ray tube (Figure 2.20) produces an electron beam of cir-
cular crcss section and of uniform current density J which impinges upon
a target split in four quadrants, Two voltages, e and ey, deflect the
electron beam, The current collected from each quadrant is proportional to
the respective area covered by the beam. From simple geometric considera-
tion it can be shcwn that the area Al - A2 - A4 + A3 is equal to the area of
the rectangle with the sides 2x and 2y and, therefore, proportional to the

product 4(xy). Since x = kxex andy = kyey' the output from the subtracting

element in Figure 2.20 is
=4 - g T S .
e adJk k‘y { ey)

The device is capable of operatior in four quadrants, The accuracy
is in the crder of 2 per cent and is limited by the difficulties of obtaining.an
electron beam with uniform current density, by the deflection system, and by

secondary emission irom. the target. A maximum total current output of

s o e g+ i ST S R b i T 8 TR IR - "= . wenry 1
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300 A has been obtained. Operation is possible at frequencies as high as

70 kc. Direct division is not possible with the device. Reference, see M. J.

i
Somerville, "Electronic Muitiplier," Electronic Eng. 24, 78 (1852). i
l

2.42 Crossed-Field Cathode-Ray Tube Multiplier

< /. f{}//\ o
FU
?-{ T \\\/ o i
* + diFF ,‘——j
*- AMPLIF
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€

Figure 2.21

A cathode-ray tube (Fizure 2,21) is provided with an axial coil in the
vicinity of the second pair of deflection plates. The magnetic field of this
coil, parallel to the axis of the tube, has no effect on the undeflected electron

beam. If a voliage e, is applied to the first set of deflection plates (assumed

1
to be horizontal) the beam will acquire a vertical velocity component v,

proportional to the magnitude of €,-

When the beam enters the magnetic tield, it will suffer a horizon:al force
Fm proportional to the strength of the magnetic field and the vertical

component cf velocity v, where

F =q-‘v *'B.
m 3 Y

This magnetic force causes a horizontal deflection of the beam. Any hori-
zontal deflection of the beam is detected hy the two photoelectric cells,
which prcduce a voitage proportional to the amount of deviation., This

voitage is amplified and applied to the second pair of deflection plates

A 8 it Yo 0 MLt T P e T - r ,» f




in such 2 manner that the beam suffers an electrestatic force opposite in
direction to the magnetic force. If the amplification is very large, the total

horizental deflection will be reduced to a very small value, so that

Fe = k2 e2 = -Fm
3 = - 174 = i 5 m‘i‘_ = i
Thus, kze2 qk €, B q k1 e k3 i, (assuming B k3 i,) or

¢} k. k_e. i 3
1 H
e, = ,’3 1 . Multiplication :

' ix

2

If the volitage e, is used as an input variable, and e, is supplied from the

2
error gsignal from the phctocells, then

1

2
gk kg

k e 2 J

it Division
i

e
A difficulty with this multiplier is the problem cof producing a rapidly varying
magnetic field strictly proportional to the input voltage.

A device of this kind, which operates at frequencies up to 20 kc for
ey and up to 3 ke for i, is descriced by A, B. MacNee, Proc. IRE 37, 1315,
(1949),
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2.5 Output Transducer Analog Multipiiers

The foliowing methods of multiplication and division are based on the
mechanical effects of output transducers, usually of the magnetic type. The
input signals are supplied in the form of voltages or currents; the result
appears either as the deflection of a meter (2.51 and 2.52) or as an output
voltage (2.51A). Four-quadrant cperation is possible with method 2,51 and

2.51A. Direct divisicn is best accomplished with methods 2.51A and 2.52.

2,51 Electro-Dynamometier Anajog Multipiier

Figure 2,22

An electro-dynamometer* consists essentially of a moving coil in
the field of an electromagnet, Figure 2.22, The torque tending to rotate the
coil is proportional to the current il’ passing through the coil, and to the

strength oi ihie magnetic field, which in turn is proportional to the current i2

*The exact description of the instrument will be given in the part on mechani-
cal output transducers.
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passing through the electromagnei. Thus, the instantaneous torque in the

vicinity of the zero position oy the moving coir, is T =k - i1 . iz.

The defiecticn ¢f the moving coil 1s proportional to the torque and

1]

measures, thercfore, the product of the instantaneous values oi the currents

i and i, . provided that the natural frequency of the mechanical moving

l

system is high enough to follew the torque. For higher frequency of the

currents il and 1’2, the deflecticn is proportional to the average torque,.

The natural fregucncy of such mechanicz! systems is, in general, in the

order ¢f 1 to 10 cps. Systems with naiural {icquencics up to 2580 cpo

have been built.

Errors may arise if the magnetic field of the moving coil and the
electro magnet are not perpendicular to each other su thot 2 variation of
the magnetic field of vne coil will produce a voltage in the other coil by
electremagnetic induction. This error can be eliminated by: 1) by using
high levels of input signals and by making the resistances of the circuits
connected to each coil high so that the influence of the induced voltages
becomez negligible, 2j by bringing thie movable coil back into zero posiiivii
bv means of a torsion spring (and by reading the restoring torque) or by

means of a servo system.

2.51A Electrodynamometer with Servo-System

o
w

A schematic diagram of this multiplier is shown in Figure 2.
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Two identical electrodynamometers a2re mountied on the same shaft so that
their torques counteract each other. The total torque on the shaft will be

zero only if

The current 13 is derived from a pick-up device which furnishes a signal

(error signal) whenever thc common shaft deviates froin the zero position.
£

If the gain of the amplifier is very high, the current i,3 will be large enough

[y

to bring the gystem back to the zero position. in equiiibrium {deviaticn -

zero} the current is

The trequency response of such a multiplier will be limited by the mechanical
inertia of the moving coil-shaft assembly. Operation in four quadrants is
possible with the device. Direct division may be performed by applying the
input signal at 14.
References: R. N. Varney, RSI 13 10 (1942), ""An All-Electric Inte-
grator for Solving Differential Equations," and "Electronic Instrumenis,"

M.L.T. Rad. Lab. Series, Vol. 21, p. 57, Korn and Korn, p. 217, "Electronic

Analog Computers."

2.52 The Ratio Meter
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The instrument* consists of two measuring systems A and B in
Figurc 24 (e.g. moving coil systems}) on one axis. None of the systems
has a mcchanical restoring force. At least one system {(B) moves in an
inhomogenescus magnetic field so that its torque TB increases with increased
angle of rotation ¢; this system acts as an electric spring,' therefore, and

its restoring force is

the other coil rnoves in a homogeneous magnetic field, its ¢ torque is
— >

-T. =k -i.
Pp =¥y 1y

The entire system comes to equilibrium when both torques are equal (TB=TA).

Thea
L 3. °« 1 3 - 1. 3
Ry tip gk, i,
kA/k2 <9 = 12/11,

i.e. the deflection is proportional to the ratio of both currents, independent of

the absolute magnitude of the currents.

*E xact description in the chapter on mechanical output transducers.

'~



b

ad e

1
a4 s

B

o e e ——

.
Jbuﬁ':..«..:-eq-.. .

22

arithmic Methods

[#2]

I-ﬂ

)
vjel

Multiplication by logarithmic methcds depends orn the relation
log x +log y + log z = log (xyz).

Division can be effccted by the subtraction of logarithms:

log x +logy - log z = log

Since log x is undefined for negative values of x, multiplication or division
based on logarithmic methods is easentially a one-quadrant operation,

In crder that the results of 2 computation using logarithmic devices
appear in a useful form, it is necessary o take the antilogarithm of the

cutput of the device.

Practical Methods of Logarithmic Multiplication and Division

A schematic diagram of 2 legarithmic multiplier or divider is shown

in Figure 2.25.

o | oG umit | 4. .
= # / I“.?-: lge rloge,
‘o ee
4op EXvoN. |—e
= eo
<. | Lo uwir
—Zp
2 €og ¢,
| —
Figure 2.25

If a subtracting rather than an adding element is used, division may be
performed.
In general the situation is nct as simple as this, and the units used

will have the foilowing characteristics,

Logarithmic Unit No. i1 - output Kl + K2 log, 0 €1

Logarithmic Unit No. 2 - output = K3 + K4 loglo e2
Exponential Unit - output = K5 (KG) input,

IR s . ——_— po—
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In this case the output of the device will be

+1 3
(Kl.. 3

K (Kg) + K, log e * K log ¢

Output 5 Kg

or

<) %
(K1+K ) (K2 log10 ¥ e’ (K4;og10K5)
K_(K.) (e,) ()

Output

which is of the fcrm Output = K (e, )2 (e,))o.

in order thai 2 = b = i, il musi be arranged that

(v ) = log K Y= j
10 ‘g = Ky log o (Kgd = 1.

Kz log

Then

(K,+K,)

Output = (Kb)(KS) T (elez) =K-e, -e_

i 2

However, it will be found that the output range of the device will be

limited to a value considerably smaller than that expected from the character-

istics of the output network, due to the change cf scale represented by the
constant K,

A more satisfactory way of using logarithmic devices for multiplica-
iion anad division, which permits realization of maximum output range is

siiown in Figure 2.26,

bo—G £
o-e-'J L, 7 1’ —jfio
Lo e ourpur
ApD. Syere Ao \
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Figure 2.26
The inputs e, e, and e, are fed into the logarithmic clements L

LZ’ L3, while an adjustable source feeds a signal e

11

into L4. The signal e

4 4
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also represenis the output signal. The logaritnmic elements have the

identical characteriaticg

=K + R
“out 1 K2 log €in
The outputs from the logarithmic eiements is added and led to the comparator

(subtractor). One input to this comparatcr is then

"
(1]
+
1]

€2 =% " “g

the nthar is

The servo system adjusts e, 0 that the error signal becomes zero, i.e.

so that

from which follows that

The device may be used for simultaneous multiplication and division.
The cutput range will be limited by range of the logarithmic devices

used and by the product of the raiiges of e €y and e, The speed of the

device will be limitec by the servo system.
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2.7 Multiplication by Square Law Methods

» [ =
" AMING (xegy) SQuAkE | 2« (X235}
o ——— . el
y NETamw o
e OEvicE | =x'e2xy yd

Figure 2.27

The basic diagram of a multipiier method using square law devices
is shown in Figure 2,27, Twc signals, x and y. are added and their sum

applicd to a square law device,* i.e,, a device of the type

output = k_ + k, (input)”,
o i

{i
(Some square law devices will have a characteristic of the form
2
output = k0 + kl (input) + k2 (input) . (2

With (x + y) applied to the input, the output is

2 2,
> = L 4 i =
z =k +k {(x +2xy +y ),

i.e. it contains the desired component, 2xy, which must be separated from
the total cutput, There are two ways in which this isolation may be
performed.

1. The undesired terms may be cancelled by the use of other square
law circuits (2.71):

(x+y)2=x2-y2=2xy,

or

(x + y)2 - (x - y)2 = 4xy.

2. I ithe signals are supplied in the fcrm of, or can be converted
into armplitude amplitude modulated AC signals, the desired component

may be isolated by frequency selection {2.72).

*Square law devices tc be descriped in "non-linear circuit elements,"”
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2.71 Isolation of the Product by Cuancellation of the Undesired Terms
A, Multinliers with Two Square Law Units (Figure 2,28},
€
O~ A0D E+ @ | SGuAare &+ k (e.0,)"
LR
r—i
L. | ._‘i*"’"‘ 3 € -
-
»
I — 4'?:'/’,\
overw. | €-a1 | euare
LAw "
o Device | 4o-k (2-2)
4

Figure 2.28

The signals ¢, and e, are added in one unit, and subtracted in an-

t e?) and their difference (e, - ez) are applied
to two identical square law devices. The difference between the two outputs

-
T
-

other unit, Their sum \e
is
, 2 2
K [‘81 tey) ~ley -ey) —! R e

The a:nplitude and frequency range of the device is limited only by the square

law device. A linear term of the characteristics of the square law devices,

n

uch asg indicated in Eq. (2) above, introduces an error of the amount

2°k1'e2.

An example of a practical circuit for the formation of the sum and

the difference of the signals e and e, is shown in Figure 2,29. An example
of a multiplying circuit is shown in Figure 2.50. (This circuit uses a heated
thermocouple as a square law device; the thermo EMF is proportional to
the square of the heating current.)

B. Multipliers with One Square Law Device Alternatively Used in
Two Circuits

The circuit siwowr: in Figure 2.31 avoids the necessity for two
identical square law eiements by applying one sguare law device za2lternatively

iaiswaw

in the sum and difference foriing circuits
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The method is applicable only if the frequency of the input signals is

much lower than the swiiching rate of the alternator,

An alternative method is shown in Figure 2,32.
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Figure 2,32
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The two input signals 2y and €, are attenuated by 1/2, addad, and

applied to one terminal of the subtractor. At the same time signal e, is
passed through a diode switch which, controlled by the square-wave

generator, conducts only half the iime. The output wave form ec in Figure

2.32 varies between zero and ez. When e6 = 0, the subtractor has an output

1 N
) 7°3 (e1 + e2), and when e
5 (e1 +e2) €=

-

voltage e = e2, the subtractor has an outpui 2qual

6

-t

= 3 f +°
(e1 e2) If t1c output e

unit having a characteristic

is applied to the square law

(1)

7

2
=k, +k, (e
‘o 1 2 ( in)

then the alternating or square wave component in the oufput from this unit

will be

(14
H
x
(14
a

g8 "2 %1 %y
(Ref., see Chance, Williams, Yang, Busser and Higgins, R.S.I. 22, (1951),
p. 683. The square law element is synthesized from 15 biased diodes, the

circuit has a delay of less than 40u sec. and an accuracy of better than ¥ 1

per cent).

Square Law Devices Using Frequency Selection Methods

A, The following methods can be applied if one input e, is presented
in the form of, or can be converted into, an amplitude modulated AC signzal,

and the other input e€_ is presented as a DC signal,

2
1. Method with a single square law unit,

REF Si1GNAL Ko PHASE-SINS(T MTECTOR

Je Al ! SQuaee| | FTER
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A block diagram of the circuit is shown in Figure 2,33, {ne signal,

e, is applied to 2 modulator and emerges in the form e, = k, * e - sin wt.

1’ 3 1 1
The other sigial 2y is added to e, and the sum is fed .nto the square law

device. The output from this device containe a component of the form

2+k, "k, ¢ -ez-sinwt.

This is the cnly component containing sin wt, which is filtered cut and detected.
If a phase sensitive detector is used the setup is capatble of operation in four
quadranis, The operation of the system is limited to square law devices
that follow Eq, {1} on p. 55, Devices with a characteristic of Eq. {2) p. 55,

introduce considerable errors,

2. Method with two identical square law units,

PHASE REFERENCE SicmAL .]l
¢ Ao, s W i
_\ Mvica | . N e -
K4sinotee, ol SUBIR, FUTER lEernscr—o
E— ke,
L. | ol 121
e Svere o anty
| |perce

Kot sinot-¢,
Figure 2.34

The cperation of the multiplier can be improved if two identical square
law devices are available. Figure 2.34 shows a block diagram of such a
multiplier, One cignal, e | is applied to an amplitude modulater and emerges
1

in the form e,3 = kl . e1 sin wt. Together with a second input signal, e2, the

sum (c2 + kl . e1 . sin wt) and the difference (e2 - k1 . e1 * sin wt) is formed

and applied to the identical square law devices, The outputs from these

xi-k4'e1=e2-e2'81nm

which passes through the filter and emerges from the detector in the form

W

devices, after subtraction, furnish = term

e, F kl . e, " ey Tiie multipiier will operate in four guadrants ii phase

sensitive detcctlion is used,

— . ram o~ A7 S e T
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Figure 2,35

The tubes T] and T2 operate in the curved part of their character-

istics go that the plate current is

Z
i =k +k e -k_(e)".
I o 1 I 2
The circuit reauires clese matching of tlie tube characteristics.

are

B. 7The following method can be appliied if both input signals ar

presented in the form of amplitude modulated AC signals,

1. Method with a singlc square law uwii (Figure 2,36).
¥O0OULATOR
i . s Ll
— ] SQUARE
inout tre quency < ‘ (J,0f &, + = LAW L FILTER FKCTFI{R&W
T DEVICE
e2
—y W -
& :
! Iﬂ!{ot’
MODUL.ATOR
Figure 2,36

The input signals e and e, modulate the amplitude cf the two

oscillators of fixed frequencies, Wy and o The outputs k. e

szaz ccs w,,t are added, and the sum is applied to

18 co8 ult and
e syuare law device which

Ll

gives an autput

= z " o o
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gl =k #+kotke

The last term has a component klk..e e. cos (w., - w. M, which s filtered

2712 2 1
and rectified. The output of the rectifier is then proportional to k_ k e,

e?.

I

The maximum frequency of the input signals must be much less
than the carrier frequency and also the difference in carrier f{requencies.

The output of the multiplier is independent of the sign of the input signals

and thus is capable of operation in only one quadrant,
2. Method with two identical square law devices.
The circuit on p. 59 is capable of operation also when e, and e, are
presented in the form of arnplitude mcduiated AC signals,
Arn cxample of such a multiplier is shewn in Fig, 2,37, (Applied
Electronics, M.I.T. Dept. E.E, Staff, John Wiley, N.Y., p. 688). The

the sguare part of their characteristics, i.e.

-------- v tishace Awra e atar
YU D caa N vp’\:z aLTl

ifn

§

i =k +k (e )+k_ (e ).
I 0 1 2 g
if
e. =K cesw_t
1 71 m
and
e.=E_coswt
2 c
ihen the inpui for one tube will be (el - -:-2,5 and for the ather (e1 - ez) and
w

the output will contain a term of the form k - E_ - E2 [:cos(wh + wm)t +

3
E S

<08 (wc - wm)t] which may be isolated by a filter which passes either the

f - the fre y w + .
requency (wc wm) or the rcquency()C wm)
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Figure 2.37

{Ref., McGann - al, Proc. IRE 37, 954 (19485).
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2.8 BHlultiplication of Resisiance {(Impedance) Settings

The following method can be used for analog multiplication if the
input signals are presented in the form of impedances or resistances, The
cutput representing the resuii in either a resistance or the positicn of a

metier.

2.81 The Wheatstone bridge 2s Analog Multiplier

S ]
*Sn " 3-
jg s b——lc

—_——
%“z Ry

RS I

Figure 2.38

The resistances Rl’ RZ’ and R3 are adjusted in accordance with the
input signal or represent these signals themselves, R,3 is varied, either
nanually or by means of a servo system, until the current in the diagonals

BC is zerc, so that

R, -

3
o)

2.82 Through Addition of Resistances on a Logarithmic Scale (Slide rule

analogs)
== \0
= |
= P
T R =s . 2,
-l - =
baadl | =240
=10 ~ i
‘ 2 = N
.S =5 <
— S = 100
'?z — e 3
Ez —1
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The adjustable resistance R1 and K_, are connected as shown in

Figure 2.39, so that the vecltages E1 and E_ vary linearly with the
resistance, The setting of the resistance is then read on a logarithmic scale,

N

(Only the scale has a logarithmic character, the resistances are linear, i.e.,
their resistance value increases linearly with the angle of votation.) The
gystemm M measures the sum of the voliages E, + E_  and has also a linear
character, i.e. its deflection is proportional to the applied voliage. How-

SO B RO S PO S P LU YR s SR =
CVELD, UIC UCIIEL 001 15 1T€au Uit & aCgatl tuainil scale. Since

log M =log E, +log Ez, M=E "E

the reading on the scale of M indicates the product of the resistance settings.

Any one of iiie sysiems for addition and subtraction of voltages (Sec. 1)
may be used for multiplicatiou and division, provided that the input and cutput
signals can be read on appropriate logarithmic scales.

The logarithmic character of the scales makes it possible to perform
a number of different computing operations, if both potentiometer scales run
in opposite direction, the meter will indicate the ratio of both values set.
(Since a/b = ¢, ing 2 - log b = log c.) If one scale is divided twice or half as
widely spaced than thc others, the meter will indicate the product ¢ = a b2
orc=a-* b(sinceloga+2 - logb =logc, or loga+%logb = log c). Al

“

these methods require a nanual or mechanical adjustm=~nt of the rcsistances.
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3. DIFFERENTIATION
¥
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L 3.0 General Considcrations
{ 3.1 Capacitive Differentiators j
qd
' 3.11 Simple R-C circuits
i
3.12 Feedback R-C differentiators
; 3.2 Inductive Diflerentiators
!
i 3.21 R-L circuits
y
g 3.22 Transformer differentiatcors
3.22 TFeedback inductive differentiator
1 3.3 LCR-Differentiators
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f 3.4 Transducer Differentiators
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3. Izii'fe rentiation

3.0 General considerations

The general form of a differentiator is shown in Figure 3.1

]
¢ ) A ?.-/f}";"

Figure 3.1

TFRY

The input signal e varies with iime as e, = i{ti. The output signai
is, at any instant, properticnal teo the time derivative,

de.1
Co‘k‘? .

The differentiators described in this section perform differentiation

¥

orly with respeci to time. 1If it is desired to obtain the derivative of a
function with respect to a variable cther than time, the method shown in
Figure 3.2 may be used, which is based on the relaiionship

Y o Y gax dx

dx dt dt

provided that a variation of x and y with time can be obtained.

ey« f1¢) k-%
C— e
DivipeR Erid BlP
- .4 ‘/1
e, -f| _]— #
———ed X-VIFFERENTY . Ao,
LA
Figure 3.2
‘ihere are tour principal methode of periorming differentiations by

electrical means; 1. by using a resistance - capacitance (RC) network
{Sec. 3.1), 2. by the use of inductances or transformers (RL-networks,

Sec. 3.2); 3. by employing & network containing capacitance inductance i

e e




S

and resistance {(CLR-network, Sec. 3.2}, cnd 4, by means of transducers
(Sec. 3.4). Capacitance methods are simple and accurate and most fre-
quently applied. Inductance meihnds are handicapped Sy errors iniroduced
by the unavoidable resistancz associated with any praciical inductor, but
have csrtain advantages at high frequencies. The use of the CLR circuit
and of transducers for ihe purpose of differentiation is limited tc special
cases,

Differentiators, by their very nature, have a preferred high frequency
response; their use may lead to instability and to an increasc of the noise
level because of the high irequency ccmponents of ncise wvecltages. In cer-
tain cases (e.g. in differential analyzers) the funciions i a differcntiator
may be performed by implicit operation using integration, Such methods

of eliminating the need for a differentiator should be investigated in cases

where accuracy and stability are essential,
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3.1 Capacitive Differentiatioa

3.11 Simple RC Differentiator

If & variable voitage e is upplied to a capacitor C in Figure 3.3,

the current in the circuit is
i
i=C— (1}

i.e. the current is proportional to the time derivative of the input voltage.
Usually a voltage rather than a curreut ovtput is desired. A voltage
propertional to the current i may be cobiained by inserting a resistance R

in series with the capaciior, as snhown in Figure 3.4.

v C i |
< R <
Figure 3.4

If the voltage across the resiciance R is small compared to the

voltage across € (or to the voltage ei), i.e, if
e <<e or e e.. (2a)
o c o<<¢

or, if the resistance R is small compared to the impedance of C1
e.g. for a sinusoidal input signal of radian frequency w = 27#f, if
1 N
R¢<—,crwRC«<< 1 (2b)
wC
or, if the time constant To = R*C of the circuit is small ccmpared with the

time of change T of the signal
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TE<T (2¢)
then the output signal is
de,
eo=R'i=RC—&I~. (3)

If R-C is small, the diffierentiaticn is nearly correct, but the output
e, is smali. Increase of R-C increases the output but causes a departure

from the correct value of the differentiation.

Errors in capacitive differentiators

A. Generai
Inhevrent errors.

The insertion of a resisior R in the circuit of Figure 3.4 changes

Equation (1) into

d(el-cc) dei de
i=C Tt =C Tt C gl
Since e, = i + K, the output from the differentiatcr becomes
RC o1 _ e o (4)
o T d T dt -

e "-'RC‘.—‘-
o i

Q

o
-~
[$}]
~

Thus the error of the RC diifferentiator is

de

- o
€ =-R Cdt' (6)

s

e error wiil be approximately

A ]
4.
2

and the fractional error will be

L AT
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2

e de, dej

— 22 - R.C ——— [— )
dte /dt (8]

of the stage following the differentiator, RI , have to be taken into account,
thie vutput signal (across RL) is

¥ . -3 + I
e “——.‘ E C dei-(R HL‘i»R)'C'-c-le—
o R+.RL dt R+RL s

Py
o
~

Practical errors

For correct differentiation a capucitor of negligible leakage resist-

ance R’C musy be ugedq, since sitherwise an error term e appears

i R+RC

at the output terminals. The capaciter should also be free of residue forma-
tion ('scaking" or "abzorption" effect*), and where operation over

a wide ternperature range is required, the capacitance must be independent
of temperature. Capacitors with polystyrene dielectric are

recommended.

B, Errors for Sinuosoidal Input Signals

If the input signal of an RC differentiator is of the form
e, = E, sin wt,
i i
the output (see Equation 4, above} wiil be

¢{E. sin wt) deo
e = RC——— - RC —— {10)

the solution o. this equation is

wRCEi
e =———=—mm=—xcos (ut+) (11)

2
° /1 +u’R%

*To be described under capacitors.
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e =it ~—w R "CYwRCE. cos (wt +03j,
0 2 i
g
i.e, the output deviates from the correct output b 4
e 222
the fractional amplitude error: - -w R C
-1
and the phase error: @ = tan " (-wRC).
In many practical cases, the phase error can be tclerated, i ihe in-
put signal is composed of sirne functions of different frequencies, the phase
error can frequently be tolerated if fcr each cammponent of the radian fre-
quency w, the phase shift is ¢i = const, w,. The differentiated wave form
remains undistorted in this case.
C. Errors for Transient input Signals
If thn derivative of the in put signal changes discontinuously at t = to
irom —(Ttl to ——dt—, ag shown in Figure 3.%a, Equation (7), above cannoct be
applied
& = n
¥y w 7 "’
voe 24 e, J
[ N Y
__‘d-—-/
. oL
= £ ¢
el . g-..e" ' 3
| S - [ IS $- i R )
: S S PP ]
' l I 2,-¢, = 28¢ %
de, ¢ e,-8 «3RC 4
;. ] ¢ ]
) = dT % |
- | |
[ A 4
' ‘o (] a ') g
| Figure 3.5 &
|
] IR i}
e i - . - - sy G

-.—_-\N!
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where tan @ = - WRC, The output {rom a pcriect differentiator would be
e' = uRCEi cos wt, (12)
o

228
Equation 11 approaches the correct value (of Equatior. i2) for w " R7C™ <<1.

In this case Egquaticn 10 can be represented as

e 70 “&g;;«:l P
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The output voltage, for any time after t = ﬁ“o is {Equation 4}

The solution of this equation is for t > to

t - to
dey .. RC
e =R{TC— 4 A ¢
- G € .
re RC (—; et
The 2rror is, therefore
t -t
- o
de1 de2 RC
e_ = RC - —
f rraaiiere B
del
or, if e, was constant prior to t_ (i.e. i 0).
t -t
o
e_= - RC C—liz— € - RC
f dt

The errcor is a maximum at t = to and diminishes exponentially as shown in

Figure 3.5b. The error amounts to

36 percent after a time lapse of t = BT

13.5 2 RC
5 3
1.8 4
0.7 5

The output of a perfect differentiator is indicated by the dotted line.

3.12 RC Differentiator with Feedback Am

A. Negative Feedback
nly a small output voltage can be obiaired from the simple RC

differentiator if the error is to be kepi low, it iz usual, therefore, to

(s

e 1 1
b
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follow the differentiatcr with an amplifier having sufficient gain to bring the
differcntiator output to a useful level. A DC arnplifier is required if it is

to handle slow varying signals, but such an amplifier will tend to drift (and

b

s cese i
A signai), unless sitabilized

oy feedback. A simpile

ihis driit wiil ap pPEAr a

mn

way of combining a dback amplifier with an RC duiferentiator is shown

in Figure 3.6.

A A

LA ¢
R @
—T s °’*—L7‘
f ¢ ? A !
L L MPLIFIER !
e T .
] GAIN -A
i [l 4

Figure 3.6

The effect of such an arrengement, where the output of the amplifier
is reversed with respect tc the input and is fed back to the output of the
RC network, is to lower the effective valiie of R to R/(1+A). The error as
well as the voltage e‘i are correspondingly reduced by a factor 1/{(1+A), If
more signal is required and if a greater error can be tolerated, only &
fraction B of tlie amplifier output need be fed back. In this case R is re-

ducedtocnly R/(1+BA), See Rad. Lab. Vol. 21, p. 69 for a practical circuit.

B. Positive Feedback

Instead of applying negative feedback to the output of the differeitiaior,
one can apply positive feedback to the input of the RC network as shown in
¥igure 3.7. The error associated with the simple RC network can be
completely eliminated with this cir~ut, however, at the risk of instability.

The signal e is applied to the input of the RC network, The signal
e' appearing across R is amplified, ana a nart 2 of the amplifier cutput is

fed back to the input terminals, The signal across R is
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¥
Figure 3.7
2! = —_— + Y- R de!
¢ RC (e 3e C e
since ¢_ = A - e!
o
- de‘_ de RC de
— f @ g Y -
A “RCGTARC A &
1
The last two terms of this equation cancel for 5 =i; in this case the output
signsl is
de.
0 =A —_
e RC it

A practical circuit is shown in Figure 3.8

lr.——"b.

Figure 3.6

The input voltage e, is applied tc the grid of ihe first triode (high trans-
conductance triode), and the output in the plate circuit to the differentiating

network C-R. The voltage appearing acrcss the resisior iz applied to the
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