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A Probe Signal Study of the Hu!' Magnetron Diode
] by

John A. Bradshaw

Abgtract

The Hull magnetron diode is a vacuum tube essentially -onsisting
cf twe concentric metal cylinders. In the diode used to obdtain the results
herein reported, the inner cylinder was a nickel sleeve 1/4" in diameter
and it carried an oxide coating 10 cm long. The outer cylinder was a
heavy copper annde. The sleeve could be heated above 1200°K and a
steady voltage couid be applied between it and the ancde.

Anode and sleeve were also sections integrated in a coaxial trans-
migsion line between a high-frequency oscillator and a detector. A
TEM wave could then pass from the oscillator through the diode to the
detector, probing or exciting, as it passed, the space charge of electrons

C emitted fr m the hot oxide coating. When a uniform steady magnetic

field is impoeed on the diode, parallel to its cylindrical axis, the flow
of electrons from sleeve to anode may be virtually cut off, and the diode
operates as a magnetron.

The probe signal suffers a sharp resonance absorption in trans-
mission through the magnetron when the cyclotron frequency {(characteris-
tic of an electron in the magnetic field) lies close to the probe frequency.
Near this absorption frequency the transmitted signal suffers changes of
pnase as well as of amplitude. These were observed over wide ranges of
probe frequency, anode voltage, magnetic field and cathode temperature.
The changes were correlated with other effects, the disturbance of the
residual current by the probe signal, the noise generated in the tube, the
signal at the second harmonic of the probe frequency, also generated in
the tube and so on. The second half of this report outlines these changes
and related effects.

For interpreting these phenomena, the basis is Hull's set of equa-
tions of the electronic orbit. In the first half cof this report, an examination
of the orbit equations yields an expression for the conductivity of the space-
charge cloud. The conductivity depends on the ratios of probe and orbit
frcquency to the cyclotron frequency, u and u, respectively, on a phenom-
enological damping parameter 7, and on the average charge density. This

. density in turn depends on the ratio of anode voltage to the square of the
magnetic fieid.

Ty iy

P The probe signal measurements imply a particular distribution of
the space charge wiiiin the magnetron diode. The features of this distri-
bution form the subject of a companion report, TR 201.
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A Probe Signal Study of the Hull Magnetron Diode
by
J. A. Bradshaw
Cruft Laboratory, Harvard University

Cambridge, Massachusetts

The Free Orbit

a. Introduction,

~ The invention of the magnetron diode is generally credited to A. W.
Hull. In a brief letter [1] to the Physical Revicwin April, 1921, he gave
the Hull cutoff relation, and in a twenty-six page article [2] submitted to

the same review i1n July, 1921, he gave a more complete theory, and the
results of experiments on over a thousand tubes. The invention presents
not only a problem in orbits of free electrons, as Hull realized, but also
one in prolonged coulomb interactions of individual charges. The tools
for probing » magnetron space charge without disturbing it seriously are
not flexible, and the results 8o far reported are not conclusive. This
technical report develops one such tool, the TEM mode probe signal, and

attempts to interpret the indications it gives.

We begin, as did Hull, with the basic relations for the orbit of an
electron in a maginetron, and develop a rather general solution, This gives
the trajectory which an electron will trace after release, between cathode
and anode of a cylindrical magnetron, with arbitrary velocity and position
in crossed steady electric and magnetic fields. The chief result of the
first chapter will be tc develop expressions for a coefficient u. If wis
the cyclotron angular frequency, characteristic of an electron in the steady
magnetic field in ithe magnetron and w, is the orbit angular frequency, then

we define uas
u’(wo/w)- (1.1)

Since, in general, gis less than 1, the electron lags in its orkit, for reasons

-1-
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which we will develop. In the first section, we give a treatment in terms

of Newtonian velocities, and in the second a relativistic reformulation.

b. Newtonian Motion.

Let us take a coordinate system (r,9,z) with the z-axis at the center

of two concentric conducting cylinders with radii r, and r , r,>r_,as in

C
Fig, 1-1, Between these cylinders we assume there are static fields:
g_= - Ldétr) R Rl (1.2)
r r dr ' z r dr i

If Bz = B is a constant, then we find

_ 1B -
Ap=7 » w =

3|5

(1.3)

Although the particle moves in three dimensions, in this chapter we consider
only the projection of the path on the (r,8) plane and omit the velocity z with-

out farther comment here. The equations of motion then are

2 2 : :
BV ted= (B ted), . A0+ =[rHe+)], - (1.4)

Here the subscript o denotes initial conditions (t=t°), and v2 = ;-2 + (ré) is ‘
a scalar, the velocity squared. We are interested in steady-state soluticns
of Hull's equations (1.4), in radial motion between Ty and Ty and in suitable
circumferential motion 2bout the pular axis, The radii r, and r, are turn-

b d
ing point radii wheref vanishes, We assume

x
ra>rb_>_rd, T = (1.5)

We now introduce some unfamiliar notation. The radial equation looks
simpler if the independent variable is s = (r/rC )2. To =gimplify the initial
conditions we assume r, =Ty 80 i'o = 0. We introduce a normalized (dimen-
sionless) potential $, and a canonical angular momentum P as follows:

e(é  -é(r)) .
_ d _r2s w _ i
= ——— P-[-:’—(0+2-)]d—constant . (1.6)

mw r
C

Then we eliminate 8 between equations {1.4) and obtain:

2
32 = w¥[Bss+ (—-s)ts-s )] . (1.7)
d
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FIG. Il CYLINDRICAL SYSTEM

FIG. I LOCUS OF P

FIG.i-3 PLANAR SYSTEM
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1f #(8) is known, then we may integrate the radial equation (1.7) by quadra-
ture, and find 5, and the half period tb

We mention first a solution of (1.7) for small radial oscillations.

This was given by Allis [3] in 1941. If E is a quantity much less than one,
we write

+...] . (1.38)

2 ,2
= L2 dd E° d"seé
s =8, (1+5) , sd(s)=s T553| + .

2 4%
8

The latter relation is eesentially a MacLaurin series for s$; the expansion
is about the median radius sg of an individual orbit. Substituting (1.8) in
(1.7) we require the coefficient of the term linear in 5 to vanish. We find
- = in g
as 5—>0 that 8y and sd—>sg : 'i'g—-:NPd 0as assumed ir (1. 8), and:
=2 d$
P

=s:(1-8§-§g) . or b =-F[1x L-8q5) (1.9)

We now distinguish two types of stable orbit: | 91 lz%z IéZI . As Allis
pointed out, in a 91 orbit the magnetic field has to balance chiefly the cen-
trifugal force un the particle, while in a ‘Gz orbit, B balances chiefly Er'

The first cace resembles the cyclotron, the second applies to the magnetron.

From terms quadratic in E we find

S 2
§2+ wzuzgz = qg, uZE 1 - 4d .
¢ ds” 1g

(1.10)

The solution follows: 5 = Eo COos w u(t-to). This gives the radial oscillation
of a particle about a stable secular orbit described by (1.9). There is a

corresponding circumferential oscillation which we may describe by 7, in
e = 92(1+Y}}:

I 2 _x2, w2 _gd®
W-'zez sgg , or n°=% (202) [1 83—sg] . (1.11)

(Here we have ignored a term ] - E.) The sum of these motions is the
typical cycloidal path around the magnetron cathode. We have, incidentally,

in (1.10) our first expression for the lag coeificient u. Now Pcisson's
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equation rnay take the form

2
d , d4, _ p(r)rc
ElCF R T {1-12) .

; ) 2
Hence we may rewrite the expression for u  as

2 _ d d¢  d&, _, _ _e p , 2F
LRSI LTS SIS ey D (1.13)
g mw o g

Thus as Allis observed (3, page 7) '""the oscillation frequency (w°= wa) is
smaller than the cyclotron frequency by an amount which depends on the
electric field and the charge density." Morecver, the radial oscillations

are unstable if u2< 0, so we may assume dzs{>/dsz< 1/4.

We wish next to remove the restrirtion § << 1, and to generalize the
solution of (1.7) to include larger radial oscillations. We can find a simple
""closed'" solution, if 8 s® has a particular but fairly flexible form. Allis
used a MacLaurin series for s$; we propose now a power series in which
B and C are constants, at least over the radial extent of the individual orbit

under discussion.

S 20.)
-5 -mr
d ’

[B+C(ssd+1)] or ¢(s)= L

8§sd = Be

(S [B+Cls+1)] .

(1.14)
Since the magnetic field always appears as w, the constant B need not be
confused with it. The factor (s-1) in ¢(s) assures us that ¢(1) = 0, so the

inner cvlinder is our reference for potential.

If this ®is introduced in (1.7) we find

32 = wWhu(sesgls,s) . L E1-C L, s = 2REYEL (115

Because 5 vanishes if s = Sy» and 8 is proportional to u, it follows that Sy
is indeed the outer turning point, and u the lag coefficient. The solution

of (1.15), as one can show by substitution, is

8 = %[(sb-fsd) & (sb-sd)x] , X = cos wu(t—to) . (1.16)
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Introduction of a parameter k leads to the following modifications of (1. 15)
and (1. 18):

8, -8

b d

sb+8d

1 - kx 2

S s BT S S LB N O P L)

This radial motion is, then, an oscillation with angular frequency wu be-

tween extreme radii 8, and s ..

b d
We propose to write (1.15) and its solution in two other forms. The
first form has a simple geometric interpretation
_ 2 2 _ 1 =1

s=a +b -2abx , a= E(Vab -H/sd) , b= Z-(Vsb -Vsd). (1.18)
This is just the cosine law for the angle § = wu(t'to) in the triangle (abc) in
Fig. 1-2, if we take 8 = cz. There the point R, as a function of ), describes
a circle with radius b and center Q at a distance a from the origin O. More-

over, from Fig. 1-2, we find

8 -8
R LS (1.19

Here A is the angle R subtends at O. The integral of (1. 19) we find atonce,
in part from (1. 6):

a
8
sgf%&=¢‘¢°+Z(1-XO)=1—:&(¢-¢O+Zu[8-90]) : (1.20)
8
(o]

The relations (1.20) show two things: 1irst, the average value of (1/s), over
a revolution (¢-¢o) = 2w, is (llag); and second, the rate of change of 8 can
be expressed in terms of ¢ and Y. The average value oi i is zero, so we

have, writing the average value of 8 as 6:

A - 1 P = ) T _ P
9-(;;'1)2“'*3“@" . e-(s—g--l)g. (1.21)

Now if B+ C =0, then P = uag and 8 = X + g Hence the center, Q, of a

radial oscillation moves at a constant angular velocity, 8, about the polar
axis of a cylindrical magnetron, if B+ C = 0, Only in this case does the

3

particle meve a8 if {fixed on the rirn of a wheel with center at Q.
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In general, none of the angles |, X or € changes at exactly the Larmor
angular frequency u_)_/'Z' When 8 = sg, we find x = b/a, and | i‘/rc | attains its
maximum value, wub. We note further that s depends on the field param-
eters and on the canonical momentum, but not at all on the amplitude of the

radiz]l motion. We find, indeed,

2
2 _B+C+P

from (1. 15), (1.19).

A parameter complementary to sg is the radial action Jr =fpr dr,

where P, is the radial momentum mr. We normalize Jr also as

4J SR 2
jr=—r——2—=f L2 M (1.23)
mour 2 8(wu)

The second form of equation (1.15) is then in terms of s sg:
2

j_s
s = wzuz ["i- - (s-sg)z] s (1.24)

s =8 +Jr —xJJ; ’r + 8
g 2w wuiﬁ? g

The corresponding circumferential action under the same normalizaticn
is 2imply

4T 4P
T u (1.25)

jg =
mwur
o

Tnis same normalization of the energy. E E_rr_uzv__ + d(r), gives

J i J Jg.2
..y _au T B e B+C 3]
pde) =T lm-ZF -t T ] (1.26)

In angle-action theory [4], every action has an "angle'" whose rate of
change is given by _aifa_ We find then

= P Ue o i He

B
T B, A zrs-g‘ll'rw : (1.27)

(<>
~

Q)
[
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Both results in (1,27) we have already found by other means.

To complete the application of Hamilton-Jacobi theory to the Hull
equations, we develop Jacobi's function S(q,qo) [4] . Sis to generate a
transformation of coordinates q o>4a such that 8S/8q = -p, are components
of the initial momentum, and 85/8q p Are components of momentum at

some point further along the orbit. For S we assume the separated form,
S =5,(r,r )+ pgl8-6.) - Et-t ) . (1.28)

We obtain for S1 an integral over r, since dS/dr = P,

8
® f 8ds _
W18
mwur
8
(o]

The "angle' corresponding to j_ is then 601/8jr, given by

-(s-sg)2 %s_ . (1.29)

%

S

8
1 [ ds - b ¢° (1. 30)
P 2n ’ )
Js \b—rs - {s-8 )2
ol g
The '"'angle'" corresponding to j6 is similarly 8o/ Bje :
9-06  n.08s_ (s-s )ds ja  G-P $-g
o 1 g _ Ve o o}
2w +f;3_]e j — " 4 4vs T 4mu (1.31)
8, V r (s8-8 )2
w 8

The solution here exhibited consists then of harrmonic radial oscil-
lations in s with action 9 and angle y about a mear radius s_. and cir-
cumferential motion about the polar axis with action j& and angle which
breaks in two parts: one part depends only on % (t-to)’ the other depends

on P, B and C as well. We have thus solved for S tlie equation of Hamilton:
s aS
H — = 32)
(q’ aq) + 5t 0 g (1.-— H

In the construction of S we referred to initial vaiues (so, éo’ 60)

but the relations between these and any of the sets of orbit parameters
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(sb,sd,xo), (k,sd,xo‘_ (jrjo'xo) or (a,b,x,o) ia not simple nor very significant.

We give an example of such relations in Appendix 1-1.

The general radial equation (1.7) yields a closed solution under another
type of assumption, which is chiefly of historical interest. The early mag-
netrons had cathodes of small radius; often a tungsten wire less than one
thousandth of an inch in radius served as emitter. For such tubes it seemed
reasonablc to let rc—> 0. Let us then illustrate this type of assumption by

renormalizing the radial equation:

, 2 _ 2 e(é4-4)
o = (r/rb) =1, O'd = (rd/rb) ’ $= — 77 3 H
mw rb
5% = o® (8ot (% - oMo oyl - (1.33)

If the orbit passes through the polar axis with a zero velocity (!), then

S4 = 0 and P= 0. Then (1.33) reduces to

6% = w¥ 8o - o?]. (1.34)

I1f we may assurne a simple form for $, & = KZO’r?S then the solution of
(1.34) is

2
o= Ksin(l-n)“’z—t}l-—n. (1.35)

This applies if n is less than 1. Since the complete orbit now lies between
zeros of the sine, u = l-n. Hull in [2] proposed such a solution, choosing
n = 1/3 because he assumed a Langmuir potential, ¢ ~r 3. Doehler more

recently favored n = 0.875 in [5].

This concludes our introductory treatment of the orbit of an electron
in a magnetron diode. We have not considered electronic interactions, or
other damping mechanisms, and we have assumed fields independent of
time. Because the electric field is not linear as it would be in a planar
magneiron, the electron lags in its orbit. If the space charge gives the field
more curvature it lags even more. Characteristics of an orbit not restricted

to small radial oscillations are the canonical circumferential momentum P,
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the turning points (sb,sd), the median radius sg and the radial action jr‘

We make use of all these in later chapters.

c. Relativistic Formulation.

We turn now to consider relativistic velocities, and effects often
visualized as an increase in effective mass. These effects, though small
in the fields usually encountered in magnetrons, are of the sa:ne sign as
the lag already encountered, and increase the orbit period {urther. This
section aiso introduces a convenient although unrealistic concept, the
planar magnetron, and serves to illustrate certain aspects of a L.agrangian
derivation of the equations of electron motio.:. These aspects in a Newtonian
treatment would be partly obscured by the double meaning of time, time at

a fixed point and time along an orbit.

In a relativistic formulation the parameter T measures the pathlength

of a particle in space-time, (x,y,z,t) [6]. Its differential d7 is defined thus:

(@n)? = c%(ar)? - (ax)? - (dy)? - (dz)? = (cdt)® (1 -(v/e)?) (1.36)

Here c is the velocity of light, which we assume, of course, is the same
in every unaccelerating coordinate system (x,y,z,t). The quantity K indi-

cates how far from the domain of Newtontan mechanics, K~/ 1, we are.

xe{l-(v/c)z}‘”" . 1<K<w (1.37)

To avoid restricting the discussion to cartesian coordinate systems

we introduce a metric tensor g pv:

g, dx'd = (dm?; u,v=1,234 (1.38]

An index p or v which occurs twice in a product (unless bracketed) is
equivalent to a summation 8ign over the values 1 to 4. A coordinate x!
need not have the dimensions of a length, but x4 is ct in general. Since

our g p‘vwill be diagonal, we could write

= =1 , ) 0, i=1,2,3. .
uv™ Suv By E(4) g(1)< oot £q3 e

Here 6}“’ is the Kronecker symbol, defined as: § wiv) =0, n#v; 6}1("): 1,

p,—V.
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The proper velocities ut are related to Newtonian velocities v' as
follows:

po_ dxt

T
- u -V
u -TF ’ Kd’r—Cdt 5 —R——(—C—,K‘)

(1.40)
In this formulation the mass of the particle mremains constant, while
Newtonian substantive derivatives become T derivatives.
cate by a dot, thus:

These we indi-

du¥ v

a7

= --mc2 g u

n W

’ f (1.41)

Here f is the inertial force.

The proper velocities satisfy an identity

which arises directly from (1. 36) and the relativistic postulate. We shall
find it quite useful:

KV =
gpyu u =1 (1.42)

Maxwell's eguations permit one to define a single space-time vector
potential A = (Ai, - é/c).

a single skew-symmetric tensor F

The E- and B-fields derivable irom A“ form

> The relevant equations are

.B = -_8%8 . =08 gy
V-B=0 , VXxE=-4 ; B:=VxA, E=-=-Vé;
8A  B8A
F 2. ._# (1.43)
uv

The components of Fp. , can be seen in the array below, where the index g
refers to the column, and v to the row:

) £,
F ,= 0 By B, =
K
2
+B, O -B, _£
-E
3
—B.. +Bl 0 —(:——
E, E, Ej o
= = 5
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We can define a scalar (F)z = (B)z - (l"J/C)2 = Fp. VFP'V. Here F

AT g

gp‘x gvﬂF illustrates how one moves indices up and down. Thescalar

(F)z, we shall see, i8 invariant under a rotation of coordinates in space-

time, that is, under a I.orentz transformation.

Another such invariant is the Lorentz equation for the field forces:

f =-ecu'F =-mczg a¥ . (1.44)
B Vi [TRY

We can generate (1.44) from a second invariant scalar, the Lagrangian L :
- . euMa
L!-Tguvu u +———llic . (1.45)

In L the velocities and position coordinatcs are regarded as on an equal

footing, as independent variables under the Euler-Lagrange operation:

dA
d , 9L 8L v BA
(—) - ——=0 ,Tﬁzu —_— 1.46
dr sul ax ¥ & 8xv : )
9 ( u)’uv) ¥
ouM Exv 2 gp.v

The operations (1.46) on L do indeed yield (1. 44).

The chief purpose of introducing L is to find first integrals of (1.44).
If ‘A‘p. is not a function of a particular coordinate x”, then the corresponding
canonical momentum P, will be a constant of the motion, and thus provides
such an integral. Another such integral is the Hamiltonian, as we have

already seen in (1. 42):

oL K, eAy
= = - mg u’ b —, (1.47)
vV o8y [TRY c
= B _p=_1 B yv=-_
H=ppu gpvu u >

In two cases, considered below, Al-l depends only on xl, SO P,» Pgs Py and H
provide constants of the motion. The relation p, = constant is like the

Newtonian relation for energy (1.4), E = constant:

b_nlu-mw—;z‘—m—__ .
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2
. ed . 1 2 vm, Iv 1
p4—mu4+—2-c -c—z-(mc +—Z——+——Tsc + ... +ted) (1.48)

Let us apply these considerations to determine the electronic orbit in
a planar magnetron. We take x1 = x as the ccordinate perpendicular to two
conducting planes as in Fig. 1-3, one plane (xz,x3) = (y,z) at x = 0, and one
parallel to it through x = x_ . We assume crossed fields, E1 and B3, both
uniform in space and constant in time, so we have
1 xlE

A =(0,xB,, 0,
n

1
3’ c )

{1.49)

For initial conditions when we start to observe the particle, we assume that
it lies at (xo, 0, 0, 0) and has a proper velocity {0, Yor 0, Ko). Thus x is
the height of one turning point of the orbit, where the particle's x component

of velocity vanishes,

The force equation then has one un-integrated component, the first
one:

E1u4 2
= +u B3]

ot =2 | (1.50)

We find three integratcd components, the momentum relations

E
2 eB , 1 3 _ 4 _ €1
. (x -xo) , W =0, u = Ko +—2-mc (x -xo) ; (1.51)

To simplify the notation we introduce the symbols

K .
eB3 eE] 2_ wZ_yZ °Y+Y°w

S S a“ = T R
W=y YEggo o -2z c

On eliminating u4 and uz from (1.50) we obtain

2

(&5 +a’lxloxg)=r
dt

-xo=£2.[1-cos at] . (1.52)
a

Substituting the solution (1.52) in (1.51) we obtain the following table:
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Table 1-1. The Complete Relativistic Orbit

_r 1 _r .
x -xo-:z-[l-cosa:r] » u =—sinafT
2 . TW . 2 . rw
x -yo'r=-———3-[a'1'-51na'r] . u -y°=-—2-[1-cosa'1']
ca ca
x> =90 . u3=0
4 _ _yr ; 4 _yr
x -no'r-xj[a'r-slna'r] , u 'KO-LZ'[l"wBa'r]
ca ca

With the identity K:" =1+ yoz and a little algebra, one can show that the
complete solution satisfies (1.42). Indeed, one couid derive the solution
from (1.42) and (1.51) instead of (1.50) and (1.51).

The projection of this electron orbit on the (xl,x") plane is thesame
type of cycloidal path as one obtains in the Newtonian domain. The pro-
jection on the (xz,x4) plane satisfies a relation which suggests a Lorentz

transformation to a coordinate system X :

{wx4+yx2} (ca)-1={K°w +y§r°}(ca)-lq‘5 §'4 (1.53)

The rotation tensor bp'v which makes ':'c'4 linear in 7 appears in the array

below:
i 0 0 0
b =
v
0 B, 0 X
ca ca
0 G 1 0
0 X 0 s
ca Ces
With it we find
Ibnvl=1 , i""=bp'vxv L =T awiin (14530
lf]':xl , f3=x3 S and fz___rsxna'r . (1.54)

(a)2
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By this transformation we bring the orbit to rest, as it were, in a circle on
—cl ’ ' . 2
the (X ,xz)plane, a circle with center (xo + r{az,O) and radius (r/a”}.

Since the averags value of (mu2 + yu4) is zero, we find the average
increment ratio (dy/dt) is (cy/w). Thus (y/w) equals (v/c), where V is the
velocity of the center of the orbit along the y-axis in the original coordinate
system. In it, w i8, of course, the cyclotron frequency, while Y is a similar
normalization of the electric field. If B is in gauss, and E in volts/cm, then
(y/w) is 1/3 (E/B) X 10-2. In general (y/w) is a small quantity, but if it
exceeds 1, then a is imaginary, and the orbit does not close. This rela-

tivistic feature one might not anticipate from the Newtonian equations.

If we equate adT to wudtwe find the part of the lag coefficient uwhich

is introduced by relativistic effects w.lone. We {ind

w? = (1 - (y/)?]1 - (ve)?]. (1.55)

Finally we note that a is linear in F, the scalar we defined earlier, while

(F)“ is propertional to the difference in energy densities in the magnetic

and electric fieids:
2 2,...2 2
a=(=)"tMH° , (= uMm-B-D- E). (1.56)

We return now to consider relativistic orbits in the cylindrical mag-
netron. In order to derive directly an expression like the Newtonian radial
equation (1.7) we choose an unusual cocrdinate system, xM = (rz,e, z, ct).

The corresponding metric is then

s 1 _ 1 _
g(“)'( 4_xr , x , 1, +1). (1.57)

We start to observe the particle at (xc.l,0,0,0) when its proper velocity is

(0, uc.z, 0, Ko). The height of one turning point of the orbit is then just

xc.l 2 (rd)z. Between the two coaxial conducting cylinders shown in ¥1g.
1-1, we assume there is a steady electromagnetic field with potential Ap’
1 1
A =058, o, -2l (1.58)

']

The constants of the motion of a charged particle in thkic ficld are then
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P, P3r Py and from (1.42)

1,2
(u4)2 . xl (uZ)Z )
4x

-, (1.59)

We now substitute in (1.59) the momentum relations

1
4 1 1 3 2 .
u =Ko+—ez{¢(xo)-¢(x )] , uw =0, u =(u°+°::)—cl’---2"%
mc x
(1.60)
Before transcribing the result, we simplify the notation:
eld(x)) - 8(xN] 1 x
$= =8, B8.= : (1.61)
mor ) (r)” e )2
c c c
wr Zuozc 2 1 2.2
W= >— , Pssd{l+ = , (Ko) =l+xo(uo) .
Then combining (1.59), (1.60) and (1.61), we find
(2 w2 p(P)P e
)% + (& [{}d—- s}(sd-s) -8K_s®-16s (m#)°] =0 .
(1.62)

In (1.62) and in the remainder of this discussion, no superscripts appear,

only exponents.

The chief distinction between (1,62) and (1.7) is the term (| §)2.
It leads to a slight modification in the Hull cut-off equation. To derive
the cut-off condition from (1.62) we assume that § = 0 at s = 1 = s4 and
at s =8, = 8,. We also assume that P = 1, K = 1, and write #(s;) as P.

Then (1. 62) becomes

) (s -1)% (s -1)% 52(53-1)4
prrLs= 2, pr 22— - 5 cae (1.63)
2 l6m’s_ a 325

Ir. the diode we used for experiments, (sa—l)2 (883)-1 = 0.42, so the size

of ?ﬁz relative to this number will determine the importance of relativistic




TR 185 -16-

effects on the cut-off transition. In fact Wi<0.06 for the largest magnetic
field used in our work., Equation (1.63), in somewhat different notation,

was obtained by Page in an article immediately following Huil's main paper
of 1921 [7].

Our chief purpose in deriving (1. 62) is to obtain an expreseion for u,
the lag coefficient. A solution for the potential 8% = C(s-sd) will show the
chief relativistic features and is simple enough to handle. This choice of
$ amounts to setting B = -C in (1.14). It leads us to consider a term of the
form (M C)Z, which we wish to show is equivalent to {4(y/w)2 . sg-l} . The

demonstration is this:

R 2
9 _ ngdd_“v;rcwm dé _ mc _
El_-a_r__-Tc__d_s-__e___ EE-VS_Ze mC . (1.64)
Then
eE 2 RPN
1 _ 2 _ s (mC)
(e [o) = (v/e)® = S,

and for s we take the median value, Sg' assuming also that y represents a

median value of El'

We find then for 7(8), the proper time along an orbit from sq to s,an

elliptic integral,

8
ds
wT (1.65)
—— AJg -hs =f _ _ _ hs 172 .
c '\/ b {(s sd)(sb s)(1 T )1‘
8 b J
d
Here we have used the notation
2, 2 2
_ _(mQC) _ P, hP" |
g=l-KoC+hsd,h—T—-,sb—sgll~r >+ ...]
d 4sdg

(1.66)

Here Sy the outer turning radius, is the smaller solution of the quadratic,
hs2 - gs + P .?sd = 0. We find from the complete elliptic integral the quan-
tity 'f(sb) which corresponds to a Newtonian half-period t(sb) =1r{wu:
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T(sy) - mc - (1.67)
W Vg - hsb -3 (sb+sd)
Our conclusion is then the expression for ul:
2 238y, - 843 ¥ 2
u’ = {1 ~ K C - (%) ( "ITS_‘)j {1 - (v/c) } (1.68)

The field curvature appears here in KOC somewhat as it did in (1, 15) while
the relativistic effects appeai in terms (y/w) and {v/c) as they did in (1.55).

As might be expected, these latter effects are secondary to the curvature,

d. Summary.

The cylindrical magnetron diode is a device, invented by Hull, in
which electrons move in: crossed magnetic and electric fields. Their radial
mnotions have features of the motion of the harmonic oscillator; however,
instead of interchanging energy between elastic (or potential) and kinetic
forms, they trace orbits which exchange kinetic energy between orthogonal

directions of motion.

The first main section of this chapter exhibits two closed solutions for
the orbit, one for small amplitudes of radial motion in an Allis potential
and one for arbitrary amplitudee 1n a quadratic potential. These solutions
yield expressions for the lag coefficient u, relating the orbital and cyclotron

frequencies.

The second main secticn derives the relativistic motion from a
Lagrangian functional. In a planar magnetron the orbit closes only if the
ratio (y/w) = (E/cB) is legs than one, no matter how large the region avail -
able for unimpeded motion. This ratio also appears in relativisiic expres-

sions for the coefficient u.

A narrow beam of electrons passing through an inert gas at low pres-
enre may leave a trail of icnized gas. This trail, and in a sense the elec-
tronic orbits themselves, can be photographed. In fields such as we as-

sumed the trail has a cycloidal formm. Photographs of trails in a cylindrical

magnetron such as were published in 1936 by Kilgore [8] provide a convincing

demonstration of the correctness of our eqrations of motion,
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Appendix 1-1

Relations between (a,b,xo) and (so,so,Oo).

s = a?+p?. 2abx,
|§°|= 2w uabvl - xoz

0 -%[1i{uz(az-bz)z s (B+C)} 1/2{32 +b* - ?.abxo}'l]

o
8 )
Z_ o,A __.Z Lz
a —D+T(§+l) N D:so 4wus°
2 2
8 8 [4%)
2 _ o, A 2.0 o 2 B+C
biie Dkl 1w ALS spnlmreite LT e
o u u
2 2
2 _ L% A° , .2D,A
*o =M-D/M+D » M—T(s—z-x)+-8:(-2—s:+l))
[o]
xo_-;cosq;oxf
X = COS [wu(t-to) - q,«O] .
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The Driven Orbit

a. Introduction.

If a high frequency probe signal is added to the steady fields im-
posed on a cylindrical magnetron diode, the electric field of the probe
signal will exert a harmonic force onelectrons in the space charge cloud.
The electrons are then said to be "driven." If the probe field is very
weak, the driven motion may be addzd to the free motion. The sum is
a motion, along the radial direction, whose amplitude pulsates at a fre-
quency A, equal to the difference between the free orbital frequency and

the field frequency,

If this difference is small, the pulsations in amplitude may be large.
The electron may leave the space charge cloud and collide with one wall
or another and transfer to the wall the energy which it has absorbed from
the probe siznal ficld., The effects of electronic interactions and colli-
sions also appear as an absorption of energy from the harmonic field.
We now turn to calculate characteristics of the driven motion and the

rate of energy absorption, or the conductivity of the space charge cloud.

b. Perturbation of a Free Orbit.

If a particle describes a free orbit of arbitrary amplitude within
a magnetron space charge cloud, we may write the motion in terms of
5. 8y and k as in (1.17). We ask row for the effects of a small radial
alternating field El on the motion given initially by x = cos wut. Wefirst
treat £, as a small perturbing force on the free orbit. Assuming for El
the following form, we find for U, the energy absorbed in one cycle of

the orbit, an integral over EI:

E r -er E —_—
E, = c ccos(Gt-a'),Uf-efEl' dr s Zc Cfcos(‘;t—x)ds

T

{2.1)

Here ¢ is the angular frequency of the probe field, & is its phase relative
to the orbit, and Ec is the probe field strength at the cathode. Onexpand-

ing 8 a8 in(1.17) we find:

-20-
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er E - 2
- xdx {1-x")d(wut)
U=+ ——z-—— [COB(At é)m + sxn(At-z) Y - kx
Now if A® 'y -y u is much less than wu, we may take the integral sign
to the right of the terms in (At-¢). The integral following the cosine is
zero over a complete orbit, while the integral following the sine can be
evaluated by using (1.20). We find then:

1 -Ml -k R b, . =
U= ercEcn{——k——-—— sin(At-¢) = er E_ (%—) sin (At-¢) (2.2)

For the second form of this expression, a and b are defined in (1.18). If
(At-¢) is /2, the electric field is in phase to do work on the particle over

th~: whole cycle. Then Uis at its maximum as one can see in Fig, 2-1,

To find the effect of Uon the turning point radii, s, aand 33 of the

b
free orbit (1. 16), we now distinguish initial values with a subscript o:

.thus 8. o' %do" After one cycle in the field El’ if the particle absorbs

energy, then 5, and 84 will move apart to s =8 - &8

= s &= .
b~ %ot ¥b % T %do ~ 4
Since the canonical angular momentum P is constant during this process,

the circumferential velocities at 8o and 840 2T€ not affected by the probe

field. The absorbed energy then appears at thicse points entirely as

kinetic energy of radial motion: U = %—mrz. Hence:

_ 2.2
= w u (sb°+Asb-s)(s-sd+Asd)

o} S=Sb° or Sd

.2 8Us
8

|o mr ’

o
Assuming in these relations that As is a vcry small quantity we find an
expression for the logarithmic rate of change of either turning point per

orbit cycle:

i ZnercEc . sin(At-z) . _21ra.(t)

wu

(2.3)

2
m(w ur a)’,
Using the abbreviation a(t), over several cycles we find:

8y, = 8y, €XP (fu.dt) » 847 840 exp(-fudt).

In these results the median radius sgs:‘ «,sbsd , @ parameter which we
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found to be coimplementary to the radial action jr’ is indeed a constant.

To complete the orbit solution, let us define a constant v by the

ratio of average turning radii: 8y, /84 y = exp 2y. Then we have:
a
t t
8 = sg{cosh (yt/‘cdt') - x sinh (y+f ndt')} (2.4)
ta ta

This solution will show beats at the frequency A. Indeed, if a is nearly

a constant, or if b<< a, then,

2 eE, sin A(t-t )
fndt = g (2.5)

] mwur A- aZ

a

The constant of integration, suppressed in (2.5), is properly y(g). Inci-
dentally,k= tanh y and E/-a_ = tanh %—y.

To give a numerical example, let us assume that a probe signal
power Wl. of one microwatt, travels down a transmission line of charac-

teristic resistance R ohms,

N lnsa Ecrclnsa 2
R=‘J: an ’ ZRW1=[——Z-———- (2.6)

Now let 8, = 5. 14, At-;= n/2, rczaz=2.5x 10-5-> meters squared and

wu = 1010 radians per second. (These values are appropriate to the ex-
periment we describe in later chapters.) Then Ecrc =12, 1\/71_1: 1.21x10"3
volts, a=0. 86x104 per second, and U= 6x10'22(§-) joules per cycle. The
rate of absorption depends on the square root of Wl and iz above the level

o 10-24

of one quantum, or housz joules, per cycle, since b/a is about 10'2.

Now El
we use is a traveling wave, representable with a vector potential component

Ar(r, z,t):

in (2.1) represents a standing wave, whereas the probe signal

e

r -
A_=--SS3gin(ot -Bz- @) (2.7)
= w

s |
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Then E1 = -(9A/8t) and reduces at z = 0 to the E1 we used to calculate
a(t). The introduction of Ar makes the Lagrangian cf the orbit a func-

tion of z:

o 2.
L:%m{i‘z+(r0)z+iz} +§{i'Ar + I QB} -ed(r) .

3 (2,8}
We have still 8L =0, so P and s_ remain constants of the orbital
8L/38 "
motion. However, the correct radial equation is now:
Er s
o _ a2 5 € 8 e "cc.y 2 — -
T =r6 +rw0-a-a—r+a - \l-g)cos(wt-ﬁz-é) . (2.9)
We have in addition the z equation:
e, r ‘Ecrc — i
Z=E(E) —— cos (wt - Pz -4) . (2.190)

Equation (2.10) and the termin (z/c) in {2.9) represeuni , of course, the
forces exerted by the microwave magnetic field. 'These forces in (2, 10)
cause the orbit to wobble slightly back and forth along the z-axis. The
factor ('E/ais approximately (W and in general _z_fc:_ <1,

The introduction of Ar affecte then j:, but not Por s . It affects
jr because it modifies PO mr teA., and P, appears in the definition of
jr' A much more sericus modification of the orbit equations arises if
the probe field has a circumferential component Eg as well as Er' The
Ee-component perturbs P and is strong in cavity magnetrons, of course.

We shall avoid problems in which it might arise.

c. Resonance and Damping in the Linear Magnetron.

As the frequency difference A approaches zero, even a weak probe
signal field i8 no longer a emall perturbing influence on the electronic
orbit. When A = 0, the orbit and field are in resonance and the effects
of electronic interactions help to determine the amplitude of radial motion.
We examine these complications first in the linear magnetron and in the

next section modify the results to fit the cylindrical magnetron.

In a region such as is shown in Fig. 1-3, let us assume a constant

and uniform magnetic field B = B_, and a steady electric field Ex=xiE

a a
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This implies a uniformm number density of charges n, given by

E
E:dE":_a (2.11)
€ dx x s
o] a

This n depends then only on the anode potential p, defined as

x 2
x E

p=®(x,) ,do(x):-—'iz“_z, dz-jExdx=--2-§—a- . (2.12)
mew xa > a

If an electron is released in this region at (xo,0.0.to) with velocities

(:‘(o,)'ro,O), its orbit will satisfy the equations, similar to (1.50) and(1.51):

i o - . P R - Y o
x = e(Ex+ yB), vy - Yo = -u(x-xo) : w=eBm . (2.13)

These reduce to an equation like (1.52):

[ (V)

2 y

[.%. + wzuoz (x—xl) =0, uOZE 1- . uoéxli x +— . {z.14) '
Ldt

Here ug is the lag coefficient discussed in Chapter 1. The subscript has

been added to distinguish it from another frequency ratio uz w/w , the

probe field frequency over the cyclotron frequency. The orbit cenier %y

we see, is a function of the initial conditions.

In the presenceofa microwave probe field E1 cos wt, the orbitequa-

tion (2. 14) becomes inhomogeneous:

2 eE.coswt
d 2 2 i 1
| e otu? oo - 225 (2.15)

We may write the solution in terms of constants C1 and CZ’ fixed by the

velocity and position of the particle at the reference time to;

eE exp jwt

m[(wou)z- o

X=X, =z real part of{ + C1 exp (juut) + Czexp('-juut)}(z. 16) .

N

Van Vleck and Weiss ke equations like (Z2.15) and {2.16) as the founda-

tion for their treatment of collision damping of bound harmonic oscillators[1].
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We {ind our orbits have some similarities to such oscillators and will
point out differences as we review their treatment. We make this re-

view in order to develop the effects of damping on the driven orbit.

Van Vleck and Weisskopf take t as the time the particle under dis-
cussion suffered its most recent collision. They assume aill collisions
are so strong that the particles carry away no memory of their previous
motion., They also assume that each collision lasts a time short relative
to _Z_Tr_/'a' Under these assumptions, they state, the particle's position
and velocity just after collision are distributed according to a Boltzmann
probability exp [-H(t)kT]. Here kT is an energy characteristic of the

large number of colliding particles and K(t) is the Hamiltonian:

H(t) = 2“.L.-Z+(uu ) (x-xl) ] - e(x- xl)E cos wt

These assumptions make ihe average value of :':o zero, and the
average value of (x-x ) is eE cos wt (mwzu 2) . If one writes 6 = t-to,
then the probability that the most recent collision lies in the interval d&

att-0 is:
dP = exp (- %) .‘}r_" . (2.17)
Here 7 is a characteristic time between collisions. The authors then

average (x-xl)oover collision instants t by integrating (x-xl)dP over

® from zero to infinity, Having thus evaluated Cl and CZ’ they find:

|’eI:‘.l exp jwt
(x-x )=real part Ofl Z Z ) { -
mw -u’) g

% uc+ u u -u }
- . (2.18)
eru ['71’ - Jwing-w) /74 J'.o(uow‘u)]J

In this treatment x) is the equilibrium position of a bound particle
when El

is 2n important difference between bound oscillators and orbits in a

is zero. The X, in (2. 14), however, depends on 90 and X, - This

magnetic field. In the second case the whole space charge drifts in the

y-direction, so the average value of Sru is not zero. Moreover, theaverage
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value of (x-xl)o may depend on x. Since a finite leakage current flows
from the anode in a magnetron, the particles move on the average toward
the anode. Thus X, changes in each collision. For these reasons we
cannot evaluate C1 and C‘(2 in our case. We probably cannot define a uni-
form average energy kT either. Nevertheless, the form of (2.18) seems
to be more general in application than the assumptions used in deriving
it. Indeed, Van Vleck and Weisskopf show that the continual patter of
weak, long range, coulomb interactions between electrons leads, in the
nonresonant case at least, to an expression for phenomenological damp-

ing, in formulae for line shape, similar to the 7 we have introduced.

We write out (2. 18) in order to compare it to the solution of the

following linear inhomogeneous differential equation:

2 eE.coswt

d 2 2 2 1

dt
The particular sclution of (2. 19) is
J’eE1 exp (jwt) 1
(x-xl) =real part of > , Q= Vi Tw . (2.20)
mwz(u 2-u2+ju )
o a

In (2.19) 7 represents viscous damping rather than a mean time between

collisions. Near resonance, u, +u = Zuo , We may rewrite (2. 20):

eE exp (jwt) u -u- jw2Q
(x-xl) =real part of y, { - Z} ) (2.21)
2Zmw u (uo-u) +u/(2Q)

L

Under the same approximation we find (2. 18) reduces to:

eE exp(jot)( u_-u-ju2Q .
(x-x,) = real part of l > [ o R -+ 17. 1/402 J}
Zmw u L(uo-u) +u”/(2Q) 8Qu° (1/4Q)°+1

(2.22)

In these expressions the first term is identical, while the second term
in {2, 22) i8 negligible if 1>>> (SQuz)-l. Thus, as Lorentz noted [2],
collision broadening and viscous damping lead to nearly identical ex-

pressione for the average orbit, if Q is large.
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The characteristic decay time 7 certainly includes the following
process of energy loss: the motion of a charged particle along x may pro-
duce a current i = 2/"3 , an image current in an external circuit such
a8 appears in Fig. 1-3. The power lost to an external resistance R is
then:

2-2 2
e w R|x-xl| I

Zxa2

P=%|i|ZR= (2.23)
If R is 60 ohms, & is 1010 radians per second andlx-xllm x_ is 10-2,
then P is about 8 x 10°%! watts. The energy stored in the orbit is
LA é—mfizlx-x_ﬂn,zl. The quality parameter Q isé—&vﬁﬁw-l’-l:
(maxaz)(ezll)'l. If x_ is about 4 m.llimeters then Q is about 2x 101

andT is about 4 seconds. Thus the direct losses to an external circuit

0

are a very small part of the orbit damping.

The resonance observed in our magnetion diode depends on many
variables beside the obvious orbit parameters. Its exact shape varies
even from time to time under otherwise identical conditions. In this

situation we prefer a simple model, so we write:

eE . exp jwt . .2
(x-xl) = real part of —17—2‘—— , ZZ= u; -u2+38— (2.24)
muw

The complex image current due to a single driven particle is then:
jez'é E| exp (jwt)
P

mw x_ 2
a

Al = (2.25)

Assuming that the random free motions of many particles cancel out,
we find the image current represents an integral over the driven or
coherent motions of the space charge. If the driven orbits have small
amplitudes and E1 is weak, we may ignorc convection currents across
the surfaces at x = 0 and x_ . In the interval (O,xa) we assume the n
particles per cubic meter move as a unit. If the region of integration

ha# & unit cross section, then the complex current flowing in R is given

by -
Zpl?.1 exp (jwt)

1= jwt 5 . 7 . (2'26)
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Since p and E, are known, by measuring I we may find Z(uz).

The current density within the space charge is, however, a vector:

PGeEl exp jwt S
J, = nev, = real part Ofl_ 5 [i +jju]ne (2.27)

mw_ Z

o) N
Here i and j are unit vectors along the x- and y-directions. The con-

ductivity or(w) of the space charge cloud is then a dyadic. IfJz o - El(t),
by considering various directions for the vector El’ we find the following

array for o:

P g 0
oFs -TZQP' Z-:JLP. 0 |(-iB) (2.28)
0 0 —Z,_P-
u —

d. Rescnance and Damping in a Cylindrical Magnetron Diode.

With the preceding sketch of orbits in Cartesian coordinates as a
guide, we return to consider driven orbits in the cylindrical magnetron.
If a charged particle is released in a region such as appears in Fig. 1-1,

its orbit will follow the radial force equation:

222 2 e 8¢ ,-eB .
r=rbd +ur0-;-b—r-, L eI as in (1.3) . (2.29)
If the potential ¢ depends on r and on t, then the energy is no longer
constant along a given orbit. The Lagrangian of the motion remains,
however, independent of 8, 80 we retain the momentum relation from
(1.4). Using this to eliminate © from (2. 29), introducing the radial
variable 8 = (r_/rc)z, and the canonical angular momeatum P from (1.6),
we find the radial equation takes the form:
- 2
83 8° _ o 2 2 aagr,t)_] .
qz._-.3__-4—[P -8 (1-8aB L (2.30)
Here ¢ is the potential normalized as in (1.6), which we now break in

two parts:
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@ (r,t): ﬂé—%l=¢o(c)+<bl(s,t); |¢1|<<|¢°l : (2.31)

mw T
c

We wish to solve (2. 30), to find the amplitude and phase of thedriven
radial oscillations, as a function of Qo and other parameters. Following
the line of development used in Chapter I, we consider first the substitu-
tion, 8 = 'g( 1+§), |’§| << 1, and the expansion:

de de e !
2 8% 2 "o d 2 o 2 "1
i rR xRS i ﬂgg'g*-““ ], (23

We use now the identity,-

2
2 d§°= d léo

d
oy o

and the relations borrowed from (1.9) and (1.10),

2
d® dsd
pé=zg? 1-8-{'—0-‘ , u:=1-4—-—,° . (2.33)
g g ds“ g

We find that the terms linear in Z-’:. in (2. 30) then yield:

. pe
§ +wlulE=apt| W (2.34)

w
g
Making now the appropriate substitution for ¢>1, we find the solution for
small amplitudes of probs signal and of driven motion:

eEcrc lnscosct Ze!:‘.c coswt
B (s,t) = z72 » B8t ——3— (2. 35)
2m w r. ® mao (uo-u )rc

-We may now remove to some extent the restriction to small ampli-
tudes, if we assume that Qo has the form, quadraticin s, given in (1. 14).
Equations (2. 33) then take the form (1. 15):

2 2 2

2
P =u sg

- (B+C) , u = 1-C . (2. 36)

If we now add a small term D, independent of time, to <I>1(a.t), one can

show that s = a2 + b2 - 2ab cos @t is indeed a solution =¢ (2.30}). To
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remove entirely the restrictions to small amplitudes we require the

special assumptions in (1. 14) and the following:

eEcrc In s(D+coswt) 2 Z=PZ+B+C

@ (59t) t ’ a -b —_—g
1 Zrnuzrcz u
2 2eE r
+b c e 1
D=- -53—3‘ , and 2ab = - . (2.37)
mmzrcZ uoz-u2

Since our probe signals will be weak, we will not develop the unrestricted
solution further.

We note in (2.35) that B changes sign when u: passes through equality
with uz. If uoz is greater than uz, the natural orbit frequency is greater
than the driving frequency, and the velocity tends to lead the driving field.
The particle then lies closest to the anode when the electric field pulls it
most strongly toward the ancde. However, if uoz is less than uz, the
particle's velocity lags behind the driving field and we shall say that b
changes sign in (2.37). In the alternative formula, (1.17), we insert the
symbol & to carry the sign of uz - uZ:

k& 84 ZeFIc

¢’ Tk 2z .z - (238

_,1-kbcoswt
IS =g

If damping is present, such as was treated in the last section, we
shall replace uoz - uz in (2. 38) by the symbol Z (2.24). We thusassume
the damping has the same effects in the cylindrical as in the planar orbit,

We wish finally to derive an expression ior the complex conductivity
of the space charge in a cylindrical magnetron. We find at once the high
frequency components of current driven by a radial field of strength Ec
at the cathode:

A o A
rJl=rnevl= ner(_fa [§Z£+ 898] = the real part of

2. . _jwt A

ne "k r_e = 8

5 jelr+jzl] (2.39)
mw-Z
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Writing Jl z o El(r,t), we can idantify two terms in the ¢ dyadic in(2.39),
N

where T and 0 are unit vectors, and n, the number density of electrons, may

be a function of r. The three other nonzero terms in the o array may be
obtained as for (2, 28), but we will have no use for them.

The external effects of a coherent driven radial motion may be repre-

sented again by a current of image charges, if we assume the probe signal

wavelength is much greater than twice the anode radius T, . A single particle,

moving radially against a field Er,givel up its energy U to this field and

this energy may appear in an external resistance R:

- ee.% = i%R asin Fig. 2-2. (2.40)
The voltage V across R is then i R and provides the npposing field within

the cylindrical region:

_ -2V _2eVi Y

I~
B *the, © ViTTIms,’ *° !%3ms, - (el

This argument ignores retardation effects; but it extends well into the
microwave region of frequencies, if R is the characteristic resistance

of the coaxial region between ¥, and T, A charged particle in mction will
in fact excite a whole spectrum of mcdes; but only the principal or TEM
mode carries away energy, if the others are well beycnd cutoff, We wiil

explore the propagating modes in a later chapter.

If a single charge moves in a magnetron orbit, we ha'e from (2. 38)
and (2,.41):

® = ~ 2
. _ ewkfsin wt _ewbd k k o
is= Ins_[T-k§cos®wt) = Ins_ (L+>5-+...)sinwt

+525-(1+k?‘+...)sin ?.Gt+...} (2.42)

The expansion of the denominator thus gives rise to higher harmonics of
the fundamental driving frequency w. The compiex current increment, at
the fundamental firequency, due to a single particle is then, if k is much
less than one, and we substitute from equation (2. 38):
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— 2
ar=288K op (TN + 5=+ ..0) (2.43)
a

+j75e2 - 2E_ exp (f@t)

m(:zZr 8.,ilns
c d

We next integrate Al over all charges between anode and cathode, as-

suming for n(r) the following expression which we will justify in T. R. 201
Chapter 4.

—2—-— —P: 1~r-T> -B— a constant . (2.44)

mw € C
(o]

Ef f dﬂrdzAl-n(r),
] Ecrc exp (jut) B r ds 1
= Jw ‘0 ° —Z]ns « 2xh 'p f —Z? 1+—2' .
a €y 8

(2.45)
Here I is the radial current in an axial length h, it paases through an

area 2vh r. close to the caihode, 8o the current density there, Jl’ is

jw 1 - 1/;3 _
-zrzg;— a5 ) E. exp (jut) (2.46)
a

Now rJl(r) and rE(r,t) are independent of r, if the space charge
density does not vary with time. Hence the effective conductivity o(@),
the ratio of Jl to E, is independent of r as it should be. On substituting
values for s and P. appropriate to the diode used in our experiment,
we find

jwe p
o(w)=1.49 —z—— 3 (2.47)
This gives the conductivity ¢f a swarm of charges in coherent radial
motion in a magnetron diode, if this motion is so small that we may

ignore the convection current that passes through the surfaces at r
and ra,and if (a¥e) <<(Z1r/ra).
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Transmission of a TEM Probe Signal

a. Introduction

The high frequency behavior of space charge rotating in a magnetic
field has received some attention, in both its experimental and theoretical
aspects, for at least fifteen years [1]. Fairly typical theoretical treat-
ments are those given by Lamb and Phillips [2], and by L. Harris [3].
These treatments yield possible resonances of the whole system,~—thespace
charge cloud and the magnetron cavity that confines it., The resonances
may be excited by impressing a small signal of appropriate frequency on
the output circuit of the (nonoscillating) magnetron. We mention in Chapter

IV several experimental studies nf these resonances.

A few probe signal mcasurements have been made on simple Hull
diodes with a TEM prcke mode. Both Brewer and Geick [4,5] (to mention
the two examples 1 know) used tubes which were coaxial cavities with closed
ends. Hence they had axial TEM resonances to disentangle from space
charge effects. They both measured the reflection, rather than the trans-
mission of a probe signal, and both used tubes with filamentary cathodes.
The space charge cloud about this type of cathode may be expected to
yield only a broad resonance (see T.R. 201},

. The sharp cyclotron resonance, free of extraneous effects, has ap-
parently gone unobserved. Consequently the incentive to develop a theory
of this ree” 12~ .= has zen lacking. Previous treatments do not in general
coneider the behavior of the particles in the space charge cloud in the de-
tail that appears in Chapter IiI of this report. We found there that a single
charged particle in a magnetic field, in its response to a periodic force,
resembles a harmonic oscillator. Many such particles in a small region
of a space charge cloud behave somewhat like a series RLC circuit, con-
nected between cathode and anode of the diode. We found an expression Z
which resembles the impedance of such a circuit and characterizes the

resistivity of the cloud.
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This suggests analogies which may be worth a brief exposition. We
emphasize later the respects in which they fail to resemble the magnetron
diode in their transmission characteristics. The transmission T(P)through
a section of waveguide coupled to a resonant cavity [6] or through RLC net-
works such as are shown in Fig. 3-1, can be written as:

E :
3 T(P) _ D(1+iPQ)
TElmE . ey T3]

Ps(g-%) , Ds%-}% : (3.1)

Here  is the frequency of cavity resonance, or cf network resonance,
W = (LC)-UZ. and @ is the frequency of the applied signal.

As a function of P, T will trace a circle on ite complex plane. From
this circle the constants Q and D can be determined if D is small relative
to one. Then the points | T{¥;}| = ¥Z |T(0)| on the T(P} circle lie also on a
second circlie with radius | T(0) | and center at T(0). At these points T(Pl)
in general we find |P1|-1 =Q N1 - 2D”, The quality factor Q can also be
found from the so-called tuning rate at resonance. There w=w, and P =

0, so we have:

ap =-2dw _ _,
w

.

tnw): S=| = -2jQ(i-D) (3.2)
w

yle

Q.

1f, as we assume, the variable in P is wrather than @, then in the RLC
networks L and C must change so as tc hcld the ratio Ro 5 (L/C)llzconsta.nt.
We find then, in the first RLC circuit in Fig. 3-1,Q = ROIR. and in the
second, Q = R/Ro.

The measurement of a complex T(P) in general requires two parallel
paths to the detector. One contains the circuit under test, and the other
provides the reference signal. The detector then compares this signal with
the signal transmitted through the test circuit. We will find that T, deter-
mined in this manner for a magnetron diode, also describes a circle or an
oval path as a function of w = eB/m. One can define half-power points on
such a curve and a corresponding Q which we will call Q . The Q defined

8
for the orbits of electrons is a quite different quality factcr.

N
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In Chapter II we found how a TEM probe field effects individual elec-
trons in their orbits. Continuing this development, we now consider how
the response of a swarm of electrons modifies the probe signal. In broad
outline, the signal suffers s progressive change in phase and in amplitude
as it passes down a coaxial guide filled with space charge. The extentand
character of this change depend on the length of the cloud relative to the
sigral wavelength, and on the condition of the space charge within the tube,
or in other words on the probe frequency &, on the static electric and mag-

netic fields imposed, and on the cathode emission.

Cne can express the phase and amplitude of the transmitted signal
as functions of an effective dielectric constant,

€ = eo-jo'/w . (3.3)

This quantity ¢ , a characteristic of the space-charge filled region in the
magnetron diode, will then depend on the static fields, on @, and on the
cathode temperature Tc' It will not depend on time or on the spacial co-

ordinates within the region, beczuse it is an average over them appropriate
to the TEM mode.

We thus assume that the probe fields within the diode keep the TEM
configuration. Distortion can be regarded as a mixture between TEM and
higher coaxial modes. However, such higher modes are far beyond cutoff
and they attenuate rapidly in the empty diode at the frequencies we will use.
Hence one may feel intuitively that the distortion of the TEM f{ields must
be negligible. We support this intuiticn in an appendix to this chapter by

appropriate calculations for two possible types of distortion,

It is helpful to have an over-all picture of the driven or coherent
electronic motion which arises, of course, from electric coupling between
particles and the TEM mode. Figure 3-2 contains a sketch of the TEM
ficlds and the corresponding orbit currents for the case u2<u°2, that is,
for a steady magnetic field stronger than would be required for orbit
resonance with the probe field. The orbits in turn produce a steady mag-
netic field parallel to the z-axis and directed to oppose the steady external

magnetic field. In addition the orbits produce a magnetic vector which
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revolves in the (r,3) plane at the driving frequency.

1f the average or coherent radial velocity of the electrons leads the
electric field of the probe signal, in space or in time, then the revolving
magnetic vector of the orbitsa lies in the 8-direction when He, the TEM
magnetic field, has its maximum. This is the cane u2< uoz. The two high
frequency magnetic fields then add in the 8-direction, whatever may bs the
sign of the direction (along the z-axis) of the steady magnetic field or of
the propagation of the TEM wave. If the imposed magnetic field is weaker
than orbit resonance requires, the probe and orbit fields oppose each other
along the 6-direction. Just at resonance they are out of phase in space or

in time,

Figure 3-2 also indicates a polarization of the charge cloud along
the metal surfaces. This occurs in space or in time between maxima of
the radial motion. In this chapter we seek to interpret transmissionmeasure-
ments in terms of such electronic currents, to interpret T in terms of €, Z
and Q.

b. Transmission and Reflection Formulae.

We wish to find the complex coefficients of transmisgion T, and reflec-
tion R, of a section of coaxial waveguide divided into three regionz by dis-
continuities in the transmitting medium at z = 0 ané at z = h. Our treat-
ment follows in most respects one by R. M. Redheffer {7, pages 561-673],
but is sufficiently different to justify a sketch of the whole argument. In
each region we distinguish fields and certain constants by subscripts i =
1, 2, or 3. The middle region contains, of course, a space-charge cloud,

as sketched in Fig, 3-3c.

The fields of a TEM wave traveling forward toward positive z in a
coaxial guide are proportional to the real part of exp{j(ﬁt ﬂiz)} . -117 . We
write their complex amplitudes as Er = Ei’ HO = H.. The fields of a wave
traveling back toward negative z have a similar dependence on exp{j(at +
piz)} % , and have similar amplitudes, distinguished, howesver, by primes,
Ei, H; The complex propagation constant ﬁi, corresponding to z, theaxial

coordinate, i8 the same for either direction of propagation.
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Within each region, Maxwell's relations,
VUxH=¢E+ 0E , VxE=-p H , (3.4)
reduce, for the forward wave, to the equations,

jpi Hl = (j?ul + 01)E1’ ‘j ﬁ El = -Jw“iHl’ (3-5)

and, for the backward wave, to the equations,
-jpiH{ = (jZ;ei + Ui) Ei, + jpiEi = 'j“”iﬂi R (3.6)

— - —_ =.,1/2
For each wave we have piz = wz B, €, and by convention ﬁi = +w(|Li Gi) / .

For the first wave we have Ei/Hi = (p-i/t_i) 42 and for the second Ei/ﬁ; =
-(pi/?i)l/z. We shall maintain the distinction between K, and K, although
the representation of electronic orbits by € implies Ky =B,

Across the surfaces at z = 0 and z = h we require Er and Hg, fields
tangeat to these surfaces, to be continuous, This requirement can be met
at z = 0, for instance, if one satisfies the equations E1 + E'1 = EZ,H1+H'1 =
HZ' These so-called scattering equations represent a wave from region 1
which at z = 0 is partially reflected and partially transmitted into region 2.
The transmitted part may suffer further reflectior at z = h, but this we
treat as a separate problem. The s¢attering equations take a simpler form

if we define the ratios r, t and k:

E! E B, €
1 2 152

r= , tz g . kZ (3.7)
E 1 \' €1¥2

1f ?i is complex, thenr, t, and k are also complex. (The symbols r, t, and
k will revert to other meanings after the next few pages.) The scattering
eguations now read:

1-k

_ _ 2
l+4r=¢t, 1-r+kt; orr =y t-'l'ﬁc' . (3.8)

Similarly a backward wave in region 2, if it reaches z = 0, is partially
reflected and partially transmitted into region 1. Its fieids satis{y the
scattering relations E}, + E, = E), H‘Z +H, = H|. We rewrite these equa-

2 2
tions in terms of p, T and K, g

sy
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E E!' oy
= 2 = 1 = ._l_z . = 1 - = 3.9
pPE EIZ- ’ ’r-fiz' ’ K 1 p'lrz ’ 1+ P T » P K’r ( )

Noting next that K = 1k, we find the relations:
T=kt , p=-r , qt- pr=1 (3.10)
The sketch in Fig, 3-3a suggests the applicationof r, t, p and T.

At the second discontinuity, at z = h, similar reasoning leads to the

scattering equations:

E,+E,=E;,H,+H,=H E,+E,=E!,H

3

1f regions 1 and 3 have the same constants € and u, then (3,.11) leads to the
same type of relations between kr t, K. p T as (3.8), (3.9). However, roles
are reversed and we have, for instance, instead of (3.7) and Fig. 3-3a,
(3.12) and Fig. 3-3b:

1
r=--g-;:1 . t=§|z- . k=/‘2:.3 . (3.12)
3 3 B2 %3

To find next the effects of multiple reflections, let us start a forward

wave in region 1 towards z = 0. We may take the electric field of this wave
to have unit amplitude at z = 0, It will excite a forward wave in region 3;
we denote the complex amplitude of its electric field at z = h by T. Within
region 2 we denote the complex amplitude of the electric field in the total
forward wave by X exp (-j pzz). Finally R is the reflected field in region 1
at z = 0. These quantities, R, X and T, appear in Fig. 3-3c.

The amplitude X consists oi the transmitted part of the unit field
incident on z = 0 from region !, and the part of X which has guffered two

reflections, first at z = h and then at z = 0:
X=t+ p° X exp (-2jp,h) (3.13)

Similarly we have: !

R=r+frpXexp(-ijzh), T=7TX exp(-jﬂzh) (3.14)

Then, zafter eliminating X from (3.14), and r, t, p and T in favor of a quantity
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Y, exp (-y) = r, we find:

= simhy R = il . ) (3.15)
sinh {y + j8;h) ° sin (g ,h - 1v)

. 2 2
If both p and y are real, then these quantities satisfy the equution IT |+IR |= 1

and no energy is lost in region 2.
Another form for equations (3, 15) is the following:
2 .
-1 1+k™ - 2jcot pzh

-1 1 1, . . _
T " =cos pzh+7(k+i)_]sm pzh, R = l-kz (3.16)

Here 62 represents propagation through region 2, and k represents surface
effects at the edges of region 2. Formulas (3. 16) suggest that, from simul-
taneous measurements of R and T, one could determine separately the (com-
plex) values of pz and k, and then o and €. However, we shall measure

chiefly T and shall now assume By ™ M T By €] T €g.

Finally, it is convenient to introduce a complex quantity § and a real

quantity ﬁo as follows:
1+6=z 1+ (x-jy)= k=N Jo ', 8 = sV a, By = Potits) (3.17)

In terms of 6§, T and R take the following forms:

n 4 8% sin B h(1+5)
Tl zexp {jpoh(lfé)j i e (3.18)

2 . .
o 54 2(1+5){1 -jcotp h §1-.--5)}

R 57275 . (3.19)

For small §, R{(6) = 0 and T(6) = exp (-j B,h). The latter is, of course, the
transmission through region 2 when the discontinuities at z =0 and z =h
vanish. We now drop the subscripts entirely, so ¢ = ?2, p= po. The symbols

r,t, p,7, k and K will not recur with the meanings they haa in this section.
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