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Abstract

In this report the author deals with an extension of his
previous work on the distribution of horizontal divergence of an
incompressible flow around a gemi-circular infinite cylinder with
no uppslr boundary (0Oi, 1952) to a more realistic case of flow over
a semi--elliptic infinits >ylinder with no upper boundary and to two
cages of flow with uvper bounderies. In terms of these results, the

upstream trough is interpreted by the so-called vorticity equation.
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1. Introduction

The deviations of zonal currents dus to orographic effects
have been treated by many suthors, tut it seems that almost all
of them pay attenticn only to phenomena downstresm fram the obstacle
and overlook updtream phenomena. Of course this procedure is prac-
tical when one is dealing with such a small-scale phencmenon as
the Bishop-cloud, for there it seems possible to explain the phen-
omenon almost completely. However, it may be necessary to pay
attention to upstream phenomena when one deals with large-gcale
bending of a westerly current on the scale of & cycloane pertur-
bation.

Hitherto, it has been assumed that the inertial effect of &
barrier does not reach upstream or downstreem from the barrier
(for example, V. Bjerknes et al, 1933, J. Holmboe et al, 1945,
J. Charney and A. Elliassen, 1949, B. Bolin, 1950). However, this
is tco great a simplification of the phenomenon. As the author
pointed out in his previous paper (0i, 1952), in the case of a
flow around a semi-circular infinite cylinder, we find a distri-
bution of horizontal divergence as shown in fig., 1. As is evident
from the lower picture, a vertical sir column in the lower layer
stretches at first in the upstream region and then shrinks near the
barrier and vice versa in the downstreem region. Thus we find
convergence sheed of divergence upstream and divergence behind
convergence downstream. Therefore, we can expect an upstream
trough to be formed in osiddition to iLne Guwiouwream trough which

earlier investigators have explained. For reference, the expres--
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slon for the horizontal divergence is reproduced here:

where r, 9 = polar coordinates, where the origin i1s the same eas
for the Carteslan coordinates, i.e., at the center of the ecircular
cylinder, u = eastward velocity component, x = horizontal eastward
Cartesian coordinate, a = radius of circular cylinder, U = uniform
speed of flow at infinity, and ;Ko = the ongle which the flow

at infinity makes with the normal to the barrier. But, in this
case, the distribution of the absolute value of du shows that it
is much larger over the upslope and downslope rézions than up-
stream and downstream from the barrier, thus minimizing the upstream
trough. Consequently, if this result holds for the more realistic
case of a semi-elliptic cylinder, we shall have to conslder the
cugtomary picture of nothing but horizontai divergeincs along the
upslope region and horizcatal convergence along the downslope

reglon as reasonable and valid in practice.

2. Incompressible two-dimengional flow over a semi-elliptic infinite
¢ylinder with no upper boundary

Parallel with the previous case, the fluid is assumed to be incom-
pressible and ideal. The motlon is assumed to be steady end irrotational
in any vertical plane porpendicular tc this elliptic cylinder; and at
an infinite distance from the barrier both vertically end horizontally,
the fluid moves horizontally with speed U m/sec at an angle ;Xo with
the normal to the mountain axis. The kinematic boundary condition is
assumed, so the fluld in coniact with the elliptic barrier hus no radial

velocity in a vertical cross section.
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Fig. 1 Distribution of horizontal divergence of an ideal incompressible
flow of infinite depth around a semi-circular infinite cylinder,
upper: mmerically,
lovwer: 3illustratedly.
Here, Q = Jdu is the horizontal divergence.
Jdx
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In thig case the veloclty has a potential which i1s given as

follows (for instance see Milne-Thoupson, 1950):

T = -U cos 7(.‘(a+b) cosh ("—g: ) (1)
a*-b*= c¥
a = half length of msjor axis
a = ¢ cosh §°'
, b = half length ¢f minor axis
b = ¢ sinh
Vo S0 2=
¢'= §'+a I(/
x = c-cosh SI- cos 'l'

z = c.sinh 5'- sin o/
Z=x+1iz=c¢ cosh?'.
Therefore, we can get'easily

u=J cos Xa (8 + D) coshg'_ U cos Xa(a + b)'sinhs'sinh 2¢€’
c © 2c sinhg'+ sin,tl

w=-1T cosZda + b) sinhs‘o', gin 2 A’ . (2
20 sinh‘gl+ sin4y’

Here @Oy = complex potential, U = magnitude of the velocity at
infinity, u = horizontal velocity ccmrrnent normal to the barrier,
poeitive eastward, and, w = vertical veloecity component.

If we take the partial derivative of u with x, we have ths

horizontal divergence in this case:

du = du 3'+ du n/
dx 6§’ dx Ip'4dx

= 2 pinh §" goaha’E'- cg?zq' (tanh’g’-3 tan’). (4)
c(sinh*§'+ sin®pf

Here

k=lJcosX{a+h) .

c

From (4), we can easily find that @y beccmes zero on the s-axis,
9x

i.e., along the vertical plane which goes through the summit of

this barrier, end it becomes sero, alsc, slong the ocurve which is

(2)
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represented by
tann®§'- 3 tan"A’ = 0.
This curve, as shown in fig. 2, is one branch of a reciangular hy-
perbola with the straight lines 6 = 30° and 0 = 150° as asymptotes
in the first and second quadrants respectively. These are the lines
of zero horizontal divergence. .
To study the bshavior of du, let ue charge variables from §'_ }l’

94X
to Cartesian coordinates x, z,

du=+2 U cos a + b)eb[ 3x*z? {c*+ 22~ H2+4x23% (2422 21 (5)
9X
f’ (c+ 22- x*)+ 45 -(P+ 22-xP) '[(c"-mx'*"-z')t + l.c"z’] i

Here the plus and minus signs correspond to negative and positive

values of x.

Using this expression, 1f we make an approximation for the practi-
cal case where we can consider ad>b (later we shall compute for the
case where a = 100b), and moreover, if we consider du far from the
sumit of the barrier so that x)) z, we get =

dus+UcosAeash {6)
ax (x*>- %2,

where x)> z and a>) b, and + correspond to the + signs of x.

From (6), we know the horizontal divergence due to this oro-
graphical inertial effect is not only proportional to the cross-
sectional area, but if the cross-sectional area is the sams, a
lower and wider barrier is more effective. Takshashi (1951) sug-
gested that the dimension of the Eurasian continent is rslated
to the wavelength of the weaterlies, His 1dee is thus substan-
tiated by this computation. And also, from this computation v~

can anticipate that in spite of the smell difference of height

R NPT el 1 St : 4 Artoy s AGRRLRZ A
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betwesn the Horth Americen Rockdes end South Amerdcan Andes, the
influence of the former mountsin range upor the wesierlies should
be much greater than that of the latter.

To illustrate the distribution of du given In (5), lat us
exzmine the case vhere X°= G, U=103:/sec, a=100 b, and b=
5 km. The results of tne csiculation are shown in fig. 3. FHere
the nondiivergence line is almos:t tertiesl from the ground to e
kaight of sevcral tizsz the barriser, and furthermore the absolute
values of herlzontsl divergence are almost the same upsiresm end
downstream fraz the barrier as immediately over the berrier. Thus
we do have to take into considsrstior horizomisl convergence and
horizontal divergence upstream anag dowastresm frva the barrier
e w21l ac “mmadietely over the upsiope and dowmslope regioms
of the barrier. Thz previsus result, for the case of a semd-
circular cylindrical berrier, is a limiting case of the present
one, for if, in exprzssion (5), we put a = b we reduce to the
previcus result. £&s far sas the qualitative distiritution of hor-
izontal divergence 13 concerned, there are no essential differences
between the two cases; but quantitively we find thet we must tske
into consideration upstrezm end downstresm divergence even at
a moderate distance from the foot of the obstacle.

Let us now consider whet should te the effsct of this distri-
bution of horizontal divergence upon the bending of a2 zonsl cur-
rert. In the rmorthern hemlisphere, cyclonic rotation prevails
upstresm, btut anticrclonic vorticity is geined craduadly in the

upslope ard dovnslope regices. Cyclomice vorticity is developed

B A Con o e M G £ : o oo TS DS F e
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dowmsirean. Theresfier thae current gains snticyelonic wortdeity
and then unduletes due to the meridionel term of the vorticity
equation., These results do not take into account the effect
of Lhe meridicnal convergence term in the herizontel divergence.

One [uriter point should boc zade sbout the verticel deviation
of Tiow due to the irertial effect of this semi-elliptic cylindri-
cal barrier. In the case of & semi-circular cylindricssl berrier,
elong the vertical through the summit the elevetion of a stream-
Iine over its originel nedght is glvemn by (01, 1952)

= o

y =2,
(‘ z

vhers a = redius of circular cylinder (height of the barrier),
end z = vertical componsnt of Carteszian cocordinstecs of s point
on the verticsal axis, i.e., height of this point. In the cese
of a semi-=13 ptic cylindricel barrier, wals elevation 1s glven

by

b - . (7)

eifo
13

5
Ml

If by¢¢a, as it usuwelly is, t‘.hmll‘ does not chapge much with
hetgnt. This is a very interesting result vhich means thet the
wertical influznce reaches to very high levels., In actual sit-
uwations this sometines seems to be so, tut at other times it does
rct, To portray the latier observed case, using an incompress-
ibie fluid, we have to consider a model in +hich the flow is
confirned oveiween two horizomticl parsilel boundaries. Acluslly
these two planmes often correspomd to the ground surfsce end toe
tropopsuse. Let us consider in the next section the cases of

seml-circular cylindricel end semi-ellipii: cylindricel berriers

cie
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with opper houndariss.
3. Case of flow over = semi-circulsr infinite ¢gylindrical barrier

e ;
adid a horizontal rigid upper coundary
As 1t is difficult {o obiair e solutica for the case of a
perfect circular cylinder by ordirary treatmente, we shell try to
fipd an approximate solution by subsiltuting == ovael berrier which
is very similar to & circular one. Superposing the flcow caused
ty infinite serles of doublets along the z-axds, end the gemersl
wiform flow, the speed of vhich is U m/sec parallel to the x-
axis, we get sn espproximate solution for this case. Heferring to

any bydrodynemical text book (i.e., Streeter, 1948), we can get

thoe complex potentizl for this case: 5
T =¢+1y
=~-0Z+C'coth M2 , Z=x+ 1z, (8)
4

vhere C' 18 a constant to be decided by boundary conditions end
d is the distance between two adjacent doublets. Therslore, if
we teke h as the height of an upper boundary, 1.e., d = Zh, then
¢’ can be determined easily by setting the value of the stresa
function whick represents the lower boundary =gual o zere. Let

us consider a couple of examples. At first if h is tulce the
bhedight of berrier,
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Let x-» 0, z2+}k ,
2

then Uh(cos [ -1)=¢"sin 7T,
2 2 2
C""—% L)
2

On the other hand,

z0,xp»+tal=h) .

2
S l-cosh P =¢'7,c'=-
2 )

(o) Oh 1.508
U 2 n
2
R 1
C's -5—

within 2-3% error. Then putting ¢ =- Oh, ve can take both ax‘es
approximately equal, and we can considei this stream line¥ = 0
as cao vwhich represents the ground boundary surface in ine case
of the semi-circular cyiindrical barrier. And also for the case
where the height of the barrier is 1/5 of the height of upper
boundary, we can easily i‘ind

¢’z -umn.

i

Turning back to the main subjesct, we get

. sinh T x
u=-2¢ =U+¢_4 h
Ix dx fcosht_ x - cos _TI_ 2
h h
. 1 -~ cosh T x.cos T =
=g-Cc T h h o,
h fcosh M x - cos 0 z)n
\ h i

Therefore, we get finelly

sinh T x[Z - cos™fF z - cos T z.cosh T x] (9)
h h h

du=c0c/T\) h_

x h/ (cosh T x - cos T z)3
h h

P WIS o TN e N Wt el TR S M Mt Y T
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In (9), C' is always negative, and the denaminator is always
positive. From (9), we can casily find the distribution of
horizontal divergence for this case, which is shown in fig. 4.
Here we see that in the upper layer, above h/2, horizontal diver-
gence prevails everywhere upstream, and horizontal convergence
prevalls everywhere downstreem. This result is independant of
the height of the barrier. The curve ofdu = 0 is a curve which
has two asymptotes as x approaches + oo ,aa:d two tangente at

x = 0, i.e., the horizontal straight line through the origin,
vhich are the lines of 523 = 0 for the same case with no upper
boundary ( © = 30° and 1,5CO°). This curve is not affected by
the height of the barrier and is determined only by the height
of the upper boundary. Furthermore, except atz= h/2, its shape
is very nearly that of the straight lines: 6 = 30° or 0 = 150°.
Below these curves, on the upstream sids, horizontal couvergence
prevails, and on the downstream side, horizontal divergence pre-
vails. Therefore in the lower half layer the distribution of
horizontal divergence is very similar to the case with no upper
boundary.

Next, let us examine the differences which exist between the
cases with no uppér boundary and with an upper boundary for the
same geumetrical polnt.

As can be ssen in table 1, in the convergence domain of the
lower layer on the upstream side at points far from the foot
of the barrier; the value of the horizontal divergence is rather

szaller and, on the other hand, at points near the foot of the
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Table 1

Comparison of values of horizontal divergence in ths case with
ro upper boundary and in the case with an upper boundary whose
height is twice as large as the radius of the semi-clrcular

g
<y iinder.

Position Case No Upper
of upper boundary boundary
points at z=h

x 2 1)) Y

4 (sec™1) *3 (sec™l)
—2h i - 0.20 = 014

4 4
-h b - -

4 0.34 0.30
-In b

3 7 - 0.445 - 0.36
-2 -y - 0.51 - 0.51

T h % 51 5
—2h h -0 -0

i 2 .58 .59

1 »
=) h = =) . - 3

2 % 0.51 31.5
-a % - 0.02 + 0.08

h h .
S == + . .

) 2 1.00 + 1.44
-h % h + 0.09 + 0.30
I 2

) % h + 0.12 +1.12

G 0 TR RN ANE e XS
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barrier, it is much larger than in the case of no upper boundary.
This is especially notable when the height of the barrier is rather
large compared with the height of the upper boundary (in this csse,
h/2), and less notable if the height of barrier is rather small
compared with the height of the upper boundzry (say 1/5h). In

the divergence domain of the upper layer, the magnitude of hori-
zontal divergence behaves simllarly but not so strongly as in

the canvergence domain. The downstream results may bs obtained in
a similar fashion.

Lo ass of {iow over gemi-elliptic infinite cylindrical barrisr
with horizontal rigid upper boundary

If the semi-circular cylinder is a periect one and has no

2

upper boundary, we can theoretically apply the so-called Joukowski
transformation to velocity potential. This transformation will
deform ths semi-circular cylinder in the vertical plane to 2 semi-
£1liptic cylinder. Hovever, in ihs previous treatment, the barrier
is not exactly a circular cylinder and, moreover, we have an upper
boundary. Therefore we can not apply this transformation. Thus,
:che author has adopted a new method to get the velocity potential
for this case. He considered imfinite series of equaliy spaced
sources and sinks cf equal strergth, distributed along two straight
lines pa;'allexl to the z-axis, and superposed two velocity pofcan:t‘.j.als
for this set orf infinite series and for uniform flow parallel to
the x-axis.

The complex potential for a flow caused by an infinite series
of sonrces of strength 2RC at equal distances d(= 2h, h is ths

height =f ine upper boundary), as given by Streeter (1949), is

TS SR SN B el W e
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©J = -C 1n sinh %Z_ > (10)
vhere Z = x + 3z, Therefore, we get in a similar fashion the

complex potential for such an infinite series of source:z along

an axis parsllel to the z-axis at x = - a
@, =Clnsinh W (2+3a) , (11)
d

vhere d = 2h. And likewise, for the complex potential for an

infinite series of sinks of equal strength - 2T'C with an equal

spacing, d, along an axis parallel to the z axis at x = a, we get
W, =Clnsinhﬂ'$2;a) > (12)

vhere 4 = 2h.
The complex potential for a uniform flow with U m/sec toward
the poaitive x direction is given by
oW, = -0z . (13)
Therefore, the complex potential for our purpose can be found by
adding (11), (12) end (13). If we dénote this by TJ. , then
Ty = & + T, + &y
)’sinh T2 + 8)
-UZ2 CIn h
Lsinh 1rfz_}-l__a)_ J

= ¢ +1y.,
Here, a is approximately equal to the focal distance of this ellipse.
If the ratio of the two axes is 100, & is equal to the focal dis-
tance within a 1% error. From (14) we can easily get,

$ =-0x-¢n h
2 cosh @ (x - a) - cos T 2
h h

[sinh T (x + a) - cos . 2
h ’ (15)
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1 tan Tz tan Mz
W = _yz - cl-2 + tan” -tan"l 2*
H tent: P (x + 8 arh TT{x - a)
k= Zn 2h

Thus, we get

coshm - cosh‘L_ coaiL
u=-0 =U+CeinhTa

agx h

and

KcoahT‘x + 8) -cos F;jﬁoah (x -g)—cos_t_.z_)]

2 cnsh‘lra .cosh Ix cosh"Lg,,,cosh 1?__+ain'ﬁ)oos"!‘z
L#

P = "'u( es*nh_g sinﬂx
h

From (17), we ses that again du = O along the z axis, and the

9x
curves of Ju = O also have as asymptotes the horlzontal line,
¢x
z = h/2, and the curves of du = O pass through the points x =
ax

+ a.

Let us now consider the velues of C and a. For the case of

& = 100b, b = h/2 we gat, for the siream function,

' an 'z q tan * _z
Lr=-Uz-c-2#+tan-1 2h tanl 2 h
tanhﬂ 52 anh T x
2 n _}

On the stream line ¢ = 0, at x = 0, z = h/2,

((;Sh _(_x_l-_g)_ —_ZEE‘TZ) (coan [E;-l.g— cuuL)- ,

- tan _7_"_ -1 tan .E
« HI=-C[-2T+ tan™ L - tan L 3
v 2 tanh It g t.a.nh(— Ta )
2h 2h
U=4 | —tanl___ 1 . . (18)
C h tan Tt @
2h
At the stagnation point
sinh Ma
a8= y + T P ,
dz h cosh®™ 2 - roshTa
h h
PR G e TN LS L T R A U T IR T X S TN AR R RER M S B T Fei
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i.e.,
et 2=0,x=+48, 2=+ a,
sinh Ma .
d&=0. ., =17 h . (29)
dz ** € h cosh fr (50h) -~ cosh Tla
h 2

From (18) and (19)

sinh Mg r 1
T h =4f-q ttat__ 1 __ | -
h cosh 5077 - coshffla h tanh _TT &
h [_ 2h
sinh T'a
o ot h =_1 :

h cosh 50TF - cosha tank T
h 2h

Solving this numerically, we get a + 49.75 h and C =%h,. For
different values of b, say b = 1/5h, a does not change much.
hess results are shown in fig. 5 for the case of b = h/2.,

A8 we saw in sections 3 and 4, in the case of flow with an
upper boundary, horizontal divergence prevails everyvwhere upstream
and horizontel convergence everywhere downstream above h/2, inde-
pendent of the height of the barrier. On the other hard, in the
lover helf layer, as in the cases without an upper boundary, &
horizontal convergence domain precedes the horizontal divergence
domain both upstresm and downstream. Therefore, from this result
we can concluds there should be a nondivergence level in the at-
mosphere when the tropopause is strong enough to suppress the
vertical motion, This level of nondivergence should be at about
the half-effective height (% H, %A g gdz z % £ gdz i.9.,
500mb) . Upstream, above this nondivergens‘;e level ther exists
horizontal divergence, with convergence below; wihile downstream,

above this level there exists horizontal convergence, with diver-
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gence below. A distribution of this sort was analyzed recently

by H. Landers in his work downstream of the North American Reckies
(wnpublished). To aid interpretation, the coordinates of 10 points
on this curve of nondivergence are tabulated ir: table 2.

As it is evident frem ihis table, the curve du = O i3 almost
vertical from the ground to nearly the hedght h,/azxam.i. then turns
to the left and right, upstream and downstiream, asymptotically
to z = h/2. Hemce, this nondivergence level can be considered
almost horizontal gpstream and downstream from the barrier, and
aimost vertical near the footl of the btarrier.

Tebla 2
Coordinates of 10 points on the curve gu = O for the case

ax
£ an upper boundary, as multiples of h.

z 1 =g =3 A sd £ " 8 9 iGsl
20 20 20 20 20 20 20 20 20 20 2

'
X +49.83 +49.88 +49.92 +49.98 +50.04 £50.12 +50.22 +50.36 +50.65 } co

Here, the minor axis (b) = h/2, and major apcis('a) = 50h.

This characteristic of zonal flow with an upper boundary
can be seen in cecrtsin isentropic analyses in vertical cross-
sactions of actuai zonal flows. For instance, the analyses by
Heps and Wagner (1:948) of waves over the northwestern United
Stetes; near the tropopause and also from 17,000 te 20,000 ft,
showed neutrsl layers in which the flow was nsarly horizontal.
Ia their cross-sections (fig. 6), we can clearly see that not

only the tropopeuse but also the layer from above 17,000 to 20,000

ft remain nearly undisturbed, descending motion ocouring in the
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Fig. 7 Westerly flow crossing & pole-to-equator obstecle whose tidckness is

helf of the depth of iluid chell,

The ratioc of th: ralative angular vslocity of thewc<t w:ni to the absoluts an,ular
velocity of the west wird iz 0.13.
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lee beneath the nodal surface and ascending motion bstween this 5
suriace and the tropopause. There is a double struc£ure of flow
under the tropopause which colncides with the.distribution of
horizontal divargence in fig. 4.

In addition, Long and Fultz (Long 1952) carried out exper-
iments with a rotating spherical fluld shell designed to produvcse
orographical perturbations of a zonal current. In'this experiment
they have produced such a flcw with an upper boundary crossing
a barrier 90° of latitude long and about 10° longitude wide (fig.
7).

In this case {fig. 7), we can see not only the downstream
trough and its train of unduletions but also the upstrean trough
and in higher latitudes even closed perturbations. There is
also some indication near the upstream trough of two kinds of
trajectories at the same place. The main indication is the
cyclonic curvature of the trough, but there are also signs of
anticyclonic motions which are presumebly at a higher elevation.
5. er cptic inisrpretations .

Therzs 13 a great deal of synoptic evidence which suggests
the existence of horizontal convergence upstreax from mountain
chains.

Thus, the mean monthly 720 =t charis published in the Monthly
Weather Review often show cyclonic curvature west of the Rocky
Mountains. Similar phenomena are to be seen upstream of the
coastal ranges of Europs and upstream of the Centrel Asian and
Siberian mountain ranges (fig. 8).

Such upstream troughs can be seen also in ocean currents,
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Fig. 9 Trensport lines around the Anterctic Continent. Between two |
linecs, the transport rclative to the 3000-decilar surface is alout 20 i
rdllior cukic meters per cacond.
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for example, in the mean oceanic transport lines of the southern
hemisphere (fig. 9). We see near the submarine ridge in the
South Atlantic Ocean {sheded part) that the current turms to

the right on the upstream side, due to the horizontal convsrgence;
although it should turn to the left according to the former cus-
tomary explanation. We can see the same feature upstream of the
sulmarine ridge in the South Indian Ocean. Thus, experimentally
and synoptically, the mctual features of a zonal current upstream
from an orcgraphical barrier seem to subport e theory presented
here.

As 18 gelf aevident, this interpretation can be appllied to
the case of an aero-topographical barrier, such as a cold aix
dome or cold air mass agsinst a warm alr mass along a frontal
zone; or even two air masses of similar characteristics encoun-
tering each other from different directions. This last case can
be seen along the so-called equatorial front. Thersfore, through
this approach, we can interpret, in a somewhat different way
from the usnal one, the so-called wave theory of cyclones, as
well as the formetion of tropical cyclones in easterly zonal
currents. Here, as an example of the effect of aero-topcgraphi-
cal barriers, the work of Elliot (1951) is shown in fig. 10.

In this figure, we notice that the upstream trough, on the
west side of the cold air outbreak, chenges its position corre-
sponding to the change of the position of the cold air outbreak.

Meny meteorological dynamical or synoptic phenomena can be

interpreted in this way; however, the suthor will discuss these
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problems in later papers.
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Fig. 10 Schowetic diagrams of weather type, where neavy iines

with arrows at ends indicets upper-lsvel msan flow, hatched aveas
are replons of persistent cubtropicel or polar hiugh precsuce et
thz sariecsz, colppled areet ere nusci-stationury low-proscure
center. end opan-arrows indicats the petus o poler outbrocko.
Lett herc: aeridional rlow t,pe,
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