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PREFACE

Tke meterial contained in this report, ercept for minor changes,

consists of two sections of the Doctoral thesis of Dr. D.T.F. Marple.

Tkhe first section, except for the introduction, is from the main
body of his thesis and 4s complete in itself; the second section,
Appendix I of his thesis, is a detailed development of the theory.
In the cgurse of his investigation of the radiofrequency
spectra of L1 Cl by the molecular beam electric resonance method,
Dr. Marple discovered that the position of the rescnance lines at
weak fields depended on the magnitude of the rf voltege.

This

dependence followed & law decduced by Townes =nd Merritt* for a

similar effect discovered by them in microwave ebsorption experiments.

However, it was not clear to us thet the same theory should apply
to the electric resonance experiments, for which no change in the
rotational state occurs, and for which the rf producing the shift

in the line positions is identical with the rf producing the

transitions. Hence, Dr. Marple undertook the task of developing

a theory which would explain both the microwave sbsorption

experiments and the electric resonance experiments. The theory

presented in this report not only explains these experiments, but

also predicts the two quantum transitions originelly observed and

explained by Hughes and Grabner#*, An article presenting both this

theory and verifying experimental results is in preparation.
Thanks are due to Prof. M. Lax and Prof. P. Bergmann for

their advice in the development of the theory presented here.

J.W. Trischka

* C.H, Townes and F.R. Merritt, Bhvs. Rev., T2, 1266 (19L7).

*% V. Hughes &nd L. Grabner, Phys. Rev., 79, 829 (1950).
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INTRODUCTION

The theory presented below was developed to account for the
radiofrequency field dependenge of the line frequencies in the
radiofrequency spectrum of Li Cl as observed by the molecular
beam electric resonance method.1 In this experiment, transitions
between the hyperfine structure levels of the rotational state
J = 1, as modified by a static electric field, were induced by a
radiofrequency field superimposed on the static field. The hyper-
fine structure was produced by the chlorine quadrupole interaction
and spin-rotation interaction. The qualitative features of spectra
at zero or weak static field could”be accounted for by the zero
and weak field theory of Hughes and Grabnera, which predicts no
dependence of the observed lines on the radiofrequency field.

A systematic study of the shifts in the frequencies of the
observed lines with changes in the strength of the radiofrequency
field used to produce them was undertaken when discrepancies
between the cbservations at different fleld strength were found.

In all cases, the observed line frequencies,Y, satisfied the
relationship:

V=¥ -+al :
where Vi is a conetant, the frequency of a line in the absence
of radiofrequency field, a is a constant, and Vrf is the radio~
frequency voltage used to produce the line. Thus the frequency-
shift, AV , caused by the radiofrequency field, Erf(t) = E.» cos 2nYt,

2
was proportional to Erf « This frequency shift will be referred to

as “"radiofrequency Stark effect",

1. H. K. Hughes, Phys. Rev., 72, 614, 1947; J.W. Trischka, Phys. Rev.,
T4, 718, 1948.
2. V. Hughes and L. Grabmer, Phys. TRev., 79, 829, 1950
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Townes and Merritt have otserved shifts in the frequencies

of lines in the microwave spectrs of OCS as well as "extra" lines
vwhen transitions were produced in the presence of a radiofrequency
field. 1In their experiments, frequencies of the order of 10
mc/sec were used to produce transitions betwsen rotational levels.
The perturbing field was much more intense than the transition-
inducing fields, and frequencies between 20 and 1200 kc/sec were

used. They presented theoretical results which explain their

observations.,

6
Since the effects ohserved in the Li Cl experimente were

similar in form to the quadratic Stark effect due %o the inter-
action of the static field with the molecular electric dipole
moment, several experiments were tried to detect changes in the
static field produced by application of the radiofrequency field.
Such changes could, for example, be produced by rectification of
the radiofrequency voltage in the wiring. No evidence for apparutus

defects was found. It was, therefore, necessary to modify or

re-interpret the theory.

18. C. H. Townes and F. R. Merritt, Phys. Rev., 72, 1266, 1947.

The numberiug of Fig. 1 ané Fig. 2 is reversed in the figures.
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PREVIOUS CALCULATIONS OF LINE POSITIONS

FROM TRANSITION PROBABILITIES

To clarify the contrasts between the new theory developed
below, and the theory used in the past, an outline of the older
theory as developed by Torreylg will be presented.

The complete Hemiltonian is written as

H(t) = B +H' +V(t) (1)
where H, is the Hemiltonian of the molecule in the absence of any

fields, H' is the ipnteraction of the molecule with any steady fields,

) is the interacticn between the molecule and a varying field

v(t) = v, cos (Crvt+.) (2)
"
The time independint Schrodinger equatios: is

(B, + B') ®_=E 0 (3)

1"
The time dependent Schrodinger equation is

E(t)¥ = th jg (4)
It is assumed that a solution to (4) may be written as

7

V=2 c o (5)
m

When (5) is inserted into (4) there results the set of equations:
7
ih ey = 2L4 (n ‘H ! m) ¢ (6)
ot m L

This set of equations must be solved simultaneously to find
expressions for the expansion coefficients, Cps from which the
transition probebilities are calculated. The center of an
observed line is expected to occur at the frequency for which the

transition probability is a meaximum. This frequency may be shown

to be \7 = EE -Eq (7)

h

19. H. C. Torrey, Phys. Rev., 59, 293, 1941.
-3-
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where Ep and Eq are the energies of the states p and g given

by (3), if it is assumed that initially cp=leandc =o,

m ¢ p, that V_< < 2xhY , and that all terms in {€) i=ading

to time variation of the c's faster than Ep -E

(_______:1__Zt may be
h

neglected.

A THEORY FOR THE RADICGFREQUENCY STARK EFFECT

(1) Genexz=1 Mcthod

A theory which predicts the Townes and Merritt result and
the results in the present experiment has been obteined by abandon-
ing (3) as a starting point &«ud using in its place the equation

which represents the adiabatic approximation namely

H(t) u_ (t) = E, (t)u (t) (8)

The solutions of (8) ere used as expansion functicns to

form the true wave function /fr(t) which satisfies (4). Following

Schiff and Bohm the expansion is written as
F e

<4 =;Z?anun(t) exp (-1 5 E (t)at')
" t
-t
The function u,(t) exp(-~i 3 E (tt)at?) is a solution
t
o

(9)

h
to (4) if no transitions are induced by the time dependent part
of H between the stationary states existing in its absence, that is,
if the adisbatic approximation is valid.
{9) is now inserted into (4). It may be showneo’al that the

resulting equations for the expansion coefficients &, in {9) must satisfy

L.I. Schiff, Quantum Mechanics, lst Ed., New York, McGraw-Hill,
lghg’ pp . ?’2@ .

21. D. Bohm, Quantum Theory, lst. Ed., New Ycrk, Prentice-Hall,
1951, pp. %95-99.
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-1 Pk at! OH
" Z“"Rm?;n o J n ') (B‘t—)kn (10)

vhere w, = -0, = Ek(t) - En(t)
h

to

(11)

If it is assumed that at t = t,, just as the perturbation
is turned on, the molecules are in a definite state m, then for

a short time efterwards a good approximation will be

. t
8k = &g e -1 »  dt? E
®m  exp ( g n _a6t) (9 )

+ Wy ot km (12)

o

Following Schiff (Ref. 20 190) one mey expand & and
it (2
i
H'(t) in series: ap = ag + \ay + N° a, , and H(t) =

By + AE'(t) + X2H(2)(t). These expansions are substituted into

(12); equal powers of A are equated and when A is set =1,

R €
+1 an dr{/{
ay ):2:"'-‘"‘ EXP[ <§ NaPPs _{(

KA i (13)

N P

By use of these equations, better approximations to the true
value of each expansion coefficient may be obtained.

These general results will be used to locate the resonance
frequencies in the following way: Second order time independent

perturbation theory is used to calcuiate the energy from equetion (8).

e = : . v " . - 4, P T by DT g MR
O
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First order perturbation theory is used to calculste the wove
functicns. The first order (s = 0) approximation expansion
coefficients, a , are calculated by means of (13). The method
of Hughes and Grabner22 is used to locate the resonances. In
this method the frequency at which the dencminator of an expansicn
coefficient vanishes is interpreted as a resonance frequency.
Since the denominators are reel and the numerators nomvanishing,
this procedure predicts resonances at the same frequencies as
Iakl 2, which is proportional to the transition probability.

(2) Application to Specific Cases

a) The Townes Merritt Case

In the Townes-Merritt experiments transitions between
rotational stetes are produced by e high frequency field

Eg (t) = EH cos wy, t
in the presence of a low freguency field

EL(t) = E; cosw; t

The relative fregquencies and magnitudes of these fields,

and the experimental results have been described in the Introduction

of the THEORY.

A detniled development of the theoretical results is given in
APPENDIX I, part I. In this development it 1s assumed that EH is
80 weak that the shifts yroduced by it are negligible. The results

of the detailed calculation are summarized below.

22. Hughes and Grabner, op. cit.
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Case 1 wL is so small that the field intensity does not

vary appreciably over the time of absorption (the intercollision

time in the ges). In the case where the Stark effect is quadratic,

the frequency shift of an observed line, A Y , veries with the time

2 2
. AY = aEp, cos b

The coefficient a is the coefficient describing the
frequency shift due to Stark effect produced by e steady field

of strength, E, for a given transition.

Case II mL is 80 large that the field passes through many

cycles of variation in the time of one absorption. The frequency

shift, A‘v’, is independent of ‘he time, and ie given by

Ay = aEm_‘a

2

+ 20 ay

where n is a positive integer. The reletive intensities of

lines with dirferent values of n is given by

. ‘ 2 2
\Jn (aERF) {

Thus if w is large compared to the frequency shift aE 2 B

only resonance Wwith n = O will be observed.
b) Electric Resonance Cases

In electric resonance experiments in which J does not

change, frequency-shifts are caused by the transition-inducing

field. Detailed calculations are given in the APPLENDIX, part 2.

Only the caeses where EDC >> E ere considered in detail.

The general result is that the frequency shift AY ; is

2
AY =a.ERF

2
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where a is the D.C. Stark coefficient for the transition
under consideration. At zero D.C. field, the theory predicts
that only helf-frequency transitions will be observed. At
strong fields, if oo £ ERF bhalf-frequency transitions may
occur both with AmJ = + 2, as predicted by the old theory, and
also with A my =+ 1. The Am; = + 1 transitions were not
searched for in the present experiments. It is also expected
that 1f B, & B, resonances will be observed at oV .
3V oy L y>T, etc., where y . is the''normal'' transition
frequency. These cases are not examined in detail.
(3) Discussion

The main difference between the new and old theories
is that the new theory starts from an equation which (in the
absence of transitions) is the adiebatic approximation, instead
of the time independent Schrgdinger equation. If the radiofrequency
field produces no transitions between states which in its sbsence
are separated in energy, the adiebatic approximation is valid and
Em(t) may be interpreted as the energy of state m. But if the
field induces such transitions, it is not proved that this inter-
pretation is possible. Therefore, it does not appear that the success
of the theory in predicting en r.f. Stark effect is directly
related tc the fact that (8) may represent this approximation.
It is not clear what conditions, if any, a proper starting
equation should satisfy in the presence of the radiofreguency

field. It is also not clear why equetion (8) gives a resulit which

may be readily interpreted as a radiofrequency Stark effect.
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However, if the expansion coefficients of equations
such as (5) or (9) are to be interpreted as transition probabe
ilities, it seems necessary that the starting equations should

correctly describe the states of the system before and after

the transitions occur. For example, in an electric resonance

experiment transitions are detected by changes in the deflection

of the beam, States with different deflectic: ~z¢ 3tates of

different and well defined en:rgy. Since definite eaergy levels

and states may te assigned i4¢c the molecule just before and just
after it intersctis with the radiofrequency field, it seems

necessary that the starting equations give the correct energy

levels for the molecules in the D.C. field.

Both starting equations (3) and (8) satisfy this

condition. Both methods of celculation also assume that the

only really correct description of the molecule in the C-field

”

is the time dependent Schrodinger equation and both attempt to

calculate the number of molecules that enter the C-field in

& diffcrent state. For these reasons it is expected that the

transition probabilities calculated by both theories have the

same meaning.

calculated from the new theory do not contain any result that

could not be ubtained by a mcre refined ceslculation based on (3)

es & starting equation. However, his attempts to obtain results

interpretable as r.f. Stark effect using (3) as a sturting

equation have not been successful.

A S S BRIl ek 11D
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The writer bellieves that the transition probabilities [
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AFPPENDIX I

Part I. R. F. Stark Effect in the Townes Merritt Case

Townes and Merritt have assumed thet no ruclear-molecular

interactious are present in the molecule and that it is in a

7/
:Z: electionic state., Thus it may be considered as a rotator

presence of high and low frequency fielde; EH and EL respectively,

with angular freguencies wh and @, .

L

|

1

|

|

{

i

l . : with dipole moment, A4, and moment of inertia, A, in the
i

i

|

| The high frequency, wH , is of the order of 10 mc./sec.
; 2n

|

This is the difference in energy between two rotational states
| of the molecules. is of the order of 1 mc./sec. or less
' e A /
in these experimen%g.

The Hemiltonian for the molecule, based on ° classical

expressions for the energy is

2 R -

—
— - . = !
(1) H = lauA J o (EH cos w t + B cosazt) Ho-i-H(":)

; where J is the rotational angular momentum.

The energy diffecrence between rotational states is of the
i i . order of 100 times as great as the interaction energy of the

i molecule with any of the fields to be considered, so that a

: ' perturbation calculation for the Stark effect is adequate. 1In

i the absence of the fields, the unperturbed time-independent

L e " 1
. g Schrodinger equation is
il 2 7
! 3 | A T 5?7 = £y P
L "t AT b e
9 .k ; AE)
; L | | AT S EACED N
W / cmB
2 S il sl S
S P ' ( 2 (Fefml)
i / ﬁ \\ X'v—_)/m/
| y N - (bosev, (zc)

$Aty

1 e TP S TV T SO 5T BT
B 5
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The electric fiecld will be teken in the Z directionm.
In the cese of constent field H'(t) in (1) reduces to
H' = - # Ecos ©. From the properties of the associated Legendre
functions it may be shown that
<?'m' ] H'/ Jm‘>r =0if J' ' =JorJ'#J m' £
Thus there is not first nrder energy perturbaticn. The wave

fusction is perturbed, however, =nd in ITirst order the wave

function is

- Nz Na_. (3)
o=+ y NI [H ) P5im
I s T '%-\‘ , /- e K
T,pn =T ey )
(I/ nl’i‘ IM)
The sum consists of two terums,
(om |8 T+1, m) o5+ 1,m and
By - Ej + 1
O/ E( 5-1,0) ¢, - 1,m
E, -E. + 1
g - E; A
, 203 (J1n J+14m
(%) <Tpm | B ' J+1lm> =ME (358 §J+1+m; §2J+35

; ’ = k(l)E (EJ+1 - EJ)

1/2
2J-1 J- J-
(5) {olw| o-1m) =M E [éz‘.ﬁlg §J+.§§] )
= EJ

= k(-l) B (EJ -

z
§ The second order perturbation energy may be calculated mcet
=} directly using Schiff'sd result, and the properties of the
f associated Legendre functions . The perturbation energy is:
i
1 l. G. Herzberg, Spectra of Distomic Molecules, 2nd Ed. New York
' Van Nostrand, pp. 99 - T3.
2. L.I. Schiff, Quantum Mechanice, 1st. Ed., New Yurk, McGraw-Hill,
P 191&9; equo 25.12,p0 1510
30 G. Herzherg, 920 Ci‘_h.-, P 72‘730
£ -1 -
.-g<

e . - 2am WA ]
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g = e - 2 EUUR—————————————sme SR ST I

-__/I 7 2
W =S, [ 8 gw
E' -E; 7 6
3 7 (6)
which gives the well known result
o 2 2 - 2
Vo o= 24 U J(1+1) -3
7 ne EzJ(J+P,(2J-1)(2J+3))(7)

b(J,m)E2

(Te)

These energy and wave function expressions may n¢(w be used

to vwrite down the first order wave functions and 2nd order energles

of the "adiabatic approximation" Schrgdinger zqguetion. IE::ﬂ and B

are cnnsidered to be in the same direction.
2

2y —
e T - o t + t ()
{ S /cos (]?.H cos wy E; cous W ) Ur m

Eym (B) &5 (8D

(8)

The time dependsnce does not influence the values of the matrix

elements, so taat

2
- (t) = EJ + bJ,m (l’::H cos wHt + EL cos mLt)

(9)
r. i uJ,m(t) =0 Jm* (EH cos wyt + E; cos (uLt)
K, .0 J+ 1% o (J-1 o)
( (+l) (-1) (7-1) (19)
The expansion coefficients in the series expansion of the
; wvave functions (10) which form the solution of the time dependent

: THEORY, which in the first order perturbation gives
k . i I
$ (1) 7
N 4 -—G)(p/‘« w2, ("‘)c’f ‘<J
Tom /—1 .- L Tox T an
T Tas 7,

T

S T B " e

"
Schrodinger equation are now to be calculated using (13) of the

H(€)
’( Imn \

(1)
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with the present notation. It has been assumed that when the
molecule enters the region of the field it is in the definite

state (J,m). In terms of the energies this is

€
() ____/ Cx 1:3‘- ¢ ‘)
da_/,”,-— tTJ_M/f)-Lf_M(t) P ”,f<f;;',( ){/M(}/_] (12)
fo _‘_/ /7 dH('{)
A% /af \T/Yl\)‘
Ir this case the exponent is

f‘ - 4 ’ ( 3)
'ﬁ—ﬁ/‘?f fr'(ba,’m’ 'bf,,\yg/f"oslu)ﬂt tR L Ecos 4 7cosce) f,«F cos gt df

When the integration is carried out the exponent becomes

»f( LX) M b ) /Tr p WO ot )

"/“JH

g

A(“)i“{) oe Y,

7
LA e t.. n L ;
tit, £, (YW‘-——‘L-_(“) t“))* ;N(u)ttwh.‘)t +£,L\t Toys 2"‘1__.5’_2‘*)1"}]5

Before manipulating the exponent further the term
ZCJ,/"fJ: ‘(60'474/ )7, )([ CodW 1‘7‘ 245 Goswﬂfﬂvsq f#t Cos ) {)]

will be examined. Expanding io a p.~er series it is found toO be

/ 757 2 =1..2 3 2
- p /'/({>+—T{)-“//"t{“~~~-g (15)
(£r-2) 7 (- 377()
where
(Prim’ by, z
J ziat T L
,;—r('f) = 11“/ b ) )(}';:/ (O}t(;_')k'l‘ f‘z[‘f’/&(OS“}itCOSwA {JLCA COSQ)L’(>
i -<r

-13 -
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It will be seen that T(t) is of the order of 1C at most since

the Stark energy difference is of the order of 100 mc. /sec.
I

at most, while (EJ' - EJ ) is 10 mc./sec. Thus to an excellent
approximation (15) is simply

1
' -
(&, - E)) (15a)
The matrix elements of Q_EH:_ ere readily evaluated since
gt
4
?)/‘ (f?__ ~HcCos 6 <“)H tﬂ Sinv 0},‘{4 « { S/ e, t‘)

(16)
When the series wave functions given by (3) are used, the
terms will be seen to have the follewing crders of magnitudes and

time dependences.

-
D H () ) (o)
(U:f’l/'r" { :‘_f-— lJ;M? /\J/u (A)H [fl S/Al;uﬁ -f"//a /.f& c\)‘ -(J//'-"Af‘\-t
!
i, ol /-u-—/\ L t (o )
), / )
+’€—‘ { 3/'4/&//-:(0&&«) 1‘ 7‘/?_‘; f- S/’V(“,/‘zl COS"‘}a—f
61' <& % ” (Jr,'_tf
@, e, & £ @y
/——
S e e RIRT Somes, T CoLw, T
é’ _é (17)
VE J

In the Townes-Merriti experiments__uy 2 10,000 and the energy
“L -2

ratio, /ag Eﬂa or 2 » 1s always of the order of 10 or less.
lEJ' - B F

J
The relative orders of magnitudes of the terms are indicated in (17)
by the numbers Just beneath each term. It is seen that the most
immortant term is the matrix element
<Tf { o /a.glff,m> ’V'/.(/(A)Hﬁ; Y2 c()ﬂf‘
S (18)
- 14 -
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The coefficients,a, will now be evaluated for two different cases.
CASE I: The time between collisions is much less than the
time of one cycle of the low frequency radietion:
@ (t - t))<<1 (Thus %_ s 10 kc./sec. or less)
In this case E(t) varies only slightly during the time available
for one absorption process, and use may be made of the approximatinns
sin @ (t -t)® o (t - to)
cos wy (t + to) 2 cos 2 AN
so that

[t-u +(81n20"l’t-81n2%t }“EL (t-t)COS a‘Lt
YO

and the exponent, equ (1k4) is

e arct - ) ) wee)
ot (simwRa) - Sral v ZJ)
4(1)74"'—61'%)&[// ' _—

-
4 RELE Sl Bt Sl s ) € §
2 (3,20, i .z(;.,/lgiw‘) (19)
The exponent may now be expanded. We use
7 2_ 7 () expJiat{
EX[. [‘ . Jace .( 2 m / (Jeffries)h (20)

The parts depending on t need not be expanded, and are collected
o

together to form B(t,). Thus the exponential term is

. A e ’ &,
"3(%)5"/"’7"*# L 4(/), b Y4 4[ cos wt \7 ﬁ

k_ o/

jg(h,/ /f )1. Xex’?];‘/’“)t]fj [’2 sv/ h’m /)Z-l‘ (vu'w){]

-+ z' e
=, O\“ \ _7/% Q‘)H - ("‘”’ .
(com. d next poge )

I H. Jcifries and B.S. geffries, Methods of Mathematical Physics

2nd Ed., Cambridge Univ, Press, 1950, p. 589.
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27 (<nr2) (21)

Ena (bJ'm“ - bJ m) is 1in these experiments of the order of lo-h
times the energy AP . Hence, the arguments of all the Bessel
functions are very small and the only important terms are Jo(x),
which = 1 for small arguments-=all the others are of the order
of 1o-h or less. Thus to a good approximetion the exponential,
(20), is

o L e
PRAL Z(';:'[{T' s *(/’J;w/ —th\'(TN{é tcs "‘1(0)1

(22)

The leading terms - expressicns (15a), (18), and (21) are

inserted into (12). The time dependence of the leading term is:

ot
. / W[ 5/4/ )Z
It 1 om J ( — [ 7 / T4 “'*(/33/4: bf/w\’

(23)
<£%+g~: CUSM){)f{ 7o’f
w [T ¢ Corns fep I [t b h)
i = ng - )?i glfg:b *’Z{} +
( -%;fr ces OJ ( f ./

(b, )(ééfié‘ws%) )
‘rn Ja ! >

——r~
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Since the numerator does not venish and the denominator of (23)

is “resonant", transitions are expected to occur at the frequency

for which the denominator vanishes -- these are

= {f“/ f,«/ 4«)(‘/"‘/(““’T>§ (24)

The field Eg

is considered to be so weak that perturbations in

the energy from this cause may be neglected =~ thus

- 4 — h— N
y = TIZy Vo o L
v g L el g,
& % (25)
|
2 & = (bJ +1,m " me) is the seme coefficient that determines
|

the size of the Stark effect in the D.C. case., The time cf entrance
¢

into the field is t
|

o == thus the shift in the transition frequency
§ . due to the radio frequency perturbing field is
. Vel z s 2
| 4 av-as, cosw T,
{
i
e B (26)
R the result stated in the text of the thesis, end obtained by Townes
i b and Merritt.
% b
P
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CASE II: The time between collisions is the same order of

mognitude or greater than the period of the low frequency field.

i In this case the approximation @ (t-ty) << 1 is not

‘ valid. The terms in ai ere therefore treated in the same
vey as o When (30) is used to expand the sine terms in the
exponent (14) and the terms containing t, are collected to

i ’ form C(ty), the exponential term in (12) becomes

e[ 16O b ) (£ £ L )q
(A 4‘-/’_—_ 11?6)7’3 .(Lmbt) {']ZATS‘( b’” ?27)

voc/“(

A v,
()xp[’ll'pm;.f ZZ‘ (S[/f 7’, Za (Sé,:- 1)
£ -

As before, the sums over p,q, and r may be replaced by 1 because

x g\v

the arguments of the Bessel functions are very small. However,

2
this is not true for the sum over n, as b(J,m - b, &) E

hth

may be of the order of 1 cr larger thus (27) is

. . ~

; =7
L C"P}'}[‘rf(@ i ) (22 ot

Syt

py

' for other parts of 81yqts B8O that

évs " 4 __‘.:' £LL(‘L'7
f&_”fﬂz—expfﬁgd_ f(b b _':'Li*}gt '

provw

-
“

’

-

AFw . )02/7[‘7‘”‘“/ f]”‘ t

S aﬁm‘"é W€ i CERnS )2 (5(/“/ 'JM e SE(

7w

)
i 2L Pl
7]
‘S/'
Cous

7

11[3 ST /qum"‘zh _(i” *5,2{1‘ *»ZMW‘;Z* (28b)
| i s P eyl 2 |1 7m0, ]

e ol 3 $“/°[“’“”f

: (15a2), (18) and (21) are still the larger terms irn the expressions

e
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As before, this expression for Gy 41 is resonant, so that a

transition is expected to occur when the denominator vanishes.

This occurs when

a r—/- S_( - / / 2 -
. w2 FUr re 6 '(@‘}//4‘: /?&w)(fj;é) f}.?m “) ]

4 LT (hrsy b\ s £ K
:.-// J:"_,':_ + _f%*:_-.lm})(/Lf_éé")J‘?MJi] (29)

As before, the field EH is s0 small that it does not significantly

shift the lines, so that the final result for the shift in observed

lines is

(30) &y, =

a (B, ) + 2nVL, where n is an integer, as stated
2

in the text of the thesis arnd by Townes and Merritt.
The relative intensities of lines corresponding to different

values of n are expected 4o be proportional to the relative magni-

tudes of the “runsition probabilities. 2

Since these are proportional
1 T
to | CZT.f/ - } if =all other factors are left unchanged, the

y

relutive intensities will be proportional to the relative sizes of

Tk £5¢ e £
~ AR, ~\)( - Ny / (31)

for different n values, as stated in the thesis text, and by

Townes and Merritt.

5. L. I. Schiff, cp. cit., p. 192.
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P II. R.F. Stark Effect in Electric Resonance Experimente.

In an electric resonance experiment, molecules from the
A field pass into the C field moving with thermal velocities.

During the time they are in the field, of the order of 10 sec.,

transitions moy be induced by the radiofrequency field ERF witin
angular frequency, w, between the energy levels perturbed by the
homogeneous field Ec' Two cases will be treated. In the first
cese, the molecule will be assumed to have an electric quadrupole
interaction, and the DC and KF rields will be assumed to be so
weak that the weak field epproximation may be used to treat elil
the effects due to fields. In the second case the DC field will
be assumed to be so strong thaot the Sterk effect may be treated
ignoring the guadrupole interaction. In both cases, the frequency
%%___ is considered to be so great that ERF undergoes several
ogcillationa in the time that the molectle is in the field.
CASE I: The Hemiltorian is

2 ) e i
=h = LA
(32) H - J° + HQ P (EDC + ERF cos wt)

The encrgy levels for the weak field case are given by Bughes

6
and Grabner . The result for the d.c. field cose wmay be generally

expressed as

—— 2
The coefficients, d, are proportional to the coefficlents

given by Hughes and Grabner for the Stark effect at weak fields.

6. Hughes and Grabner, Phys. Rev., 79, 829, 1950.
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Since the time dependence does not affect the values of matrix

elements

—_— 2
v 3 s 3y & nv \.
(34) W(I,J,F,mp,t) = Epi+ Eg(Fy) + &{F3,mp, ) (EpgtBpy cos =]
The last term is small compared to the second., The wave functions

in the absence of any f£!elds a.re7
/)U'(JLF.,,«F) 2_; C ?/dﬂr)f(ff”r)

The presence of a field mixes into this wavefunation states of
different J, so that the wave function in the present field, so

far as its time dependence and mixture of rotational states are concerned

will be A 5
(LI F e {) - /V(IJ ooy ) ‘(( 97/
'J-r,/wt.
/Pa-)(z Cos ot (36)
T m

where g(EDC) and k(ERF) are << 1 at these weak fields., The analysis

will proceed in a manner analogous to the Townes and Merritt case II,

-b

6 +2
since w ~10 and (t.-to)/u 10" so that a)(t-to) /v 10 . The

transitions to be considered do not involve changes in the rotational
stetes. Thus E;, - Ey = 0, and this term will, for simplicity, be
dropped out of the energy-difference expressions. Thus the exponent
in (22) is-
1\
. (
<// [f (5 &, (5 )+ (et(oms) - 06 ) V2 o5 jelt
(37
= (ows /3)

7. E.V. Condon and G. H. Shortley, Theory of Atomic Spectra,
pp. T3-78.
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A
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, . (38)
- i s -
D(Q)“’)‘PZ{(Y(()]
where G(t) 1s the value of (38) with the upper limit inserted.

/
The orders of magnitude and time-dependence of \< /;—)fﬁ /}
will now be explained.

(39) S s ( cosd?

<k -/UERFZ coa(e)w sin wt A ERny sinPZ s::O g(w)sinwt
a b

Terms (a) will induce transitions without chenge in m, » and only
1l

its contridbution will be considered as all the observed transitions

are of this type. The present discussion is not concerned with the

changes in F that may occur. With ,*(J,I,F,mp,t) (expression (36) )

as the initial state and (J,I,F’,mF,t) as the final state, the
largest contributions from (39) are:

typel: from terms (A) and (B) as initial and final states respectively:
Ju! ) A biuwt (ko)
)&
type2:

from tesms (A) and (C) in the initial and final states
respectively:

< )_g_'_() A sinwt cos wt (kov)
ot
Note that the type (1) terms vanish if EDC = 0.

The same method may be applied to the denominator of (12)

that wes used before to obtain (15a) from (1), since the energy

level perturbation from the field is small, Thus the denominator
is approximately

() E(F', mp) - Eg(F,m)

- IR, . AT Ty sl RO

£
R TR B eyt ougTpeerF S
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Combining (41), (40(a) or 40(b)) and (38)

- I PRI 4 cosof‘)d{
P (AL LT i
The expansion (20) is again used for the sine functions in the

exponential. In the present experiment

EpgwERF (d(F'lmFl)'d(Fl’mFl))’ or Eg(a'-d)

T
are always << 1 since the transition frequency is always > >

the energy level splitting due to fields. Therefore, the only term
that need be considered is J¢ % 1, Thws

a,/mr O(/ {_/(f)C’X[J/—; Z} q,(/—)éQ (’ )
_+(omw Yot (e V) s S (¢t ) o

using the type (1) time dependence, the result is

&}-';V‘F <. }(‘fa)fﬂj Z “,(.(( )‘f (f)-l‘/(/((r,w /) o((r "'“ﬂ(ép( LK()ftI
o ERE
&

(5 N | (fm-g?ml,(d() A NEx LR

¢

The Y resonant" denominator vanishes when

LR LBl Gy (i) ol ) 520 £) T

+ Lo () -Eo (€ » y
oy Vo WO )t ), &)

Thus, where the DC "Stark coefficient”, a = (d(F',mF,) -d(F,mF))

h
the shift in & line due to the radiofrequency fields is

{ 3 2
(43) AY =a2—rs
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as is stated in the thesis text., The type (2) time dependence
yields the term

(/(J’/t"[;é" T (:/ Wy Tf AT ICZ; Sd/wwv (L( ( 10) >

) 220 X [(.E'w)l-[ji(}f? () -[P(/-; )L () - A ) }_/A‘jjf.f?fi.’__fiz

which gives resonance at

podts L)L) (K6 -Sm) v, Loy 7
< ¢ 4 A (2% < ) )

These are half frequency-resonances, The shift in the dcoubled
half frequency resonances is seen to be the same as the full
frequency case, as stated in the thesis. Since < ’ 3—2"‘J> with
type (1) dependence is zero when EDC = 0, no full frequency
resonances will be observed at zero field.

CASE II: The Quadrupole energy is not included. This is
expected to be a good approximation in the case where the energy
level splitting is much greater than the splitting due to the
quadrupole interaction. The Hamiltonian is

/
4

()  E= 2 - (5. +E ot
S /(LDCOERFCOB )

ERF has components parallel and perpendicular to EDC , which defines
the z direction. The parallel par.’ have matrix elements k,j or
a3 fooom e
k_y (see (4) and (5)). The matrix elements of < J',m ///Ey( J,m>
vanish except for Jtl, ol /.?-‘E x J ,m‘ .
Yy

ft 1l is defines as

\

S = .{._Ji‘”"’” * fur 2 7,112

- o (45)
Z:Pf}, (/:Tf/ '-[J-)

-24 -



vt o

-
P -
. s o Ao LI

TN 7 B Y T R AN e

it T _‘W"ﬁ‘?zf’"ﬁ» h.'g??(%

o O

Lo 1R

=

CJ,m is defined as

C. = 2u(4,44)

, A ¥ it -l (“'6)

The energy, in the adiabatic approximation, by the same methods
that led to (9) is

_W E’/‘b (EDC E((,. Coswt)’} t?{ CU.S,A,f

It can be shown that

f Sive @/w A7 —-/O Col e (fﬂ AT

/ﬂmr/ W

that Co. = (see Ta) thus

V%/M, £ é ; 4»21: “.»( ca..cu'f-f(f 1(4/ )cos (.)7‘}

:{7_7‘/\3_ Z%F)roszﬁot-‘ K l( ) cod ',Jf
(47)

The exponent in (12) is thus

b P )6 (5) it (15 2,

- K w( i< f/(-’_))C(\S u)ffdz‘
which on integration gives

‘ R4
-ﬁi (bfm IM)é/l)c (f‘f),(j’.g)/_ g u)L) %_:ﬁ)s,.vuf]{

80 that the exponential term is

/‘/(f/@(p[ /@M - ,—(x 2(52 /)/‘ Axmu«)f (k=) (48)

) [} S/'\/qu ]
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The transitions to be considered do not involve changes in EJ.

Since EDC>> ERF’ a good approximation for the denocminator in (12)
will be (compare 15a)

R 2

(%'M' } /’J'm« )[oc (49)

The first order wave function is

AA_ . _ -+)
‘J,"M(t) p}. + k:t/ %—r/lm([b(-*‘:(l?g < OSWT/

4 Zf = < u'{)
+49 4, 7wty (LB €05 (50
' Q
The time dependence of {J ,m? (\5%'_.} J,m) will be
investigated.
QU

57 7 oubon cos 00 in i Tnbg SnosinfasmeT.

The initial state will be taken as J,m. The biggest term giving
a &m = + 1 transition involves (A) in the initial (b) in the
operator and (B) in the finel state, and has w sinwt time dependence,

(type 1). It will be seen that the other terms are much smsller
than this one 1if

EDCP) ERF
ERF terms with type 2 time dependence,

cos wt sin wt, ( <(C) { (b)/ (n) > or
<m) | (@) (X)),

will be of the same order of magnitude as the type 1 terms,

S

It Epe ~
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Under the same conditions » terms such as

< [ @

involving m = + 2 and having type 2 time dependence ¥ill be

important. Combining terms (51), (49) and type 1 or type 2

. matrix elements of O H!

ot
- the time depenaence

€
r /1(€,)
afm,“% (&‘m' \z.‘by/‘)} }”}:‘“ A )["x~

#(BB)(£+ 2227 )y S PI{ PO

i /A/Wf) | Sl ceswlY o ¢

the expansion coefficient (12) has

The exponential may be expanded using (20). Only the case where

J 1is the most important term will be considered. Thus
o

(B'-B) or (k'-k) << 1. This condition is satisfied vell so
w

long as EDC>>. E

The approximate expansion of (51) gives

[7(¢,) .
T b NE T b )
| a7 1] s ot [

As in the previous cases, the integration leads to “resonance"

denominators, the type 1 time dependence gives

V=rlr [(bJ‘,,mil'bJ’m)EgC-i- _(g;g_)_] (53)

- 27 -
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so that the frequency shift due to the radio frequency terms,
(B' - B) are

Ly s
AV a4 .(b,;,,.\t,"hf,.«)( Rry *“m;"}
=L < e
24 (/DJ’,'mt/w 64‘,»"1 )/' RF

As before, the type 2 time dependence yields the half-frequency

(54)

resonances. The shift of frequency in the doubled half frequency
is the same as (54). It will be. noted that the expansion coefficient,
a, is large only when JH' Vs large. Thus &m =+ 1 or
’ 4 Y <' = l) (S 3.4
fm = + 2 half frequency resonences occur only when E_* Eoe

= RF
If ES E RF ? Bessel functions of higher crder than Jo must be

included in the expansion of (51). If these terms are included

other time dependences of the bracketed expression (52) will appear,
such as sin 2wt, sin 2wt cos 2wt, etc. Evaluation of the integrals
tc give S in these cases shows that the other types of resonances

will arise besides thouse already considered. These resonances are of

the general type

\ = 1 b -b E + B! - +
b) ...ﬁ[-( J’m*l J’m) e —E-g _hV
2 -~
or = 1 b -b E- +B!' -8B
my = J_(J, ™) Jm/ “pc T l

and may lead to "multiple" or "fractiocnal" freguency resoncnces

of various types. Some of these possibilities are mertioned in the

text.
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