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AN APPLICATIUN OF THE INVARIANCT PRINCIPLE TO THE

STUDENT HYPOTHESIS

By
Pgul L. Meyer

1. Iptrodyction and Surmary.

The problem which is pcsed to the statistician in the formulation of
the general decision problem as outlined ir [11 reduces itself essentially
to the cholice of a pure or randomized decisicn procedure which will also
be called a statistical strategy. The actual choice of a procedure depends
on the criterion employed to decide how the risk is to be minimized.

Various criteria for selecting a decision procedure from a class of
roasible procedures hava haan investigated, with most attention having
been given to the minimax and Bayes principle. Unfortunately, nelther
of these approaches is completely satisfactory; the former, since it assumes
without must jugtification that nature -- the statistician's "opponent" --
will do its worst. The latter requires the knowledge of some a priori
distribution, which is often not available. Hence in many cases, an 'optimal'
solution to the general decision problem does not exist and we must accept
somewhat less ambitious aims. This is analogous to the classical problem
of testing hypotheses, where we often are unahle to find uniformly most
powerful tests and hence restrict ourselves to tests satisfying conditlcns
such as unbiassedness, similarity, and invariance.

One way out of this dilemma is to construct a class of procedures
which i3 optimal in the sense that no matter what criterion is used, one
need not look outside it for selecting a procedure. Such a class is

called essentially complete. It is often desirable to restrict oneself
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further to a spocial class of statistical strategies from which to select
an essentially complete clas,. This is done in order tc reduce the number
of pcssible procedures to be ccinsidered. Also this often leads to a
simple characterization of sn essentially complete class within this
restricted class.

In this paper we construct an essentially complete cless of invariant
decision procedures for a type of problem arising from the observation of
a normally distributed random variable.

Vore specifically, suppose x is normally distributed with mean L and

variance 62, both unknown. We consider the problem of making decisions

concerning the quantity-
00

2
p = Prob(x>0) = # fe-y /zdy

where 5\' P/G". We asaume that the loss involved in making these decisions

is a function only of ¢ end hence only of 53 and does not depend on Al

and ¢ individually. Jecisions concerning the quantity p, whether they be

in the form of its estimation or in the form of multi-deciasions will be referred
to as decisions of the Student hypothesis type.

A special case of the above problemn occurs when we are testing, for
example, the hypotnesis H_ : p= 1/2 vs. Hy: o> 1/2. For if p=1/2, § and
hence y.equals zero. Thus the above becomes a hypothesis involving the
mean. This is the classical prcblem for which Student's t-test has baen
shown optimal.

By sppealing to the invariance principle, it is shown here that the
t-teet is optimal for the more general situation of the Student hypothesis,

given above. It is shown that these optimal procedures are monotone in t,




and form an essentially complete clasn of invariant decision procedures.
Arnalogous rasults are obtaine’ f~+ ths multi-variate case, in which Hotelling's
'r2 replaces Student's t.

In order to demonstrate this optimality and monotonicity of the t-test
for the general Student hypothesis, we appeal to a theorem proved by

H. Rubin (7). This thecrem characterizes an essentially complete class of

procedurea as the class of monotone procedures. To prove this theorem,

certain assumptions concerning the loss function and the action space are

made. Also it is supposed that a real~valued random variable, depending on

a real-valued parameter is observed; furthermore we assume that the distribution
of this random variable has a monotone likelshood ratio.

We are able to reduce the general. Student hypothesis type problem to the
observation of a non-central t or non-central F variable, by restricting
ourselves to invarianl procedures. We show in this paper that both of thece
distributions possess monotone likulihocod ratios, and bence the above theorem
is applicable.

The mathamatical formuiation of the problem will be given on a much
more general levul than would te required to discuss the specific problems
treated in this paper, and will follow quite closely & paper by Blackwell,
Girshick, and Rubin [27 on the invariance principle. The reason for
introducing the machinery given in [21 is to put the classical problems

with the Student hypothesis into this new and more embracing framework.

2. The Student Hypothesias.
In many statistical problems, we are concerned with a normally distributed

A random variable, with mean }Land variance 62, Lath unknown, where the




conasquences of tho action taken based on a random sample depend only on
the proportion of the area under this normal curve exceeding (or falling
short ¢f) a given number A. For example, in Industrial applications, the
quality of a lot of goods may te measured by the fraction .of the material
that exceeds a given 1limit A, with respect to some normally distributed
characteristic. On the basis of a sample of observations we may wish to

either estimante the proportion or make decisions as to the disposition of

the lot.

More specifically, wa consider the problem of making decisions concerning

® _l( = )2
Prob(x>4) = —/\IT?-LTT—G; f e e % ax
A

Taking 4= 0, without loss of generality, and latting y= x/J", we obtain

@®
p = Prob(x>0) = —L‘__.-, f o7 /Zdy ’
N2 Y

where 8 = }A/f. We assume that the loss involved in making these decisions
is a function only of p, and hence only of §, =nd does not depend on s
and ¢ individually.

The classical problem for which Student's t is used, namely constructing
significance tests for the mean ¢f a normally distributed random variable,
is clearly a speciul case of the above. For if p=1/2, & and hence M
equals zero, and the testing of Hoz p= 1/2 vs. le p¥ % becomes a test
involving the mean. In order to prove optimality of the t-test, even in
this special case, we assume that the consequence of a wrong decisicn depsnds
on & and not on p and ¢ individually.

: Various optimal properties for the test based on Student's t have been

demonstrated for this special case. For instance, we know that if we test
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(1) Ho: P 0

le t; >0
the u.m.p. test is

P(t) =1 if t<ec

(y(t) =0 if ts>ec¢ |,
where cp(t)-Prob. accepting Ho’ given t, or

(i1) B: p=0

His M ¥0 ,
for which no u.m.p. test exists, but the u.m.p. unbiased teat is

P(t) =1 if Jt| <k

P(t) =0 1if t] s>k .
When we restrict ourselves to invariant procedures for testing the above
hypothesis, it has been shown that the t-test yields the best invariant
rrocedure. Recently the sdmissibility of this best invariant prccedire
has been shown by Lehmann end Stein [41. The power function, which was
used as a criterion for loss is a function of S'only and hence is of ths
type considered.

In this paper we show, that by appealing to the invariance principle,
optimal properties of the t-test hold in the general problem of the Student
hypothesis, as given above. We may, for instance, partition the § -axis
into k intervals (non-overlapping) Il,...,Ik and test the hypotheases
Hiz e Ii’ i=1,...,k, 1.e., conaider a multi-decision problem. If we then
assume that for a fixed decision, the loss function depends on § and pussesses
certain monotonicity properties, we can by restricting ourselves to invariant

procedures, find a strategy based on t which is uniformly sa good as or better



than any other given invariant procedure. Furthermore, & constructive method
for finding zuch a better procedure is given in [11. These prccedures hasaed

on t, will turn out to be monotone. When only 2 actions are involved, the
essentially complete class of invariant procedures (i.e., the monotone
procedures based on t) is minimal. We may also wish to estimate the quantity p.
Here again, the invariant estimate ®hich is optimum wWili ©é a monotone

function of t.

In considering invariant procedures, many others besides t suggest
themselves. For example, the statistic H= X/R, where R is the sample range
is commorly used in quality control applications. It was shown in (81,
that for ng 10, H yields an excellent approximation to t in terms of the
power function. Naturally, if we take computational and time costs into
consideration it may well be that for small samples the use of H is better

than that of t. Ignoring these costs, the above discussion shows that

procedures based on t dominate those btaused on H.

3. Mathematical Formulation and Definitions.
In this section we shall discuss the mathematical framework within
which our results will be stated. Also we shall define rigorously various
concepts which have been referred to rather loogely in the preceding sections.
Although most of the concepts are discussed in great detail elsewhere,

as, for example, in [17 and (27, some of the basic ideas will be recapitulsted

here for the sake of completeness.
We assume that we are given the following:
(1) A sample of space g = (%, ,00,P) where Z is the space of outcomes
of an experiment, ég a Borel field of subsets of Z, ) an arbitrary

parwueter space, and P a function defined on @'x Q, so that for
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each weQ, Pw is a protability measure on @ We shall write,
for SeB, wel), B {5)=P(5lw).

(2) An action space A and Borel field ( of subsets of A.

(3) A loss function L defined on L x A which is O.-measurable for
each well. For any wel), aed, L(co,a) represents the
loss to the statistician if nature is in state (O and he chooses
action a. We may assume L(co,a) > 0.

(4) A oclass of randomized decision functions 4’ eo that for each
ve,l/, %€ 2, -1Jz is a probability measure on 0. In particular,
for E€Q, z€Z, ,(E) 1s the probability of taking action E,
on observing z.

Tn most of our applications we shall only need to conszider

the class D of pure decisjon procedures, where each d maps 2
into A.

(5) A statistical game G= (Q,Y,(o) where o 1is the risk function

defined by

plw,v) = ffL(w,a)dv(alz)dP(z!w) .
Z A

In term; of these concepts, we now define:

A class C of decision procedures 1is essentially complete if for any
procedure <3//, there exists a procedure 2/EC so that P(w,v) < p(a), V')
for a1l wef2, If for any w'¢ C we can £ind 4/& C so that plew, V) <
P(w, 2//) for all ¢, with strict inequality f»r at least one <O, then we
say C i1s complete.

Clearly the construction of a complete class C 1is extremely desirable,
since we need not look outside it for selecint procedures for s particular

statistical game.



Next we introduce the invariance principle as we shall use it in cur
apolicaticns. This principle hcs been used to advantage in various statis-
tical problems, as is mentioned in a paper by E. Lehmann [51. The formulation
given here following the previously mentioned paper (2], is different from
the earlier ones in that it considers invariance from the more general pcint
of view of decision theory.

Let \7 be a group. With each 365, are asgsocliated functions €z>
gn, and gy’ defined on 4, Q, and A respectively, so that g-» 8y is a
homomorphism of & into the transformation group on Z, with similar inter-
pretations for the correspondence g—A>qn_and g—>8,; i.e., with each element
of the group 1s associated in a 1-1 way an element which maps 4 onto itself,
A onto itself, and () onto itself.

We shall only deal with a particular type »{ group, namely admissible,
which we now define.

Definjtiog. The group & and 1ts associated functions 8z &y and g,
are admissible with respect to the game G= (f);D,fa ) if:

(1) for each ge. %, g, and g, are messurable with respect to @B
and d respectively;
(11) for each ge Y, seB, w2,
P(g; (5) [gn(wo)) = P(S|eo);
(111) for each ge ¥, aeh, coe(2,

L(g_Q(fu),gA(a)) = L(co,a).

We assume in what follows, that only admissible groups are considered.
. The purpose of introducing invariance at all was 1in order to reduce
the number of possible procedures which might have tc he considered, and

restrict ourselves only to invariant procedures, which we now define.




Definition. A pure decision function d€D is invariant under Y ir
for all ge &, z 2
d(gz(Z)) = gA(d(z))
A randomized decision function -ye/ is said to be invariant under 57,
if for every z€ 2, Eea.., and ge 5,
(g, (B)lgy(2)) = #(E[z)
These definitions simply say that a decision procedure i1s invariant
if the aame action results from observing z gfter it has been operated
on by J, e.g., observing gz(z).
We shnll next define another concept tnat arises in studying invariant
procedures, namely that of an orbit. This is very closely related to the
more familiar concept of a maximal invariant. as we shall point out below.

Definition. Let z, €Z be a fixed element. Then we call

2

K = {z: z-gz(zo) for some gsj} the orbit generated by Z,-
o

As we vary z, over Z, we obtain the class 7{01‘ orbits on Z; this is
clearly a partition of 2, e.g., if we define lezz for i, 2 in the same
orbit, then ~~ defines an equivalence relation over Z. To tie this in
with the cuncept of a maximal invariant, we use the following definition.

Definition. A function f defined on Z is a maximal invariant if

(1) r(gy(2)) = £(z) for all ge&r, 2€2;

(11) f(zz) = f(zl)® there exists a g€ % so that z2, = gz(zl).

It is clear that a maximal invariant is conastant on each orbit and
assumes different constant values on different orbits. There may bo many
functions f which are maximal invariants for a group 5; each, however,
induces the same partition on Z, namely the class of orbite. Hence we nay

identify orbits and maximal invariants, as we shall do later.




Needless to say, the same concepts discussed ahove for Z, apply alsc
to €2,
We shall now summa.ize a few cf the main results as set forth in [2].
Before getiing involved in a maze of notation, we shall briefly outline what
ve are attempting to do.

We start out with a statistical game G= (Q,//,p), where both the
spaces Z and @, may be of rather complicated form. We introduce an
equivalent game ¢ (for the definition of equivalence of games, see [11),
in which nature chooses an orbit of {2 and an element geﬁ, and the
statistician observes an orbit K. If we restrioct ourselves to i.varient
procedures (with respect to an admissible group), it turns out that the
riask p* in the equivalent game G* does not depend on the choice of gé& 5

We now give a brief resumé of the mathematics involved in the above
reduction. We assume given an admissible group j and e statistical gaine
&= (CQ, 4, P )z

(1) Consider the class of orbits on (), say &9, i.e., ® ¢ implies

@-{w: for some g, w-gﬂ(wo)} for fixed ¢ .
Now £ix any (DED and let ¥ be a selection function defined on n9, and
taking values in @, i.e., for each @, Y chooses a point WHEe(@. Define

P (slg,®) = p(sl g (WO
L (g,@a) = gy (WD) ,a)

then

G = (Q,)(,/o) G (_Q*,/V,(o*)
where

O =GN )
and
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P e@) = [ [ (e,@ 00 Mel2)er 2 (6@ .
Z A

(11) Assume
F- {g: gy (z ) = zo} = {(e)}
where e 1s the identity element of :92 Then there exists a 1-1 function
¥: FY—>K, defined by ¥ (g)= gz(zo), for z_ fixed €K. Hence there is
induced a probability distribution rk over 3& since a distribution is
assumed to exist over K. Also, if +/ ig an invariant procedure, f:’ is
independent of the chcice of g and we may as well use e. Thus we can

write

e (e.® ) - ffflf(e,@,ga(a))d Mk (g1EDd 7 (aiX)dQ(x D)
XAy

where dﬂ?x is a probabllity distribution over A for given K, and dQ is a
probability distribution over K for given @

(411) In the special case in which gA(a)- a the expression for FD*
in (ii) simplifies to

P’(°’®’7?) - ffL’(e,@,a)dvz(alK)dQ(Kl@)
®a

This reduction is jpossible since the integration over.f'waa eliminated as

!dr’x(g) -1 .

It 1a this form which will occur in most of our applications.
(iv) Suppose thet f and A\ are saximai invariants on Z and (X I “pec-
tively. Then we may write (making appropriate notational changes since

originally the functions involved were riofined for different arguments):
R — » - =
e (e A7) = ffL (e, A ,a)a% (al£)aQ(fl A)
A
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4. Characterizetion of an Essentially Complete Class.
We shall now state the main theorem used in obtaining essentially
complete classes of decision procedures. It is a theorem proved by
H. Rubin (7].
Before stating the main result, we introduce a few more concepts.
Definition. Let Z be a real-valued random variable and let A, the
action space, be a ¢losed subset of the real line. Then a monotone proce-

dure d: Z —rA is defined by:

x,yeZ , x>y )
) =) &8, 2 &
d(x) = a, , dly) = aJ S

If A is finite, e.g., A= (al,...,ak), a monotone procedure is characterized
by a set of numbera X %8 ...5% 80 that action 1 is taken if and only
1f the outcome is a point in [xi-l’xi)' (See, for example, (11, Chapter 7.)

Definition. Let Z be a real-valued random variable. Suppose the
probability distribution of Z, B, depends on a real~valued paramater CJ.

Then pw(z) is said to have a monotone likelihood ratio if for z,2z,,
W) 2wy, We have:
p(z, | o )p(z,1e,) 2 plz) |W,)p(zyla)

As we have mentioned in some of the introductory sections of this
paper, we shall restrict ourselves to a speclal class of loss functions,
which we now describe.

Let A be a closed subset cf the real line, and assume the parameter
space to be an interval, say (a,b).

Suppose ianL(w,a) is assaumed; the point at which it is assumed

a€

cleariy depends on c> and we denote it by q{co). It is obrisus that q(co)

need noi{ be unique, 3ince there may be a whole set of values of w which
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yields inf L(c>,a). We simply let q{c) be a noint at which this inf is
aasumed.

We further suppose

(1) q(co) 1s inereasing in <o,

(11) ag e g qlw)

}:}L(w,a ) s L(e,a) for all co.
qlew) s 8”5 a

If A is finite, say A= (al,...,ak), this reduces to being able to
label 8y.:+,8, 80 that fl- (a,b) can be subdivided into k consecutive
k
suhintervals Il,...,Ik (some of which may be empty) with }_{Ii- ffl, 80
that ‘

(1) for all wel,, L(w,1) = min L(cw,])
J

(11) Sg¢isi

=yL(wW,}) s L(w,S) for all wel, .
1<5sgS

We can now state the main theorem of this section.

Thecrem. Let Z be a real-valued random variable, C) a subset of the
real line, and & a closed subsat of the real line. Suppcse that %9, the
distribution of Z, depends on > in such a way that it has a monotone like-
lihood ratio. Suppose further that the loss L(c>,a) satisfies the conditions
stipulated above. Then an essentially complete class of decision procedures
can be characterized as tha class of monotone procedures.

This theorem is proved in [11 for the cluss of exponential distributions
and finite A. The extenaion to the above form 1s contained in an unpublished
paper by Rubin.

In order to apply this theorem to the construction of essentially
complete classes, we must reducs tvhe problem to the observation of a real-

valued random variable having a distribution with e monotone likelihood
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ratio (supposing the other assumptions are fulfilled). It is for this
reduction that we make use of invariance, e.g., restricting ourselves to
invariant procedures, and show that in certain cases we can reduce the
problem to the Jorm for whicii the above theorem holds.

To do this for the specific case where we deal witii observations
obtained from a univariate or multi-variate normal populations we need two

preliminary results, which will be developed in the next section.

5. Monotonleity of the Non-centrasl t and Nopn-central F Distributlon.

We first consider the case of the non-central t-distribution. Suppose
z and ¥ are independently distributed random variables, z being N( §,1)
and w being ')Li Then the joint distribution of z and w is

2 k=2
280 B2
w 2]

£(z,m) = L
zZ,W rJ?ﬁ‘zk/Z I'"(g) e

Letting t= z/dw/k, we obtain for the distribution of t:
e k-1
p(t1§) = cJ 9-1/2(4§t-8)2 w? e"'/;Z dw
0

We now shall prove:

Theorem. The non-central t distribution p(t| 8 ) has a monotone
likelihood ratic.

Proof. The proof of this theorem has been given in (31 and [41; the
proof given here is a slight modification of the one found in [47.

Let
p(t|8,)

F(t) = mg‘b )

where 81> 52. We must show that t,>t, -ﬂ)'l“(tl) N F(tz). Since F is

continuous in t, only 2 cases arise:
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(1) t2<t < 0

1
(11) t; > 6, >0

We shall prove (i); e.g., suppose t < 0, Let -t A\w' =v.

2
I N
fezm(“ 2(?)1(1625 %dv
&
F(t) = &

t t2
w V6 _ I
- -rl )
‘f o VK o 27 £(v)av
= 0
© _v82 )
f e ‘fe 2t f(v)dv
0
where
-1 (8- 6%
c*®e - 1 2 > 0
and 2
.
t(v) = vF o 2K A
Hence
o _ vSl )
cdf f\v)e ()3 o dV av
F(t) =F (¥) = "52 )
fl"(v)e W e 3V av
0
wherao
Y- -
2t

Then one obtains
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Now as t< O increases, t2 decreases, and so ¥ increases. Hence we muat

%
show that F 1is increasing in ¥ . Let O« d‘l" 232 and define

A= 2 (F(g,)-F (30

Therefore
v vd.
1 2 ® 2
P - -TE -
J f(v)e T =027 dv J‘f(v)e 1’ dv
be o] v52 ¥ i ® vé 2
- - - -3
f"(v)e 3 2" v ojf(v)e ‘ﬂg N dv
0
® v
- == (8,-4,)
- J e LIRS 52 [gz(v)-gl(v)ldv
where 8
-3‘1 v2 = Tf* v
g (v) = . :
ST
ff(z)e dz
o]
However,
s.
o )
Fewe®™ . &
Jo . I s
. 0 f(ve ]
[gz(v)—gl(v) dv = 25 - s
© il B S
ff(z)e 113 2" dn fpi‘(z)e W 1" a2
0 0
=0 .
Also,
g (V) (8- ¥V

= af /
mce , ¢ >0

dv
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Therefore, v increasing implies gz/g1 decreasing. Hence by continuity
argument, we can find en M so that
g(v) >1 1fO0gvghH
—.'&-_-y
(") 1 ittMcvew .

Thue epplying the mean value theorem, we may write:

M v @ v
- (54-8,) - (6,-65)
A= d!e I 81 2 [gz(v)-gl(v)defje X *°17%2 {gz(v)-gl(v)'ldv
M

v v
- (5.-5.) M -k (§,-5,) F°
-0 T2 g (v)-g(v)ave e T L 2/[gz(v)-sl(v)‘dv
0 M

where
0<v°<l
Mcv, < @
1
Hence

v v
-orts (5.-5,) N -l (§,-5,)
A>e ﬁ 17 j(gz(v)-gl(v)"dV‘ e T% L f lgy(v)-g, (v) Tav
0 M

v
“Té(él'gz) fo_ :
-e % J ngkv)-gl(v)de =0
0
This proves our contantion.

The proof for (ii): t,>t,>0 13 except for a few minor changes, the

sane.,

We shall now dsrive a similar property for the non-central F distribution.

Theorem. Let G=a/v where u and v are independently distributed

according to the non-central )Lz distribution with r d.f. and 78 distributions

with 8 d.f, respectively. Then the probability distribution of G, p(G!A )
has a monotone likelihood ratio, whera A 1is the non~centrality parsmeter.

The distribution p(G|IA) is called the non-central F distribution.
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Prgof. The expression for p(GJ)A) is given by

a2 a2
2 A0
p(GIA) = Zc (l‘G) (1+G) = k(r,s,n)
m-

where

k= (BE ¢, 57!

Letting u= I%E , Which ie clearly an increaaing function of G, we have:

82 1-2 i
PEIA) » B (@A) = (1-w) 2 w? S e A k(n)
m=0 )
Yor Al > Ap» let
»*
F(u) = 4 (u‘j-\-l—)
p (ulh,)
Henoce Am
()\l ) u” Tn_'l k(m) = (o)
T(z)i=ie . n=2 I\ i} B c?j'{%' say.
" ;ﬁg k(m)

Differentiating F with respect to u yielda:
/(v
eI, (u)F) (u)-Fy ()P5(2) ]

{Fz(u) }2

The functions Fi may be diffusrentiated termwise and one obtalns:

F/(u) =

[00)

F{(u) = ZE:; jﬁl W™ Lk (n)
=

Py (w)Fy (u)-Fy (w)F(u) = Zo ™l e TATA- ATAD

m*=

Thua

whare
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We may write the product of the above series in terms of the double serias
indicated, since we are dealing with uniformly convergent series of positive
terms. Now the above double series may be written as (omitting the arguments):

SEDROILD 30 SN

m-O n=0 m=0n="mnm

8ince for m= n, the argument is zero.

More generally, we may write (if interchange of summation is permissibls,

as it is in our case):

= S £(m,n) Z”'_ > f(m,n)
m,n) = m,n
i
- sy = £(t*n,n)
:;)'té‘ﬁ M

o 0] [ o]
}‘; i’: f(m,n) = ; Zé £(m, t*m)
n=m ne(Q t=

Using these results in the above expression, we have:

Fz(u)Fi(u)-Fl(u)le(u)

o)
- i Z t+2n-1 t*n t*n
nat‘n n [?\ Az
n=0 t=0

oo} m

t-2mel: ym (t+m myt*m
’Z Z;(t*m)amamw“ (A2 A= Ar A ™
m=0t=

ianan‘mumzn-l{n[ A" AT ATTR AR I (mem) [ AR TR A2 A;““w}

]
i
=]

o

a e, um I In( AN )P AT AT

M
™e

=}
[}
o
3
n
o

v
o
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which proves the asseriion.

6. Applicstions to Normally Distributed Variables.

We shall now apply some of the principles of the previous sections to
problems arising in inference based on observations from normally distributed
random variables. In particular, we shall study the t-test in the light of
the discussion carried on earlier.

Let XyyeoesXy be N independent observations from a random variable
with distribution N(p, T%). Since the statistics :’:-% ZN: x, and
az-i (xi-:T:)2 are jointly sufficient for M, 6'2, we ma}l' consider 2,
the space of outcomes to consist of the pairs {_(i,a), 8> 0} while the
parameter space {) is representable as {( P,G‘), q > 0}. Defining
t=X/s and S r.L/O‘, %o note that we may equivalently write for z €2,
z= (t8,s), and for we(2, w= (3¢ ,0).

We note that the sufficiency principle has made it possible to reduce
our observation (xl,...,xN) from a point in N-dimensional space to one in
2-dimensional space. Using the invariance principle, we shell further reduce
this to the observation of a real-valued random variable, in order to apply

the above theory on complete classes.

We have for the distribution of z= (X,s):

2
s
N /= 2 =
-5 (X-p) 2
=) e o 2 2 N-2 _ 2¢ ,
pw(x,s) Koo e N-1 8 e , for 8> 0.

2—2~ (" r‘(l%l)

has the non-central t distribution, say p(t/!8), with

o 1Ml

Now t'= NiN(N-l)

non-centrality parameter “,'_N_lsu
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We first consider the group i91
g>0

This type of group operates, for example, when data 1s subjected to

changs of scule. When dealing with \ji, we assume the loss L to be of the

forn
L(w,a) = L((§,1)=) ’

i.e., L depends on w only through &. As we huve stated before, this
occurs, for instence, in the classical case of testing hypotheses, where
the loss is measured in terms of the power of the test.

We now consider various problems which remain invariant with respect

to :9&.

It is easily checked that Cﬁi is .n admissible group for G= (C),/V:/D)

where
F= ff L(cw,a)d(afz)dP(z| ) .
The orbits for this group are easily determined.
Fix.ng @ = (&,1)€() we obtain for the orbit ®w°- {w: d=ct,
where ¢ is a constant. Geometrically, this is a ray through the origin in

the - G plane:

T e G AN RS S EL T

e
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Thus the class of orbits /29, partitious (), with the equivalence
relation:
= ( G, ) ~( 6‘).03<=-=‘7_Ml.ﬁ2.
e Tl oo ERLRY H2r 02 2 A P
For fixed ®€/\9, we take as our selection function Y that function

which selectas the point in (H) for which (¢ = 1.

Again the geometric interpretation ie clear:

c

<

G)
Tl +———@®H vY®

P

Similarly in the 2Z-space, fixing 2, (t,1), the orbit generated by it is
Kz - {(’i,a) tt= c} which again represents a ray through the crigin in
thg (x,8) plane.

It i2 clear that t and & represent maximal invariants in Z and 0
respectively. We shall make use of this fact below, as we shall identify
orbits and maximal invariants.

#s now use soma of the results stated in Section 3 above, based on
the inveriance principle. Conaider the game G*- (jxf),/‘f, ,O*) which was
shown to be squivalent to G. By restricting ourselves to invariant proce-
dures and making use of the simplificatien yielded by gA(a)- a, we had

obtained:

()*(e,@), 71) = fj L((§ ,l),a)d‘r(x(a)dQ(H@)
KA
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Now identifying the orbits K and (H) with the maximal invariants t and &,

we may consider the risk F¢: say, where
+

p*(é,ﬁ)- ffx.((5,1),a)e5{(alt)dp(tl6).

t=-m A

From this form of the risk funoction. it is clear that we have reduced the
problem to the ocase where we are ccnsidering a statistical game in whioch
the statistician observes a "t" -- e.g., a real-valued random variable,
and nature chooses a "§", again a real-valued parameter. Since p(t’]§8)
has a uonotone likelinood ratio (where t= 7f§%if§§ t’), we can conclude
that if L satisfies the oconditions set forth in the theorem, ra essentially
complete o0lass of invariant procedures is the class of monotone procedures
in terms of the t statistic. We consider some examples.

(1) Suppose we want to test the hypotheses:

Hoz pe< 0 vs. le P.zo :

Here A= (ao,al), e.g., aocept E_ or K.

Our above result tells us that the classical procedure:
a if s <t

Take action °

a, it t > to
which is clearly a monotone procedure, does form an essentially complete

class.
(2) We can consider an estimation problem, where we have N independent
observations, Xyseeen Xy form a population with distribution N(PL,Gz).

It is required to obtain an estimate of the quantity

2
2 -1z ’

P JQZTT-(F 1[ b
o}

X
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Letting y= %—:.B- , We obtain

L 2

Hence r depends on co only through &. Here the action space A 1s the
closed interval [0,1]. If we take the loss function of the form
L(w,a) = ?&3 [x':‘-p]2 where P 18 the estimate and £(p) >0 for all p, then
our group jl is again admissible and we can conclude that an essentially
ocomplete class of invariant procedures consists of eatimates 3 which are
monstons functicne of ¢.

(3) We oconsider a slight generalization of Exr ple (1).

Let I, ( 53, 53+11, j=1,...,k where 815 8,5 +--5 Oy, ccastitute

a partition of the S-axis into subintervals. We want to test H,: S €1

4 3’
J=1,...,k. If L((1,&6),1) 18 of the form described earlier, then we again
have the result that an essentially complets cless of procedures is given by
the procedures which are monotone.

Clearly (2) and (3) are examplec of the prcblem considered under the
Student Hypothesis, e.g., decisions concerning the proportion of the popu-
lation falling beyond or below a ceritain value, or what is equivalent,
decisions concerning }A/O'; example (1) is the classical problem, and is a
special case of the others.

We shall next consider another group, and an application connected
with 1t.

Consider the group j , Where

g;(X,8) = gx , |gle
Ef W @) = 2, leld
gA(a)-a ; -o<g<®o® , gro.
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Assume that when opurating with this group, the loss L is of the form
L(w,a) = L(j&],0).
For this group, a maximal invariant ou Z and () respectively, are
1x] I )
ﬂ Z:(xi-x)z

The goometric representation of the orbits in Z and {) are the 'reflected’

Al

and |
|

rays |[t|=c and |§] =6, 1.0.,

N -
A

X
‘J i: (xi-;:)2
2

tz = Tzizi———;E which has {properly normalized) the ncn-central F distri-
X,~-X
i

Since > 0, we may equivalently wse the statistic

bution. Hence we may apply the monotonicity property of this distribution

to construct essentially complete classes of invariant procedures with

=espect to this group.
Sc far we have conaidered examples for which we assumad gA(a)- a;
this we recall leads to considerable simplification in the expression
for fD*, and makes it possible, in certiailn cases, to apply the complete
olass theorem directly. Let us now discuss un example in which the situation

is more complex. Consider the group ;7, defined by
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& (X,8) = gx , |g|s
Bl P € = gy 8O
g,(a) = 4 ifg>0
= l«a 1if g<O .,
This type of transformation is of interest when we consider the estimation
problen.

We define two subgroups of 333
)/1: {ge{73= g > 0}
Nyt {3653=8' *1} ;

we note that 7/1 is the same as jl scnaidered befcre. We proceed as
follows to conatruct an essentially complete class of decision procedures.

Let & be any invariant decisicm procedure (with respect to 5"3);
then q> is invariant with respect to Wl’ since ngj’;. Since Nl- jl’
we heve from the previous example, that @ is a function of ¢t.

It is proved in (71 that given any procedure q), defired for a real-
valued random, and invariant uth respert to 3/2 (1.e., assume /Vz to be
operating on t and &, changing t >*t and S—>2 S8, and a—y{;_. },
there exists a procedure (P invariant and monotone, so thai p( S,q)') <
p(S,CP), all &.

Hence, any q> invariant with respect to l’% is invariant with respect
to )/1 and 7/2, and being a function of t, we may apply above result and
obtain the result that for j , the class of invariant, monotone (in t)
procedurez forms an essentially complete class.

Wo shall next consider the following application to the multi-veriate

case.




e

Let x be a p-dimensional random variable distributed according to
the multi-variate normal law N(P" 2), where (L is the vector of expectations
and ﬁ the covariance matrix (assumed to be non-singular). Let XyreeesXy

be a sample of sizs n of x and let X e the vector of sample means and

S= X'X-nX%X/, where X is the matrix of observations. Since X and S are

Jointly sufficient for H and $ we naed only eonaider the sample spece
3- (z, 6,Q,P) where Z= (%X,5). We wish to test the hypotheses:

H : K= 0

Hys M ¥0 .
Assume the loss L to be of the form L(,u,#.,a) - L“(F.' #'_-1“,3). Consider
the group :742 all px p non-singular matrices, and define the follcwing

operationt _ _
8;(x,8) = gx , gsg’

gl M ?f) = gM eig’
gy(a) = a
We consider the statistic F= /S" X and shall show that it is a
maximal invariant with respect to the group defined above.
F is clearly invariant; to shcw that it is maximel, we must aﬁow that
any invariant function depenis only on F. Assume that X¥ 0. Let 2" (io,so)

bo a fixed element of Z, and let Kz - {z: z= gz(zo), some g}, be its

o w

orbit. Then Kz ccntains an element of thes form (0 yI wherew > 0
o .
\o

and I is the identity. This is so, sinzse:

We can find a ge %, so that gSog' =I. Alaso there is an crthogonal
v N

he

, with hg% = O |; hence hgs_(hg)’ = hIn/ =T and thus the element
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3

k= hge 5’3 maps 2 into

O..cO0d

\ 1
s

functions are constant over each orbit, we see

o

Thus since invarian
that any invariant function dansnds only on w.

Evaluating 12, with the abcve h and g, we haves

v = X/g/n’In(gSg’) " 1b/ Thex

,-1 "1 -

= ¥'g'n'ng’ " 15" 1g In’ ngx
- %5 1x
Hence any invariant function depends only on 125 l.e., F=%'S1% 18 o
maximal invariant.
Since ¥, properly normalized, hes a non-central F distribution, ws

can zgain obtain the charanterization of an essentially complete class,

as a class of monotone procedures in F,
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