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Interaction of Gravitation with a Particle Vacuum
D, Ivansnko and A. Broduhy

We shall exemine the interaction of the gravitational field with a
vacmm of scalar or pseudoscaiar particles (mesons). The lagrangian of the
particles together with the intersction terms can be taken in the form
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foiloy from (1).
Using (1) and (2), we zan write L in the form

L=t (hx), SO ; (4)

the wavy brackets denote the anticammbator, :
¥a introduce @ one-particia Creen’s functicn 7z, x') = {P{w(x) \y(x"})),
wvhere the parentheses denote the average of the vecwwn of the particles and
is the chromological ordering operator: using (3) end the formula for the
derivative of  discontinusous Pumction,” we find for Glz, x') the equation

- . A (x) O 5 1 ’
SG(x 2y =g |5 ) D0 m — = yEgda—a), (5

The existence of the additional facter 1/Y-g on the right-hand side of (5)

corvesponds to the definition of the Green's famﬂvm in cuorvilinear co-
ordinates.

New it is easy to find thst the vacuum value

of the Lagrongian Lo {ab-
sence of real particles!) is

P o B
Loy==1,SCG{x, X} iross. {6)
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vhgre on the right, we take the half-sum of the limits x' -z for
z' =x . Since the energy tensor cen be obtained even in the abseace of
the grsvitatimal field by varying the rction function W with respect te

Bupr v° ahall consider the vazuum valus of the corresponding quentity

ey Woo =< by (V=8L) (@) =5 (30, Y TE ) G (x, %)l () =
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N C;nsidering Y2S as an operator in Hilbert space, we can write Woge in
tae iorm

W,,.=W,=2,Sp InV~—g S+ const =
---§~Sp!nG+const, (@)

where Sp (Sgur) denotes the trace in Hilbert spece of functions which be-
come zero st infinity and cen be represented by & Fourier-Plancherel in-
tagral, From the computations thait led to (8), it is obvious that the
established theorem is applicsble for the correspumding replacement of 8
by sny fields and perticles, imcluding particles with spin onz-half; fer
fermions, the symbol Sp also includes the dizgemal susmation over the
spincr indices, ¥z shull assume temporarily the sstisfactzion of the condar-
tion that it is imcossible to produce real gmirs in vacuo by the gravita-
tional field. Then from (7) we find thet

Wy = & o { e {emmiaeV “8thr (3 (). (9)
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This formletim, based on the introduction of the paremeter of the proper
tine {or of the fifth coor dwatel) has the advsntage ket all the in-
finities contained in the theory enter only in the integration over T at
the lower limit.

e aball wirnm to the case of & weak gravitational field end examine it
with sn sccuracy of the second order. In cur case if is mors convenient to
use the following invarisnt condition instead of the asuelly applied four
sondivions of de Dumder {7}, which in s weak field are trensformed into the
Hilbert-Lorents conditicas:

OV —giex=0 o V-g==const {30}

bad

Under this conditicn. substituiing t ->V-gT, we can srite an expression
accurate to within & coastsnt term,

Wy e ot § exn (— sy e {exp (— 22 [exp(t (B g 2 Vo) —

— &xp \:e‘.@et;;n)} exp ((kx) (dx) (dk).
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Using the relationships for a weak field 858 = Cop + hrxg (c@*l. 11 -1

et:,, and using'the property of the trsce :
' Sp AB=Sp B4, (12)

we can, in the integrand in {11), replsce the expression in square brackets
by
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It is easily verified that the exponent under the integral sign in (13)
satisfies the operator integral equaticn
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Salving {14) by meens of iteration to accurecy of order A, and sub-~
s*zinting the solution into (11), we finally find for ¥, the following
suprassinn (in ratiemslized waits}:
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flere, since we limit curselves to the linear approximeticn, the condi-
tion (10) can be used in the form

SE{)]dxx =0, or k(- k)=0 (15)

everywhere exwcepi when analyzing the term lipear in h in WV? , in which
rase we wust take {10) to secund order in A, {x}, which enaui%:-s us to re-
duce the scbtained linest term in ¥ to 2 quedratic term. Here the usual

subsritutian & - iy wus mede, From the very beginning we could have taken

3 o + g % J . B + B .
an expunsion in ¢'*7 instoad of the expansicn in e ¥T, without applying the
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condition of the impossibility of peir ntroduction; this, however, would
have made the intemmediate computations more complicated. The {irst term of
{15), up to the lineerly divergent factor, is proportional to the action
function of the free gravitational field W, {#hen the condition {18} is
satiafied’), and can be eliminat.d by = szmltan sous chenge in scale (re-
normalization) of the coordinstes and of the “gravitational charge,’ which
role is played by the rest mass:

(1 SR ‘*ds)t!'x
s 27:73“ & SS & e
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(here % iz the Newtonian gravitation constant); the remaining terms of the
action function preserve their pravious form. We note that the renormalize-
tion of the gravitational churge causes a difference between the gravita-
tional field and the inert masses of elementary particles. The second term
in (15) is propertiemel to the product of the generalized D'Alembertian and
¥p up vo the logarithmically divergent coefficient; for its isolation, by
renormelizetion, there would have to be a term of similar type with higher
derivatives in Einstein’y initial Legrangian of the gravitetiomal field. We
note that the appesrsnce of linear divergence in ¥ (unlike the rase of
electrodynaics) is dus to the quadrupole character of the gravitatiwnal
fieid. ¥hen condition (15) is taken into accamt, the vacuum addition to the
action of the gravitztional field (15) can be rewritten by replecing the po-
tentials h_{(x) by the fieid “intensities” [ -;Y{x}; the calibratice ine
varisnce {1n the sense of reference 2} of the expression cbtained and the
fact that the field mzss of ths graviton is zero follow directly.

Eq. (1S) ensbles us to exemine in the first ncnvenishing order the
various effects connected with the polarizetion of the vacuum of the par-
ticles by the grevitational field. In perticular, frem (15), by means of the
ususl interpretation of the imaginary part of the actiom function, we obtain
the probability of pair production of psrticles by the gravitational field
\which becames zero at + =)
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Hence it is easy to obtain the effective cross section of pair pz'oductim.‘
We nore that the study of Houe 10 the next approximation must lead ns te
nenlinesr vacuum additions to the gravirational field lLagrengian. Thus, along
with the srgoments of bthe general thesry of relativity, the nonlinearity in
the gravitationsl field equations is, curiously, slso of necessity deduced
froam the quantun vecuum corvectians.
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