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FOREWORD 

This technical report is a partial reproduction of a Ph. D. thesis 

entitled, "An Investigation of the Direction of Arrival of Radio Waves". 

It goes beyond the scope of the thesis in that the results are compared 

with those of other investigators who have written classified reports. 

Because of this comparison, the report is classified. 
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ABSTRACT 

A theoretical and experimental investigation was made of the di- 
rection of arrival of high frequency radio waves Emphasis was placed 
upon the application of probability theory and statistics to known and 
proposed methods for improving the accuracy of the measurement of the 
direction of the wave source snd decreasing the time required for such 
measurement. Means for reduction of the wave interference error was 
a specific  goal. 

Wave interference error due to multipath propagation xs a signi 
ficant contributor to the total standard deviation of the indicated 
bearing It was shown from theoretical considerations that provided 
the probability distribution for the time phase of each of several in- 
terfering rays is uniform the long-time uean error due to wave inter 
ferencc approaches zero Also assuming that the wave polar.nation is 
random, the corresponding long-time mean error due to polarization 
approaches  ztro. 

In order to investigate and experimentally verify the theoretical 
implications, an electronic bearing data computer and recorder was 
engineered The computer-recorder samples the directional information 
data from a twin channel cathode ray type direction finder twenty-five 
times per second, computes the indicated bearing and records the 
bearing  and   the  signal   amplitude  on  35 millimeter   film 

Experimental studies were made of the indicated bearings during 
those times of the day and year when wave interference effects would be 
most likely Observations were made at Savoy Illinois or. 6 42 mc/s 
propagations from Columbus Ohio and 5.0 mc/s propagation from WWV. 
Beltsville,   Maryland 

The  progressive   or  cumulative  mean  of  the   indicated   bearings  was 
considered   the   most   significant   of   the   several   statistics   that   were 
calculated       The   few  isolated  non  conforming  cases  are  probably  examples 
of   lateral   deviation   effects The   improvement   in   accuracy   due   to 
time   averaging  over   ali  data  may  be   inferred   from  the   following stand- 
ard  deviations  of   the   indicated  cumulative  mean 

in 



Censoring schemes that are premised upon using a strong signal 

or a strong and steady signal as a criterion for "good bearings" will 

generally yield an improvement in accuracy of the indicated bearing. 

However, the results of this investigation demonstrated that the cumu 

Jative mean of all bearings is the best estimate of the great circle 

bearing. Central limit theorem behavior was exnibited in more than 

95 percent of all cases studied 

A comparison of these results with those obtained on wide base 

systems su<*h as the KOMET. and the Naval Research Laboratory installs 

tien at Fox Ferry on the Potomac River indicates that the statistical 

accuracy figures stated for the several wide base systems may be ap 

proached as closely as one pleases with a small base system provided 

sufficient time is allowed to obtain a prone: cumulative mean 
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1.  INTRODUCTION 

II    Statement of the Problem 

The avowed purpose of this effort was to investigate the direction 
of arrival of radio waves with primary emphasis upon the application of 
the theory of probability and statistics to known and proposed methods 
for increasing the accuracy of the measurement of the direction of the 
source of the wave and decreasing the time required lor such a measure- 
ment. Practical means for the reduction of the wave interference error 
was a specific goal. 

The motives underlying the investigation were prompted by certain 
observations which, when considered collectively, indicated a need for 
additional study of radio wave interference phenomena as it may effect 
the bearing error of smali-ba*e  radio direction finders. 

First, the radio direction finding research group at the University 
of Illinois had made some theoretical studies and simulated model 
investigations of the bearing errors that can arise in several radio 
direction finder systems under certain assumed conditions of radio wave 
interference. Thus t was possible to assign numbers to the magnitude 
of the; radio wave interference error that would occur in a given radio 
direction finder under assumed and idealized conditions. However, it 
was not possible to state with certainty what was the best, way of 
getting an accurate bearing in practice. One did not know how long a 
period was needed for sampling an arriving set of radio waves and how 
many samples were needed to determine a wave-interference error free 
bearing. 

Second, it had been observed in the results of certain investi- 
gations performed by others within the last decade that the probable 
bearing deviation can be made considerably smaller than the two to five 
degree figure oi the conventional Adcock system. The improvement is 
primarily due to a considerable increase in the wave collector base di- 
mensions and number of active elements in the collector. Costwise this 
improvement is expensive: compared to an Adcock system, a tenfold in- 
crease in the cost of such en installation may easily result. Because 
of the extensive cost increase, one is led to inquire into the possi- 
bility  of  controlling   the  magnituae   of   the  Adcock  bearing  error  by 



proper treatment of the data Hence the wave interference error and the 
polarization error may possibly be reduced without entailing too great 
an increased  cost. 

Third, the radio direction finding research group at the University 
of Illinois has completed the installation of a high quality dual- 
channel type radio direction finder on a very good site near Savoy, 
Illinois. The equipment is capable of giving continuous and instan- 
taneous bearing indications, Thus there is available a practical means 
for verifying improvement schemes  that  seem to   have potential merit. 

Fourth, in order to best use the direction finder there was needed 
an unbiased analog data computer and recorder that would be free of 
observational error, and which would record data fast enough to pre 
serve it3 continuity, i e., all fluctuations of the data should be 
recorded. A speed of data recording of at least one-hundred times 
faster than that of the human observer is needed. The modern elec- 
tronic digital computer permits extremely rapid functional analyses of 
data provided the data are :in a convenient form for instructing the 
computer. This convenience of proper analog-to-digital data conversion 
should be a prime consideration in the development of any modern bearing 
data computer and recorder and was indeed an added incentive in this 
investigation. 

12   Method of Attack 

The method of attack was  two  fold;   it  consisted of a  theoretical 
study  followed by an experimental  investigation      The  theoretical  study 
consisted  of acquiring  a  background  in   the   theory  of probability  and 
statistics,   reviewing the pertinent works  of other  investigators,   and 
formulating some positive approaches  toward  the solution of the problem 
The  experimental   investigation began with   the conception,   design,    con- 
struction,   and  application  of measuring   facilities   and techniques that 
provided   data   for   the  statistical   frequency  distributions,   averages, 
variances,   and  correlations  with other  variables  under   the  several   known 
and-or  controlled  causal   conditions  of bearing error occurrence. 

By appropriate analyses of the statistics of the reduced data it 
should be possible to infer what limits iv the improvement of hearing 
accuracy and precision togetnor witl decrease in measuring time are 
feasible   in   the   light  of  present   engineering practice.     A  comparison 

2 



of the  conditional  accuracy   figures  so  obtained with  those  of existing 
and proposed wide-base  radio direction  finders  should  provide  an addi- 
tional  quantitative  basis   for making   logical   decisions   in  the  choice 
between wide-   or  narrow-base  direction  finding systems for specified 
applications. 

I 
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2.      PRELIMINARY CONSIDERATIONS 

2  1    Definitions • 

It seems logical and convenient to consider at the outset certain 
definitions and principles that are necessary to the understanding of 
the main body of the investigation. Accordingly, sercrel definitions 
are  given  for pertinent aspects of the  radio direction  finding problem. 

Direction Finder.--"A direction finder is a radio receiving device 
which permits determination of the line of travel of radio waves as re- 
ceived. nl 

Sense Finder.--"A sense finder is that portion of a direction 
finder which permits determination of direction without one-hundred- 
eighty degree ambiguity."2 

Radio direction finder.--"\ radio direction finder may be defined 
as a device for determining the direction of arrival of radio-frequency 
energy. It is a receiving system and operates on the energy that it 
extracts  from the passing radio waves."3 

Direction finder network. A direction finder network consists of 
two or more direction finders suitably oriented in geometrical re- 
lationship with one another to permit determination of the most probable 
location of  the  source  of  a  radio   frequency  signal. 

Radio direction finding problem --The radio direction finding prob- 
lem may be posed as follows: given the indicated direction of arrival 
of radio f 1 aquency energy as received at two or more geographically 
known locations, determine the geographical location of the source of 
energy. 

Radio direct ion finding research.- "The object of all research 

in radio direction finding is, on the one hand, to try to find the 
causes of errors and eliminate them and, on the other, to lay down 
conditions of use of the instrument which will minimize any residual 
errors."* 
1. American Institute of Electrical Engineers, American. Standard Definition.of Electrical 

Termt,   («-- York:     33 Weat Tnirty-Nintn Street,   1942). 

2. 16 id. 
3. Radio Research Laboratory Scaff of Harvard University, Very High Frequency Techniques, 

(New York:   McGrew-Hi 11  Co.   Ind. ,   1947)  Vol.   I,   p.   199. 
4. A.S.D 031 Direction Finding - No Sl/D.F.I., "Limits of Use of the Cross BuriedV Adcock 

High-frequency Caihode-Ray Direction Finder," Air Force Hehd-Qutirters, Melbourne, Austra- 
lia,   S.C.I    October,   1942.   (CONFIDENTIAL) 



Thus, research aims first to eliminate and/or reduce the causes of 

error ard second, to minimize, in one way or another, the effects of 

residual causes. It is the latter aim that is of principal concern in 

this investigation. 

By way of discussion it is seen that the implication of the last 

definition goes beyond the scope of the earlier definitions and it 

suggests that a good direction finder in the sense of the earlier 

definitions may be a very deficient instrument for the solution of the 

radio direction finding problem. As an example, if the polarization of 

the received wave is different from that on which the design of •»' 

instrument, was premised, a bearing error may occur. As will be t. -n 

later, there are several sources of error that may intervene along the 

line of travel  between  the  signal  source  ar.d the direction  finder. 

2 2   Components of Error  in Direction of Arrival Measurements 

All physical measurements are subject to error, and in particular 

the radio direction finder instrument is subject to several error 

causing agents. If one asks for the ultimate answer in direction 

finding then seveial additional error causing mechanisms must be 

considered. It has been found convenient to div'de the basic causes of 

error into the several categories of (a) instrumental error, (b) site 

error,   (c)  propagation error,   (d)   source error,   and  (e)   operator  error. 

2 3    independence of Errors 

Each of the several causes of errors stated above is assumed to be 

an independent cause The fact that there is no logical reason for 

thinking otherwise is not a justification for such an assumption How- 
ever, the experimental work that has been done to date lends support to 

this assumption as a tenable one It is & common assumption in the 

present  day  treatment of direction   finder errors 

2 1    Means for Error Reduct:on 

The  previous   discussions   have  pointed  up   the   fact   that   a   radio 

direction   finder   bearing  observation  is  subject   to several   basic  error 

producing causes        In   fact   one  may safely   say   that  any   single   bearing 

observation  is not   to   be   trusted       Obviously  one   needs    to   know  more 

about   the  character of  the source,   the  transmission  paths,   the direction 

finder  site  and  the   instrument   itself at   the   time   that   the  bearing is 

5. W Ross, "The EsliniBt^on of the Probable Accuracy of High Frequency Radio Direction- 
Finding Bearing" Journal of the Institution of Electrical Engineirs iLondon) Part III A 
(Radio GoBinunicar.ion;   194V,   Vol.   94    He.   15.   a.   723. 



taken. [However, if alJ this were known, there would be little need for 
the direction finder. In lieu of the above, one presently utilizes 
the methods of statistics. The procedure is simply to observe the 
bearing for a sufficient period of time to get a ''representative random 
sample." The mean of this sample ~- after removal of the systematic 
errors --is the best estimate of the true bearing. Further, if normal 
law behavior is assumed, the standard deviation of the sample can be 
calculated, and confidence limits can be established as to the likeli- 
hood of the source being in any designated sector. An objection to the 
statistical method, is that it takes time, and time is often a precious 
commodity  in direction   finding. 

A third possible way of reducing the error and one which is a part 
of the subject of this dissertation is to attempt to recognize the times 
at which the bearing is subject to appreciable error and to prevent the 
taking of bearings at such times. The bearings that are then obtained 
are supposedly free of serious error and it is hoped that one single 
bearing so obtained may be as good as a long-time average. The worth 
of the method depends upon the fact that the indicated bearing fluctu- 
ates thet in the course of the fluctuation the indicated bearing 
coincides with the great circle line of bearing, that one has a means 
for identifying the time of coincidence, and that this case occurs 
frequently enough so that in any observational period one gets at least 
one  cut  --   the  last  two conditional   requirements need verification 

A fourth possible way of reducing the error is in the use of either 
large aperture systems or ensembles of small aperture systems. Each of 
the above permits averaging of the wave fronts over a wide base. The 
former are less susceptible to polarization error and large wave inter- 
ference errors The success of the latter depends upon the assump 
tion that the time series of '.he indicated bearings is stationary in 
the  probability  sense.     Either  system should mitigate   the  site  error 

2 5    The Ultimate Limit of Accuracy  rti the Determination of the 
Great Circle Bearing of High Frequency Radio Transmitters 

Lateral deviation of sky reflected waves is probably the princi- 
pal factor precluding any further improvement in short- time bearing 
accuracy after the elimination of the instrumental, site and wave 

interference  errors 

• 
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6. fl. T. Friis, 'Oscillographic Observations >n the Direction of Propagation and Fading of 
Short  Wares,"   Proc.   IRE,   1928,   Vol.   16,  pp.   658-685. 

7. H T- Friis, C El. Feldman and W. N. Sharp less. "The Determination of the Direction of 
Arrival of Short Radio Waves, " Proc.   IRE,   1934,   Vol.   22,   pp.   47-78. 
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Path, "Proc.   IRE  ,   1939,   Vol.   2i,   pp.   635-645. 

9. T. L Eckersley, "An Investigation of Short Wave*, " Marconi Review, 1929, Vol. 1, .'".9 
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1949). 
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No.  1089, pp.   251-267. 

14   W.   Crone, "Possibilities and Limitations of Direction Finding with Sky Waves,"   Paper no.   4 
of Radio Direction Finding and Navigational Aids.     Special Report No.   21 of the Depart- 
ment of Scientific and Industrial Research,   Radio R»*earch,   (London: HMSO,   1951) pp. 34-S8. 
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A quantitative estimate of the lateral deviation of a sky-reflected 
wav» dii» to the tilt or slope of an ionospheric layer is afforded by 
Fig.   1. 

In the cours* of the last twenty-five years many papers have ap- 
peared that discusa the limiting accuracy in the determination of the 
great circle bearing of a high-frequency signal source. The work of 
Friis, Feldman and others in America; the work of Eckersley, Barfield, 
Ross and others in England; the work of Crone, Weber and others in 
Germany have verified and established the limitations in the quanti- 
tative manner  that  ia summarized  in Fig.   l.*"f* 

The measuring equipments  that were used in establishing the  limita- 
tions were   specialized   research  tools incorporating    large-base  col- 
lector systems and were  greatly  restricted  in azimuth  --   generally  the 
systems  were  pre-oriented   for a  particular  great-circle   bearing path. 
Consequently  the  systems were  not  attractive  to  radio direction  finding 
since one usually  requires  unrestricted azimuthal performance. 



Approximate  linear  distance 
Columbus, Ohio to Savoy, lllino<s 

IOOO 

Linear    Distance   in   Kilometers 

F!':URE 1 RATiO OF BEARING DEVIATION TO THE SLOPE OF THE IONOSPHERE 
A? A FUNCTION OF EFFECTIVE LAYER HEIGHT AND LINEAR DIS- 
TANCE -- A FLAT EARTH AND MAXIMUM TILT EFFECT ARE ASSUMED. 



The practical   limitation  in accuracy of small-bane  radio direction 
finders has been summarized from time to time. A rather recent paper 
by J. A. Pierce gives an averege angular error for an Adcock system of 
two degrees for high frequency working and one degree for low frequency 
and ground wave working.16 The curves of Fig. 2 were also given to 
compare the accuracy versus range performance of navigation systems 
using the Loran principle and conventional radio direction finders. It 
is of interest to state that the case for the accuracy of the radio 
direction finder can be made considerably stronger by proper statistical 
treatment of the bearing data This will be made evident by the ex- 
perimental evidence   that  follows. 

By way of comparison with Pierce'a curves, a report prepared by the 
Australian Air Force in 1942 gives experimental performance figures on a 
ffood  hisrh   frpnimnrv     twin-channsl   cathode-ray direction  finder. The 
results are summarized in Fig. 3 and are considered typical of short- 
time bearing accuracy  that may be achieved by such systems. 

Various proposals for the improvement in radio direction finder per- 
formance have been made from time to time. Pulse transmissions were 
first used in direction of-arrival measurements in this country by 
Friis, Feldmaii, and Sharpless prior to 1934. l Pulse techniques in 
direction-of-arri/al measurements s»re used by Eckersley and Smith 
prior to 1932.18 Tnis work was followed by papers and patents suggest- 
ing the use of pulse transmissions to reduce bearing error -- the 
general idea being that the first pulse to arrive would have come by 
the most direct path and hence would be least susceptible to error.19"22 

Runge patented the use of an auxiliary antenna that was susceptible to 
polarization and wave-interference  fading effects   to  block  the  bearing 

16. J.   A.   Pierce.   "Electronic  Aid*   to  Navigstion," Advance*   in Electronics   (New  York: 
Acadeaic Press  Inc.,    1948>,   Vol.   I,   pp.   425-451. 

17. See  reference no.   4 

18      T.   L.   Erkerrley ar-d S.   B.   faiith,  British Patent No.   397S26,  Marconi Wireless Telegraph Co., 
Ltd  ,   1932. 7 

19. T    L.   Eckersley,  "Elimination of Night Effect with  a Pulse Transai tter,"     Murcomi Kniem 
(1934) Yol.  US, pp    12-16. 

20. Chireix,  "Radio Direction-Find) ig Arrangement  Free   froa Night  Error," Xev.   Gen.   d'El. 
(1935),   Vol.   38,  P.   208D. 

21      H.   Plendl, "Direction Finding by Pulses  " Uochfrequenztechnik and Rlectroaimtik,     (1937) 
Vol.   50,   pp.   37-41. 

22.     F.   Johnske, '  bzuipaent  for Direction-Finding Free  from Night Effect',  Hockfrequenztechnik 
und glectroakattik,   (1941)     Vol.   58,  p.   46. 
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99.9 

FIGURE 3 SUMMARY OF THE EXPERIMENTAL PERFORMANCE OF THE SHORT-TIME 
BEARING ACCURACY OF A HIGH-FREQUENCY TWIN-CHANNEL CATHODE RAY 

DIRECTION FINDER (FROM REFERENCE 4) 
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indication when the error was supposedly pronounced.23 Terman and 
Pettit described a compensated-loop direction finder that could be made 
free of polarization under very restricted conditions by proper ad- 
justment.24 These are only a few of the many schemes that have been 
proposed. Each has its potential merit but is only a partial solution 
at best. 

23. !?.   iwun, "Direction rinding Free  iron Night Error," Bochfrequemttchnik  und Eleetro- 
ikustik,   (1945)   Vol.   60,   p.   177. 

24.     F   E.   Teraan end J.  M.  Pettit, "Tne Goapensated Loop Direction Finder,' Proc.  IRE,    (1945) 
Vol.   33,   p.    12 
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3.      APPLICATION OF  PROBABILITY THEORY 
TO THE  WAVE  INTERFERENCE  PROBLEM 

3J    Wave  Interference Bearing Error Formula 

It is possible to derive a wave interference bearing error for- 
mula for a civ«n radio direction finder provided sufficient assumptions 
are made. As an example of this, consider an idealized twin-channel, 
cathode-ray direction finder incorporating a narrow base crossed-Adnock 
coliector, where by idealized is meant freedom from all error other 
than that under discussion. Let it be required to find the bearing 
error under the condition that N signals of the same frequency, end 
each linearly polarized in its own plane of incidence, but of arbi- 
trary amplitude, arbitrary time phase, arbitrary azimuth, and arbitrary 
elevation ar? incident simultaneously upon the collector. The ex- 
pression for the bearing error of the major-axis of the ellipse seen 
on the  indicator screen can he shown  to be: 

1 

! 

\    ,      .Sin 9n' „,   , , . Lhn  (s-l£>  Sxn(*n - Yn) 
 + _ 

V Sin 8„2 \ Sin  EL 2 1 +Z> (s-d£> Cos(v i>    l +z-> te-&> °»<* - *> 

V"        Sin 6n 
£-> (siu~eT )  Sin(0n  *  it) 

1  
I> <f£# *•«* - v 

1 *£> UHl''0"'* *'»'4 ^K''Cos<*»~ v»' 

*Zh° 'li»-^"-s^ *"-»4> tH^'03^ - '•> 

where  h„(   <pn,   Sn,   and   yn  are   the,amplitude,   axiuuth.   incidence,   and 
time  phase  respectively of tne nth signal relative  to the  first signal. 
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In  functional  notation  the wave  interference  error is 

e   -   f(hn,   0n>   6n>   Y„) 

where the symbols correspond in the order given to the variables dis- 
cussed in order above. Now this is a multivalued function in that e is 
not unique for a given set of values even though it is assumed that the 
variables are completely independent. Hence as it stands one has an 
interesting but rather useless formula since generally not enough is 
known about propagation conditions at any one time and place to cal- 
culate the corresponding error. Particularly is this true in the radio 
direction finding problem since the aim is to locate the origin of a 
transmission, but in order to completely evaluate the wave interference 
error one needs   to know among other things   the   location in advance. 

If one were in possession of sufficient statistical data, say the 
most probable values of hn, <pn, 0R, and yn, tfte most probable error 
could be estimated. In fact if one were in possession of an error 
function of y alone, the.: assuming that all time phases are equally 
likely (the uniform probability distribution) a root-mean - square 
error may be calculated. Thus given some e(y) then one can calculate 
an expectation of the  error  and  the square error as  follows: 

E[e(y))   -   ) 

271 

271 

2n 

rre*(Y)]   ,     f   e_!il 
A 2TC 

1*} 

Error curves that are functions of y alone have been calculated and will 

be considered below. 

3o2   Expectation of Wave Interference Error 

The  theory of probability provides a  theorem for  the expectation of 
the mth moment  of a   function  of several   independent  random  variables 

•14- 
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when the separate probability densities are known, thus: 

E(em) - ///    / [e"(r,-,f •*)] (r)(s)(t) • - «(z)-drdsdf •-dz 

I 

By virtue of this theorem one roay calculate a first moment of error or 

mean error and also the second moment of error about the mean or vari 

ance.  The mathematical evaluation of this integral is not an attrac- 

tive task since the wave interference error function is quite involved 

However, a quantitative argument can be made for asserting that the 

theoretical expectation of the bearing error due to wave interference is 

zero  Consider again the wave interference bearing error formula given 
N 

earlier.  One notes the occurrence of terms of the form 2 Kn Cos xn 

M 

and/or Z Kn Sin xn.     If x. is uniformly distributed,   then  for  large N 

all sums are small and in the limit as N — * ail sums approach zero. 
It then follows that the bearing error formula yields errors approaching 
zero for large N. That the mean error should be zero is borne out in 
practical direction finders, in fact radio direction finding practice is 
tacitly premised upon the statistical proposition that the mean value 
of the deviation of a large number of bearings is zero. On the other 
hand the variance is not zero and an estimate of this value is of para- 
mount importance in evaluating the statistical performance of a radio 
direction finder under rsvc interference conditions. Hence the problem 
becomes  one of somehow getting an estimate of  the  second moment of error. 

3 3    Limiting Root-Mean-Square Deviation 

Inspection of the wave interference error function given earlier 
reveals that elevation angle enters in such a way as to reduce the 
amplitude of an interfering ray. If one assumes that the signal having 
the lowest  angle of elevation is  the   "desired"  signal  <usn the amplitude 

Sin 0- 2 

of each interfering signai is reduced by the factor ( — -*•) where 9; 
Sin  8, * 

is   the  angle  of  incidence  of   the  ith  interfering  signal.      If  it  is 
further assumed   for purposes of analysis  that all  signals  arrive  from 
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the  same  angle  of elevation,     the   error function   is simplified  to some 

extent and   the  resulting error  function is more pessimistic. 

For  the  case  of  two  signals   the wave   interference  error   function 

can  then be  shown  to be 

-» h Sin[(0a- 0J+ (y, -Y,)] -1    h Sin[(<k - <M - (Y. - Yi)] 
e   -=   1/2) tan + tan 

1 + h Gos[(c2>2 - <Pi) + (Ya - Yi)] 1 + h Cbs[(02 - <fix)   -<Y2 - Yx)3 / 

Error curves as functions of time phase difference for one selected 

azimuthal separation and several amplitude ratios are given in Fig- 4. 

It will be observed that the mean error relative to the stronger signal 

is zero when averaged over the complete interval for any given 4> and h. 

The rectangular (dashed) curves that correspond to h ratios of zero, 

one., and infinity form an enclosure that contains the majority of the 

bearing error cases. Jn fact, if one uses the rectangular outline to 

estimate the variance of the bearing error he will determine a number 

which is greater than the actual variance in any case. The estimate of 

an upper bound on the variance is s very simple calculation indeed 

when  based upon   the   rectangular outline. 

Figure 5 is an example of the limiting bearing error envelope 

geometry for a two signal interference case having an azimuthal sep 

aration of <t> degrees It can be shown that for h — 1 the variance 

is always less than 450 square degrees. This implies that the indicated 

bearings are within ihe shaded portion Further, if one can censor the 

data so as to avoid the times of greatest bearing swing the variance 

can be made less than <p/2 square degrees This censoring can be done 

with ease, in the case of two signals at least because there is a direct 

correlation   between   amplitude  and   time  phase  difference. 

Figure 6 shows the square-root of the limiting variance as a func- 

tion of angular separation between two interfering signals, the great 

reduction in limiting variance due to censoring is immediately evident. 

The possibility of doing this practically as a means of reducing the 

wave interference error effect is very attractive. It is of course made 

use of to some extent in present day direction finding The censoring as- 

oect  will   be   considered   later  in more  detail 
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The next logical case that arises is that of three or more inter- 
fering signals. Homer has investigated the probable error under the 
set cf cMiditices *here a random signal composed of a lergs nusber n 
of small amplitude signals arriving from a narrow range of azimuth 
intt iarea with a desired signal.25 It is shown that the probable error, 
i.e., the error for which the odds of it being exceeded are one-to-one, 
is C.477^ times the maximum error caused by a single interfering ray. 
Now the maximum error caused by a single interfering ray is a simple 
matter to compute. Hence one has here a first step in the solution 
of the "direct" bearing error problem under conditions of mulhipath 
arrival. Because the stated condition does occur quite frequently in 
direction finding, one could use the ^n criterion as an estimator of 
the probable root-mean-square error for any specified number of inter- 
fering signals. However, in general n is not precisely known in advance, 
hence one cannot justify any practical necessity for greater precision 
in the estimator. 

Statistics imply the operations of sampling and reduction cf 
data to find characteristic numbers that will compactly describe the 
underlying population. It is now appropriate to consider the ex- 
perimental phase of the problem in which certain question"- are put to 
nature and answers are sought in the measureable behavior of natural 
phenomena. Out of these answers one cen decide whether or not his 
theory is applicable and adequate, and if not, then find what further 
extensions  in theory are necessary  to reconcile  his experimental  results. 

25.     F-   Homer, "A Problem in the Suaaation of Siaple Haraooic Function* of the Saate Amplitude 
and Frequency but of Random Phase, ' Phil. Mag., Str.   7,   Vol. XXXVII,  March  (1946).   US  162. 
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V 

4.      THE   BEARING DATA   RECORDER 

4.1 The Sources of Available Data 

The radio direction finder installation at the University of 
Illinois Airport near Savcy, Illinois is equipped to provide the 
following: 

1. Directional pair voltages at 455 kcs from the N-S and E-W 
intermediate frequency amplifiers of the high frequency radio 
direction   finder. 

2. Bearing ellipse data presentation on a 5-inch cathode-ray 
tube  screen. 

3. A-acope presentation of the envelope of the received signal 
on one trace of a 5-inch dual-beam cathode-ray tube screen: 
The second trace of the cathode-ray screen is used to display 
the position of a variable length gating pedestal that permits 
selection of any portion of the A-scope presentation for 
independent  study. 

4. Wave polarization ellipse data presentation on the screen of 
a  third 5-inch cathode  ray   cube. 

5. Photographic recording of the four displays on 16mm film at 
the  rates  of  1  and  5   frames  per second. 

6. Synchronization, variable width-and-delay rectangular gating 
and/or pedestal pulses from ';he electrical and photographic 
recording equipment. 

In addition fco the above there was needed an equipment that would 
efficiently sample the bearing and signal amplitude data at a more 
rapid rate and present the data in a manner that is readily amenable to 
statistical   analysis   in  terras  of  the mean  and  variance. 

1.2 Conception of the Prototype Computer 

The first equipment that was proposed for the recording of data 
for statistical analysis was called a mode-selective bearing error 
classifier and counter. The proposal was to sample the directional 
pair voltages at a 10 cycle per second rate, compute the bearing by 
means of ail analog device and record the bearings on a set of selective, 
electro mechanical counf?>-s. The counter output would consist of data 

for the cumulative frequency distribution of the bearings, i.e., each 
counter  would   record  all   bearings   equal   to,   or   less   than,   a  predeter- 
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mined angular distance from the great circle bearing of the trans- 

mitter. The complete set of readings would represent the histogram of 

the bearings over the period of the count. 

An equipment having the features proposed above was built by Mr. 

V. E. Peckham end is described in his master's thesis26. The equipment 

operated satisfactorily under laboratory imposed conditions. It was 

never tried under field conditions because of two limitations that soon 

became apparent. The limitations were first, the inability of the 

circuitry to follow the rapid amplitude fluctuations in the signal, and 

second; the occurrence of a serious instrumental error in the recorded 

data due to phase shifts between the computer input voltages. This 

latter condition gives rise to el Honing of the bearing as seen en the 

cathode-^ray direction finder. 

4,3 Analysis and Reduction of Instrumental Errur in the 
Prototype Computer 

The inability of the circu\ts to follow rapid amplitude fluctu- 

ations was circumvented by using direct coupling in all of the elec- 

tronic computing and processing circuitry. Small fluctuations in the 

data are still observed which can be traced to the effects of direct 

coupling However, this does not result in any serious instrumental 

error in the modified computer as presently used. 

theoretical study of ohe data treatment in the prototype computer 

revealed that a very serious contribution to the instrumental error 

would occur due to phase shift between the computer inputs. The nature 

of thia error and the means for its reduction is given in Appendix B 

and the results are summarized in Fig. 36. It is seen that for signals 

arriving from azimuths that are even integer multiples of 45 degrees, 

the instrumental error is serious for even small amounts of ellips- 
27 

ing,   say less than ten percent.  It is also seen that for those 

signals that arrive from azimuths that are odd integer multiples of 

45 degrees, the instrumental error is zero for any amount of ellipsing. 

Also the error due to ellipsing is not significant for even moderate 

amounts of ellipsing •  say less than 20 percent, provided the fluctua- 

26. Peckham,   V.E.   A Bearing Errc;  Data Computer  and Counter,   Research  Thesis  Jiubc.it ted  in 

partial   fulfillment of  the   requirements of a Master's  Degi==,   university of  Illinois. 
Urbana,   Illinois,   February   1953. 

27. By  percent  of ellipsing 19 meant  one  hundred  times   the  ratio of minor  to major axis 

of   the  ellipse. 
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1 tion of the bearing is within ±15 degrees of the most favorable azi- 

muthal angle of arrival.  The solution to the error reduction problem 

| is row immediately evident.  There is needed a device that can effec- 

| lively shift the azimuth of the arriving signal to the nearest odd inte- 

ger multiple of 45 degrees.  In practice the majority of the bearings 

| that can be determined have fluctuations well within the ±15 degree 

i rangeand do not ellipse by moie than 10-20%, hence the possession of a 

bearing shifter would solve the problem. 

In connection with the recording of bearing deviations within ±15 

degrees of .t^he -15 degree reference, Appendix A demonstrates that the 

logarithm of the tangent of the angle should be recorded since there 

is an almost linear corresDondence between angle and log tangent of the 

i 

I 

1.¥    The Design and Construction of the Modified Computer 

The block diagram of Fig. 7 depicts the functional processes that 

are performed by the present model of the analog computer. The two- 

channel directional information is fed to the bearing shifter which 

performs the transformations necessary to shift the apparent azimuth of 

the signal as seen by the computer to the nearest odd integer multiple 

of 45 degrees. The signal is then sampled at a 25 cps rate, amplified, 

detected, and fed to a pulse-amplitude stretching circuit. The pulses 

are then base-clamped at zero by means of a d-c restorer, sent through 

a logarithmic attenuator, amplified, and their difference taken in a 

linear difference-bridge circuit. The final output is taken from a low 

impedance cathode follower amplifier. The output is proportional to 

the difference of the logarithms of the amplitudes of the directional 

components and hence is proportional fco the quotient of the ampli- 

tude of the components. It can be shown that the azimuthal angle of 

arrival of the signal is just the arc tangent of this quotient. Hence 

there ic available at the output a voltage whose magnitude is pro- 

portional   to  the bearing deviation   from a preassigned  reference. 

The waveform appearing at the output of the computer is not of 

sufficient amplitude to operate the electro-mechanical counters. A 

considerable amount of d-c amplification and further pulse processing 

would be required to properly operate the bearing counters. However, 

the  output  voltage   is  within   the   range  of  a  DuMont  type   279  dual-beam 
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cathode-ray oscillograph and the bearing display can be conveniently 

photographed on a continuously moving 35 mm film. A Fairchild Oscillo- 

Record Camera is an ideal device for this latter purpose. Consequently 
a compromise was made in the method of data recording in that photo- 
graphic recording rtplaced the original intention of digital recording. 

There are several advantages to the data recording compromise and 
at least one disadvantage. The totalizing character of the counters 
is lost and must be paid for in the routine of visually scanning long 
strips of 35 mm film. However, the film preserves the time-series 
sequence of the data and hence permits differentiation between the long- 
ar.d-short time fluctuations in the bearing deviations. Also correlation 
studies can be made in the case of photographic records. In addition 
one can sample at a much greater rate than is possible with the mechani- 
cal counters -- the latter being limited to counting rates less than 
ten per second. it seems necessary tuat any complete recording equip- 
ment should incorporate both the totalizing feature of the counters 
and the instantaneous cathode-ray tube display. The latter was con- 

sidered sufficient   for  the data  that were needed in  this  investigation. 

4- 5   Reduction of Systematic Errors  in the Radio Direction Finder 

Die two channels of the cathode-ray direction finder were realigned 
before each recording. However, it is very probable that there may 
be small residual errors due to unoalances existing in the system 
after the realignment. Appendix C shows that these small residual 
errors may be cleared from the recording system at the time the bearing 
shifter is  used  to set  the  zero reference  bearing. 

H.6    Characteristics of the Analog Computer 

An internal calibrator was incorporated in the computer for test 
purposes. However, the calibration for measurement purposes was made 
on signals from a target transmitter placed at known azimuths. The 
bearing shifter was usually adjusted so that the indicated zero refer- 
ence bearing of the computer coincided with that integer azimuth near- 
est the great circle bearing of the transmissions being studied. The 
calculated great circle bearings of the Columbus, Ohio and WWV Belts- 
vilie  transmissions  are  88°47'   and 92°49'   respectively. 

The bearing sensitivity of the computer is very good with de- 

viations  of   less   than   one   half  a   degree   being  readily   discernable. 
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In this respect the computer is better than the cathode-ray direction 

finder. However, the bearing accuracy of any individual indication is 

probably not better than one-half degree. This latter is due in part 

to slight time deviations in the characteristic of the logarithmic 

attenuator and in part to the shifting of the operating points of the 

direct coupled amplifiers with change in signal level. The shifting 

operating point tends to alter slightly the amplifier gain in spite of 

the negative feed back that is incorporated. On the other hand, the 

bearing accuracy of the mean of a group of readings taken over a few 

minutes is considerably less than one-half degree, and comes about 

because of the averaging process. 

The dynamic range of signal amplitudes that can be processed is 

approximately 24 db. This corresponds to a maximum to minimum signal 

ratio of 15:9 which in turn compares favorably with the dynamic range 

of the cathode-ray direction finder at any fixed gain. When the bear- 

ing ellipse on the cathode-ray direction finder is less than one-six- 

teenth of its normal size a satisfactory bearing determination cannot 

be made. Hence any bearing deflection that is readable on the cathoder 

ray direction finder is within the dynamic range of the computer. 

In order to properly assess the indicated bearings it is necessary 

to know that the signal amplitude is within the dynamic range of the 

computer. The adder circuit provides a voltage whose amplitude is 

proportional to signal applied tc the computer. This voltage is dis- 

played along with the corresponding bearing data on the screen of the 

two beam oscillograph used with the photographic recorder. In addition 

to the assessment feature this voltage provides a means for correlating 

bearing error with signal strength. 

4.7 Recording of the Bearing and Amplitude Data 

A DuMcnt type 279 dual-beam cathode-ray oscillograph utilizing a 

P-7 type screen was used for displaying the data The P-7 type screen 

has a long-persistence yellow phosphor and a short-persistence blue 

phosphor. A blue-sensitive but otherwise color blind film was used to 

record the instantaneous hearing and amplitude fluctuations. 

The data were recorded on 100 foot rolls of positive film. The 

Fairchild Osciilo-Record Camera, which was used for the recording, has 

a continuously yariable range of film speeds from one inch per minute 
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to sixty inches per second. It was found that film speeds of 15 to 25 

inches per minute gave recordings that made efficient use of the re- 

cording medium yet retained sufficient detail to permit visual analysis 

of the individual events without the usa of projection equipment. 

Figure 8 is an example of the recorded data. Each bearing sample 

is recorded in the main portion of the film as a small, rectangular, 

white spot that is displaced above (North) or below (South) the ref- 

erence zero trace. A sample is obtained every one-twenty-fifth of a 

second and in the particular recording shown, each linear inch of fil• 

represents a time interval of approximately three and one-half seconds. 

The instantaneous si^^nai amplitude is recorded near *he louver 6*d^e of 

the film and the amplitude of the envelope is a measure of signal 

intensity. 

An interesting example of a periodic fluctuation in the bearing 

is noted in the last 30-40 seconds and the bearing fluctuation near 

the end of the last strip should be compared with Fig. 4. Evidently 

an example of persistent wave interference error between two signals is 

being indicated here -- the period of the fluctuation is approximately 

five seconds. Bearing fluctuation due to polarization would be similar 

to the symmetrical bearing swing observed near the end of the second 

strip. 

The continuity of the bearing data is good; the isolated "outliers" 

are usually due to atmospheric noise bursts and are discounted. How- 

ever, if one were to sample at a rate much less than was used here, say 

one sample per second, he would lose the continuity of the data and 

could not generally differentiate so easily between representative bear- 

ings and spurious responses. Similarly, little is gained by sampling 

at a much more rapid rate. One would more completely define the bearing 

behavior at the times of greatest change; however, this improvement 

is probably marginal since the definition given by the present sampling 

rate is sufficient for the majority of cases. 

A composite picture of information that is pertinentt" to the inter- 

pretation of the A-scope display is afforded by Fig. S. Figure 9a 

is a drawing of the rectified envelope of one complete cycle cf the 

periodic waveform as transmitted from Columbus, Ohio, It consists of a 

short pulse portion or spike followed by a relatively long, rectangular- 

shaped pulse portion having sufficient delay to prevent inter-pulse 
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eo Micro-second   Half~-sinu5oidal  Short   Pui$« 

rs^tsec-*. L_ 
Delav I Delay 

a.     Envelope of rectified pulse waveform as  transmitted. 

Second 
First Resultant Mode 
Mode 

[L 

b. constructed envelope of rectified pulse waveform as received for the case 
of two-mode propagation with 1000 micro-sec. delay between mod**, relative 
amplitude ratio of 1.5, and 180° relative phase difference. 

c. Photograph of the envelope of rectified oulse waveform as received for the 
case of two-mode propagation with approximately 1000 micro-sec. delay 
between modes, approximate relative amplitude of 1.5, and approximately 
zero degrees of relative phase difference. 

d.  Photograph cf the envelope of rectified pulse waveform as received for the 
case of two-mode propagation with approximately 1000 micro-sec. lei ay 
between ir.udes, approximate relative amplitude ratio of I.I, and approxi- 
mately 180° of relative phase difference. 

FIGURE 9 PERTINENT TO THE INTERPRETATION Cr THE A-SCOPE DISPLAY OF THE 
RECTIFIED SIGNAL ENVELOPE AS TRANSMITTED AND AS RECEIVED 
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interference. The particular waveform was chosen because it permits 

the study of bearing performance of a radio direction finder under very 

ReneraJ conditions. Without going into the details it is possible, by 

the use of such a waveform, to assess the relative performance of a 

direction finder on instantaneous, coded, or continuous transmissions. 

The number of transmission modes, relative amplitudes of the signals as 

received via the several transmission modes, relative tiir.e delays 

between modes, and the relative time phase shifts between interfering 

modes may also be readily determined. 

Figure 9b is a drawing of the rectified envelope of one cycle of 

the complete waveform as received under a particular ' of wave inter- 

ference conditions. It should be compared with the c ..tual photographs 

that appear in the later portion of the figure. 

Figures 9c and 9d are actual photographs of two different A-scope 

displays of received signals. Double mode transmissions are in evi- 

dence and the delay between the first and second mode is approximately 

1000 microseconds. The two short pulses give information concerning 

the relative amplitudes of the signals transmitted by the two modes and 

the relative time delay between modes. The long pulse portion gives 

this same information and in addition indicates the relative time phase 

difference between the two modes. The first portion of the long pulse 

is proportional to the amplitude of the first ray or mode to arrive. 

Upon the arrival of the second mode, the resultant portion of the long 

pulse may either increase or decrease depending upon the relative time 

phase difference between the two modes. After the termination of the 

first mode, only the second mode appears and this accounts for the 

abrupt increase in amplitude near the end of the long pulse portion. 

The pass band of the receiver was not sufficient to accommodate the 

significant spectrum of the short pulses.  Consequently the pulse ampli- 
28 

tudes are smaller than their long-pulse counterparts. 

Continuous visual monitoring of the A-scope display was made dur- 

ing the course of each bearing recording to observe the propagation con- 

ditions thav. were in evidence and to maintain the r*I&tive position 

of the bearing san.p.1 ing gate with respect to the propagation mode being 

studied. 

28.   Radio direction   finders  of  the narrow  base   type  inherently  have   low sensitivity and hence 
oust   be  designed  to havi  very  limited  bandwidth  in order   that  the  signal-co-noise  ratio 
be   tolerable.     The   liir .ted  bandwidth  permits  greater   fiaiii per  stage  of  amplification  by 
>ittoe   of the const   .it  gain  band-width product principle,   but  unfortunr tely   for   this 
case,   the concomitant   frequency  and delay distortion nutit  be  accepted. 
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5.     THE  REDUCED DATA 

5  1    Method of Data Reduction 

5.1.1 9ata Recovery 

The indicated bearing and signal amplitude data were recorded 

on 35 millimeter film. In order to recover the data in a form that 

is convenient for statistical treatment a rei.d-out. device similar 

to a conventional film editor was constructed A strip of milli- 

meter cross-sectional paper v:as pasted on the base to provide a grad- 

uated background for the transparent film. The data were read out 
in terms of millimeter squares and the observer was instructed to 

estimate the data to the nearest half square. The conversion from 

squares to degrees was made by carefully measuring the bearing de- 

viation calibration portion of each fiim strip and using this in- 

formation for the conversion. In the majority of cases, two degrees 
of bearing deviation corresponded to 3/50 of an inch or 3/2 of a milli- 

meter. 

5.1.2 Sampling Procedure 

The procedure for sampling was affected by first scanning an 

entire film to find those sections that exhibited the greatest bear- 

ing fluctuation Samples were then taken from these sections -- 

the assumption being that the data so obtained would be indicative 

of direction finder behavior under wave interference and/or polar- 

ization conditions The majority of the .amples were of approxi- 

mately five minutes duration However, occasions would arise where 

a burst of inter-station interference would obfuscate part of the data 

and consequently a  shorter  length sample  had  to  be  accepted. 
A single sample consisted of the mean of approximately 10 succes- 

sive indicated bearings, i.e , the indicated beat'ng averaged over 

four-tenths of a second. Thirty-five consecutive samples were averaged 

together  to determine  one point of data  for plotting purposes. 

5.1.3 Types of Reduced Data 

Corresponding to each point ->f bearing data a mean value, a 

progressive or cumulative mean value, ard a standard deviation were 

calculated.      The   mean   range   of   the   bearing  was   studied    j .r  oniy a 
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few periods since it did not yi#»ld the significance that i.3 usually 
attributed to it -- the reason for this will be discussed later. A 
correlation coefficient between signal amplitude and bearing error 
was calculated for one period of sampling. The results did not ap- 
pear useful enough the justify the additional expense of calculating 
a correlation coefficient for each study. A censored bearing study 
was made for a few periods. The criterion for censoring was to select 
"strong and steady bearings". In executing the censoring, the observer 
was instructed to select bearings for those occasions where (1) the sig- 
nal was greater than one-half its peak value, and (2) the rate of change 
of bearing was zero. As in the case of the correlation study, there 
was a noticeable improvement in the bearing accuracy that one c»uld 
obtain but the improvement was not as significant as that due to aver- 
aging  over  all  bearings. 

5.1.4    Definition of Pertinent Symbols 

The  symbols   that  are  defined  below apply  to  the  plotted curves  of 
reduced  data. 

B^  is   the  mean value  of  thirty-five   consecutive  samples  of  indi- 
cated   bearing. 

Bp   is    the progressive   or   cumulative   mean   for   successive   large 
sample means   (N ~   35)   taken  from  the start  of  the period up 
to and including the point  in question.     This  is  the quantity 
that  is  of most  interest  in  this  investigation. 

Bc is the censored mean value of those samples in a consecutive 
set of thirty-five that corresponds to the "strong and 
steady"   bearing  criterion. 

o is     the standard  deviation of a  set  of  thirty-five  successive 
samples. 

R is    the mean range  of  thirty  five consecutive samples. 

R/o is the ratio of the mean range to the standard deviation. For 
samples of size 10 drawn from a normally distributed popula- 
tion  the mean  range   to-sigma  ratio should be  3.08. 

A   is    the amplitude  of  the  enve'ope  of  the   vertical   component  of 
the   received  signal. 
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5.1.5   Pertinent Statistical  Fomulas 

For each point of data  the mean was  calculated  from the  formula 

2n B- 
B,   •     »     -1 where  0  < i 1 35. x n 

The standard deviation was calculated frcm the formula 

>?(Bjf   jZil 
n(n-l) 

The correlation coefficient was calculated as 

Expectation of (|B| A) 

*  (Variance of |B|) (Variance of A) 

where the expectation of (|B| A) was calculated as 

2  |Bil Ai  - - 
~ A |Bi 

5.1  6    Reaoval  af Residuil  Systematic Error 

For each film a systematic error had to be estimated and from this 

the estimated great circle bearing line was entered on the curves of 

reduced data for the pertinent film The estimation consisted in cor- 

recting for (1) the reference zero sett ng of the computer, (2) observer 

error in the readout, and (3) a systematic error of approximately 40 

minutes due to site calibration. There was a strong temptation (which 

was resisted) to let the mean of the cumulative means determine the 

great circle bearing because this value appears to be very stable over 

the periods that were studied. Considerably more data would be needed 

to establish the correctness of such a practice, although the central- 

limit theorem of statistics implies the trends tliat were observed. 

The reduced data sre plotted in the section that follows. The 

cumulative mean is probably the most intereating of the several charac- 

teristic curves because this value tends toward the true (great circle 

bearing) mean except for lateral deviation effects. 

•33- 

I- 



5.2    Curves of Reduced Data 

The bearing recording studies were initiated on 28 July 1953. The 
first film was exposed for purposes of gaining experience in calibrating 
the film and finding the optimum recording speed, oscillograph beam 
intensities, and camera aperture. Data-wise the film was considered a 
"dry run". The bearings were subject to very little swinging and/or 
fading at this time, hence were uninteresting froui the viewpoint of ware- 
interference and/or polarization effects on the direction of arrival of 
radio wuves.     No  reduction was made of the data  recorded on film one. 

Fourteen additional bearing recordings were made and certain sta- 
tistics have been calculated and plotted as the curves of reduced data 
chat follow. The data reduction represents approximately 500 manhours 
of read-out,   calculation,   and plotting. 
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SUMMARY OF INFORMATION PERTINENT TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBER TWO, SHOWN IN FIG. 10 

Date.--30 July 1953 

Film roll number.--Two 

Approximate Time. --3:05 to 3. 25 p.m. CD.T. 

Number of bearings per sample,--9 

Number of bearings per point of data.--315 

Elapsed time per point of data.- 12.6 seconds 

Bearing deviation calibration of film.--2° = 3/50 inch 

Source of transmission.--Ohio State University, Columbus, Ohio 

Carrier frequency. -6420 keps 

Modulation.--Special pulsed waveform having 25 cps w<»ve repetition fre- 
quency 

Pertinent remarks from field notebook and log.-- 

(1) Evidence of ordinary and extraordinary ray propagation was ex- 
hibited during the course of the twenty-minute recording period. 

(2) Strong signals for the most part -- ellipsing of the bearing 
coincided with amplitude fading. 

Remarks pertinent to the data reduction.-- 

A. First study is for conditions prevailing at approximately 3:05 
p.m. 

B. Second study is for conditions prevailing at approximately 
3:20 p.m. 
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SUMMARY OF INFORMATION PERTINENT TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBFR THREE. SHOWN IN FIG. 11 

Date.-  31 July  1953 

Film roll  number.   -Three 

Approximate  time.   -Ten  -   twelve  a.m.   C.D.T. 

Number of bearings  per sample.--9 

Number of* bearings per point of data.--315 

Elapsed  time per point of data.--12.6 seconds 

Bearing deviation  calibration  of   fiIm  --2°   =   3/50 inch 

Source of transmission.--Ohio State University,   Columbus,   Ohio 

Carrier  frequency.-  6420 keps 

Modulation.--Special  pulsed  waveform  having  a   25   cps  waveform   repe- 
tition rate. 

Pertinent  remarks   from  field notebook «nd  log.-- 

(1) A ten-minute recording was mace of bearing conditions prevailing 
at the beginning of the period, 10:00 to 10:15 a.m. A second 
ten-minute recording was made of bearing conditions prevailing 
at  the end of  the period   11:45 to   11:55 a.m. 

(2) Ordinary and extraordinary ray propagations were in evidence at 
the beginning of the period with consequent ellipsing of the 
bearing and   fading of  the  signal. 

(3) Bearing deviation was   limited  to  approximately  1  one  degree  at 
end of period with  little  evidence  of multipath propagation. 

Remarks pertinent   to   the   reduced  data.-- 

A. S  3-minuLe   study   from  the  period   10:00  to   10:15 n.m. 

B. 6>. 7—minute  study   from  the  period   11:45  to   11:55  a.m. 
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SUMMARY OF INFORMATION PERTINENT TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBER FOUR. SHOWN IN FIG. 12 

Date.--3 August 1952 

Film roll nurber.--Four 

Approximate time.--3 to 4 p.m. CD.T. 

Number of bearings per sample.--y 

Number of bearings per point of data.--315 

Elapsed time per point of data.--12.6 seconds 

o 1— J :.4.;— —1:1 ^i „e   *•;»-.  _o" = 'i /en ;««k 

Source of transmissions,--Ohio State University, Columbus, Ohio 

Carrier frequency.--6420 keps. 

Modulation.--Special pulsed waveform having » 25  cps *tiv*fnY-m  repe- 
tition frequency. 

Pertinent remarks from the field notebook and log.-- 

(l)The first half of the film recorder! bearing conditions pre- 
vailing during the period of 3:00 to 3:15 p.m., and the second 
half of the film recorded the bearing conditions during the 
period 3:45 to 4:00 p.m. 

(2) The indicated bearing exhibited continuous fluctuation through- 
out period with occasional ellipsing of the bearing and with 
concurrent amplitude fading  Multipath propagation effects 
were in evidence at the end of the period. 

Remarks pertinent to the reduced data.-- 

A. Four minute study for bearing conditions prevailing at approxi- 
mately 305 p.m. 

B- Four minute study of bearing conditions prevailing at approxi- 
mately 3:50 p.m. 
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SUMMARY OF INFORMATION PFRTINENT TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBER FIVE. SHOWN IN riC  13 

IK*.* 

I 

Date.   -4 August  1953 

Film  roll  number.   -Five 

Approximate   time. •  Three  to   tour p.m.   C.D.T. 

Number of bearings  per  sample.--30 

Number of bearings  per point   of data       1050 

Elapsed   time  per point  of data.   -42  seconds 

Bearing deviation  calibration of  film  -2°  "•   3/50  inch 

Source  of transmission-  Ohio State university,   Columbus,   Ohio 

Carrier  frequency     -6420   kcps 

Modulation.--Special  pulsed  waveform   having   a   25  cps   waveform   repe- 
tition   frequency 

Pertinent   remarks   from  the   field  notebook  and   log     - 

Two distinct modes of propagation were in evidence at the be 
ginning of the period with approximately 1200 microseconds of 
delay between modes. After fifteen minutes the transmission 
exhibited only an occasional trace of multipath. At the end 
of the period the signal was weakening and the noise background 
level  was  increasing. 

Remarks pertinent  to  the  reduced data     • 

A.   First   study   for  6.3 minute  period   after   the   beginning  of   the re- 
cording 

B    Second  study   for  a   5  6  minute  period  beginning at  approximately 
3:15 p m    C.D.T. 

C.   Third   study   for   a   7   0   minute   period   just   prior   to   the   end   of 
the   recording 
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SUMMARY OF INFORMATION PERTINENT TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBER SiX. SHOWN IN FIG. 14 

m 

- 

L>»te. -6 August 1953 

Film roll number. —Six 

Approximate time.--10:00  11:00 a.m. CD.T. 

Number of bearings per sample.  10 

Bearings per point of data.  350 

Elapsed time per point of data.  14 seconds 

Rearing deviation calibration of film. -2°  3/50 inch 

Source of transmission.  Ohio State University Columbus. Ohio 

Carrier frequency.  6420 kcps 

Modulation.  Special pulsed waveform having 25 cps wave repetition 
frequency 

Pertinent remarks from the field notebook and iOg.- 

(1) Two mode multipath propagation was in evidence with swinging 
and ellipsing of the bearing and fading of the signal amplitude. 
Approximately five hundred micro second delay was observed 
between the modes 

(2) Three distinct modes occurred later with +10 degrees or more 
of bearing fluctuation 

(3) At end of transmission the later modes were still in evidence 
but with reduced intensity 

Pemarks pertinent to the data reduction. 

A. First sample commencing at approximately 10:00 am. 

B- Second sample commencing ac approximately 10 10 a.m. 

C. Third sample commencing at approximately 10 30 am 

D. Fourth sample commencing at approximately 11.40 a.m. with Triple 
mode multipath effects in evidence 

E. Fifth sample commencing at approximately 10 50 a.m 

F Sixth sample commencing at approximately 11 00 urn. 
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SUMMARY OF INFORMATION PERTINENT TO THE 
DATA REDUCTION OF BEARING RECORDING 

NUMBER SEVEN. SHOWN IN F!G. 15 

Date.- 6 August 1953 

Film roll number.--Seven 

Approximate time  -3 00  4:00p.m. C.D.T. 

Number of bearings per sample   11 

Number of bearings per point ol  data  -385 

Elapsed time per point of data --15.4 seconds 

Bearing deviation calibration of film --2"  4/50 inch 

Source of Transmission  Ohio State University, Columbus, Ohio 

Carrier frequency - - 642(J cps 

Modulation  -Special pulsed waveform having 25 cps wave repetition 
frequency 

Pertinent remarks from field notebook and log 

(1) At start of period the bearing fluctuation was very slow 
with a pronounced lateral deviation to th*> south and with 
single mode propagation in evidence 

(2) There was a general increase in noise and in bearing fluc- 
tuation, swinging, and ellipsmg as the hour passed. 

(3) At the end of transmission there was evidence of ordinary 
and extraordinary ray propagation with large bearing swings. 

(4) This should be an interesting case to analyze 

Remarks pertinent to the data reduction 

A. First study commencing at approximately 3 00 p.m. exhibited 
little swinging but pronounced lateral deviation to the 
south 

B Second study commencing at approximately 3:10 p.m. exhibited 
little swinging an no evidence of lateral deviation 

C. Third study commencing at approximately 3:20 p.m. exhibited 
single u.ode transmission with noise level coming up and bearing 
fluctuation increasing. 

D Fourth study commencing at approximately 3:35 p m exhibited 
ellipsing of the bearing with greater fluctuation of the bearing. 

E. Fifth stuciy commencing at. approximately 345 p.m showed evidence 
of multipath error, probably due to ordinary and extraordinary rav 
interference 
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SUMMARY OF INFORMATION PERTINENT TO THE 
DATA REDUCTION OF BEARING RECORDING 

NUMBER EIGHT, SHOWN IN FIG. 16 

Date.- 7 August 195? 

Film roll number - eight 

Approximate time   10:00  11 00 a.m. C. DT. 

Number of bearings per sample   11 

Number of bearings per point of data  385 

Elapsed time per point of data   15 4 seconds 

Beaiiug deviation calibration of the film  2'   3/50 inch 

Source of transmission  Ohio State University  Columbus  Ohio 

Carrier frequency  6420 kcps 

Modulation  Special pulse waveform having 25 cps waveform repetition 
frequency 

Pertinent remarks from the field notebook and log 

(1) At beginning of period multipath transmissions via two 
distinct modes separated approximately 500 microseconds 
in time were in evidence  the second mode had approximately 
one half the amplitude of the first mode   Occasional ex 
traordinary and ordinary ray propagations were in evidence 

(2) By 10 20 a m only occasional traces of second mode were 
noticed snd hearing fluctuation had decreased 

Remarks pertinent to the data reduction 

A  First study commencing at approximately 10 05 am during 
time of multipath transmission 

B. Second study commencing at approximately 10 25 a.m. during 
time of predominant single mode transmission 
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SUMMARY OF INFORMATION PERTINENT TO 
T:J

F. 
DATA REDUCTION OF BEARING RECORDING 

NUMBER NINE, SHOWN IN FIG. 17 

Date.--7 August 1953 

Film roll number. •-Nine 

Approximate time  -3  4 p.m. C.D.T, 

Number of bearings per sample.  10 

Number of bearings per point of data.  350 

Elapsed time per point of data.  14 seconds 

Bearing deviation calibration film.  2"  3/50 inch 

Source of transmission  Ohio State University  Columbus. Ohio 

Carrier frequency   6420 keps 

Modulation. -Special pulse waveform having 25 cps waveform repetition 
frequency 

Pertinent remarks from field notebook and log - 

X.   First study commencing at 3:00 p m  showed evidence of 
lateral deviation to South with slow bearing fluctuation 
but no visible evidence of muitipath transmission. 

B. Second study commencing at approximately 3 15 p.m. showed 
no evidence of lateral deviation. 

C. Third study commencing at approximately 3:30 p.m. showed 
little change from previous condition 

D. Fourth study shows the effect of increasing noise level 
on the fluctatnon of the bearing. 
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SUMMARY OF INFORMATION PERTINENT TO THE 
DATA REDUCTION OF BEARING RECORDING 

NUMBER TEN, SHOWN IN FLG. 18 

Date.--27 October 1953 

Film roll number.  Ten 

Approximate time.  2 • 3 p.m. CS.T. 

Number of bearings per sample. -10 

Number of bearings per point of data.  350 

Elapsed time per point of data  14 

Bearing deviation calibration of film - ?°  3/50 inch 

Source of transmission.  Ohio State University. Columbus, Ohio 

Carrier frequency  6420 kens 

Modulation.  Special pulse waveform having 25 cps waveform repetition 
frequency 

Pertinent remarks from the field notebook and log 

(1) The mode selective feature of recorder was made use of in 
this study since two and three mode propagations were 
in evidence throughout the complete period of study.  The 
delay between successive modes was approximately 500 
microseconds 

Remarks pertinent to the data reduction 

A. Single mode conditions prevailing at approximately 2:00 p.m. 

B Single mode conditions prevailing at approximately 2:06 p.m. 

C. Conditions prevailing at approximately 2:09 p.m. due to 
interference between first two modes 

D. Conditions prevailing at approximately 2:17 p.m due to 
interference between first two modes. 

E. Conditions prevailing at approximately 2:20 p.m due to 
single mode 

F. Conditions prevailing at approximately 2 33 p.m. due to 
wave interference between two modes. 

G. Conditions prevailing at approximately 2,37 p.m. due to 
single mode, lateral deviation to north in evidence. 

H. Conditions prevailing at approximately 2:40 p.m due to 
wave interference between first two modes. 

I. Conditions prevailing at approximately 2:42 p.m. due to 
wave interference between first two modes. 

J. Conditions prevailing at approximately 2:43 p.m due to 
wave interference between first three modes. 
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SUMMARY OF INFORMATION PERTINENT TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBER ELEVEN. SHOWN IN FIG. T9 

Date.--28 October 1953 

Film roll number.--Eleven 

Approximate time --2 - 3 p.m. C.S.T. 

Nurab*»r of bearings per sample. -10 

Number of bearings per point of data.--350 

Elapsed time per point of data.--14 seconds 

D_~ —;_ _    J__C _•.- 1-1 *.! - r     <•-•! no    _     I   /rti-    __.l_ 
LKailllg    uciianuil     l.dllUiaill'11    UX     llllll. C 1/^.J     KICII 

Source of transmission.- WWV\ Beltsville. Maryland 

Carrier frequency.- 5000 kcps 

Modulation.--400 cps tone periodically replaced by voice modulation. 

Pertinent to the data reduction  - 

A. Bearing condition prevailing at approximately 2:00 p.m. 

B. Bearing condition prevailing at approximately 2:10 p.m. 

C Bearing condition prevailing at approximately 2:20 p.n. 

D Bearing condition prevailing at approximately 2:25 p.m. 

h.. Sssnrsg condition pvcvailinc at apprcxiiuatcxy 2:3U p.iu. 
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SUMMARY OF INFORMATION PEPTINtNl TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBER TWELVE. SHOWN IN FIG. 20 

Date.--29 October 1953 

Film roll number.--Twelve 

Approximate time.--2 - 3 p.m. C.S.T. 

Number of Bearings per sample. -10 

Number of Bearings per point of d8ta.--350 

Elapsed time per point of data. -14 

Bearing deviation calibration of film.--2° -  3/50 inch 

Source of transmission.  Ohio State University, Columbus, Ohio 

Carrier frequency. • ••6420 kcps 

Modulation --Special pulse waveform having 25 cps waveform repetition 
frequency 

Pertinent remarks from the field notebook and log.-- 

The mode selective feature of recorder was made use of in 
this study since two and three mode propagations were in 
evidence throughout the complete period of study.  The 
delay between successive iiiodes was approximately 500 
microseconds. 

Remarks pertinent to the data reduction.-- 

A. Conditions   prevai liner   Ah   annrnYim«t»iv   2:00   p.!5.    due    tC 
interference between first and second modes. 

B. Conditions prevailing at approximately 2:04 p.m. due to 
first mode alone. 

C. Conditions prevailing at approximately 2:12 p.m. due to 
interference between first and second modes. 

D. Conditions prevailing at approximately 2:18 p.m. due to 
first mode alone. 

E. Conditions prevailing at approximately 2:26p.m. due to 
interference between first and second modes.  Lateral 
deviation to south in evidence. 

F. Conditions prevailing at approximately 2:34 p.m. due to 
first mode alone.  Increased noise level resulted in more 
rapid fluctuation of the bearing and greater deviation. 

G. Conditions prevailing at approximately 2:37 p.m. due to 
interference between first and second modes.  Increased 
noise level resulted in more rapid fluctuation of the 
bearing and greater deviation. 
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SUMMARY OF INFORMATION PERTINENT TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBER THIRTEEN. SHOWN IN FIG. 21 

Date.--12 February 1954 

Film roll number.--Thirteen 

Approximate time.--10:48 - 11:25 a.m. C.S.T. 

Number of bearings per sample.--8 

Number of hearings per point of data.--280 

Elapsed time per point of data.--11.2 seconds 

Bearing deviation calibration of film.--2° = 1/25 inch 

Source of transmission.--WWV, Beltsville, Maryland 

Carrier frequency.--5000 kcps 

Modulation.--400 cps tone periodically displaced by voice modulation 

Pertinent to the data reduction.-- 

A.  Four and one-half minute sample of bearing condition 
prevailing at approximately i'J:50 a.m. 
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SUMMARY OF INFORMATION PERTINENT TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBER FOURTEEN. SHOWN IN FIG. 22 

Date.--12 February 1954 

Film roll number.--Fourteen 

Approximate time.--3:45 to 4:30 p.m. C.S.T. 

Number of bearings per sample.--9 

Number cf bearings per point of data.--315 

Elapsed time per point of data. -12.6 neconds 

Bearing deviation calibration of film.--2° • 1/25 inch 

Source ci transmission.--WWV, Beitsviiie, Maryland 

Carrier frequency.--5000 kcps 

Modulation.--400 cps tone periodically displaced by voice modulation 

Pertinent to the data reduction.-- 

A. Five minute sample of bearing conditions prevailing at 
approximately 3:50 p.m. 

B. Five minute sample of bearing conditions prevailing at 
4:15 p.m. 

C. Five minute sample of bearing conditions prevailing at 
approximately 4:20 p.m. 

D. Five minute sample of bearing conditions prevailing at 
approximately 4:25 p.m. 

r 

-59 

. ••  '»«*> *»»,•*• • 



^> 

o 

V 
7 

(V 

UJ 

<r 
Z> 
O 

a 
lxl 
CO 

to 
z 
a 
or 

ct 

a 
z 

ui 
m 

cc 

csj 
CO 

a- 

£ 
S89j6ea   u; x> 

60- 



I 
. 

SUMMARY OF INFORMATION PERTINENT TO 
THE DATA REDUCTION OF BEARING RECORDING 

NUMBER FIFTEEN. SHOWN IN FIG. 23 

•;:•"• 

W 

i 

Date.--12 February 1954 

Film roll number.--Fifteen 

Approximate time.--8:05 to 8:40 p.m. C.S.T. 

Number of bearings per sample.--9 

Number of bearings per point of data. -315 

Elapsed fime per point of data.-12.6 seconds 

Bearing deviation calibration of film.-~2° = 1/25 inch 

Source of transmission.- WWV, Beitsville, Maryland 

Carrier frequency. -5000 kcps 

Modulation.  400 cps tone periodically displaced by voice modulation 

Pertinent to the data reduction. - 

A. Five minute samples of bearing conditions prevailing at 
approximately 3:10 p.m. 

B. Five minute sample of bearing conditions prevailing at 
8:30 p.m. 

• 
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ANALYSIS  OF RESULTS 

6  1    Discussion 

In the summary evaluation of a large amount of data that is subject 
to statistical analysis, one selects those statistics which appear 
to be most useful to the purpose at hand. The data that are shown 
in Section 5 were subject to several statistical analyses. Those 
statistics that showed most promise of yielding pertinent information 
were studied in considerably greater detail than those that indicated 
little significance. The discussion will be brief and general; where 
it is necessary to refer to a particular period of a particular study 
the bearing recording number and associated upper case letter will be 
given in that order. As an example, 9 B refers to the second sampling 
period  in  bearing  recording number  nine 

6 1 Mian and Standard Dev:at:o* 

L 

Inspection of the indicated bearing mean, Bj , and the standard 
deviation cf the indicated bearings, o, for any and aK bearing re- 
cordings and periods studied reveals that the behavior :i3 cypical of 
small base radio direction finders. The indicated bearing is in a 
state of constant fluctuation, and the amount of fluctuation is measured 
by the standard deviation In general the indicated bearing fluctuates 
about the great circle bearing with a standard deviation that changes 
from period to period and from day to day. Bearing recording 7 is s 
particularly interesting example of the behavior of the indicated mean 
bearing under conditions of changing standard deviation. It happened 
that during the time of the recording there was a gradual increase in 
the noise level and other wave interference effects over the course of 
the observation period. The steady increase in the standard deviation 
of the indicated bearing from approximately one-half degree at the out- 
set to approximately 3 degrees at the end of the recording is immedi- 
ately evident as is the corresponding fluctuation of the indicated 
bearing mean itself An even more interesting a.spect of this parti- 
cular study (neglecting a pronounced lateral deviation effect at the 
beginning) is the stability of the progressive or cumulative mean of the 
indicated bearing mean. In each of the five cases it is observed that 
this value tends rather steadily to a value that is very close to the 
estimated  great   circle  bearing. 

!-. 
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The stability of the cumulative mean ia demonstrated in practically 

every case that was studied- The few exceptions can be attributed to 

lateral deviation effects for the most part. What is being exhibited 

here is an experimental verification of the implications of the cen- 

tral limit theorem of statistics. Tins is considered to be one of the 

important observations that can be drawn from the experimental data. 

6 1,2 The Mean Range 

The ...can range has been used to estimate the standard devia- 

tion, In fact W. Ross suggests its use in connection with the sta 

tistical treatment of bearings. For samples of size 9 to 10 as used 

here, the ratio of the mean range to the standard deviation should 

be approximately 3 or slightly larger. However, very few o£ the cases 

studied exhibit this ratio the mean value is more nearly unity. Per- 

tinent studies are shown by 2 B 3 A 3 B 4 A 4 B and 10-A through 

10-J. In looking for the reason for the great discrepancy it was found 

that consecutive samples taken over a period of 0.4 second each would 

not permit the range to exhibit its true extent Hence the evaluation 

of range to sigma ratio was discontinued after a few studies 

6 13 Correlation Studies 

To learn the extent of the improvement in accuracy of the de 

termination of the direction of arrival of radio waves that one can 

expect from using a single criterion lor the selection of 'good" bear 

ings  a correlation study was made between signal amplitude and in 

dicated mean bearing  The only recorded s*-udy was that of 2 B.  In 

spection of the results shows that the mean correlation coefficient 

is approximately  0.2   If the bearing error were due solely to simple 

wave interference phenomena  this coefficient should approach -1.0 

as a limit   Evidently there are other, causes that are acting. Schemes 

that propose to improve the accuracy of a radio direction finder by 

censoring bearings according to the large amplitude signal criterion 

should show some improvement  but the expense of the additional equip 

ment is probably not justified if the coefficient of correlation is 

generally as low as was the case here 

A set of criteria that may be used is that of selecting only those 

bearings that are strong and steady This implies that the amplitude 

of the signal be large and that the rate of change of bearing deviation 

29.      F.   E.   Grubbs   and  C.   L.   Weavjr.     The   Best  Unbiased Estimate   of  Population   Standard 
Deviation  Based  on  Group  Ransss."     Journal American Statistical  Association     Vc I     47 
1947.   pp.   224-241 

64 



' 

be zfTd. These criteria were applied in several instances - see Bc 

in 4 A. 5 A, 5 B, 5 C 8-A, 8 8, and 13 A. In ail of these instances 
it was noticed that the censored mean fluctuated in a manner not too 
different from that of the indicated mean although the extent of the 
fluctuation was reduced. One loses the continuity of the indicated 
bearing mean by such devices and this may be psychologically undesirable 
in many instances. If one takes a cumulative average of the censored 
.Dean value, he obtains an estimate that is reasonably close to the true 
value as can be inferred from the above instances. This fact is also 
illustrated by the encircled points in 6-A to 6- F. 7-A to 7 -F, and 11-A 
to 11-F. This procedure is probably most representative of what is done 
in present day direction finding. However, it appears from these ex 
perimental results chat the bearing that one obtains in this manner 
is not as good as could be obtained by complete averaging of all of the 
indicated   bearinirs 

£k 

•zr.i " 

m 

6.1.4 Mode Selection 

Bearing   recordings   numbered   10  and   12   were   carried   out   under 
conditions   resembling  ray  selection   techniques.      Tue   latter   recording 
is  more   representative   of  what   may   be expected  to  happen       Cases  12 B, 
and   12   D  are   for   single   mode   propagation        In   each   case   the   indi 
cated  mean  bearing   fluctuation   is   net  extensive   and   is   centered  on 
the   great   circle   bearing.      Case   12   F  is   an   example   of  single   mode 
bearing behavior when  atmospheric  noise   is   an  additional   error  caueing 
agent.     Cases   12 A,   12 C,   12 E    and  12 G are examples  of  two mode prop 
agation  and  hence   show  the  effects   of wave   interference  on  the  mean  and 
standard   deviation  of   the   indicated  bearing       Attention   is   again   in 
vited   to   the   stability  of   the   cumulative  mean       Except   for   the   case   of 
lateral   deviation   in   12  E,   the   time   trend   of  this   later  mean  is   toward 
the  great  circle   bearing 

6.1.5 Effect of Distance 

Bearing   recordings   numbered   11.    13,    14,    and   15   are   based   upon 
transmissions   from  WWV Beitsville     Maryland.     All   other   recordings 
are based  upon  transmissions   from Columbus,   Ohio       The   former  station 
is  approximately   1100   kilometers   distant   while   the   latter   is   approx 
imately   450   kilometers        Tr.c   more   distant   transmissions   appear   to 
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have greater stability of the cumulative mean and thi3 observation 
is not an unusual one because, as was shown in Section 2.2, lateral 
deviation effects decrease with increasing distance. However, the 
number of cases studied for the longer distance transmission path is 
probably not great enough to warrant making any conclusive statements 
in this  respect. 

•K!   • 

6.1.6    Effect of Propagation Conditions 

The bearing recordings numbered one to nine inclusive were obtained 
at times of the day and year for which the occurrence of E and F iono- 
spheric-layer reflections were most probable. This »as dene in order 
to maximize the chances for the occurrence of wave interference effects 
in the direction of arrival measurements The Central Radio Prop- 
agation Laboratory predictions were used for establishing the times 
of most probable occurrence The laboratory also records quality 
figures for radio propagation and geomagnetic activity It is in- 
structive to add that the majority of the bearing recordings were 
obtained at times when the radio propagation conditions were described 
as   "fair  to good   " This  bore cut what was qualitatively observed on 
the  cathode   ray  direction   finder,   i.e.      the   results   that  were  obtained 
were  representative of what had been observed to happen on the  average. 

The bearing recordings numbered  ten  to   fifteen inclusive »ere  ob 
tained  at   times  of  the  year when  the   occurrence  of F layer  reflections 
alone  were  most   probable       However     in   terms   of   the   cumulative  mean 
bearing there  is no significant difference   from the earlier studies 

\m 
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te-V 
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6 2    Inference 

Because the cumulative mean of the indicated bearing mean ex 

hibited a stability about the great circle bearing that #as not approach 

ed by any other stati«!..ic considered here it was selected as the best 

characteristic number that can be used in determining the direction 

of arrival of radio waves by means of a small base direction finder 

system An interval of time is necessary in which the cumulative mean 

may be evaluated To obtain a specific answer to the question. "How 

long does it take to get a good bearing?" histograms of the cumulative 

mean of the indicated bearing mean for ail studies were plotted for 

30.     U.   S.   Department  of Commerce,   National   Bureau  of  Standards,   Badlo Propagation Quality 
Figures  for  July,   August  and October,   1953 
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intervals of 0.4 second, approximately 14 seconds, one minute, two 
minute3, three minutes, and four minutes. The histograms are shown 
in Figs. 24 and 25. The steady reduction in dispersion with time is 
again in evidence. To summarize all of this information into one 
compact set of curves, the cumulative frequency distributions have been 
drawn on probability paper and the smoothed results are shown in Figs. 26-30. 
The implication as to a proper method for getting a "good bearing" 
is now complete. One must first qualify what he considers to be a 
"good bearing" In terms of a standard deviation, the time required 
to obtain a cumulative mean bearing having the desired standard de- 
viation may then be determined  from curves such as  Figs.   26-30. 

If the standard deviation versus time is plotted on log-log paper, 
the slope of the smoothed curve is approximately minus one-half. Hence 
i t may be inferred that the standard deviation is inversely proportional 
to the square-root of the time - a fact that is stated by the central 
limit   theorem of statistics      (See Fig.   31) 

67 



* 

IOT 

8 • 

6 - 

4- 

# -3 
n 

four-tenth*  second ovarogft 

^      H        5       r 
Bearing   Deviation  in   Degrees 

I 3. 

—r- 
•4 

irv. 

8- 

£      64 
3 

2 • 

a 
T 

-3 

u 
^ 

—1— 

r 

fourteen   second   average 

n- 
-i 

Bearing    Deviation  in   Degrees 

n 
4 

i 
i 

icT 

8 

* 
I      6+ 

4 

24 

-4 
—r- 

-3 
T" 
•2 

n 

"i 

one   minute   average 

i_n 
-! 

Q -1— 

4 

FIGURE 24 HISTOGRAMS OF CUMULATIVE MEAN BEARINGS. 

68 

rw-JB 



-3 

8 + 

w 6 
<D n 

§4 

2.- 

10 

8 

(B  6 • 

E 
|4 

ri_ Two   Minute    Average 

2 

—1 1— —t— 

• 

H  i _i 1 

1        i 

-r-J . •  
-2 - I I 2 , 

Bearing      Deviation     in     Degrees 

n 
2 

u 

_n 

0 

Three    Minute     Average 

I 

soring      Deviation    in      Degrees 

; 

12 

10 

8- 
hm 

i* 
3 
z 

4 

2 

n 

Four     Minute     Average 

0 -I 0 I 
Bearing       Deviation     in     Degrees 

FlGURt 25 HISTOGRAMS OF CUMULATIVE MEAN SCARING FOR SELECTED 
AVERAGING PERIODS. 

-69- 



' 

E  ! 

-/- 

/ 
/     c 

/ 

/ 

Y± tf 

A o 

4° 
/ o 

/ o 

o 

^i 
4S 

r 

-A t 
i 
 JL.I 

>        \-0"»l.< 

/ 

/ 

/o 

/o 
3 

,99.i 

7" 99 

90 

80 

0 

60 

SO 

40 

30 

20 

10 

O w 

CO 

< 
C 
O 

(A 
10 

o 

o 
VJ" 

UJ 

Jf 

c 
*w 
O « 

CO 

a. 

0.1 

-3-2-1 0 ! 2 3 

Cumulative   Mean - Degrees 

FIGURE 26 CUMULATIVE PROBABILITY DISTRIBUTION Cr ThE CUMULATIVE NfcAN 
BEARING FOR A FOURTEEN SECOND SAMPLING PERIOD 

-70- 

0,0'. 



" 

1 

— ** 
JS-J- 

7f 
L 

/ 

/> 

•-/• 

7 
/ 

f 
£ 

o 
o/ 
/ 

J 

J 
7 
X 

\ 
cr«i.o° 

/ 

/ 

-4 -3 -2 -I 

Cumulative  Mean - Degrees 

99.9 

SS.SS 

99 

90 

80 

70 

«/> 
o v> 
< 
c o 

M 

SO  - 

SO 

40 

30 

Ui 

w 

c 
» 
00 

50  _ 

JO 

c « 
O 

£ 

0.; 

FIGURE 27 CUMULATIVE PROBABILITY DISTRIBUTION OF THE CUMULATIVE MEAN 
BEARING FOR A ONE MINUTE SAMPLING PERIOD 

-71- 



  1 —•——— 99.se 

/ 

/ 

99.9 

o 

o 

/ 
o/ 

/ 

/ 

  —   — 
o 

fr 

V»0.7Q 
80 

.0* 
JO 

en -' 5' 
/ 

60 

50 

 f- 40    • 

8 •  c 

i 
/8 

SO 

• 

zo 

( 

o 

o 
) 

0 

/ 

f 
!0 

o 

  

1 
I 

4 3 I i D • 2 J                    i >0J 

Cumulative Mean - Degrees 

FIGURE 28 CUMULATIVE PROBABILITY DISTRIBUTION OF THE CUMULATIVE MEAN 
BEARING FOR A TWO MINUTE SAMPLING PERIOD 

ft 
-72- 



••• 

 o  — •'-'•' 

      

/ 

/ 

/ 

/. 

1 
1 

i 
o 

o 

  — . 

o 

O/X 
—  

/      \ 

f 
i 
1 

J o f 

o*/ 

o 
» / 

i 
0 1 

o 1 

1 

o 1 
' 

- 3 - 2 - I 0 

Cumulative   Mean —   Degrees 

99.39 

99-9 

3* 

o 
CO 
<a 
'3 
M 
J> 
< 
C 

<iO O 
x: 
»- 
VJ 
in 

»u w 
_l 

70 O 

60 o 
•3 
CT 

50 Ul 

40 
O 
c 

30 o 
CO 
CD 

20 

10 c 
o 

a. 

o.i 

FIGURE 29 CUMULATIVE PROBABILITY DISTRIBUTION OF THE CUMULATIVE MEAN 
BEARING FOR A THREE MINUTE SAMPLING PERIOD 

-73- 

••"' "" "' 



K 

1 —«  

! 

99.99 

S9.9 

• 

/ 

99 

/ 
o 

/ o 

«/ 

---      — — — 
80 

70 

60 

50 

- 
<7*0.«* 

«? 

3 
t 
s 
» 

C 
o 

4U 

30 

20 o 

°/ 
o' 

w / 
IU 

o 
/ 

1 
3 / 

/ 

J  

/ 

1 i 

1 

0.! 

o 
ID 

"o 
«/> 

< 

9 

o 
« 

o 

-4 -a -2-10 1 

CumuloiivA  Mean - Degrees 

FIGURE 30  CUMULATIVE PROBABILITY DISTRIBUTION OF THE CUMULATIVE MEAN 
BEARING FOR A FOUR MINUTE SAMPLING PERIOD 

-74- 



10 

w 

O 
Q 

c 
o 
0) 
2, 

> 

P 

o 

> 
o 

c 
o 

J 

9 
e 

* 

£ 

g 

4 

. 

  

z v— 

o 

j=r Criterion 

—  

n 
9 

8 

7 

e 

^^^^ 

5 

4 

 «>»^—— 

3 

2 

— 

.1 
15        : * \           < \ 3 b    .' ~« 5  .« > 0 s >             ' 

1 
5             * 

i 
(         5 

Averaging   Time — Minutes 

FIGURE 31  PERTINENT TO T"17 COMPARISON OF THE STANDARD DEVIATION OF 
THE CUMULATIVE MEAN VERSUS AVERAGING TIME AND A LINE 
EXHIBITING CENTRAL LiMiT THEOREM BEHAVIOR 

75- 



M&au 

7.  COMPARISONS AND IMPLICATIONS 

It is interesting to compare the standard deviation figures ob- 

tained in this investigation with pertinent results of other inves- 

tigators. 

Wilhelm Cron<»f a German scientist, investigated the limiting 

accuracy of direction of arrival measurements over a North-South path 

having a length of 1300 kilometers.31 He states an accuracy figure of 

±0.8° for 70% of all bearings obtained at 6 mc/s. This figure can be 

considered a conservative estimate of the standard deviation if nor- 

malitv i^ assumed. 

W. Ross, an English scientist, investigated the limiting accuracy 

of direction of arrival measurements over a 920 kilometer path.32 Where- 

as Crone had used a two wavelength separation between the elements of 

his collector, (the KOMET), Ross used a spaced-loop system having a 

loop spacing of 3 meters. The pertinent results of Ross compare very 

favorably with those of Crone. Ross concludes that both systems were 

measuring the deviations ir. the direction of arrival of radio wave?. 

The source of these deviations is the agency that limits the short-time 

accuracy of any radio direction finder, whether it has a smell or large 

tpcrtui t. 

Gleason and Trexler, American scientists at the Naval Hesearch 

Laboratory, made some measurements of the limiting accuracy of the 

direction of arrival of radio waves.33 A standard deviation of 0.7 is 

quoted for the bearing error based upon all observations. The path 

length was 1200 nautical miles and the frequency was 6.42 mc/s. The 

equipment had an aperture of 1100 feet. 

One implication that may be drawn from the above accuracy state- 

ments is the fact that short-time bearings of - ^dium distance, iono- 

sphere-reflected transmissions in the 5-10 .nc/s range exhibit a stand- 

ard deviation of approximately 3/4 of a degree. 

The results of the present investigation indicate that a two-to- 

three minute cumulative average of all Adcock bearings obtained at a 25 

bearing per second rate will exhibit comparable results. 

31. Wilhela Crone, Possibilities and Limitation* of Direction Finding with Sky Wavet. Paper 
No. 4 of Department of Scientific and Industrie! Research, Special Report No. 21. en- 
titled "Radio Direction-Finding and Navigational Aids',   (London:  HNSO 1951),   r>    54. 

32. W. Ross, Lateral Deviation of Radio Haves Reflected at the lonospher :. Special Report 
No.   19 of the Department of Scientific snd Industrial Research  (London    tSSSC 1949),p.   23. 

33. R. F. Giftason and .). H. Trexlfir, Ionospheric Limitations ir. the ultimate Accuracy of 
Direction Finding. NRL Memorandum Report No. 61, Naval Research Laboratory, Washington. 
D.   C.,   1952.    p.   10.     (CONFIDENTIAL) 
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Th e four minute cumulative average fig"re of 0.4° appears to be 
"too good". There are at least fwo reasons for this. It is reasonable 
to expect that there will he seme averaging of the long-time lateral 
deviation effects end this wcisld contribute to a reduction of the 
standard deviation of the bearing with time. It is also logically 
possible that the data are not completely representative of all of the 
situations that may arise. (The study is continuing in order that the 
significance  of  the   latter  possibility may  be  assessed.) 

Since time-averaging of the indicated bearings is so important, it 
is necessary to specify this along with accuracy figures of any direc- 
tion finder - particularly if meaningful comparisons are to be made. 
From time to time, so called figures of merit have been proposed for 
radio direction finder systems. Recently the standard deviation (or its 
reciprocal) has come into common usage. It is suggested that a factor 

involving the standard deviation and the time of averaging would be a 
better figure-of-mev-it (perhaps the reciprocal of the product of the 
standard  deviation   and  the  averting  time). 

in connection with long-time averaging of the bearings, statistical 
tables I and II have been prepared to show the minimum number of inde- 
pendent bearings required to obtain a prescribed degree of confidence in 
the bearing. The first table is the more pessimistic because, as is well 
known, the Tschebyscheff Inequality xs applicable to any random variable 
that has finite population parameters. Either tabia indicates that 
considerably more data should be taken than is presently the case if 
more accurate results are desired. In the past, the emphasis has 
always been directed toward getting instantaneous bearings. However, 
the results of this investigation indicate that a sir.aj 1 base system 
can best do its job when a sufficient averaging or integrating time 
is permitted. Evidently we have been trying to use a "long time con- 
stant1' device   to  do   the  job  of  a   'shcrt   time   constant" device. 

Ths   German   Wullenweber  is   an   example   of   a  wide   base   sector   type 
directicn   finder   that   was   conceived   and   built   during  World  War   II. 
An  experimental   investigation  of  the  system at Skisby,   North Jutland, 
Denmark  by British  scientists  of    he  ASRE yielded statistical   accuracy 

figures   that  were not  better  than   those   for  an Adcock  group  of 3 or  4 
direction   finders.34     The  standard  deviation  was   found  to  be   a   function 
34. A. H. Mugridge and P. G. Redgnent, She wullenweber, Tne iheoiy, Design and Experimental 

investigation of the Ex-Germ", fids Aperture H. F. D. F. Wullenweber at Skisby, North 
Jutland, Denmark. A.S.R.E. Monograph 806, A.S.R.E. I.vthe Hili House, Haaienerc, Surrey. 
Septeaber,   1949.     pp.   50-53.     (RESTOICIED) 

Ssw 1'%** 



! 

TABLE I 

MINIMUM NUMBER OF SAMPLE BEAHINGS REQUIRED TO OBTAIN TKE STATED 

PROBABILITY OF A SAMPLE MEAN WITHIN ONE DEGREE OF THE TRUE MEAN FOR 

SEVERAL POPULATION VARIANCES  TSC!!ESy3CKEFF INEQUAI.ITi' ASSUMED*** 

Bearing 

Population 

Probabi lity 

Vtrisncc 0.50 0.90 0.95 0,99 

(1°)2 2 10 20 100 

(2°)8 8 40 80 400 

(3°)2 18 90 180 900 

(4°)2 32 160 320 1600 

(5°)2 50 250 500 2500 
• 

* Multiply tabular values by 4/9 to obtain the ainiaam number of 
bearings required if the conditions of the Camp-Meidel1 Inequality 
are known to apply, 

• Multiply tabular values by four to find minimum number of 
samples required to obtain the probability of a sample mean within 
1/2° of the true mean. 

+ To the nearest integer. 
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TABLE II 

MINIMUM NUMBER OF SAMPLE BEARINGS REQUIRED TO OBTAIN THE STATED 

PROBABILITY OF A SAMPLE MEAN WITHIN ONE DEGREE OF THE TRUE MEAN 

FOR SEVERAL BEARING POPULATION VARIANCES - NORMAL LAW ASSUMED.•• 

Bearing Probability 

Population 

Variance 0.50 0.90 0.95 0.99 

(1°)" 1 •» 4 7 

(20)2 2 11 16 27 

(30)8 4 24 35 60 

(4°)2 ? 43 52 1VO 

(50)2 11 68 96 166 

• To nearest integer. 

• Multiply tabular values by 4 to find minimum number of 
sample bearings required to obtain the probability of a sample 
mean wicli 1/2° of the true mean. 
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of frequency; three degrees is the approximate value based on a se- 
quence of siiup bearings obtained at 30 second intervals. The system 

exhibited a ten-fold increase in sensitivity over the Adcock system, was 
almost completely free of polarization error, and possessed very good 
bearing stability. The bearing stability suggests that if a small 
amount of time averaging had been made, a very significant reduction in 
the .standard deviation ould have been observed. Because the active 
element*: of the array comprised a base line of approximately 70 meters, 
it is very likely that space averaging of the wave interference errors . 
was not as complete as in the case of KOMET installation., However, 
Trexler relates a claim made le German scientists  to the effect that 
high frequency transmitters operating in the United States were located 
to within ±15 miles of their true position.35 Trexler estimated the 
bearing accuracy to be within ±15 minutes, 

A different viewpoint on the value of time averaging is presented 
by Peat in a comparison of the performance of a bearing recorder with 
that of a human observer.3" The averaging time was restricted to one 
minute. Data were taken at ten minute intervals. Peat found that the 
recorder was only slightly better than a human operator. It would be 
of intere~t to know whether or not a longer averaging time, say 3 or 4 
minutes,   would make  a marked difference  in  relative performance. 

35. Trexler,  J.K.,   Circularly Disposed Antenna Arrays, NRL Report No.   R-3213,   p.   19,   (Wash- 
ington;  N«rel Research Laboratory,   1949/   (CONFIDENTIAL) 

36. J.   D.   Peat,  "The  Influence  of  the Hunan  EJJWBUL  *u "!.<.;.tion  Finding".      Thr.  Marconi 
Revif,  No.   90,   Vol.  XI,   1948.     p.   69 
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S.      CONCLUSIONS 

It has been shown from theoretical considerations that the effects 

of wave interference error in the two signal case can be reduced to zero 

by averaging the error function over all possible time phases An 

argument was given to substantiate the same conclusion for the case of 

N signals. Assuming that polarization error effects are random in 

time, this latter error can also be reduced, in theory at least, by time 
averaging. 

It has been demonstrated experimentally that the dispersion of the 

bearing error of a high quality, high frequency, twin-channel type 

cathode-ray direction finder may be steadily decreased by averaging 

for a sufficient period of time over all of the indicated bearings 

that are obtained at a rate that is rapid enough to preserve the in- 

stantaneous continuity of the indicated bearing. A two minute cumula- 

tive average yielded a standard deviation of approximately 0.7 of a de- 

gree, a three minute average yielded a standard deviation of approxi- 

mately 0.5 of a degree, and a four minute average yielded a standard 

deviation of approximately 0.4 degree. All of these values are less 

than one would expect from lateral deviation effects alone. But since 

the lateiai deviation effects discussed earlier by Koss were obtained 

on a north-south path, whereas these data were ant«in«?d ors ar- east-west 

path which is probably less susceptible to lateral deviation effects, 

the results may be assumed to be approaching the ultimate limit in the 

determination of the direction of arrival of high frequency sky reflected 

waves. Evidently t.ie long time average not only reduced wav* interfer 

ence error effects but also polarization effects. 

Bearing error reduction schemes that are premised upon censoring 

bearings according to a "strong" or "strong end steady" criterion will 

generally reveal an improvement in the accuracy of a bearing deter- 

mination, but the improvement is not as significant as that of the 
cumulative bearing mean 

Because the cumulative mean bearing deviation follows the normal 

distribution law, Table II may be applied in predicting the number of 

samples and the  length of  time  required  for  sampling. 
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APPENDIX A 

A   NOTE ON  THE  ELECTRICAL  RECORDING OF ANGULAR  DISPLACEMENTS 

Consider  the problem of recording an angular displacement  that  is 
determined  by  the  arc   tangent  of a   voltage  ratio.     Figure   32  shows 
the comparative plots  on a  linear scale of tangent <t> and  log tangent <t> 
for 90  degrees  of argument.      If one needs   to   record  deviation  angles 
within ±15 degrees of a  zero reference,   it. is evidently  better to record 
the  voltage  ratio  directly since   there  is  almost  a  straight  line   re- 
lationship between deviation angle and  ratio.     On  the other hand,   if one 
needs  to  record deviation angles within ±15 degrees of a 45 degree  ref- 
erence  it is  better  to  record  the  logarithm cf  the  voltage  ratio  since 
there is almost a straight  line relationship between deviation angle and 
ratio.     It is also significant to note  that  the  tangent  function in  the 
case of the  former and the  logarithm of the  tnngent  function  in  the case 
of the  latter has  a sign change at  the  reference  value.     Hence  one may 
always  infer whether or not the measured deviation is  greater or  less 
than  the  reference  value.     This  makes   for  considerable  simplicity of 
circuitry compared  to  recording deviation  by  the   less  desirable   tech- 
nique  in each case. 

-8S 
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and 

v' 

v • 

-i Cos 0 - Y Sin 4> (2) 

X Sin 4> + Y   Cos 0 (3) 
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APPENDIX  B 

A   NOTE ON  BEARING ERROR DUE TO  ELLIPSING 

The bearing data that are displayed upon the indicator of a twin- 
channel cathode-ray direction finder may appear ideally as straight 
lines but more generally es ellipses. The ellipsing is due to the 
effects of channel misphasing, wave polarization, and wave interference. 
In any event the major diagonal of the ellipse is generally assumed to 
be  the  best estimate of the indicated bearing. 

A compromise had to be made in the circuitry that was used for com- 
puting the bearing data that were obtained in this investigation. It 
was found convenient to record the inclination angle of the diagonal 
of the rectangle that encloses the bearing ellipse as an estimate of the 
indicated bearing. Because the above rectangle has its sides parallel 
to the X' and Y' axis of the cathode-ray tube geometry, an instrumental 
error will generally occur with the onset of ellipsing. Figure 33 
exhibits the extremes in bearing error due to ellipsing. Figure 33a is 
an example of a case of maximum error Fig. 33b is an example of a case 
of zero error,   and between  these  two  lie an infinity of cases. 

If it were possible to orient the direction finder array or other- 
wise ^ffert the bearing data so that the apparent direction of arrival 
of the signal as seen by the computer was in the neighborhood of 45 
degrees or an odd integer multiple thereof, the ellipsing error would be 
minimized. A quantitative expression for the instrumental error due to 
ellipsing of the bearing as a function of the angle of arrival and 
minor-to-major axis  ratio wili  now be determined. 

The expression for an ellipse having the geometry of Fig. 33a is 
given by 

o'o 2*2 22 
b X  +a  Y'"=a  b, where a and b are the major and minor 

seii,i-axis, c and - c are the foci, and 
a2 - b2 = c2. 

(I) 
Figure 34 shows the transformation geometry for th<? rotation of the 

reference frame through an angle.0. The equations of transformation 

are 

*wto 
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enclosing rectangie 

Errpr Angle 
* X' 

maximum likelihood estimate 
of the bearing 

enclosing rectangle 

diagonal of enclosing rec- 
tangle and iTiaximum likelihood 
estimate of the bearin? 

FIGURE 33  PERTINENT TO THE BEARING ERRCfi DUE JO ELLiPSING. 
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FiGURE 34    TRANSFORMATION OF COORD!NATES BY ROTATION OF AXES. 

Range   of   Values   of  x that   P»rmit 
Real   Values of y 

Y 

FiGURE 35  PERTINENT TO THE MEASUREMENT OF THE ANGLE OF IN 
CL;NATiON OF AN ELLIPSE 
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Substituting equations (2) snd (3) into (1) there is obtained the trans- 

formed equation 

X*[a2 SinV + b2 Cos2*] + 2XY [a2 - ba] Sin* Go*£ + Y2  [a2 Cos'* + b* Sin2*] Vba = 0 

(4) 

Equation (4) can be solved explicitly for X in terms of Y and the other 

parameters by means of the quadratic formula.  Thus 

-2Y (a2 - b*) Sin* COM* ±   I'll    (a! - b2) Sina*Gos2<£ 

*J -4{i (a   Cos <p * b   Sin-*! *) -a b*Ha   Sin *  " b   Cos *} 
A = 

2(a2 Sin?* + b2 Cos2*) 
(5) 

In a similar manner 

-2X (a2 - b2) Sin* Cos* ±    /4X2 (a2 - b2) Sin2* Cos2* 

,/-4{X2(s2 Cos2* + b2 Sin2*) -aV}{a2 Sin2* + b* Cos2*} 
Y =  

2(a2 Sin2* + b2 Cos2*) 

(6.) 

In the computer circuitry, the magnitude of the maximum values of 

X and Y ore used to determine the angle of inclination of the diagonal 

of the rectangle that encloses the ellipse. The immediate problem to be 

solved is that of finding the magnitude of the maximum values, X and Y. 

Evidently X is real or imaginary depending upon the algebraic sign of 

the expression under the radical, and the value of Y that makes the 

expression under the radical zero is just the value of Y that determines 
A A 
X. A similar argument applies to Y. The reasons for this can be 

seen by examining Fig. 35. Equating the expressions under the radicals 
of (5) and (6) to zero and simplifying it can be shown that X is ob- 

tained when 

Ja     Sin* +  b    Cos * .    ,                                           ^ 7) 
Sin * + Cos * 

••• 
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A 
and Y is obtained when 

X -  ± 
a2 Coss0 + b    Sin 4> 

Sin 4> + Cos 4> 
(8) 

Substitution   of equations   (7)   and   (8)   intu  equation   (5)   and   (6), 
respectively,   yields 

A 
X = 

(a'  - b')  Sin0 Cos# 

(Sin'<p + Coa>(p)A/s.' Sins<p + b2 Cos2<£ 

and 

(9) 

A 
V"    — 

(a    - b ) Sin0 Co3<2> 

(Sin20 + Cos2<A'Va2 Cos2<£ + b2   Sin2<£ 
(10) 

The  tangent  of  the  angle  of  inclination  of  the  diagonal   r>r  ti-.e en- 
closing  rectangle   is   given  by 

X    AJ a     Cos'V + b    Sin 4>    *\ 

2 i      ,      ,h v 2 

1   +  (M2tan20 
(11) 

The expression  for  the ellipsing error may aow be written as 

arc  tan 
•N 

tan> *   (*)'      _0 

1   +  (M2   tanV 
(12) 

It is evident that when cp - 45 or odd integer multiples thereof, the 
error is zero, «nd when 4> = 0 or even multiples of 45 degrees the error 
»ngle   is  arc tangent   (JJ-)  or arc  tangent  (>)  depending upon the  integer. 

The   family of curves  shown  in Fig.   36 has.  been  calculated  to shew 
instrumental  error due   to ellipsing ass a   function of the  angle of arri- 

88- 



?,99ibQQ - BuisdiiG  0| snQ   JOJJ3   |D»ueujnj{su> 

i- o 
3 u. 

C/> < 
a: 

0- 3 

< is z z — < a: u 
"*, 2 
LLi 
CD   LiJ 

X 

a 

OS a: o 
UJ — 

O < 
— — 
CO    CB 

— -a 
_j 
_i u. 
Id O 

to 
CO 

3 
L. 

R9- 

.. -a»is9^».~ 



vai <p. and the minor-to-major axis ratio. It in seen that even for 
small values of e.llipsing corresponding to minor-to-major axis ratio of 
say 0.1, the error may be greater than 5 degrees if t^e signal is 
arriving from 0 degrees or even integer multiples of 45 degrees. How- 
ever, if the signal is arriving from odd integer multiples of 45 degrees 
there is no error, and the error does not increase appreciably for 
moderate amounts of ellipsing provided that the angle of arrival is 
within ±15 degrees of the optimum an#le of arriva.'. 

An important observation tc Lc drawn from the above discussion 
is that in radio direction finding techniques that utilize the ratio 
of the magnitude of two voltages that are derivsd from orthogonally 
oriented differential antennas to determine the angle of arrival, it is 
imperative that the collector be oriented so that the mean direction 
of arrival of the signal is from some odd integer multiple of 45 degrees 
with respect to  the plane of either differential antenna. 
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APPENDIX C 

A NOTE ON THE CORRECTION   FOR RESIDUAL GAIN 
UNBALANCES   IN  THE  OMPUTER   INPUT CIRCUITS 

The  transformation  required  to minimize  the  instrumental  error  of 
the computer due  to eiiipsing of the bearing can be rewritten  as 

|E'   |   -   lE^I  Cos0 -   |E  I   Sin0 

|E'    |   =   |E   |   Sin*   + |E   |   Gas 4 
v H v 

where E = K Sin 9, E = K Cos 9, K is a constant for the radio direc- 

tion finder, and 9 is the angle of arrival measured ccw from the 90 
degree azimuth reference.     Evidently the  ratio   |E'   j/|E'   |=   Cot   (9 - 0) 

and by properly selecting 0, 9 - 0 - (2n - l')n/4. A phase shifter 
comprised of two properly interconnected goniometers can provide the 
appropriate value of 0 for «ny given 9, 

In any practical  equipment it  is not possible  to maintain identical 
gains  in two  channels  for any extended period,   hence   in general 

|E'K|       Sin(9 -0 + 6)  + A Sin(8 + 0 - 6) 

Assuming that 6 is small enough and that the product of 5 and A is an 

infinitesimal of higher order, the ratio simplified to 

'E'vl A Cos(9 - 0) - 6 Sin(9 - 0) + A Cos(6 + 0) 

|E< |  Sin(9 - 0) + 6 Cos(6 - 0) - A Sin(9 + co) 

-91- 

E = K(l - A)Sin0 
H 

E - K(l + A)Cos0 
v 

where A is one-half the incremental unbalance in gain.  The ratio of 

IE' I/IE' I Cot(9 - 0),   and it becomes necessarv to investigate the pos- 
v    H 

sibility cf correcting for gain unbalance by setting in an additional 

bearing shift of degrees.  The ratio then becomes 

i£'v' . Cos(6 -0+6) + A Cos(8 +0-6) 

• 
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New imposing the requirement that (8-0; be an odd integer multiple of 

45 degrp»s and that at balance the ratio be unity there is obtained for 

the case (9-0) = 45 degrees 

!«•• y I 

from which 

or 

JY- 6/'/2~+ A COS(9 - 0)- L 

JE'H|     ^+  6//T- A Sin(6 + 0) 

A. 
6h  W2)   [Cos  (0 + 0)  + Sin  (9 • 0)] 
* * A Sin  (9 + 0 + 2) 

4 

Thus it h?.s been shown that subject to certain assumptions it is possi- 

ble to set in a 6 that will correct for an incremental gain unbalance 

of 2A in the smpiifiers of the computer input circuits. The practical 

procedure for accomplishing this is to adjust the gains of the two 

channels as closely as is possible i:: order to make A s:sali, and then 

use the bearing shifter to bring the system into the balanced condition 

of zero output when the source of signal is a target transmitter placed 

at reference zero hearing. 

-92- 
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