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ABSTRACT

The experimental background {or the theoretical problems to be in-
vestiga.ed 15 firat reviewed, and then a bricf sketch of the classical de-
tectionr. probiem is included. A signal-to-noise rztio is defined, and the
principle results of ti.e study are summarized and discussed in tome de-
yith the lmportant quantities in the derivation of the cuiput signal-
to-noise ratio after full-wave rectification, for input hackground noise
of gaussian statistics, belng obtained from the correlaticn function for
the ontput, The cases trzated are: 1(a) a sinusoidal signal in narrow-
band noise, l(b) a narrow-band noice "signal’ in a narrow-tand noiee
backyground, 2{a) a sinusoidai signal in broad-band noise, 2{b}) a nar-
row -hand noise '"'signal' in a broad-band noise background. The half-
wave and full-wave cascs are compared. The important devices, the
ideal clipper, linear detector, and equare-law detector, are considered,
and compared for the extremes of very large and very small input signal-
to-ncise ratice. Thus, for all varieties of input outlined above if p ia the
input power signal-to-noise ratio, then for very amall n, ithe oui_pn_t power
gignai-to-noise ratio. P, is related to p by }‘?!\.apZ , for all devices. For
sinuscidal signals (large p) and linear and quadratic deteciors, P is pro-
portional to p, whereas for the ideal clipper, Pro(in p)2 p. The exact re-

lations are summarized in Part I, sec. 4 of this report.
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| FULL-WAVE DETECTION OF SIGNALS IN NOISE
by
Noel Stone and David Middleton
Cruft Laboratsry. Harvard Univer =ity

Cambridge, Massachuaetts

I

Introduction and Re sul_t_g

1. The Experimental Background

Before we consider the thecretical aspects of the problems examined
here. it is necessary to review the experimental situation which werves as
background for this discussion. Most of the applications of our results are
of inierest when applied to the problema involved in the passive detector
case; i.e., the situation wherein the receiver has no control over the sig-
nai being detscted, and only a certain limited amount of inficrmation about

its characteristics.

We distinguisﬁ firet between:
1{a) the case where the specific (fundamenfal) frequency of the 3
signal, fo , is known, if the signal is periodic,
l1(b) the bandwidth, B, and mean frequency, fo‘ are known, if the
signal is random,
2(a) the specific {fundamental) frequency of the signai, '{o' is
known to lie in a certain band of frequencies, if the egignal is periodic, the
exact location of fo being unknown,
2(b) fo is known to lie in a certain band of frequencies, if the
P signal is random, the exact iocation ¢f { bheing unknown.,

41,

p &= -1 . 2 L & . g ’
r in ail thesc instancen the signal is mask

In pracuce, case i(a}) nccurs wran the receivey is searching for a

x surce which 1 emitting a known signal, ¢.g., a8 in certain radar, radio,

underwater sound, or radio-astronomy fituations. In all thesc cases, the

1
i~

R -
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frequency 18 known a priori frosx. other coneideratioi.s. Rowever, in .ase

2 (a) above, we have a atate of less informatiorn, where the specific frequen-

cy of the sourcez is not known. Spectrally, we may describe the situation

schematically as in Fig. 1. L

w (£)

)
f
i
|
f
Y

i1g. 1. The mpectrum of the 1nput to the detector
[Cases 1 (a) and 2 (a)]

L B g sanrd L
nere, wii

1

) is ithe power specirum of the wave at the receiver's inpui. :

The sxperimental situations corresponding to 1 (b) and 2 (b) may involve

uois spectrum in saome frequency region; a water-barne sound signal of a
rahndom character, or asironomical noise {rom some region of the night
sky, ctc. In such instances we may {requently represent the random *'sig-

nal" as having a spectral shape of the type shown in Fig. 2 beilow.

w (f) '?\

. [ xls_—j

! | ;

| Noise ; ; |
I Signal

| Waay g

. NS

1 i

| 2 { N . ”
f f
o

Fig. 2. The apectrim of the input to the detecior

{Cases 1 {b) and 2 (b)] Z

Az before. case 1(b) is distinguished from casc 2(b) hy the fact that

the cential irequency, fo , and bandwidth, B, are not precisely known in the

e Wt @ ot S s B B et ot
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latter.

in case 1({a) il is clear that improvement in detection results, as is
well known, when a suitable narrow-band pre-detection filtev is located

cut the frequency fﬁ. as shown in Fig, 3.

- ae BT

e e P
oy -~ U x"round.ng iNO1B e
i L e Sl

— S ———

f f

Fig. 3. An exampie of pre-detection {iltering, case 1(a).

ase, the narrower this filter, ike greater the reduction in input
noise. A similar circumstance arises in case 1 (b). The appropriate
pre-detection filter here has a firite handwidth, depending on the signal
structure and the character of the noise. 1-4 If thie noise i broad-band,
then the optimum filter has a frequency response, for example, which is
the conjugaic image of the amplitude spectrum of the signai. If the noise
lies in a band narrower than the signal, the signal epectrum being S(f},
and the intensity mpectrum of the neise N(f), then the ontimum pre-de-

tection filter, H(f), will be one for which

VS Ame s AR

H{f) = XS({{)*/N(f),

where A 18 an appropriate consiant.
Therefore we have to consider the following models of the input to
the detector:

i{a) a sinusoidz! signal in narrow-banua noise.
1{b}

2!a) a sinusoidal signal in bruad-band noize.

narrow-band {gaussian) noise "'signal" in narrow-band noise.

»

24 - . 3 Y PR B TP
2{b} & navrow-band ncize "gignal" in broad-band

ine apprepriate pre-detection filtering. Apart from the specific situations

mentioned zhove, it is also clear that the analygis can be applied to any prob-

A

paa TN SV S

ot ), e RS S

e




- e e ——— T S e M e e e S ¢ & G A —— A - a-taas s

A N N VR mmmmm

s o o et ¢ o W St et o O M N Pl oty . v oo et S - - R S -.-.-._‘,

TR182 -4.

ileru for which these models are representative,

e A Yk o e 1§ o et b & -

2. The Detcaction Procese.

Let us new review some of the principal features of the delection " i
process itself, as illustrated for sinusoidal input by the procedure shown

in Fig. 4 below,

gz 1 o

o PRE- | HALF Ok ! LOW-PASS! D.C.IN-
LA = SETECTION ULL-WAVE- —— - '
FILTER | RECT.FIER ’ FILTER | DICATOR |
l ! i ;
L= | (AJE = SO S R, i

Fig. 4. A typical detection scheme for a sinusoidal signal,

The half or tull-wave rectifiers are usually linear or quadraiic, The.
scheme of Fig. 4 can be represented specirally in the manner of Fig. 5,
the fundamentai frequem;.y in the output being twice that of the input for the
fuii-wave case. The low-frequency, low-pass filter (cf. Fig. 4) is

designed to eliminate the harmomcs, and adimit only the direct current to

(HALF-WAVE) "{FULL-WAVE)
A A
W*f) i Low Pass Filter wis) /Low Pass Filter
| i .
CSON i S
. / > g B
d.c \ diie \
\4 \
. | '\ -
| N . | l N I
ol E| : A 5 T L
i i 2 4f { {! 2f 3 4f f
G o o o o o o
input freguency input frequency .

Ty & Qo
€ ANy S =
recufication for a 1nuscxdai input of frequancy fo

cctyurn of the output following half- or full-wave
181




o ca——— o e —

Poe e
.

TR182 -5-

the indicator. {The spectral lines Lhere are simply the sguares of thecabsal-

_ute values of the Fourier compcnents of the output.) Thesc are obtained from

a knowledge of:
(1) the nature of the input :
{2) the character of the nonlinear device
(3) the resulting cuiput time function
(4) the Adecomponition of the output into a ¥ourier series

{or Fourier integral).

A similar operation ia required in the more general cizzumstance where
random processes are involved., Here, instead of a sine input, we might in-
trecduce, for example, narrow-band noise centered on fo into either the half-
or juil-wave device. The output spectrum has a zonal distribution (sec. 3,
ref. 5} at harmonics of the fundamental, or twice its frequency. However, a

low-paes filter removing the higher harmonic zones now includes a part of

{(IIALF-WAVE). (FULL-WAVE)
W (f)a W({) a

Lc/w-frequency COs::. uuulL Low -frequency continuum

d.c. p”* harmonic '(

P J wonss "T
7
s /gu’. / 2N~
f 21

4 1 3 41 f
o) o] o O o o

\

input spectrumn

‘

\\

‘-41.4_.

Fig. 6. Typical epectra of the output fellowing half- or
full-wave rectification of a narrow-band noise Liputl.

the input noise spectrum; namely,. pari of the low-frequency continuum. Thus,
the d-c¢ indicator responds not only to the direct current, but to an accompany-
ing noise wave as well, which acts to obscure the true d-c reading. The part

of the iow -frequency continuum which is passed by the low-pass filter we shall

call here "fluctuaticn ncize.!! The situation is iliustrated in Fig. 7. Here,
W(f) represents the low- ~frequency contipuum. The fliictuaiion noise power,
5 .
&~ .
N7, is 0
2 .I' r ! 2 wy 4 . Sty AR
N™ = [H (1) Vv'\f)o df, {Z. 1)
o

— T TS mam e et g e e onmt A T P pre s i,

S S
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where l H{0) l
A
§{f-o0) WwW(f) = low-frequency
~ (o] :
' § Vi 5 continuum
|H(f)| © = modulus® of post-
- e detection filter
‘ T~ _«—W{) | B_ = bandwidth of low-
Wq ¢ / '\\ f'x;lequency contin-
: / 2 . uum
wo, {7 //7/’ /lmi)l R
7 //// ! ~~_
/’/ ' T
2l= il 0 "4’ / // 1 Y s
f
- f i
P |
s e 13 ;i

P

Fig. 7. A spectrum of fluctuation nonise accompanying
a d-c reading after detection of an input noase wave.

"Since a physically realizable filter rmuat have finite bandwidth {or equiv-
alently, finite respconse time), a portion of the low-frequensy continuum is
always retained in the indication, and a fluctuaiion noise of rms deviation N
is alwaya present in the d-c reading. Referring io Fig. 7, if the post-dctec-
tion bandwidth fp"f‘ is very small compared i Bp-*, we observe then that the

low-frequency continuum ig essentiaily constant and ~qval to W{O)O over the

fvequency range where H‘i‘-! has an appreciabie value. Thearciore, we arc
b4 & ¥ P

justified in writing, fer Juis casc,

a8

Z

o
W (0)_ / | 1(f)i 2 af. (z.2)
Yo

In the equivalent rectangular (idealj filter, where

D

IH{ 1™ = 1 0 f<wip (2.3)
~ O {fp<lf
¢ H»rt . the frequency st wh1<,h W (f} one half the mavinium gnentral

iniensity, W (0)

o e 1O @ e A R e e N n e o ot AP

-

" —
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the noise 1ntensity 1s

oo

~
4
iy

wi0) & (2.4)

For a post-detection filter of a shape different from the ideal, we have

2 B
N° = kW(O)GSP. {2.5)

o ——

Basic to all these expressions is the assumption that the obezrvation time is
infinite, even though the response time of the filier may be finite, [For a
more detailed diecussion of the measuring precess, taking into ac-ouni i:nite

averaging time, ci. forthcroming report by J. Storer and D. Middleton].

When a signai is included with the noise, and the signal ie a sine wave,
then in addition to the above iow-frequency céntinuum. which represents
{noiseXnoise} noise components (ref, 5, sec. 3), the ncise also interacts
with the signal to produce (signalXnoise) noise terms which make additional

contributions to the low-freguency fiuctuaticn.

4 3. The Signal-to-Noise Ratio as a Deteciion Criterion.

Criteria may be set up, for the performance of a detection system, ot
the srort shown in Fig. 4. Given at the input a certain signal-to-noise ratio,
we wish to determine the signali-to-noise ratio after the nonlinear operaticn
and filtering. A useful (though limited) definition of what constitutes a sig-
nal in the oatput may be conetruarcted as follows: we observe first that the

non'inear aperation has converted the 1nput 1nto an ouiput indication, appear.

Py

8 an on-off

]

15g on some essentially d-c indicator. 1f the signal is presented

| “hen steering onto the signal source) then these 18 a certain increment in this
d.c reading due to the presence of the sigral, ag compared to the reading for

; noise alone. {We assume here an ever-present noise background). This in--

| crement in the amplitude of the deflecting needle (or whatever indicator is
usedi we define as our signal {regardless of the units in which it happens to
be measured!. The accompanying fluctuation neoise constitutes the interfer-

- nce at the output; 1ts observing effect we shail indicate by an rms amplitude.,

ek A s e Y

Then letting F - output signail ¢o-neise intensity ratio, (YF - amipl:tude

]
¢
4
3
i
H
\
t
t

—
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I

>
: L o PPN ey =
ratio), and (Wd "wd.c.)N » and (N )S+N be respectively the cut-

.c-)SHw' ‘
pnut d-c intensity with signal and noise; the output 4-c intensity with noise
alone; and the intensity of the fluctuation noise, we can wyrite for the ampli -

tude of the eignal increment,

5 =Y WacTsin ~VWacIn -

so that, for our {amplitud=s) ratio at the cutput:

5 L ~ /
(N)out = VP = 'v‘qwd.c.)Sﬂ"" 1v/(wd.(:.)N// WZ)S*»N . {3.1)

. pl
For an ideal filter, the noise admitted in post-detection, NI", is from (2. 4)
N2 W (0) (i} 3.2)
1 w.( ol'p'1 (3.

where (fp)I refers 1o the bandwidth of the ideal filter as defined in eqQuation
{2.3). For a physically realizable filter of baridwidth (fp)R as normally de -
Zined {cf. p. 6, footnote), we see that the posi-dstection fluctuaticn noige

through this filter is

2 .. ) {2 ,.u' -
Np - wm)oflum. as (3.3)
: [o]

= kW0 ().
o p =R
Final results are expressed in terms of the bandwidth of the idsal filter, (fp) 1’

80 that a relation is desired between (ip)I and ({ )R. Comparing {ilters which

4y

pass the same amount of fluctuation noisz, we sec

-y & — v 2
Ny = I\R
ana then
- {
(fp)l k(-p,R , {3.4)

S ———— YU SO ~ 5P O
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For example, let us consider an RC combination as shownin Fig., 8, The

function | H{f) i e given by

i 2
. A . ) .
aoR=1E s . sy T e
B +u T 30 c_ .
L Y T =
£ = i = ! : |
'R # = mxe O |
=X - D S
and &
(£, = [ a2 as :.g = %{fp)R . {3.6) Fig. 5. Typical posi-de-
p Jo tecilon averagin
circuilt,

¢o that k = ;— for this actually realizable type of pest-detection filtering. In-

all subsequent work {_is written wherever {f_}  skouid appear, an ideal fil~

pi
ter being assumed. As for (2,4), we accordingly write

- .
N§+N = W(C}o {3.7)
Any conversion to other filters rmnay be accomplishsd with (2.4},
w({
(f)
o = e = .
1N “) =
_________ (N7 N W’(O)Q f?
&; ‘ ) ‘_-"l-u.
-‘\"‘\
wd.c.)S#\I || T~ _=<—- W(f) =lcw-frequency
Bz " continuurn
(W, ) ! SN
'd.e N i 3 e -
W(0) s
l o \\\\§\‘
| 't

Fig. 9. Quantities determiring autput (S/N) ratio.

For the 1deal fitter, from (2. 3; the outpui {Luctuation nois .8 represgented

bv the total area of the verticel, shaded strip. Thus, it is uecensary to
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dctermine the spectral intensity after detection. V/ (O}o . forr all cases,
(Wd and (W(1 )

uc.)SH\!' e N
' p. 5, ior the case of a purely sinuscidal signal alone, excegt that ia step 4

At . = o — 4 s 8 e &

The calculations fcllow the achema (1) - (;i),

we now Teguire:

"~ {4) the power spectrum W (f) of the output; which is most conven-
iently determined here from the auto-correlatior function, R (t}, of th=
rectified wavé, with the aid cf the well-known theorem of Weiner and

-
i

L
Khintch:ine, ™’

n

) w
win) = 4] R (t) coe ot dt

3.

= 2xf (3.8)

e b e e o e W i S SR i

(o]

R(t) = [ W) coswt af
Js '

Before the analysis can be made. we must specify the nonlinear device
to be used in detection. In our treatment we assume a v-th law device; i.e.,

[

]

!

l

i

|

l

|

|

|

|

|

i :

I

|

[

|

i

| it % is the {inetantaneous) input and y the corresponding (instantaneous) out-
' :

put, then

y =plx|® (- w<x<m) (3.9)

for the full-wave device, and for the hali-wave rectifier,

i 2
y = Bx x>0 i3.18;
= 0 x<0 .

a2 gketched in Fig. 10, Thus v = 1,2 represent the {amiliar "linear' and

quadratic detecicis; very amall v provides amodel of rectification with

< ’
saturation and large values of v, thc rcsgonse of a crystal over a useful

limitatscon of thiz characizrization 1s that an additional arbitrary

N>

Idiig. i
parameter, representing saturation, is not included, which may make it diffi-

< ult to fi* to an actual dynamic response over the entire range. This, however,

prosents no problers in the derivation of the desired output correlaticn function,
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lky
NN \ |
N \ |
___half-wave \\ \ i
\\ Voo
—_._full-wave N
‘\ \\l ‘
\\\. |
)\
.-——..—.—-_._._.._--__._____k___‘,\ S
AN
| ASIREY
A
~_ N N
~—

Fig'. 10. The general hali- and full-wave vth-law device.

from which we chtain the various spectra and powers.)

4, Dieccussicn of the Results ,

Let us now surnmarizc the results of the present study. We have the
foliowing notation:

(1) p = input s/ n power ratio

(2) fF = pre-detection noise bandwiath

(3) fp= post-detection filter bandwidth

P H .

{4) v = power iaw of the nunlincar dsvice
(5) P = cuipui S/N power raiio
Then, when p<.<li, {cf. eqgs. { 3_9b}}
r P 2
— P A s . .1
(21 (=) Py 5. o= Qi) P (4.1)

F

for both sinuscidal and narrow-band noise¢ signals in a narrow-band noise
baclkground, where Q_l vosBessesd a maximumn at v = 2, and 18 precisely
resented in Fig. 12. it is assumed that the input, narrow-band ncise

an "optical" (i.e. single-tuned} normalized specfrum, w(f), given by‘8

» Do TRt e st ) 1 P en NN L, TR s
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win) = Z . (4.2) ;

o0

fw(f)dIT:l , g
[o]

For a sine-wave in a broad-band noise background, when p<X<(l, a sim- ;
ilar law holds {cf. eqs. (10,23) and {10, 24}] :

2,.9p . 2
(;,—)\-;-)PB.B‘czQZ(v)p : (4.3)

wherve Q_Z(_v) has a behavior similar ¢c Ql , as shown in Figs. 13 and 14. The

8.
brcad-band noise is described by a normalized optical spectrum™:

) 2 (ir\)__ l\ener\_
wifly = 3 —71 7 ¢ AT
(£, "+ 1
F'o
or by a normalized Gaussg lpectrum:(a)
2
| w
= & = *
win)g =8I o 407 GPadnliy 2 3 (4.5)

| These are the spectra covered by Figs., 15 and 14 respectively, When boih

broad-band specira (4.4) and (4.5) represent the rame input noise power, iiie

f following relation nolds between their bandwidtha:
= Mo Uf
(fF)(’. /e "'E-")o e {4.6)

In both of equations {4.1) and (4. 3) the striking feature to note is the modula-

: tion suppression effect'?“9 whereby the output ratio is proportional to the

- e e e W e =

*where f.. is the frequency interval between half-power points relative to
max. wif af f=1

* *Both (f. and (f )~ repreeent the frequercy interval between ths half-
power pmg %nd the mak wify at £=0, .

]
S
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square of input retic for threshoid zignals.

We next ask how the output depends on the law of the detector. Exam-
ination of v-dependent factors shows that, for both detection schemes 11(a),
1(b)] and 2(a) the quadratic detector (v = 2) yiclds 2 maximum iov Ctl and
o]

parissn}, the exact iorms being given in Figs, 12-14,

2
P/p° = Q,.0,

.

|
|

N5 SR - ; Y
2

4 6 8 10 v

Fig. 11. Small signal variation of P/p2 for var-
ious devices and detection schemes,

It is clear that P depende on both v and p., The above remarks suggest a way

in wnich the results may conveniently be presented: we observe that the be-

havior of a particular v-th law device over the entire range of input {8 /n)

values iz described if P is given ag 2 function of p, witk v as parameter.

Altexrnatively, if it is known at the detector that the input signal has a certain
value of p. and a device is desired which yields a suitable value of P (usually

the maximum), then P is expressed as a function of v, with p as parametes. )

Further insight into the operation cf these dctection schemes for weak
signals may be obtained from (4.1) and {4.3). Let us compare values of P
for a sinusoidal signal in broad-band noise and in narrow-band noise, when
a signal of power level oris received through a broad-band channel of width

{fe)n p »and of a mean intensity per cycle u , defined by

Qo

W(r)B.B. af
- % - DR B 4 (30
[}

TR RO 4 B, e o .

2+ These factors exhibit the general behavior aketched in Fig. il (for com-

~i

A A e e s i i

e b - e i et el v I s < . ol G T et
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and when the agme signal is received through a narrow-band channel of

width (f‘?‘)N B.' and m2an intensity per cycle, defined by

“N.B.

MN.B. T [W(I)N.B.df’/(f‘?‘)ﬁ.i@,- ' (4.9)

with the same post-deatection bandwidth fp in both casex. If the mean in-
tensity per cycle for both noise backgrcunds is the same, then the output

power (P = (S/N)z) ratioe in both instances are

Pu.B. =[¥—p— %)] (-;——Q——m : (4.9)
and
Py g =l -;;—- ( {—)ZJ r{;ﬁ"g‘ (4. 10}
where we have set
K Kp.B. - PN.B. ° (4.11)
Pn.B. = »lply g,
Prn.p. = nligp g,
Thereicre, the gain G(db) of PN.B. over pB.B. niay be exp.essed as
G = 10 loglo[u-g—j-B-T] 10 10310(%” 10 log o ggg.:%:].
{4.12)

The facter (Q,/Q,) arises from the fact that no low-frequency fluctuation

noise appears at the input for narrow-band noise, as is not the case for bread-

(]
»
e et

s = o et b g

band noise. Thus, if{ a2 broad-hand detection scheme were in force, but it was ’ A

known that the signals did not iie 1n the band fp , there waald Be an inliinsic
gain of 10 logln(Cl, /Q,) in P, from the fact that this gmall band of noise at
the inpr* does not anpea:. The quaniity Ql/QZ is plotted in Fig. 16 for a

T ﬁwma&umm b Rt o s . 5 ¥
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Fig. 15. Represeniation of weak signal detection achemes for a sine-
wave in narrow-band noise as compared to broad-band noise.
general class of detectors. The types of narrow-hand and broad band spectra
chosen are dssvrihed in (4. 2) ac narrow-band "optical," to be coimpavred to
broad-band "optical," (4. 4) and broad-band gausaian spectra {4.5). Figures

12-14 provide the daia used in obtaining Fig. i¢

A! the strong signal levels, significant differences in performance isr {ae
various types of input signai {e.g., sinusoidal or noise) appear in the output
signal-to-noise ratio. In the case of a 8) .usoidal signal in narrow-band noise,
or in hrnad-band noise, a simpie dependence on the input ratio p 18 observead
forv>1: [cf. eqs. {8.12) and {i0. 26), {10. 27)].

0

Z. P — ) . LY 9
(;)(--(‘)F‘) pN. B Q;i vjp, case i{a}, or {4.13)
I W ~ T o
g = vin: 2
‘\"MmF; Fp B Q‘t(.,p, case 2{a). {4.14)

The behavior ofQ.(v). Q {v) is sketched in Fig. 17 in much the same manner
il V! B

az was done £ owaver, there ia a noticeable difference between

er
he two extremes of input 8/n. In the

what may and mav not ke plotied at t

b A i o o i " et

s Rl A
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threshold case (p<il), the curves for Q1 and QZ are only approximate,
since there is actually a slight dependence on p in the true expreasion for
P, before .approxi)'mﬁat{on. However, this dependence on p is very slight
(vanishing as p—»0)X; and it does not change the general shape of the carve
significantly, being e'asily accommodated f~v witheut changing our previous

argumenta. For large values of the input {8s/n) ratio on the other hand,
no representation of Q and Q4 for all (large) p 18 ,aonnble in the range
around v = § {the case of extreme clipping). This follows from the fact
that (43(v, and ,‘4\ v} vary as I/-;Z. Thus, in this region (0<y<l) "sep-.
arated" expressions of the iypes {4.13) and {4. 14) caanot bs properly

. writtean. Instead, a suitable modification of _Q3 and 04, dcpending'an P

is needed. Note from Fig. 17 that Q3 and (l)4 approach the Jimit-curve

L \
\ !‘*—-—————-— Limit Curvens -12-
5 F P \1\\ '
N.B. 1 p-dependent region, P, =P

[ P
| \ (p>>1)
P
R.B. \\\

= \\' \ Limit Curverv-%

e —— Broead B"and
‘—H~_ u 4

P,

o

0 1 V -
Fig. 17. Dependence of P on#for large P, and a sinusoidal signal.

2s p becomes larger. This means that the fluctuation noise vanishes much
more rapidly than the d-c increment when ideal clipping {(v= 0) ig usad,

The limit-curves set anupper bound on P 28 p is made larz=r /for the

I

'
4

i
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particuiar d2vice in use).

The significant difference between noise and sinusocidal inpute is
brought cui by the fact that (for a narrow-band noise 'signal' in a rai-
row-band noise background, where p>>- 1), the output power ratic Pis

virtually independent of p, viz.,

2 “p,. & . '
(; wF'(Pnoise)N.B._ Qs(y) y p>>1 cats 1(b) (4.15)

The quantity Q5 exhibits the same type of be'ha.'.viorl as Q3 and Q4 in the
"clipping'” (v< 1) and "amplifying" (v >>1) regions. TIn the latier, P is
independent cf p because the input ''signal' itself ie a noise -wave,.pro—
viding most of the fluctuation noise itself (strong “'signai’ cace), even

as it alsc supplies most of the d-¢ increment. Thusa, both the output sig-
nal and fluctuating background increase at ihe same rate for a given de-

tector law (v>1).

. " For very large input signal -¢c-noise rzatios, the ideal clipperis char-

A acterized by the greatest output signal-to-noise ratio. Over ail vaiues of

-

input{s/n); the output signal-to-ncise 1= io for the ideal clipperis | eq. {5.9}],
A Byp ). o = 1.672 [1a(1 +p)]2
T Y% noise N.B, )

Y672 p° , p<y (4.16)

It is to be noted that the characteristic p dependence for weak signals is

reseant here {4.146). N
, V.

[

such simpte relation as {4.16) existe for 2 sinu-

i soidal signal for all values of p. However, for sirong signals, we have

(2 Zp - Unp+0.577)°p; case l{a) . p=>1 (4.17)
1 w UF :
! E P oyp:-Lanp+o.sr ) [
| (; —Y_ z(np ) p. case 2a), p>>1 {4.18)
; W 1
5 (_.é : I\) VP = = (ln p+0.577}2p;case dlay,p=>>1 . (4.19)
i T lwplg I 778w -

B B e e o A ) e 2
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We remark that, excent for scme gencral gualitative statements, no

: investigation of case 2(b) (a narrow-band noise "signal" ina background

of broad-band noise) has been carriad cut. *

The previous discusaicn wnay Le surmmarized in Fig. 18 oppoeite
the salient features of which have been rernarked upon; the exact curves.
Figs. 19-24 follow, with the analytu al rcsults appearing in the body of
the report. {(Part li, sec=, 3, 9, 10}

, .

The effect upon P (the output signal-to-noise power ratio) of pre-

senting a vaviety of inputs (cases 1l{a) to 2{a)) to the vth-law devices

| (v = 0,1.2) at extremes of mput signal-to-noise ratios, are summa.rxzed
I in Table I, The quantity referrcd tc in each case ie specuxcally(—- --——) P.
The quantity tabulatedinrows 7 ard 8 respectivelyare (—- (wbr‘ P and
2 w?P N
(= (—(;’—F—)-ag_ . If the input noise powers irom these two filters, oxticail
! and Gaues, are requirad to be the same for a given gignal, then eq. {(4.6)

must b applied,

(“’F)G =."‘\'f1—r_' (wg), - (4.20) s

A

Quantities in row 8 are therefore multirlied by4% if we compare
wp o : ek : e
(Tr Wﬁ?) P in row 7 with the samec gquantity in row 8; e.g., a signal of

& given power must be accompanied by a noise of equal power from each

filter. Moreover, comparison of identical quantitiea at the output are re-

4

w
quired to express {zm:—) P for both types of spectral input.
" 3 G

*In this case, P depends not only on v, but on a ratio of bandwidth of
"aignal'" and noise.
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Table 1
Case | Description,Input{ p w=0 v =1 v =2 Row
Sinuscidal signal |p<< 1 1.672 p% | 1.928 p* | z.00 p 1
1{a) {in narrow-band P31 (lnp+0'557)zp 2.00 p % 2
noise &
Narrow-band
1(b) | noise "signal"  |p<<i 1.672 p% | 1.982 p% | 2.00 p® 3
in narrow-band " . N
ncise oS> 1| 1.672 p% | 7.70 2.00 4

Sinusoida! signal
2(a) {in broad-band p<<L1 0.77 pz 0.95 p~ 1,00 ¢ 5

noise (optical

(Inp+8.577)p

spectrum) p>> 1 = g % 6
e : o N
Sinusgocidal signal
2(b) |in brosd-band Jp << 1 0.22p° | 0,446 p? | 0.48 p? 7
noise (Gauss 2
spectrum) .p:>> 1 {Inp+0.577)'p 4p_ p 8
3.54 V7 3.54Vw | 2.54 V7
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* Analytical Section

5. Assumptions

The following problerns are presented and solved: to find the corre-

lation function for the output of a vth-power-law rectifier when the input is

54

(1)
{ii) noise and an uncoreelated signal as described in Part I, ci. cases

noise alone

The conditions which the nonlinear element i to cbey are
{1) the device is assumed to be frequency-independent. This is :

& realistic amsumpiion for the following reasons. When the distributed

reactance of the davice has a negligible effect on a voltage in the frequency

’ . region undar considcaation, cur assumption is valid ab initio. When such

! ic not the case, the distributed reactance mav he considered ag belanging

to the circuits associated with the device, as a first approxiimation. Fre-
quency-dependence atiributable to the associaied circuiis may be intro-

duced by separate consideraiicn of the effect of all reactive networks upon

ST 2T 4 ST L

the specirum, before or uafter the device.,
(2) the value of v is unrestricted and pesitive; i.e., v == 0, {cf.

sec. 4, ref. 5.)

21 at the input are asaumed to

(1} the noisé is stationary: i.e., the ensemble of nossible noise
wavas remains invariant under an .arbitra.;-y iinear time transformation.

(2) the noise belonga to a gaussian randoin process,

{3) the signal is stationary.

The results of this investigationare.applicabletothe:calculationof (1)

the output signai-to-noise ratio a8 a function of the input signai noise ratio,

-

(as previously outlined). (2) the rms fluctuation at the output of an opti~
muwm linear-averaging element foliowing the vth-law device; (3 compar-

i i10on between full and half-wave detection in the above iwo instances.
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6. Tne Outnut Correlanon Function

We now review briefly the problem of obtaining the correlation func-
tion of the output for a stationary wave thet has been passed through a
general nonlinear device (cf. sec. 5.) If the input voltage iz V, and the

output current (or voliage) is I, then 1l and V are related by some func-
tion,
=g(Vv) . (6.1)
Then, if V(t,} ie come function of time, and I{t,) is a corresponding
: function of time, the output correlation function is

/e
R(t) = CI(t,) It 5.2
(¢) = iit,) ("')>‘; (6.2)
‘The ergodic theorem implies that (6.2) can be replaced by %

rr
R(1) = QX)) gXp)> =/ [ a(X)) 8(X,) W, 1%, Xyt aX, X,

(6.3)

in the usual way, where Wz is the juint preoability that the voltage V lies

| . : in the range Xl, X1+dx at time tl and in the range XZ. X +d4X

2%
| i time, t,, which is t later than t,. For the siziiatical ave ‘ge / 3
i 2 1 s’
refers to V (it} at scme arbitrary tirme ty, and X, to Vata later time 'Z’
(tz -t, =t). The method is now applied to the nrnblﬂm of noise aicne. We
F consider first
A. Bro:td-band Noise:
{ .
The nonlinear device is a full-wave rectificr whose dynamic charac-
| teristic is
* gX) =[x  (o<X<w), w0 . (6.4)
|4 The input is a gaussian noise, for which V,. Eq. (6.3) is
' ) 1
| Wz(xl,x,z.t)— TR Z\TJZ exp [ - ()’ Tx -Zr'ﬁ( X. )/ka(l ]

{6.5)

- s wm e w =

, *1f a procceg is ergodic, then the time average of a random variable is
| set egual (1o within a svl uf functions of prob. medsure zers) ic the cor-
responding ensemblic (statistical) average of the some random variakie.
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. . |
Y = intensity of the noise = V
r = r(t) = auto-correlation function for the input [r(0)=1} .,

To evaluate the integral (6.3) it is convenieut to use a development

of 'v‘lz in texms of the Hermite functions (cf. Appendix A), viz.:

Y—' b4 m x
o oo -1} m (m) (m) Z ]
Wz(xl.}tz,t) - -\l-" :‘j — ————— l‘(t) [ 172) 4 ‘ léi lr 6.6)
m= infi: L l{l \v )
L m -
where ¢y = L S T - ymy e (6.7

and Hr'n(v) is a Hermite polynomia.l..11 Substituting (6.6) intu (6. 3) gives
finally

? e
Rit) =4 / lyri)] 2 (6.8)
where the amplitude functions h are

Boan ™ PV —=5t / ix]” é‘“"(h’i—) dx. (6.9}

el

We remark, before continuing the analysis, that many cf the resuclts can
be conveniently expressed in terme of hypergeometric functions, a num-

ber of which are already tabulated, Two iypes which appear frequently
are

& (a)_ (b) m
:T":O (c)m m!
where (a.)m =afa+l) ... latm-1)= pla+m)/"(a)

ot

p—l =
&TiG (2)0

oY
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and 1 Fy (a,bsu) =

Here, it is found that {6.8) can be written
Rt)=C_ - F -"-'V oy '1°r(t')z) (6.10)
v 271" Zr"2ZTT
The constant C_ appears frequently in our work. Itz value is spscifically
: L4

; v 12 '
cv=%?)_. 'BP(}"‘E—!'} , B (6.11}

B. Narrow=-band Noise:

=
Narrow-band noise” possesses correlation function of the follewing

form, ii the ncise specirum is symrnetrical about some central frequency,

f :
C

=t
—
-
-
i
"
—
"
——
(2]
o
w
€
[ o
-
c~
.
=
(3%
o

We find that

5 cos 2jw_t
(5™ ;f‘_:,"_‘)_'] % ¢ ————=1i (6.13)
L =0 (m+j) H{m-i)i

tass

Here. €54 factor is one for j= U , and twe for all other indices. A useful
“J R

identity here is

L h 1
2ol o mypgg) (6.14)
5 2

Wher {£.13) is substituted into {(6.10), and all contributions to the cos Zjuct
terms are collected, we obtain for the correlation function after full-wave

rectification of narrow-band noise

<=,
R(t)- ~ R

=

)

2j {5.1%a)
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with
. T oo (-")Z-r 't‘Zk
P _ 2k Te'Y o
R,.=[C ¢ 5] | cos 2jw_t . (6.15b)
?.j v ?-j : c
ey (k-j)! (k+j)1 | '

Here R. iz the contribution to the Zj'th spectral wone. The expressian
(6.15) is identical with the even-zone paris cf the correlation function
when a half-wave rectifier is employed. (Cf. ref. 5, page 481.)*  After

someé manipulation, we obtain {inaily

(1>‘J Vv 17 2
& 2 =ti-w:id sr (1)”
Ryp=C e (=305 o com 2ingt oF -3 Fi it lingn®)
J=0.1,2 ... . {6.16)
; \
Since : “Cv'hali-wave 4

(C)

v'full-wave .
the only differance for the even-zones outputs in the two iypes of rectifi-
cation is that

- \ ]
[ R( t)Zj] full_wave = 4 [R(t’leJhalf-wave *

For the low-frequency cominuum, j = 0. the correlation {funciionforanar-

"
o]
£
o’
]
S
[+
3
e
o
[¢]
o]
[+
(s
©
5
»
o
(2]
=]
o
[
-}
[ ]
poss
-
S
T
—
~

R(t),=C, - ,F (-5, -%:Lir (%) . (6.18)

Ci. Eg. (6.11), ref. (5).

7. <Characteristic-Funciicn Methed

A. Output Correlation Function; Traneformas

A technically more convenient approach is the so-called "characteris-
tic -functicn methed," which may be applied to both clagses (1) and {2) of

input, discussed in section 2. Consider first the general half-wave device,

*Fven zoncs ppear in the random noise case for the same rcavcn as they
inpui 2388, a FoOuriers analvsis of t“n= output
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‘

in which g(X} exista only for positive ¥, and
gX) =0, X<o0. (7.1}

Tt transformed characteristic is then defined as:

f(i%) = w0 e 8% ax | 1mx)< o . O 7.2)
0

Assume that g(X) does not diverge* faster than e I whaos yis some

positive constant. Equation {7,2) is simply a Laplace transform inthe

= ij-p’la.né. Thus, the following transform represeniation of g({X) is

obtairned:
axi= ok [ 98 %ay mm<o . )
-llJ-,
O

where C is 2 contour along the real Y -axis, with an indentation down-
ward around zero to avoid a possible singularity, for y equal to zero.
if v is not zero. then the contour would have to be shifted down along the
imaginary §-axis an amount -y. For the devices we ceneider, any con-

tour arbitrarily close to the real §-axis is satisfactory.

/imaginary axis

- y-plane I for y=0 3
- ) e for ¥y
e S e e e AR e el N A ' 3

" Fig. 25. The contour for evaluating g in the ¥ -plane.

A canonizal form for R is obtained:

A~

Rit) - _._.,, / d Jl-/ d‘,2 1\151) f{i 52} F ‘51,32:1) (7 4}
47" :
2 Ss

R L

* This is physically quite reasonable, and perhaps even too strong 4 con-
dition. since most electronic devices saturate at some input level, X
and for X> Xé' g usually remains constant nr goer to zero.
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Q0 0
i(§lxl+g,x2)
where F(£,.€,:t) = Jf Jf W, (X, X,it) e = Ak, dA, -
. -0 -0

7.5)

Here, F’Z 18 the characteristic function of the probability distribution, W,,
i.e., its Fourier transform, which possesses convenient properties for

our work, as will be geen.
The full-wave case now can be obtained by a generalization of the
half-wave care. The most general type of full-wave responss may be

expressed as the sum of an even and an odd part:
g(X) = g, {X) + g (X),

w.th the properties

8.(X) = g (-X),

g,{X) = -g (-X) .
Consider first the even part, This is a2 function which is symmetric
about the g-axis. Treating the positive and negative halves of g(X)

as being half-wave devices, x¥e may write:

8, (X) = g' {X) + g’ (X}
where R'.(X) = q-%j [‘f__.(i'g) eigxdg
-
-
= il : i §{-X)
8 (X) = 75 | £ g} e de -
C

It is immediately obvious that g"e (X) = g‘e {-X) . That is, the first con-
tour integral vanishes for X< 0, and takes on the values of 8e (X) for

KX>G, while the second contcur integral vanishes for X>{ , and takes

o tnc valusa of e {~-X) for X<<{ . Similar considerations applied io
the odd part of g(X) result in the relations
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8, (¥) = g' (X) - g" (X}

'(X)—rl‘f‘lﬁ)e--g

~ | £ (%) e
m L

i€l
b I

g" (X) = -X) dE .

Therefcrs, in general, we have

g(X) = .}Jf fel‘ig) cos gx d§ + %[ro(ig) sirn: g‘x d§ . (7.6}

C

g(X) we specialize in this report to gc(x) » (8, = 0), 8o that g becomes

o~

g (X} = -}l £(¥) cos EX AE . (7.7)

The outvut worrelation-function aiter fuli-wzve rectification thus is seen to
be,

B
Rty = —5 [ 4 [ang(lgl)f(,gz)§ (E,.Ep0) (7.8)
o ‘él “2

where

§z I j[ 2[coe (€ X, +7,X Q) teos (§ X, - ¥,%,)]

2 wz(xi. XZ; t) dxl dxa .

Recalling the definition of the chzaracteristic function (7.5) we easily see
that

2’(§1s gz;t):Fz(glvgz;t=+F2{'§l"§Z;t)+F ")1 Szot)"f‘ gz.s

oo =8

e iRl 554

J R

b

PSS ) ;,?E&m
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Here the first two terms axs oqual;*a..s arc the last two, 8o that
$, 051,800 = 2[F (T, 5500 + FU-F 1, 500 ] {7.10)
For example, for normal randcm noise we.recall that

Fo(¥,, 8, =e=q>[~%5(§12+§§+ 28,5, ()] . (7.11)

If the input is 2 sinusoidal signal, we find thats

¥ . = - m. :
F A% 80t ? (-7 J (A BT (A F,)cosmu t,
- =y (7.12)

the amplitude of ihs signal being A_, and £c its frequency. In (7.12)

we.observe that
J_(-ud= (-1 (u),

so that (7.10) applies for a sinusoid, as well as noise. Accordingly, in

R = L % STRI NHE R NG N ATES NE M AT
! 2 {7.13)

B. groad—band Noise2

Here we obtain from (7.11) for (7,13)

: A N . i -o:- 2 N
FZ(§1;§Z;.~:;+1.-Z(—§1.‘52;:) = 2 exp [-:E(gl +gz)] cosh [q,gl §2r(t)_|.

{7.14)
If the hypertolic cozine iz expanded in a power series, and the resuits sub-

stituted intc {7. i3} there results

é&‘, v (4 2n 2
RI{t) = 4 > [wr(o)] ™ i

_;;:0, (zn) l Q,&Ln

-3

“
PN
——
w
~

*For syrnmetrical distributions cnly.
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And in particular

2
_1 f,. 2n “%S Sies
hozn ™ 75 ) D T TY ag.
C

The relation {7.15) which {ollows from the characterizstic- function meih-
od is seen to ba formally identical with (4. 8), with m = 2n . In the direct
method of ssc. & the teyms for asdd m are elimin ted (cf, Appendix 1}, so
that the formal identity between the iwo methods is compiete. The expres-
sion (7. )oj ior ho..?.n
is investigated.,” The only difference between the fuli- and half-wave re-

occurs in R (t}) when the half-wave vth-law detector

s-.rnses lies in the fact that the odd terms .. are miseing in the

,2n+l
full-wavs operation, and the full-wave expressmn for R(t) is multiplied
by an additional faztor 4. {(The integrais ho 2n AY be evzliusted by the

method shown in Appendix B.) The case of narrow-band noise input alone

L o.

3
o
D
Y
D
(]
]
3
"
0
b
.:-
ll
N

TR O R Tl e sec
’ -a \lﬂv\*\h.‘ll - -

C. Sinusoidal Sigl_lal and Broad-band Noise

it is well known that the characteristic function of the sum of inde -
pondent variables is equal to the product of the characieristic functione

. P o 17 . % : :
of each of the variables. Thue, if the inpat iuv a ronlinear devics is

N

sum of two indepenient voltages (e.g., sinusoid and noise) we ma
Y

write
v, ¥ :t -‘5‘ oo Gty o F (%, §'t' : (7.17;
Fol%i: $2ita4n Cir S 20880t \ i
where the subscripte ¢ and n refer respectively to sigual and ncise,

With the help of {7.11) and {7.12; R may be expressed as

o

AN
R(t) = 4 3 ‘m

1l ,n‘

n
[(«l)m+n+ 1] —L—[ r(t_]_) Him cos mw t, (7.1:8)
ni -

where Hmn is the amplitude function
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"Z8

o

.,._')

v . 1 21 :
Heon © 75 {.“ 5 m (Ao.§) “
!

Note for m=0, and A°—>0 that Hon reduces to our previous integrals,

h , 80 that
s,n

lim H = h . (7.20)
Ao—>0
and

im H_ =0; m 10,
A(“-;‘O mn

since J (A g) varnishes as A —)'0 . As expected for vanishing signal
(7.18) reduces tu precisely the cwpression (7. 15} ior noue alone., The
first half of the sum (7.18), containing the factor (-l) , i8 exactly
the half-wave expression for z sinusoidal signal in noise. T.ie second
half of the sum, (that containing the term 1) removes terms fer which

(m 4+ n) =28+ 1. Then R may be simply written:

~

< ¢ Hmn
R(t) = 4 / [—«——---] [¢ (t)]" cos muw t. (7.21) 5
m+n=2€
: e=0:13-_\.o

D. Hemarks on {(sXn) Noise Terms

Before examining the complete expression whick arises from (7.21)
for the vth-law device, we present a short disxcussion of {7.18). First,
examination of Hmn reveals that the integral (7. 19) represcnis a (signal-
device-noise) interaction term, in matrix form: {mlfin), corresponding
to the sxgnm .,tanutu:s [J (Ao'g )], the device f(x’g) , and the noise statiz-
tice )f exp |- %‘- k3 ) m a.nd n referring formaily io statistical '"stater"
of tr.e signal and nnise. Since Hmn depends on Al and {, a8 the input

signal-tn-noise power ratio

B2 ot (7.22)
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changes, so H is sensitive to this variaticu. Esch state inside i
» mn mn
is associated with a time-dependent term outside of the integral, speci-

fied by the same state number.

The d.c. term in (7. 21) is represented by Hoo , since (0 |l 0) is

the only term associated with 3 constant in the time -dependent terms.

Thus, it is immediately seen. that

2
=4y 3

SN 00 - .

I.‘I'l"
\WFd.c.

L
-
-
[L%]
AT 4

[ represents the d,c. inteasity at the output, with asignal and noise as input.
Since “"’d,c.)Nz' }y}no (v'a.c.}S+N , from (7.20), the d.c. intensity for
noise alone is:

(wd.c.)N:4h0 . (7~24) 1

The d.c. voltage increment, or cutput signal, is then

: (7.25)

Soue = Z[Hoo N hoo]
Note that the cutput sigrial increment :e independent of the narrow- or
broad-band structure of the noisc. The only difference between P for the

two cases 1(b) and Z2(b) arises from the fluctuation-noise in the output.

i

The low-frequency continuum at { =0 ix from Eq. (3.8)

W(0) = 4 E'(t) dt, (7.29%)

! [¢]
¥

Ve

where R' is that part of the correiation function yieiding (8¥n}, {nXn)

. terme only (excluzive of d.c.); (7.26) depends upon integrals of the {form
T = ,f r{t)" cos met dt . (7.27)

The value of {7.27) depends, of covrse, an whether or not the noise is

Z

broad- or narrow-band.

|
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1f NZ represerts the intensily of the noise fluctuatione {low fre-

quency outgut}, from (7.21) we get

-
-

e
2 P Hmn n 2
N =16 IP 2 &m ["E-r—} iy Tn‘n {7.28)
m+n:?1’;
i=1,2,3...
and the output signal-to-noise (power) ratio is given b}; P= (S/N)Z:
w
3 < H 2
— i =E [N} L p =
(w \nF)p [H Hco] "TF Ly m [ L P Tonn (7.29)
m+n=24

1=1,2,3...

Equatica {7.29) indicates the manner in which P depends on the Hﬂ’nn matrix
and the T_  "band-structure® factor. If A << ¥, a case of intersst to

lll’l

uae here, Eq. (7.29) simplifies somewhat to

0 « 2 ntm A Z{m-2}
Z P L 1 TIY -‘-O =5 ) .
& By pa hoZkag - e = T (7.30)
» m l ands
“F m+n=2£ n ! )
£=1,2,3...
Eguation {7.30) is convenient for calculating P, when the amplitude func-

tionh_ ,p are known.,

N g
If a vth-law device is assumed, Hmn can ha obtained (ref. i, BEq. A.
3. 14), 30 that the total R may be finally expressed as the following,

n
«—p ¢ 2 ' 1) R"‘

' 2 m n :
R(t) = CT{(>+1) > [rit} cos mw ],
v 2 ’t(rnl) nlf (_+1- ‘)-Z ' o

f

{7.31)

] -J

o'-s
-—ol‘

for

Y \ : ' .
1 Fyl = zim + 1; - p) is the confluent-hypergeometric function

4

Here lFl =
[cf. (6.9) et seq.]. The separation of the important terms in (7.21) to ob-

tain

3o
’i\
w{0) 4] R'(t) 4t
o
:
i is carried out in Part III,
i‘ N
}
i
!
H
i
e e M o B R AR D . mtae YRR o b1 T8 Bk e ) g s B
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E. Sinusoidal Signal a2nd Narrow-band Noise

For narrow-band noise, the above formalism is not convenisnt.
Such a noise wave, having a2 symmetrical spectral distribution about
a frequency fc' possesses 2 normalized anto-correiation function

which zan be written

(t) = )
r{t) ro(t) cos wqt S

Let I, be set equai to the signal frequency, ig . Then the cliaracter-

' istic-functicn needed in the canonical form, (7.13) is:

| N7

~ .

(I {wr 'E)l gz)] [(cos mw t){cos qw, t)]. {7.32)

l : [In deriving (7.32) we have used the relaiiva . -

-zcos @
e L~

—

q

< :
,>' (-1 _(z)ccs g€ -
Z _w g

where 1| is a modified Bensel-funciion.|] When (7.32) is substituted '

into (7.13), and Iq is expanded in the series

2% -m+2a

1 o= @ 7 (z/2)

Zn—-:'("f {(nt){(2€ -m+n) |

, the fcllowing characteristic zonal structurc appearu:

<= .
® (&) ={_: R, (1)
AN

with

e

T

SR AR A s S
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& oy a :
N L 28] +2nd -
Ry, (1) = 4cos 2t t z m!  m, fm- 20 +2n [%ro(t)]zm b= 28
= =0 ni{n+ lm-22) )1
i (7.33)
where Hm 2n+|m-201 has its previous sigr.ix’icance.s The low-frequency
zone, £= 0, is of greatest interest here: we find that
H -—.L..)z o Zealwsn ' )
R(t) = 4 L FdEr (83377777, (7.34
L ™ (m+n) { & ®

. : ' 5 S
For the vth-iaw device, H__ has beern svaluated,” sc that we can
m, Z2n+ém

write explicitly

4 . 2
(- -rv} SF,(m+n- x: m+1l; -p}”™
: k% 1l X X Zn+
R(t) = Cv .ua m+n 21 1 3 plfn rc(t) n..m’
2 yy & {
m,n 0 {mi)“n! (m+n)l (7.35)

F Two Uncorrelated Broad-band Ngcise Wa_ves

If the “asignal' noise presented to thé nonlinear device be indicate

.

n' and ths background noiss is denoted by n, then for an input widch i

the sum of thesa two statistically indepandent noise waves, we have di-

rectly
- <, o= : : T _. ’
FalSr S g = Fa (81 Raithy Fpl By 5aith,. (7.36)

For gaussian noisae this becomen

: Yo 2, g2 | S
FolBy-Tuetd iy, =exp [ - (374550 exp - [r(tivg'r'(t)] §; §,
{7, 27)
where ¢T=¢+¢'=¢(1+p)

p= ¥, (7. 28)

The expreazion q,,r may replace i everywhere inthe exprescion {or

e el

T

e

i}
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noisa alons, We have, therelore,

2
S .2n Po.2n
Rih=4 ) [prin+yo @™ 220, (7.39)
- (2n) |

where ho 2

s &)

nzl and noise have the came spectral shape, e.g., r(t)=r'(t), we get at

now contains the factor “'T . For case 1{b) whers both =ig-

OIcée

"\m" { *HT x (th] ol 2 .
R (t) = 4 LN ¢ ¢ ) . {7.40;
ey o (2n}1

whick, as expected, is precisely the expression cbtained for noise aione

through g(V) , [ except, of courne, that is w,r] . Then we can write also
R(t) = C FLo-%, -% 1o 0% {7.41a)
vp 2712 2P TY o

" = tlaptY i p
& CV!\_D = -_-v,‘-‘-‘p, . (7.41b}

hé specira of this input noise wave have shapes [case 2(b}], then

. v v .1 _ rr(t)+pr'(t),2 . 3

R(t)-Cv.p ZFI ("'Z'l ‘Z’s 'z.[ (I+p) ] )s (7-42) 1

which, computationally, iz rather an involved exprcsz=icn. :
*

G. Two Uncerreiated Narrow-band Noise Waves

Here R(t) is identical with thz correlation function for noise alone,
] &l

..... + thhnd i e
E€RTTET wiar © eI

v “v,p
structure for two, narrow-band ncise voltages after rectification. one of

er

we have shown above, The zonal

P
(1]

avlac~and .-
CpLa T y ’

which is the "Ysgignal’, the other of which is the '"noige' {and both of which
possess identical spectra), appears in the same way, except for the p-de-
pendent multipller (Cv p) . Therefore, for the low-frequency zone, we

r

get

R'“"o"‘cv,p ey i—sz-.—% -1 r (1)) . {(7.43)
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When the noise specirz are different, though #till centered about the same

| B spectral fraquency fo' wi get, corresponding to (7.42),
e
B r (t) + pri(t)
j v v r o o 2
idzr = - -3 ~ 4
= Rit)y = C, p oF b3+~ 31 Vs I=rvpr—] iiead)
=
.
| =
-— The Qutput Signal-to-Noice Ratio
| ¥
i 8. Sinusoidal Signal in Narrow-band Noise:
i Yaing sxpression (7. 35) for the low-frequency correlaiion function
i .
R(t) we find that the d-c terms conatituting the signal are
w o o =G JF, (-%31; -p‘z (8.1
d.c.’S5+N vi i o ! ! = !
(w, ). =C . | (8.2)
‘ d.c.’N v
Therefore, the d-c signal increment S is
! 4
(4 - = o v « T e H
b D = ‘v‘cv[lfl ("2'0 l-‘P)‘ "] . (803)
The fluctuation ncise power, N, on the cther hand, is given by
i I e
7 ¢ v %) £ \mra—y,ﬁn;;-:?) r~ B b
i sz 4C { - 2 m 2 171 < 5 . i To(t)‘.u?xn 4t
| ve £ n! (m+n) | (m1)” J
! ey ¢ (8. &)
| m+n#0 i
f and the d-c term, in,n=0 is excluded, If the pre-detection filter is 2
|
simpie narrow-band RLC-tuned circuit, as shown in ¥ig. ~6, then the
correlation funct*ion of the input noise is given by
|
! 2(t) = ro(t; cos .t
b with | -
l . = -‘-..'l— 144 —R—-
i e} Vit ! F 2L ° O>> F
I
|
]
]
i
i
]
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andi

: -wFiti .
ro(t) = e . {8.5) 3 "

c | . | ! :
A coswt Rf x |1=pix| wp —» D.C. (5¢N)
4 (noiee) L i .
2 i B b s, SN2l

PRE-DETECTION DETECTION -»POST-DETECTION

|
|
: :
!
|
|
|
|

Fig. 26. Narraw-band noise and block diagram of detection systam,.

Writing P-;H-n_ = (8/N ‘Z . we have
E___“P)p - Hip) (8. &a) S
”. W 3+n Gip} .
i
H where
, Hiol = [,F, (- $51;-p) - 1]° (8. 6b)
b Z a8y L1% 3 V- Fs % .
2 L om
. T’gm !Z)m-i- F (m’rn- %;m.‘l--p) o} )
i o) i e .be
¥ G
: mAnd0 nl (m!) (m+n)! (2n+m)
Since G{p) is a rather zomplicated tunction, various apprommationn-.hava
been developed for the extrerne cases of weak and strong input signais

5
! (n“zz, pz>\,1\ :

g ‘

A. Weak Signals

AR An approximation for G is developed in Appendix C fer very small

values of p, leading to an expression of the form

G(p) = g (V‘+g1(wp+gz(V)p . (8.7)
From the gencral cxpression 1 ¥, & corresponding approximation
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Kip) = (5% 021+ 714 - 1p)? . (8.9}
Accordingly, P can be wriiten
(2ZF)p o« oM, (vp) QD2 ;i (o 1) (8.9)
LGS s4n 11vP) p.p.\ . R
VZ |
T Wners 2, = T.g.;.m_ {6.9b)

is tha function previoualy discusased (sec, 4), and Ml {v,p) is a function
which slightly modifies the shape of Ql " accordi:}g to the value of p.

Thus, we have explicitly

[ o
r(E-Dp+tL-npt |
M lv,p) = |t ORI {8, 18
= I : g, (v 8;4%1 5
e R
.\ gom P gc v) ©

This function is plotied in Fig, 27, Noctie that as p increarsss, the func-

bl i - a R i - ke e Y, - e B | -t - o ol % ey o i 2 .
uon M. PDECOIMECS BNATLEX ATOUN VS V™, 4L, DA :nareuy itenaa to dampan
L

ught maximum duee to Q) (v) . For extretasly sunall p, Miv,p)

approaches unity, so that (8.9) becomes gimply

WP e _ 2 2
( ;"‘;;) F.\;n & QI(V)P 5 “.V'-?o) ’ (8'103)
which is exactly. the expression (4. 1) discussed in sec, 4E. The denom-

inaior of Ql contains am important term, go (v). which is:

[v3) i -_,~)2,
1 E "2 \
g\o(V)" Vi T:!_‘.—ZB- - (8.11)
n=1 Y7707

Ths function Q. in plotted in Figs. 12(a) and 12(b), respectively, with a
db and direct numerical scals, Figure 12(a) is the same as Fig. {(4.1)

ref. 13, extended from 0<Tv<Tl.
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B. Strong Signal

in Appendix D tae value of Ps+'1 is shown for large P to be:

) , 2 -
, Op Lvi? + & L et |
N T - TS ey ] (8.12)
o v % zli‘ - Vv - p.
v
2

£
<

o
i

[ +p “(x+1)]

This has the form C23{v), where 03 is described in sec. 4.

C. The ldeal Clipper

Fo

L4}

this case v = U, and when p is large, such a device possesses the

greatect output zignal-to-ncise. From Appendix D we get

A

W { . e
2P P - pPlnp+ 0.577) ‘ (8.13)
LA s+n Z

This last expression gives the departure from the simple dependence on

p discussed in sec. %.

D, Summary

Thue, frem the appreximation (8.9) for small p, {roin the exact ex-
pressions (8. 6) for immediate valuee of p, and from (8. 12) for large p,
we obtain the entire dependence of Ps+n upon the input signal-to-noise
ratio for various vth-law devices, as i8 shown in Fig. 19, If we arc in-
terested in P, ae a functicn of v, with p as 2 parameter, then the varia-

T

tion shown in Fig., 20 is presented.

9. Narrew-band "Noise"-;‘g_ianal in Narrow-band Noise

Analogous to sec. 8 we f1ad {from (7.453) ithe low-frequency correla-
tion function R{t)_, that the d-c terms appearing in the output signal indi-
w

cation are:

¥a.c )N L : (9. 12}

T . S e | T W

TR A -

T e e v e .—-—c-—....l
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“wd.c.)Nzcv ’ (9. 1b)

80 that the d-¢ increment is

v .
5 =4T; [(t4pi 210, (5.2)
The fluctuation noise intensity N2 is
Ne-C (1+p)¥ - 1 (9.3)
v v ' e

where Iv is an integral obtained from R {t)d using the same correiation

functions (8.5) for the narrow-band noise as were used in sec. 8: viz.;

Q
2 (‘ v v 2w .t
2 e i B = -1 VI
IV '.?“)PJ [{:Fl( 3 -z,l,c FY-1] dt,
% :
Z u.)p
= = d4)
(55 o1 k) - (9. 4)
[ The funciion yg_{v} has been previcusly defined in {8.11j.] Wec have
thereiore
" v
£ P S S TR 2,2
‘o Z_{F)pnun {go ;)‘Jl.‘ (1+p) 17 {9.5)
A. Weak Sigr.als
For small values of p we get
2 ¥Yp & 2 2
e 25 . o 5 =y - )
(Tf \'lJF)pn"'n ' 4‘:., "T;\")‘ HE\V)P 3 R (906'

which is identical with eq. (8,10a) tor a sinusoid in noise. Thus, for

n—-z7l . we can write
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B. Strong Signals

At the cther exireme (p2>>l) it ia zeern irom (9.5} that
v
Zp2.

v>ri, p=

so that for very large input ratios (p~v2C db) and v>>1, inn is

endent of p and apprcaches

|
i
I
{ lim [1-(1l+p)
)
|
i
f
i
i
i
{

2 Yp » )
( ; ?;;} Pnt+n - l/go(V) QS(V) » (9-8)

28 was discussed in sec. 4. QS is plotted in Fig. 28,

C. The ldeal Clipper

‘or the case of the ideal ciipper (v =0), we have

[ 4]

2@ 2 a
(2-Eyp ., = »%2,(0) M,{ep)
; F
1
f Q.10 = 1.6715
=
M, {0,p) = !. ‘
Thus,

: e 1.6715 [In{1+p)]}° (9.9

(===)P_,,, = L [In{l+p)]". (9.9)

D. Summary

The dependence of P_,, on p for a particular device 1z plotied
over the entire range of values of g, with v as a parameter: ior small
p, with the help of the approximation (9.6); intermediate p from the

; exaci expression (9.5}, and large p, from the appreximation (9.8). The

; complete functional dependence ig shown in Fig. 21. i
| We may investigate the dependence of Pn'+n on v, more thoroughly

for this cage | 1{b)] thar for case 1(aj sec. 8. since {3.5) is more

-

VI T oo = - e BT A
> = SR AT L
B Tt

e
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p = ln(l+p) ; (9,12}

i then the zxact axpression {c= Pn'+n {9.5) can be re-expressed a2
! .
k 2 “p 2
', _ o "y by 11)
| 5 o) Paan® # Q10 Mylv.p), (9.10)
l rFg
: where
| (e - 1) :
i MZ(‘/‘:P) - _‘:"2'_""‘ ’ {9.11a)
; u e -

u = (,3) p = (¥)In(l+p) . (9.11b}

Wa k

ave the rether elegant result that the output Pn'+" appears as a
| product of hree function, each cf whose behavior we can determine easily.
The first (p ) is a scale factor dep:anding on the input signal-to-noise

F ratio. For =small p, pz---bpz, MZ is constant and equ~i to 1 over the

! range of interesi in v, 3¢ that the behavior (9.6) for low input {8/n) is
: preserved. Ql(v} is the by-now f{amiliar relation shown in Figa. 12(a)

} and 12{b), which describe the behavior of various vth-law devices at low
: input signai-to-noise lavela. It isc fortunate that M2 is a simiple function
of a single variable,u,[cf. (9.11b)]. The function Mz is shown in Fig.
29, We see that M

(Fig. 27}, is M? is plotted ve. v, p as parameter. ¥or increasing values

2 has the same general shape as ithe surves of M,

of p, the very *sharp" behavior of "“’?. in the region 0<Tu<4 tends ic
dominate the smalil maximum in Q1 tv), as can be scen by a simple addi-
tion of decibels in Figs, 29 and 1Z{a), whern p is large., This acts to make
the maximum of Gl cisappear, and the characteristic "peaked’ behavior

cf }452 near v =0 is (ypical of the functiox Pn'+n‘ The function MZ explain.
: the disappearance of the signal-to-necise maximum of P

. n'+n
large input.

versus v at

_ Again for threshold sigrals, the maxima cf the product Q IMZ tend io
' dieappear rather rapidly. Th ermore with (9,11) for P , @n approxi -

n'+n

mmw&" LS ’25§g —= “‘*m%% "2 mﬁi—%l

:ﬁq FRE e e Ll R it ST
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in the v-p-
n‘+n)max kS t

(.t plane. The details are left to Appendix E; the resultz are shown

mation has been developed for the locuas of (P

in Fig. 30. Finally, the dependence of Pn' tn OB ¥ for a given input

(signal-to-noise} is shawn in Fig, 22, which effectively summa-

rizes the above remarks.

19. Sinumoidal Sig_r_xal and Brecad-baand Noise

it was noted in sec. 7C that the output correlation function (7. 21)

can be written:

S e tmt” :
R {t) = : [ —1 J(r(t) cos muot]
n+m=20 '
= Ve Cn‘-a [r(t)n cos mwot] (10.1)

VAN
e-"l.z... 1

where the Hmn have heen evaluacted (7. 31). It was also observed in

sec. 7D that the d-c voltage increment S is independent of the spec-

iral structure of the noise, leaving the value

oy i H v
T ARG TRsed TN

-—_ . ¥ s 2
Ty T I

—-

i from cqgs. (7.25) and (8.1). Part of cur prchiem, therefore, in obtain-

ing P is to compuie the band-structure factor
s+n

s
' : 4T = 4 ? r(t)n con m:u,‘t dt .,

which 18 needed in

W (C) = 4/- R*(t) dt.

(o]

i , A convenient spectral model is provided by the so-called “optical® spec-

| trurm whoee correiation function is

| B AR g TR 1 DD M= A SN R 10 2 NI B N 0t I L el O S S
“
8

i
'
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From thigs we find that

i i
! 4n wF i
! 4T = T (10. 3) |
' FREE, (nw )2+(mw )= .
i F o !
|
i [ Qbheerve that T with o renlacing w | i2 the normealized* ppower gpec- !
i L emse 7% Sftes = l 1 ’ =& (=] o’ = i oy 3 %
! trum of the input; i.e., |
| I '
| i
1
i 7? :
I wift=4 | rit) coe wt di .]
’ '
‘ o ;
% For the '"normalized" spectrum explicitly une has
f : |
| w(f) = Nlwl + ol \
. w (f) = 4 W/ (uF + w’) (10. 4;
i
| |
' T as sketched in Fig. 31, ;
i I
|
wi(f) *
; P .
T~ |
\
~
= M el s o e S .
R 1 |
| 2 ' : :
e :
Q‘F | i o T
: = : [ (S L N
1 | 3 Ty
| ¢ fF i
| Fig. 31 . A normalized power specirum of input
; ncize: "Optical Spectrum. "
! :a
I
i ' “3.¢. apectrvm correaponding to the normalized auio-correlation

g ' function r(t).
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When w= W w(fF, = ow{0)/2, the value at the half-power point;
W is the {angnlar) "bandwidth" of the input noise.
xpressing the signal frequency as
w, =k owg (10.5)
g we can rewrite T o 28
: n
Tmn i 5 ) {10.6)

pJ 2
F n” %+ (km)

Arother useful model for the background ncise of the spectrum is the

gaussian response, whose normalized correlation function is

i -nztz
: § ril) = e . {10.7)
‘ Consequently, we have
i -(-nh 2 mZ
i o An " .
L i =2 Al n . an {16. 8}
; 4 mn [ ’!’l
: The normalized power spectrum w(f) is
2
L W
= b
L
wif) = 4T, (w) = 2T o 47 (10.9)
11 a
. The half-power point nccurs when
: w = w. = .77 a . {10.10;
[
: Thue we designate the location of the half -power point as the pre-detection
: bandwidih of the background noise W {cf. {10, 10V} In terms of W the
'i : normalized input specirun: is:
[
; | 77w 2
! o S el
i wifi = + (L.77x2¥) e s E (10.11)

W PEALSY S R DY ~—~9—=-: —g,»,,__-_-_‘_ -—-—.-........ P
«mm"“g-‘sm . 15 m ﬁﬁ-’g r
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2 mz
v 17T 4R " VTR |
Similariy T = o (= L) e . (10.12)
“F 2¥n
Attentis=n is now turnsd to the calculation of “’/N : The ¢utp{1t noise

o
w3
(2 d
o
=]
n
el
or

ey
z

=1
and since
= (/N z s
Pl+n (&M,
wWeE can write :}
/’-:——r C ‘
2¥p v 2 mn )
1 (E‘w )ps+n—£1Fli"2"’1:°p)-1]/> [t—j(u‘FTmn> 10, 14)
4 ¥ /| T v

i vea
5. m+n=2’/
g Cmn‘lcv has beein caiculated for the vih-iaw detector , and is found to ks
< from (7.31}:
®
‘i’? T
L A
S f
. > 0 n L+l
= mn_ D 2l *Z T 42 v 42 . 3
; o= ity iy il ——=1 " |F (6~ 5im+li-pi] 7 . (20.15)
'g " (m1) MR8
e 4

Theén,, as in sec, 8 P is
|3 stn

) [ (2 wp\ - £y Jro Tast 10 Ly
{ o —=)P_,  =H{pl/G'ip; . VAV aly
B \UF B 7 L8
|
&
|?'
|ﬁ Approximations with respect to p are.inacpendent of the band-structure
2 N 2
2 facior T . and depend only on H inC i thug, our results will be
s mn mn mn
& on 53 = B e
‘t__, rRive&n i tarms of (U)E. 'mn) .
¥ ;
A, Wealk Signala
.

._« 8 before, for small p, G'{p) can be wriiten as a power seriea

adld

s muvﬁv, #mﬂ SRR AT e T
P e PO TR, et




srmeey
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et X L4 . Mt =2 o P A o - o £S5
TP v Ly i -, e T AR a2 . ., wrdmnd , A C e . 2 T o bl it

¥
4
>
%
™

~-A4H-

G (p) = 3:}("’)*3'1(\')?*3:2{'.: A

-
<
e
-y
~—

All terms exccpt. B' (v) depend o k. The general behavicr of the
(o]

2 i - % e 5] - B ]
function for this case is the same as in seciions 85A and 5B; the dis-

cuszion of section 4 applies here also. The first term g;) {v) has bzen

evaluated ir. Appendix F. Neglecti'ng- the terms in gi‘ (v), iz»l, we write

(V]
%
kL

[ . .Y y - ;s ; rs
=) Poyn = lqgrppli e’ = Qv p", {10.18)

o L)
N
N

(- %) .
where gl (v) = S' L (0T ). (
. o é?l' (ZI ,n nl F~0,2n |

P
o
o

N

Thus, for the ‘optical'' spectrum we have

- 2
T (-:‘)n o1

g' (v) = # (10. 20) 4
g ‘-{-r‘ r‘(n+%_)nl ¢
n=
and for the Gauss spectrum :
‘ (.Y V2 . f
{L.07 L 4
nl(v‘.:{‘__'_ "'] g b — . (10.21)
o ’
Z 4.-& r(zﬁ{-) n! - #Zn
Theas= expressions are to be compared with
S \-%f
Lo\ n 1 1
8o ¥ T i {10.22)

which suggesis why the ahape of the two curves for Q, and Q, are similar,

Notice that Q is independent cf thie spectral location of ihe sinusoid in the

noise, Ior the optical spectrum, we have explicitly

g R -gm..;;ga \.mwmm “""“z&qﬁ ‘,,,,n o .; ..:.. ki -_ » 1'{""‘,&7’5’\ ﬂgﬁmmﬂﬁ 2o
5 "!' T mg Al o B e T s Y.




.
=
oo
[+ 4
B

¥
-
L)

*.\)

P p— (10.23)

opt.
V"’
Z ""(nh,—)n {2Zn)

and for ike gauss spectrum this becomes

2
Qyv)_. .= . - {10, 24)
2 BeAAR . Q, (-..;-):
(197 x 2m)) £
B | (n+-z;nl N én

Figuren 13 and I4 illustrate {10,.23), {10, 24}

B. Strong Si'nals

For largas

of the inpu:
i N

expressions (cf. Appendix G) which, when not in the clipping region(v< 1),
miay be reduced to '

.
| iIvam
= ——

2“P . {u) o ~ 1 {10.28
(;;';';) Po..=Qivip, v> {10.25)

Q4(V’ = 1]‘»9 ("’FT )

For the ‘optical” case we get

i 2 20
| it Qglv} ‘opt. 14 : 118, 20}
! gince (“F ll) i. For the gauas specirum
i . ) 1 . ]

) ={a )
Qé(v.gau“ {&1.77 V) T | (10, 27)

' # lie nexi order of approximation is summarized by
B 1 Z v v2 ' v
bk LT : +{x -1}
L& v HepT )t v - Duply o le g To ) (g - HwpTy,l o 1
i '
i .
& | (10, 28}
B
|
i
é
H -
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which is valid part of the way intc the clipping region (v<Z1).

{he 1deal Clipper

The important case of the enper-._.xpping {v:=0), is determinadin -

-

S 2 .
Appendix G, wheun p ==>1.

L, _ )
(Z2Byp  Lpfaptw L, 2o (10,29
v NF H n 4 wp lli

where y is the Euler number, y=0.577. For partizcular backgrouna

tpectra, we use the results of (10.26) and (10.27), so that for an op-

tical spectrum:

i 2
12 P o ntyl” s cin any
‘w'-wF’ sTn ._T._. s Coalian P
aiid for the Gauss spectrum
W
. 1 .2 .

(_g_fi., P,, = {op+y¥p, p>>i. {10. 31)

OF 1.77 4« 2

it is possitle now, as before, to piot ?ﬁ+n as a funcii
varioua vth-law detectors, with the help of (10. 18) for low-input levels;
of

the exact expression, (19, 14) for intermediate values a

p, and {1
for large input ratios. The class of spectrum chosen for calculation ia

the gausze,. with

Thia vaiuve of k corresponds to «+_ = &, or the case where the aine sig-

o]
nal is ai that part of the input power noise specirurn where the inlensity

is 0,788 w(0). The results oi this calculation are suminarigsad ia #Fig.

23, where

™

{a

o~ L1 YW -

“e tmn " Z

»
=]

Agsin, cuvvee ¢f P are provided for constant p. and variable v, and
0w
&
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APPENDIX A

Expansion of W2 inTerms of Hermite Functionsa

The development of W, in Hermite functions requires first the
[ ]

Fourier traneform of w . Part of this is expanded in 2 power seri

containing the carra‘;atio-. funciicon; and then the inverse transform is
talen, giving us once again W,. For normal random noise w0,
the characteriatic function is
F, = (E2+ 22 42% % «ii})] = F(W,) (A1)
2 ® &Pl 1 F8g 25 5 ribil = FiW,; :

(ref. 1, eq. (2.16}))., Exparnding F, as a power series i tarms of the

input correlation funciion, r, gives

"
3
*
N X
Londlit
]
N
(¥
enlll W)
(\C§
=3
t
nNE
(7.
N

% £ - o i
FZ(SX.SZ;t) /.Tr—(k!.l T, e WS, A}
k=0
The inverse (complex) Fourier transfor tion is

~ - 1 A ,’In 4 S < - ,
Uz\xl:sz t) :‘._"-Z' dg’i u/ 052 Fz(gl,gz,t»exu-:{31K1+§2n21.
) &2 (A3)

In general, G ie the contour, shown in Fig. 25, in the complex g—plane.

o~

Here, however, & extends along the entire real axis,and 8o Gz wz‘xl,

P

Trus we have

i )
1, = (4,‘-«{ [ck(xl)ck(xz)-sk(xz)]ai [Sk“"‘l)Ck‘xz”ck(xﬂsk(xz”f .

k
LR .
(AS)
. " ; , k. k
From censiderat.ons of syrametry of the terms in €7 cos XY and ¥ sin XY

we note that Ck is different rvrom zero for k=2m only, and §, exisiz {or
n

o
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*=2m+ ! only, The imaginary ierms go out, ae was to be expected,
|
E aince the original funciion Wz i real, Fuoin 2gq. (A3.5) ¢f ref, 1, we ¥
i have for the even terms, (k = 2m); =
i m l Q # 2
H i ’72 ) i) 13 -
, C. (X} = g ™conxte 27 a2 (-1™eBME) (a4)
i k 2n k! =
[ Iy Y
n va x-’-
I 4 [ ¥
where é‘am) is the Hermite function, ¢’ = . d—n e ka R
{inx dx
For the odd terms, {k = Zm+1i} we get
]
41 2 Y ye?
i - i 2m+ 1 %b _ m+l (Zm+1j. X i
f’ Sk(X) = %{r_ / 's sin X‘S e dg = {~1) . \;-_.—). ]
f “o Ty i
(AT) :
i ‘Thus,
1o
b X X
N 5 = gL, gl2mb 2, (ABa)
Vo Yo :
(2m+1) . X1, {2m+l), 52 , %
: L., =9 (==} ¢ ( ) {ABB) |
{ 79 v :
‘ H
: and therefore we can write 1
3
[ ®
P . t
' == K X X 3
1 - k 1 k 2 3
Wk X0 = g > LRl gl Ly gl 2, (49)
2 T 4T
. i For t=0, WZ i3 a S-function, & (XI-O, X?-O) , 80 that the expainsion is
' 2
not valid for this value of t.
13

|
|
i
i
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; The Calcuiztion of R {t) Directly from WZ
%;E Here we have for the amplituae functions
5
L e 1
: . k+l, 2
L b, =Bidy 17 L, (B1}
i faa]
Ly = f Ix1¥ ¢k( X/¥y ) ax (B2)
<00
with,
v 4+ 1) 2t i 2 &
9 d(zrr Fiay - ’d(‘.mu)(_.\; " m(p)z ¢¢m(_“}'
from the integral definitions of the Hermite functions (App. A) .
- Hence, by the symmetry properties of the integransi,
g - =ty
' l.‘ Zm+, ) y &G
:
: F v m, x A i x° '
Lam22) ¥ ¢ " (=) dx = 2C | X7 Fj{-mi g3 ) dX](BB)
‘ T 4 24
k
from ref. 1, (A3.%). The constant C is apecifically
I .
i
; € = —— (R, Ll (B4)
y‘Z" 2% 1
f
£ To evaluate the integril, we choose a typical term
| 2 ;
- . k AT
- « 2Kty 2y - T & vil, , vt!
: j p: 4X {24) Fi{—=it —z——)k
! “o
|
. We have
i
|
f
; .
48
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SR




]
!
-
x
™
B
Ll’
[
1

vtl —
; L. = clizm ¢ peviin \ (B5)
zm H r'4 = /’ = )
with
T.—! RS '—. l‘ g'*"i)
i S bt 1 L v,
o 0 Kl 271 A B R
= (Zhy
S
| {cf. section 6(A) for the definition of ZFI) . The value of ./ is
AN
i v Y 1 v 1
| = rlgINme - HRme g) = (- 3y gy,
{rom the reiationship (ref. 1, A3.20(a)):
. 2Fi{e,ps v D=y} y-a-g)/T(y-a)Tiy-p); Rely-a-ai=>s.
¢ Hence, we can write
g 2
: 2 2 (- %) o ,
(o +1,2,, .\ vyr 2mit 1 i
: R g N L e T e s il 1
' (2) ™! 27 gy
H (Bb)
= The last factor is unity, since
i, i
/ (_g,m)l_zszZ'.(l) - 22m 1
ml ’ Z'm Z2m’
=
Thus, we have for the correlation function
N am
i - Zm i 2
m~uv
= I..Y.-}',_i.,."z' ;
CV 2"“1{ 2- 2- &1'(*’ ) 3 ‘-BT)

where
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APPENDIY C
Calculatiow: of G{p) for S8mall Input (s/n)
‘We want G(p) in the form |
' s . . 2
Glp) =g (v) + g,(vip + &,{v) P (C1)

Using the terminated sexics representing IFI’

gll.""
gztv)
where
- (-N)_
n  ninl(2n)

RIP i 5000 U 1550 il o5t AT ISR BT T

L e

R Sk i S

(C2)

oo -
N
Za'n
n=1
o a0
¥ PR AN
= 2‘—_—\{.’ b__—nb“; tz ) C_
n=1 n=0
@ @ y
=Y 2nfp +idlan ab_ + Nan-1)b +2Y (N-1)C_ -nC
VAT Z ? R . L; n o
n=1l n=0
«©
1 -
ra ) d
2 /., =
a=0
J
{C3)
N = —} and {C4a)
2 : h:l
o o N s 4=« '"Masz (C4b)
’ “mn o niprandiY * %n T nTei2N103Zne2Y -

%@gmﬁemwmyw ;
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Defiric the geaniities:
3 &
i / g
K =T
i {eN+i} 1
A S
CiN+ 1)
ceN
CiN+ LT
|
35
> <
er n
! e,
I i n=1
! Then we find:
! AN
P i  mnb
£ L. 'n
n=1}
E nzb
; n=1
; 4
/ n
| n=0
i b Conrequenily, we can write
]
=
E : i SI(V)
I}
i. = 4.
! 1:-2\"
i
|
E i
E |
|
|
|
g !
k. :
3

mﬂﬁngﬁ
&"ﬁ:“ﬂﬁ"- e

o]

(N) {C5)

(C6)

(C7)

[§Y]
?
%

—

~—

™ Z
[

. ; o 3_2
bONPF N - E,-F 4 4 N2
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¥ APPENDIX D
E’: Calcuiation of ILPshx?N.B. fc’zr Strong Signals

As in Appandix C, we write

b 2
- & i g
= -4

< N = .};. ‘ (‘nl)
r«_é V.
'i; We use the assymptotic expansion for ,F, [ref.5, eq. {A3.3)] :
& .
| _
E 3 ’ c ~ar,, ala-p+!} a(atifa-pg+lda-p+2) |
.: lFI(G;ﬁv'!)'z ‘FP{"}-G_ = [ 1+ 3T + i 2 R ],
F— For the numerator of P.«m then,
; H(p) = [\F (-N; 1iopp - 112 = —B—y  Z (N, ) (2)
3 NN+1)

-

z booeo . P 2 4 -2 I
2 where Z(N,p) = LIN)*+LIN)M"7 + [L{N)N“(N+1)"+N7] p {D3)
’; &nd
: ‘ N
P L(N) = [1+r (N+1) p V], (4)
.E‘
o
4 For the denominator G(p) we use
i -2{m+t
b JFilmenoNmisopd s 2L prBmIn Wy ) (ps)
£ PN+ -n)
* where
|
; ! [ 4 13 ! v o\ '1\ . .
L ipi = l!+ 2(N-n){N-n-m)p ~; + {N-n}{N-m-n)
PR YL }
| ¥
L ‘ N
L] [2{N-n.i}{¥ m-u} - 4{N-m-nj - L 1]l 7.
i
i
i Thus,
| Hip) p 2N, B 7)
! P ::Vi' l-"n-2n .. : '
i ' row “mn ‘m3
. v mn
|

v
4
)
-
- -

i D | e L T ———

-
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wheysa C!’ﬂn— nl(mf-n} ¥ Za) ) arern ‘?“7‘1;1:;1-:-'?{! = n)!‘ {D8)
Thus, using Cl{.“ ‘Z‘ZQ, Cb}., ard C’?‘ﬂ, with the corr.eaponding fmn:
Hi{p} . B Z{N,p) i
TGyt YN {D9)
. , - N . ]V .2 -
Yinp) =i + £ 110NZ 10N - 0p7h 4+ LD isen? o r2emaie™d (D1
Including terme only in p L in'Y and =, S ig than
H o | LanfanéLons? ]
'5:—‘—.' ¢ Y o z ! a T > '.Di‘,
2N“ |1 + 2 {1ON“- 10N - 1)p ™" |
which holda part of ihe way into the clipping region (v< 1),
For the idezl clipper, N—» 2, a0 that we have
i (N >}\(1n pP+v)
from
.-iu - o Ninp_, I -Nilnp+ ...
and
(N+1) =7(0) + R {0j = 1 4+ Ny ,
v =0_8772 Euler's numbter,
In thias case,
X A ] -] . i . 2
HEVGEIM E tapr (1 - 07 i Bitap ty) - (D12)

oy . O D B M PO 0% £ P N A il B T T T ey Lo tmn s, REeTas g e st AR B, NI AIR AL 399 AU NOSGR! s Bl i) B Gt 4t Wiy (O G S iion, e = e



{1 i%ftjjghn on

)
3

3

SHE
Eh 3

Wl
(it

P Y

i e i e ey St — - 0 e
(54

£3)

[SLIET

M

e von W NS e et U ST T ¥ T g T B8 P9 EET 0 A

TR 182 57,

i . y-p-plane
,,,,,, n'en max 0 the v-p-piane

We substitute N= »/2 in the expression for Pn'+n , 80 that we find
that the c¢oadition for 2 maxirnum of P, %58 function o ¥ . {inthe
j4. 20 2 €

v-p-plane}, is determined by the condition,

%
s B
1l
=)
=
™
(=]

In the region in which we ave interested, &, (N} wmay be approximated
3

-~

by a parahols, [from Fig, 12(h})],

LX)

Q%) = [2 - k(n-1)?] (E2)
with, k = 0,33

(o oN a2
M,(N,p) = **—g—5t s p=In(l4p), {55 3)

-~ I-
‘d

Z
~

o]

from (9.11a) . Performing the indicated difterentiation (El), we find
that

rN

e (fap+-b)=2ap+h {E4)
where
a=N(2-k({N-1)%) ; b=2+k(N-1). (E5)

To find a value of 3 which is maximum ai some value of N, we must

solve the transcendenixi equation,

e. pI\' = —a—:—fs + l . (E‘r)‘

Since most of the iniersections ol Lthese two lines are very close ic
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AN
n = 0, an approxir-ation may he used fo- e V77, viz,
et PR
st 5 {pNi
e’ = 1+ pN+ —t——
o

50 that on soiving for o we obiain the quadratic equatis

O B 5

[u—gﬁ——j ot +N[I\-£+a]p'7{i‘~§b—a} & 0. {(B7)

]

The nolviion of this equation la

L1

o= 4 r = -EB __A"
1 P-lnl'.l-}p)-p——uz-s—*.z—_& Ti 3 {E8)

B _ 3-CU-NM(¥2-N . (.
N[{z2-C{i-N}

For the ranges of interesti, this may be writien as

[ 4

B et [

| by the binomial theorem, and

. 1 G 2= (! -N) (B9) 3
¢ P = 2:5- f3 11} N\Tj N) ) ’ i
¥ T A RS T AN PN T e] a
5
{ The expression {£9) was used in obtaining Fig. 29. The expression can,
of course, 5& mure accurately represented by replacing v by log (l+p). 1
!
\
|
: APPENDIX F
The Calcu‘a ion of C'{p) for Small Input s/n
. o th it Lok
E
2 Only ciie term of G'(p) is calzulated here: g'iv). Secting ;F, =1
i in the expression for Cnm {10.58), we obtain. for p<l<li, W ~ i,
e
!
|
i
t
L]
ke e g 2
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.V %
/ r~y 'm 'n]r }’I T 7 r“ﬁé-z 12 PR
c..JGC = [—-—z-p" e B S B e (X i)
g mn Ty E(m!) F rn r\_;_+1._'6)
3 2
' Here g' (v} corresponds to the term of (¥ .j.for which mz=0, 2c that
a Y .9 2
\un BT i (E 1) & .
1 R Tea T - V- —1 : (F2
go(V). & lwml S O,ZKE ]“ﬂi{ - k)E \ )
k=1 2 i
, whers we have aet 24 = n = 2k.
;
! .
fa rom {6.14) we have
| zz" 1
E and n' m the definition of (a),.. we can accordingly write
> -V = P4 v Z v.2
?‘, {g (-‘é— + P/Ilr iyz‘ +1- k)] = (Z +1- k)k = {"E".K (Fz)
G
£ ~Hence, we have
-
| 8
| (- 58
<7 U3y
i g:\(V) = > —AT‘_ \‘A)Fro Zk) l:-F4)
| e i _..
k- 2, 3
I
‘ &
i
A 3

-
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S o e 3
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The Calculation of (T S )'B 5. for Etr.erﬁ Signais: .
i : Broad-band lMNoise, with a Geneial Spectral Shape
i : - e :
ising the same aesympiviic form for ,E‘l sT in .%p;‘:-:at‘--u i, siacs
S, the gignal increment, i8 1ndepe.-nd.x-nt of the signal band structure, we
have:
i - ' : . N=vwl2 (G1)
N
| H{(p) & —A—y Z{N,p) {G?}
N+ )™
4 = 2 2 -2
where Z (N,p) = L(N)‘+N“‘L~iN) P Yy [N (N + 1) LM +N™] 2 (o :
and '
AT - 3 Y LY "I“Is i
L(z‘!/-— {l'fr(rgx a.)p J (\J4)
¥inwever, the denominator C'(p) is (10, 14)
I —
! Y RV > cm!‘- i . 3 . (CS) i
ARy 7 N N~ (mFrmn' J
' m+n#20 i
1
l C
= .
. r‘(N+1 mn _ ;-1 2 Iy v v - ,
| where pow. SRR TUT TP a1 (= 2% =2 omi Emn (P ;
' .
! {138}
: where
i = =5 -
! EnniP) ¥ L+ 2(N-ENN+m-CYp (GT)
|
! +{N tm -0} 2UM.2HN+m-0+1}
|
| .
a <4{N-B) -m +1]}p " (G7)
I -
|
| Hence we write
|
i
|
|
i = .
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1‘ = ; LI, : !';;T]L‘ -y ® J{_mg 'ﬁ"F ’:n")g T'In‘P,
p - &y,
- £=1
3 Zd=m+n
3 COl]t‘Cting Te s from £ 1’ Bn s .‘-_‘;12: B3 3’ and Ka7q0 we obtain 7
. A PN e 4 ) -~ -
&8 e
; A -4
; (2P = [A +A +aA,0 ] {G9)
= T TEIR g2 VP FA ;
Ag = lugTyy)
P A 2
E 1 ot  N” : 1y
: -u—“'z 2N {-1) ;11-{ ZTGZ?‘(N 1) Tsa
f F Y
&= A . : 2 :
1 i | Z N‘N-“ y
= — 2(N-1)°[N(N-1) T, + = Ty, + 5L T
o r ’
s 1.2
% A X Aol o 7.2 i3I
1,\ 9‘3.‘ 5.13 1 iN ) T33" {CJQEH
5 For the ideal ciipper, as in Appendix D,
.
| . .
b 53 v gavs e
I w f'";n.ﬁ ) inp +...)2 . =0.5772 ... , [Euler's number;
[ N-=>0 & .
't ”
. B for v = 0, then
! .
| 2Py p  ~ptnpeyiZala +A ptea,pY iG11)
! Ay we 540 =0 S 1 2
| - o p {in ﬁ*.-‘:';' % A &igj
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