A PRCTERATYRY S M L/, £°3 T S—

THIS REPORT HAS BEEN DELIMITED
AND CLEARED FOR PUBLIC RELEASE
UNDER DoD DIRECTIVE 5200,20 AND
NO RESTRICTIONS ARE IMPOSED UPON
ITS USE AND DISCLOSURE,

DISTRIBUTION STATEMENT A

APPROVED FOR PUBLIC RELEASE;
DISTRIBUTION UNLIMITED,




rmed Services Technical information ﬂgercy

Because of our limited supply, you are requested to return this copy WHEN JT HAS SERVED
YOUR PURPOSE so that it may be made available to other requesters. Your cooperation pe

will be appreciated. , £

AL ‘

(
{
I

“NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGE, SPECIFICATIONS OR OTHER DATA
,AKRE USED FOR ANY PURPOSE OTHER THAN IN CONNECTION WITHE A DEFINITELY RELATED
'"GOVERNMENT PROCUREMENT OPERATIOR, THE U. S. GOVERNMENT THEREBY INCURS
NO RESPONSIBILITY, NOR ANY OBLIGATION WHATSOEVER, AND THE FACT THAT THE
‘GOVERNMENT MAY HAVE FORMULATED, FURNISHED, OR IN ANY WAY SUPPLIED THE
SAID DRAWINGS, SPECIFICATIONS, OR OTHER DATA IS NOT TO BE-REGARDED BY .
m'non OR OTHERWISE AS IN ANY MANNER LICENSING TEE HOLDER OR ANY OTHER ‘
OR CORPORATION, OR CONVEYING ANY.RIGHTS OR.PERMISSION TO MANUFACTURE, [
Fﬂus: OR SELL ANY BATENTED INVENTION THAT"MAY IN ANY WAY BE REMATED THEFETO. [

X chtoduced by R ‘
DOGUMENT SERVIQE CENTER b

+

\

ICLAS




ELEMENTARY PARTICLE STHUCTURE
CHAPTER 1
Roger E. Clapp
Canmbridge, Massachusetts

December 16, 1953

The purvose of this dlscussion and analyslé is to
explore one possible theoretical approach to the general
rroblem of correlating the elementary particles. This
problem, so phrased, 1s of immedlate interest because of
the increasing number ‘of known particles, but apart from
the modern phrasing ('"correlating the eleme...ary particles")
this same phllosophical problem has been with us for

several thousand years. .

Man's search for the "elements," for knowledge of
the ultimate structure of ﬁatter. haé led him, stage by
stege, t£o the concept of an elementary particle, the
1rreduc1ble structural unit of meiter. Yet 1t has not
been many years since the days when the nucleus was
consldered inviolate, and a few years earlier 1t was
the atom that was thought to be indivisible. Now today,
as the 1list ¢f elementary particles continues to lengthsn,
uore and more physicilets share the susplclion that thse
elementary particles nmay not be truly ultimate and

structureless afte:r sil.
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If man's 1deas about the structure of matter were

collected and arranged in rough historical sequencse,

then the later part of the 1list might look like this:

(v)
(w)
(x)
(y)

It can be seen that the historical order 1s also a rough
order of decreasing sizs.
sequence of lideas 1s,
of conceptual levels,

each level are constructed from bullding blocks found

Molecules

Atoms

Nuclel (and electrons)

Elementary particles:

in addition, a structural sequence

in the sense that the members of

on the next lower 1evel.

If the elementary particles are not to be consldered
ultimate and structureless, that means that there exists

at. least one conceptual level stlll lower on the list.

N,P,0, P, ¥y fyTyTyK, 6, X. A, ...

Furthermore, this historical

For example such a level might include asz members a

limited selection from the elementary particles, the

rest of the elementary particles then being composite

structures built from this limited number.

Such a
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point of view would divide the elementary particles

into two categorics, one group belng considered more
fundamental than the -other. Examples of this point of
view are Louls de Broglie's proposal® that the photon
may be a combination of tvo neuvtrinos, and ths suggestion
by Fermi and Yang® that the pi-meson may be built from
a nucleon and an antl-nucleon. According to a second
point of view®, the next lower level might consist
entirely of entities not Tound {or not yet found) among
the elementary particles. There could also be a third
point of view, in which the next lower conceptuzl level
1s supposed to contaln new entities in addition to

certaln selected elementary particles.

However, as soon as the existence of a next lower
level has been established, we will have to Tace the
question whether there is a still lower level beneath,
and 80 on. Will this sequence of conceptual levels ever
terminate, or will it continue indefinitely? Can we
always expect to find further internal structure as
we refine our theorlies or our measuring apparatus,
or is there a last level, whose members have no inner

structure?




A tentative answer to this question can 2 phrased
in the following way. If any level in the sequenc:
contains as many as two distinguishablé members, thsn
1t 1s meaningful to ask about their inner structure,
to ask whether trere 1s a further level below But 1ir
all of the elementary particles (along with any other
phenomena susceptible to direct measurement) can ke
congstructed from a single entity, then thls entity is,
almost by definition, the single memcer of the last
conceptual level. It 1s of course posslble to imagine
stl1ll lower levels, to imagine this single entity as
being built from several ingredlients; but as long as
all physical'phenomena can be expressed in terms of
the single entity consldered as a unit, the several
ingredients will always appear in exactly the same
proportions, in exactly the same comblnation. Such
an unvarying combination of the several ingredients
might Jjust as well be giﬁen e 8ingle name and treated
as a unit, since no physical operation will be able to
separate them. A last conceptual level, containing
onlv a single member, will here be postulated. The
ging..e member will be called the primitive field and
will be denoted by the symbol g:

it R
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(y) Elementary partlcles: n.p,e, ...

(z) Primitive fleld: &

It is postulated, as the basls of this theory,
that there exists a primitive wave fleld, E , cut of
which all the elementary parcicles are to be built.
The theoretical development will consist of the building
of various structures from such a primitive wave fleld
and the attempt to ldentlfy among these structures
certain ones which have propertlies simllar to the

observed properties of known elementary particles.

THE PRIMITIVE FIKLD

Most of the proparitles of a single primitive wave
field can be inferred from its singleness. Because some
of the elementary perticles are known to be Fermi-Dirac
particies, 1t 1s essentlal that the primitive fileld have

Fermi-Dirac statistics. A Fermi-Dirac structure cannot

possibly be bullt from any number of Bose-Einstein

building blocks, whereas both Fermi-Dirac and Bose-Einstein
struciures can be formed, respectively, from odd and even
numbers of Ferml-Dirac buillding units. Similarly, since

there are known to be elementary particles with a spin of
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one-nalf, the primitivé field cannot have integral
spin but must have half-integral spin; for simplicity
a spln of one-half was tentatively selected for the
primitive fleld. D5Secause the photon and neutrino

are included in the 1list of elementary particles to |
be constructed from the primitive field, 1t was inferred
that the primitive waves should have a velocity i

essentially equal to ¢, and negligible mass.

Any coupling between primitive waves must be of a

very restricted kind. The usual general forms of coupling
would 1imply coupling fields, with thelr own guanta, and
these quanta wculd be distingulcshable from E yet equally
fundamzntal. That 1s, there would then be two or more
mcmbers of the lowest conceptual level, and this vas

ruled out at the start. It will be assumed tentatlvely

the exclusion principle. (But see also Appendix D.)

A wave equation for a primitive wave, ombodying the
properties listed above, can be wriiten down directly.
Trie ingertion of zero mauss into Lhe Dirac equation gives
the equution of u wave with velocity ¢ and spin one-bhalf.
The question of statistics and coupling will not ariss
until two or more waves are combined, as in the next

gectlion.




In order to simplify futurc calculations, Dirac's
representation of the matrix operestors in his equation
is modified by introduction of the diagonai matrix T to
replace Dirac's matrix f); . As & result, the four-
component wave function can be separzted into a pair
of two-comporent spinors which are not coupled by the
wave equation. All calculationz can then be carried
out in terms of the two-component spinors, and this
is a great advantage when two or more waves are
corbined into a single structure. For a single primitive
wave, the expllelt weve equation will be written in the

following form:
_é—éa't— + TV E(X»Y:Z;t) =0 (’)

Equation (1) involves four matrix operators: T,

0 » Ty

in full four-by-four notation, with dots representing

p O; . These operzators can be written out

zexros:
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With the above notatlion, the wave function é(x,y,z,t)
becomes a column matrlix of four components. However,
the matrices (2) have no elements coupling the upper two
components with the lower two components. The upper and
lower pelirs -of components may therefore be treated

separately, in Equation (1), with T taking on the
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, respective values +1 and -1, while the conponents

of & have been reduced to their two-by-iwo forms:
a o ’ o
- ! [] _.'__:L ’

% = | : o;.:: i' s 9z = v ﬂ_{ (25)

In practice it willl be found convenient to seperate

the 7T- and J=-dependence of the wave function; this

procedure will become clearer in later secilons.

PLANE WAVE SOLUTION

Under certain conditions, Equation (1) can be

satisfled by a plene wave solution of the form:

¢

3 5(r 457, ) =

| EL(R&,F— w,ct)

(+)

a0 b P

|| where a,b,c,d are constants independent of x,y,z,t.

p—
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Substitution of (4) and (2) into (1) leads to the
following set of equatlions, linezr and homogeneous

in the unknown parameters a,b,c,d.

(Ko =Wz) & = (kx—ily) b =
—(Kx+4My) @ + (Ko+Hz) b

(Mo +Hz) ¢ + (My—siky)d

(Kx +iky) ¢ + (KO*KZ)J{

il

(5)

!

I
O o O O

Either the first or the second equation in (5)
can be solved for the ratlo a/b, but these two equations
will give consistent results only 1f the following

secular relationship is satisfied:
2 2 a 2
K + Ky T Ko = Ko ()

This same relationship is also required, in order that
the third and fourth equations of (5) give a consistent
value for the ratio ¢/d. In each case, however, only
the ratio is determined. To fix the individual
parameters, except for an adjustable phase factor, the

following normelization requirement will be imposed:
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lal* + [b]"+[e[*+ I = |k (7)

It has already been noted that the representation

hy

chesen for the operators 1s such theaet the first palr of
components is qulte independent of the second pailr.
There are two independent solutions of Equations (5),

each satisfying both (6) and (7), and these two solutions

are given below in (8) and (9):

:‘ af - (Ko*‘Kh)~(Kx‘3iff)
, | 2 (k2 + )%
; _
- y
i o= (m,—rrm)(;r,‘w.'n,)72 (g) |
I (k2 + 12)%

|

¢’ d =0 j
a= ) =0 \

| - . 1%
: C” + (Ko . Kz) (KX ""X-K}l)

2 (ke w)t

o{' | (Ko+ Kz) (Kx+j'K)’)

2 (k¢ + ) )
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These two independent solutions may conveniently

be written in a factored notation, which can be defined

aa follows:

i
+

a
b [] |a ol | ¢
c
d

RN
o
S

I

_+_

In the above factored notation, the G -opsrators take
the form given in Equations (3), and operate upoh the
two-component spinors labeled with the supereecript .,
vhile the spinors labeled T are acted on by the

overator ‘T, which 18 here represented by a two-by-two

matrix:

q
il
i
N
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In the factored notation, the two independent plane wave

solutions are:

T T
y | 3’ ez(/?’-?—/c,cf)+/~'¢’

wr
Il
S
o

T o ,

Y 3 /
s 10 c* n,c(ﬁ?—}(,c:‘é)%-/cgé’
B'= . e

in which the constants a',b',c",d" have the values
given in (8) and (9), while the phases ¢' and ¢“ are

real numbers but are otherwise arbitrary.

(12)

(12)
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DOUBILE-WAVE EQUATION

Except for changes in normalizatlion and matrix
representation, the equations for the primitive field
have so far been taken from the formalism of the Dirac
theory, the wave equation (1) containing a differential
opsrator acting on a wave function. The Schrddinger
equation has a similer general form, and can indeed be
derived from the Dirac equation. In generalizing the
present theory to cover the description of systems of
two or more primitive waves, the formal procedure will
be borrowed from the Schrddinger theory. That is, wave
functions for individual waves will be multiplied to-
gether to give a wave functlon for the composite system,
and the correspoinding differentlal operators will be
added together. When applied to the Dirac theory, this
is often called the "many-time formalism", but in the
present theory the simplicity of the couéling between
waves makes 1t convenlent to write most of the equations
in terms of & singls "léboratory time". It should be
noted at this point tﬁat the chalice of a particular

scheme for desorlbing wave systems 18 a tentative one.




Plane wave solutions of the single-wave eguation (1)
have already been described and are given in (4) and (12).
A more general solutlion to Equation (1) can be formed
from a linear combination of plane wave solutiona. Two

such linear combinations might be wrltten in this weoy:

é,‘1 = .[A (k:) koa)' g ('?: -tl 52 1 Koa )"4’(“ ‘JK("R "ix" (/3 “)
" B, = [B(Ri k) BB tai T, Kot) diw di -t (13 )

| The labels 1 and 2 serve to identify the two solutions.
{ A general wave function describing the combined system

! bullt from E A and QB’ and antisymmetrizz>4 to show the

Fermi-Tirac nature of the primitive fileld, will be:

; T02) = [ ARy ) B (G a)-
I’ ) g(F:?t\;zx,Kaa)'g(a?tﬁ;; zﬁ? Kﬂ")
!: ~&(Fytas s, 1) (R0 15 s i)t

. . JK,“\ ‘IK;’A AKu ‘{Kxb dkyh ”/bi (IL’L)
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16.

It 18 important to distinguish between the adding
of solutions to produce a new single-wave solution, as

in (13a), and the multipilcation of solutions to produce

-a multiple-wave system, as in (14). While this distinction

does follow current practice in quantum mechanlics and
field theory, it should be considered tentative here,
until it can be proved from the initial postulate or
Justified by the results of the theory.

The double-wave function £(1,2) will separately
satiafy both of the following single-wave equations:

B ]
L;!_-:a%,- + 5w Plz) = 0 (i53)
2 +nEv| Plo) - o (%)

It 18 at this point that the separate times, t. and ts,
can be replaced by a center~-of-gravity or laboratory
time, T, and a relative time, t, . The separate space
coordinates, ;; and i':a, can at the same time be replaced

by center-of-gravity and relative coordinates, R and T.
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The new varlables are related to the old by
equations which includs the following:

=3(t+ ) ettt
ﬁ=i‘(ﬁ+a) S {1 r) !
22 .2 2.1 2)( Uy
2T = 2t, ' 2t, 2t, ~ 2 (2¢, 3t,

V==%+V V.=7%-V.

From Equations (15a) and (15b), by addition and subtraction,

the following equations may be derived:
L+ H(rEnE)Y,
+@5-n&)- v | La2) =0 (17)

{-é—ﬁ;—t—#('z;a", Ta )VR
] + (T +T o) V]-rr('i -0 (18]

1.91
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Equation (17) hes the same general form as the
conventicnal wave equation for a fleld of a certein

mass (M) and any spin:

l_ﬁ.;) N Mc-]éf = & (,q)

o +

In (19) the repeated index M indicates a summation

over fhe four space-time coordinates of relativity
theory. The F;‘ are operators whose commutation rules
depend on the espin of the fleld & M 18 tne mass of
the field. A comparison of terms in (19) with terms

in (17) shows that the double-wave system Q(1,2)
satisfles the same law of motion as the fleld é, except
that the masa of the fleld é is replaced by an operator
which aets on variables in 5.1.3(1,2) which are concerned
with the inner structure of the double-wave system.

That 1a; the dcuble-wave syciem as a whole may be treated

es a fisld or particle, with the internal structure or

relative motion, as selected by the opersator ('C'a:'—- ’C‘,E{)-W ’

accounting for the effects which we know by ths name

of mass. This 1s a tentative mathematical suggestion
based on the similarity betwsen (19) and (17), but its

physical interpretation has the attraction c¢f great
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gimplicity. It is known that an increase in the kinetilc
energy of internal motion (as, for example, the spinning
of a gyroscope) will be reflected in a finite increase
in the mass of the system. Thus the mass of a structure
will contain contributions due to known internal motion;
it would be gratifying if all mass could be shown to

arise in the same way, from some form of internal motion.

SPIN ZErO SOLUTION

The wave function g?(l,z) will be separated into
two factors, representing the center-of-gravity motion

and the internsl structure:

EP (,’2)‘:__ elK’R —iGel t{/(f‘) (2 O)

In (20) the relative time, t,, was omitted from explicit
consideration, since it will not be involved in the
solutlion of the wave equation (17). Strictly, (20)

can be considered as a part of a more general solution,
or‘as a special case in which the relative time, t,, hase

been set equal to zero.




Substitution of (20) into (17) gives:

K, ¢ (7) = [+(@5 +5&)-K
Hos -TE) V] WE) (20)

Since both T, and Ts are diagonal, and each commutes

with everything in (21), they may each be given the

| numerical values of 1. For the first solution to

be exaemined, both T; and T will be set equal to +1.

K 40)= 47 +3) K+ @E-2) 2v.] ¥F)  (22)

i A further simplification can come from the selection
of & solution for whilch the center of gravity 1s at rest,

o 80 that iris equal to0 zero:

Ko “P(F/\ = (5'7" 5’2) ‘;J:_‘Vr 51’(?) (23)

Equation (23) is now an eigenfunction-eigenvalue

problem that can be solved directly.
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The form of Equetlon (23) is such that a
solution 1#(?) can be restricted to have a definite
value of total internal angular momentum. The value
zero wlll be chosen, although other integral values

could also be studied.

It will be necessary to have a definite spin notation,
to show the various O -components and %-components which
are included in tk(?). Each of the two waves which
make up the double-wave structure can have two cholces
for its Q@ -spin, and two choices for its <T-spin, although
in the present case, with Equation (23), the T-components
have already been selected and fixed. For representing

elther kind of spin, the following basic frame will be

used:

xX*t)- xX*(a)

X(1) x*(2)
X()-X"(2)

Xty - x7(a) (2 4_\

/
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For exemple, a state in which votnh Ti and Tw have the

same value of +1 can be indicated by the notatlon:

T

= ~ X)) X*) (25)

A singlet combination of the two ¢ -spins can bte written:

(1), = 5| =5xExE) (26)
- X6)-X*6)]

The vrief notation on the left of (26) will serve

as a form of abbreviation which can be generalized to
other functions of the spinor compbnents. In addition

to the *3, function given in (26), there is a *P. function
which can be formed from the vector T and the available

spin components. This ®P, function 1s given in (27):
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—=(x=4y) "
W = 5| . (27)
(x +4y)

The two ¢=-spin functions, (26) and (27), are the
only ones which satisfy the requirement that ihic total
internal engular momentum vanish (J = 0), under the
conditicn that K be zero. Later, when the motion of
the center of gravity 1s considered, so that E'differs
from zero, two more @ -spin functions will be introduced..
But when the center of gravity is at rest, 1t 1is

sufficient to write ((T) as the sum of two terms:
V) = avs + by (23)
b= T ), A () (21.)
b= AR A () (213)

It should bs woted that both spin functions (26) and (27)

!

are antlsymmetric with respect to exchahge of the labels
1l and 2. It is required that \P(?) be antisymmetric.
Thus the scalar functions fy(r) and f,(r) snould be

symmetric, and will actually be found to be functions of r¥®,




The general solution {28) cun now be substituted
into the wave eguation (23). In the spinor notation

of (24), the operator (& — 0;).V, hes the form:

(ql-oz)’v —
r
\% +“"'Vz:, _2‘52'; -(%"i——i, )

Equations (23), (26-30) can be used to obtain a pair of
second-order differential equaticns for the unknown

scalar functions f (r) and fy(r):

W y

Lf"‘+ 2 4+ < | ) = 0 (314
e - — )
LriLre]| ) =0 (14

where an abbreviation has been used:

- (5] 22
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That solution of Equaticn (3la) which is finite at the

origin, r = O, 1s the spherical bessel function Jo(k.r):

(33a)

#O(KP) = 514:(£Kr)

Similarly, the solution of (31b) finite at the origin

is also a spherical bessel functlon:

sin (kr) — (kr) cos (kr)
(kr)?

These sphericel bessel functions satisfy the general

ﬂ't (Kl") (335)

relations:

) = —ir g () (54)
Fom (kr) = Z:TI [;vm_. fer) +werty, (nr)} (35)

For convenlence the solutions of Equations {3la)

and (31b) will be written in the following way:

fa(r)
‘)Cb (r)

o (K1)

= AK 4 (xr)
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Then the solution of Equation (23) c¢an be written:

K°("l'a.i +b) = [@-%) iV, @a-"‘ )
+ 2k (‘i"ai “i’b)

That is, the operator éﬁ —-Gi)-:%-VL has the

I

eigenvalues +2K and -2k , which belong to the eigen-
functions (‘Pa + \ltb) and (“}ba - \?b), respectively.

These eigenvalues are numerical values for the quantity
Ko, which represents the energy or frequency of the
double-wave structure, in wavenumber units. Since thie

is the rest system, 2K represents the mass or rest-
freqﬁency of the structure, again in wavenumber units.

It remainsa to he verified. in later sections, that this
gtructure really moves like a particle-with-mass, when the

genter of gravity i1s allowed to move through space.

There 1is also a question as to the significance of
the plus-or-minus signs in (37). This question cannot be
answered st this stage of the theoretical development,
but it can be pointed out that there would have been a
sign reversal if, in Equation (21), T, and Ta had been
put equal to -1 instead of +1. The appropriate T-function

would'then have been:




R 1794 T VAR YT Y

Pty S

o

—~—

27.

Instead of (28) and (29), the expansion of qb(?)

would have been:

V() = ad, + by, (39)
vi = @), ) (#0a)
4, = ) ) L) (08)

Equations (30-36) would have remained applicable, but

\

I

instead of Equation (37) the solution would have been:

(v £ %) =Foc-(H £ 4) (+1)

wilth a reversal in the signs attached to the quantity 2K.
Even though, for other reasons, this partlcular structure
will be found to be an unsatisfactory model of an
elementary particle, it 1s nevertheless permissidble to
anticipate that the exlistence of both positive and negative
solutions for the rest frequency Ko may have some
correlation with the existence In nature of certainr

elemantary particles along with their assoclated antiparticles.

o
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THE RELATIVE TIME

Equation (20) can be generalized to allow for

a dependence upon the relative time variable, t, .

f(li)"’ KR A-K,cT ¢(F"‘r) @2/\.

The new function ¢(F,tr) can be related to f(?):

¢(7 0) = PP (+3)

When (42) is substituted into the relacvive tims
equation (18), the result, analogous to (21), 1is:

42 4t = [HrF-u3)-K

HEE ORI [ R ) (k)

As before, T: and Ti will be set equal to +1:

¢(F r) [-L(fd" ?)
+1(@+F) 4V 4Rt (as)
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-
With the center of gravity at rest, K = 0 :

ARG -4 @+T) -1y Aty (ko)

] Equation {46) can now be solved, with the uid
of (43) and the following easily verified relations:

| G+%) Y = © (¥7a)
| ' @G+%) Yoy = 0 (4#7b)

o Hore i.iza and ‘Pb are as glven in (29), and the

operator (6';+6‘;)-V,. has the form:

2% |22 2-3) |
@Griz)l - - |B-D £4$>
| 0 I -
N BB - 25

@ﬁurai)Jv; pomnd
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It follows, from Equetions (28), (29), (43), (46),
ey
and (47), that, in this specisl case with K = O,

c zt ¢(F t") =0 [4‘ 7)

fps (o)
Furthermore, repeated differentiation of (46) with

respect to the relative time, i, , gilves, for any value

of n:

?t g A (/F t ) = O {50>
p=0
As long as K= 0, ¢(?,tr) can be taken as constant
with respect to variations of the relative time, t, ,
so that Y (¥), as given in (28), (29), (36), (37),
is a satlsfactory solution of Equation (46).

When K differs from zero, Equations (22) and (45)
must be used instead of (23) and (46), and the question
of the wave function's dependence upon the relative
time, t, , wlll then have tc be re-examiped. In Appendix B

such a re-examination is carried out.
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MOTION OF CENTER OF GRAVITY

When the center of gravity is in moticn, so
that -K. # O, the more general wave equation (22)
must be used instead of the simpler equation (23).
The wavs function L‘l(.r.) will also be more complicated.
Instead c¢f the two terms (29), an infinite number of
terms will be used in the expansion of lp(?), but
these will be arranged in increasing powers of k’;
that is, in order of increasingly complex dependence
upon the components of K. 1If Py and *’b in (29) are
taken as the leading terms in this series, then the
rest of the terms are generated from (., and (/b by
the operators that appear on the right-hand side of
the wave equation (22).

It should be pointed out that such a procedure
for generating the terms in the expansion of Y’/(.r'“h
assumes that the wavenumber X cen play the part of
a parameter independent of f(’, while K, is allowed
to vary with K. Thus Equation (32), through which
¥. was originally introduced, will hold only when

-
K = 0, and will need to be replaced dy a more general

equation, to be found from the solution of (22).
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It will be convenient, because of the complexity
of the expansion, to divide the wave equation (22) by

the parameter X, and to introduce the following

abbreviations:
w = ’Kﬁ& (512)
= & (515)

The wave equation can then be written:
R T W o AN L | /
wy/(r/=tz(07+°;)-/a +(F-B)>Ep® (52
d

In addition to the previous 0-spin functions,.

(1), anda ¥RA), , in (26) and (27), there will be two

new O -spin functions:

= (ke=ic k)|
£, =5 . (53)

(ke +i ky)

' f.\ba




33.

T
~ [ (k2 ~key)—d (kax ~ ez ]
S/ZFX 2 = _L (kxy - 'é)’x)
|~ ro 2% (kx)' - /éyx)

[(kyz-kyy) +4 (kax—ko2)]

The above function (54a) can also be written in the

form:

(hemik) 2 — kp(x=4y)
3{5" - 554;' i-(khr'-'ﬁyxﬂ

% ' £ /‘: (kxy - k’yx)
(s 4by)z ~ hy(x44Y)

A number of identities, useful in the solution
of equation (52) and the anélogous relative-time

equation, will be written down here:
Ve dn(*r) = —-k’j‘*,[xr)-?"

(5':4- &:>-v:. ,(‘-")o = o
(F+R)N, @x) = - H R,

\_qg

G-y M., = -4l }
@&-) Y bldl = O

(54 s)

(55)

(5¢)

)

B e 2
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@+%)k ), = o
(@ +R).EYF), =2lhxr)
[a‘%*’a)°rmo = O

F+ )R B, = 2 KA - 2 (R9)- T,

(T+&)-F A), = 0
).}
"

@ +3)- T X, o
@ + &) T YE), ~ 2 ikxv)
(@ +B) T GRx®), = 2(RP) X, — 27 e

G-%)Ek @, = 2%%®),

G-T) R = 2 (7)), \
G-R)RW, = 2 4 A), [
(%—%)t ’é’Ex?). = 0 J

@-G) T, = 2%,
@ -0)RYA), = 2r* d) >
@& -T)RYR), = 2(@7P) &),
T -03).F GExd s O J

/4

(5%)

(£9)

(¢0)

(c1)
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In the wave equation (52), the operator on the

right hand side will be denoted by the symbol i:

4

H = $@G+3&)% + ¢

4

[ —.’-)'ZLEV:. (62)

This H is equivalent to the usual Hamiltonlan divided
by the product ’,‘;K. The wave function \‘b(f’) will

be expanded in a series:

PO = 2t + by v et dofy 4 (¢3)

The coefflicients a,b,c,..., will be determinsd later
through the solution of a set of simultaneous equations,
but first it will be necessary to identify the separate
functions, the '\L'a’ (’b’ +c’ and so forth, and to

calculate the matrix elements of the operator H.

As mentioned earller, the procedure will be to
start with the +@'and ﬁLb already given in (29) and
(36), and to operate upon these two, and on each
successiyg function when it has been 3identified, with
the operator H given in (62). 1In thie way ths first
fifteen functions of the infinite set have been determined.
The 1ist, (64), omits the common factor :?tj+, which

should be understood in each case.
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s = doler) - @), (ckz - Ers)
¥ = £X4 - (7).

Yo = dx g - G £,

4 = —AK4 -{(k’-?)-’(??). - 37 F).,}

b = s {RA-5p0r ) ),

. tr = g5 { [RF) = +k*r [ 17,

' g @A) R

?’, = ":xys { (R.7) - ‘,'-‘k‘r‘}- ’(:"E"F).

= g {[ca 7P - e ] TR
tFaErre + a1, |

= wige{ (RF) = SRR +3kr ] o),

b= s { [(e - 3R v + Fbnd] TR,
| + [‘ L@ v+ 45 (RE)Rr "[F)‘}




N ———————— R

V= 4Xhy {(m - Z @A e + 3k ""} e
Ik .f,a"?s'zj [z~ 4 (&7 her + S (2N ),
H-FEF e+ TR~ £ & "ﬂ'm'}

™ X‘;;'{(ﬁ'f ?) - f‘}i (R¥) kre '
+ A A~ £ ke ). ),
tom iy { [0 B mers

‘ - 3
+ T (R AR 7‘%/4 ‘r"]‘ (7

.g.[-,"-./r.?')’r‘

{5\

+ 52 (RRPA P - S (2 Ak fk").}

s \& 7. |
+m(l’¢"?) k¥r* —;;%ﬁ‘r‘ J &FXF.)O

| : \/II:“"XZJ?' (i'-?’)‘— -,Laz[z',?)“kar;

The operator equations which these functions satisfy,

and through which they were generated, are:




tha= 24,
Hh= 2f + %
e &
Hyy= $8¢e +;W
Hie= & H +2:
Hip=%ve + ‘Pf
Hiy= Ther "‘ ‘Pi
H&=%P%-+Z#
He:=74 + 2":
Hy =% ﬁ?
Hye =TT H +.42
Hy =ik % +z,l/
Hiw=HF¥ + i‘r‘:

CHdw= T
/34@"'%
O

28.

(653. - QS’/MD
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Into the wave equation, which can be written as

(h-w)p® =0 (¢6)

the expanded‘tf(?) in (€3) can now be substituted.
When the indicated operations nhave been carried out,
as in (65), the resulting terms can be collected in

the following weay:

o= {_--woa. +.2-é]-‘//a_ |
+[2a —w b+ 2itc]
[ b~ weoe +4hrd] e
+[ ¢ — w-d + T;'L’EJ"‘PJ
TP | (e7)

The functions ), f%, .es , 88 given in (64), are all
linearly independent, are in fact orthogonal in a
fashion.which will be described later, so that (67)

can be satisfied only if each of the bracketed

expressions vanishes separately. What results is
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a set of simultaneous equations, linear and homo-
! ‘ geneous in the unknown coefficients a, b, ¢, .s. ,
and such a system of equations has a solution only
if the corresponding secular determinant vanishes,
However, in this case the secular determinant has an

infinite number of rows and columns; the Tirst !

ten-by-ten portion is shown here:

N H A A
S

1
=g
§ R
ks,
=,

4 . . . . : . 1 =ur {F .
i i lr . S : : . T e %%
| 2| S :
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ORTHOGONALITY AND NORMALIZATION

It was mentioned, in connection with Equation (67),
that the functions |+%, ‘+%, cee , Blven in {(64), are
orthogonal in a certain fashion. .The hermitian scalar
preduct of two O -spin functions can be formed in the
usual way, by multiplying corresponding components
togetner, after first taking the complex conjugete of
the components of the first function. For example, the

hermitian scalar product of (27) and (53) is:

(. 20.) = 1 i) [ (ea-ik)]
+ Zok, + Z kz‘
+[eerin®] [t 24)]

= k-7 (6D

The complete list of scalar products among the four

J-epin functions ia given in (70):
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L/'/l).q ,[1)¢> = 1 (703— 7[)&)

|
3

(., @)
(@), /R).) = K
(i), )
( 'Q).,(?).)
('@, ®.) = o
(@).Jr?.,) = o
CE.®) = RP
[3(7’).,’&@@-) = 0
(), JGER) = ©

A limited scalar product of two functions will be

A\ 2

kert — (K-F)

]
0

defined, & hermitian scalar product in whioch there 1is
summation over spin components, as in (69), and averaging
or integration over the direction of the vector *. In
practice, the .direction of T enters into (70) or the

scalar factors in (64) only through the combination P

L

e e — ==
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—-’
An angle ’l' between the two vectors k and :‘:, can be

defined:
A R cosy
s 2 | [ia 2 ‘u’?"‘-‘j
Siu 7=;:;;.Lkr—-(z)_[

Averaglng over the direction of T is, in practice,
equlvalent to averaging over the angle )z » With the
aprropriate welghting factor % sin‘z . Examples:

e
(farts) = f*‘-“z {#}

In the sense of this limited scalar product, all the

functions in (64) are orthogonal.

—— e s s

(71,)
(71 &)

P S Y



| It 1s also possible to introduce a relatlive or
| ) /
| limited normalization, by defining new functions, #@,,
rolated tc the old functions, 4@,, by normalization

factors Ny:

e
(s )

N \l,b? (742)
(% r)zm . j”:' (xr) (T4b)

; Mo = = 1+ (15.-75)
| N, = | = l
( Nc‘ _ 7';(‘3')/3 - % v
Ni =536 = & (&)

g Ny = R0 - O

| N =% - (ER )

| Nosw = (R

| N, =@ €0 =5 (ZL )%
« N = B(E = (SRR
t L. 231 3)'/:. _ /72 g2 ” 2\%%
l

In
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It will be noted that the normalization factors follow

a definite pattern of modulus four. The functions (64)
also follow a similar pattern, with the four O™-spin
functions feappearing cyclically. The first, fifth, ninth,
and thirteenth functions have the angular dépendencé upon
cos 3 of the Legendre polynomials Po, Pg, Pf, and ks,
respectively, and the correcsponding normalization factors
in (75) contain numerical factors which are just those
needed to normalize the legendre polynomials. The
polynomials in the other functione of {64) can be considered

to be generalizations of the legendre pelynomials.

An attempt to replace. the relativeunormalgzation.1n
(72-75) by an absolute normalization would encounter e
spetlal difficulty. The asymptotic behavior of the

spharical bessel functions is:

J:’Zm (x Y‘) N' (__ ')/m. i WP (7 Ga,>

. (KV‘)ZM*{

324“1 ()CY‘) = ("I G /::T:);f:*z (769
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P-Jr(\k,,,\f'.,,) wr Ko 2 (77)
In Appendix D it is shown that even tue inclusion of a
very small mass in the primitive wave équation will not

produce convergence of integrations like (77).

The asymptotic behavior in (76), in fact the general
‘form of the functions {64), can serve as evidence that
| the primitive waves used 1n bullding the structure ara

free waves in space, that the etructure 1s thus a sort

of standing-wave system.

1 The wave function \I/(?) can be represented as an

sxpansion in terms of the new, normalized functions:
. ! / / / &a
| (@) = a oy + by (78)

|

‘ | The new coefficients, a', b', ... , are related to the old:
| ! all ' A
i

'I b’ = b. Nb'-' |\. /"7

f
-,
N’
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In place of (63) a new secular determinant 1s obtained,

with matrix elements symmetrical about the dlagonal:

| —

a |'-w' 2

i a:’ A e d' e’ F’ 3-‘ %’ A':_/ :l
1) PRYA

| | - MG k-

i VS Y, 1(.;.)’6. C e

| S IR AR S € 77)

f’ . . . 3 zg)%_u- k(é;;'/’ . . ,

a_' : . - : /t(:g‘)%-&f k{g-)"‘

g - - - - - /t[r;‘)"-u- 2{;,)'4.

i | J0- - - o 0. 2(/;9%_“, 1{.3:)'4

fl o i
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SOLUTION OF INFINITE EQUATION SYSTEM

In the case of a finite equation system, the solut<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>