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Taking into Account the Temperature Dependence of the

Thermophysical Parameters of the Metal

B. Ya. Lyubov
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In couputing the rate of advance of the crystallization front during
solidification of a metal ingot, one usually assumes that tue thermal con-
ductivity A and the heat capacity ¢ of a solid metal are independen” of the
temperature. ! he _average valuea of the thermophysical parametera of the
substances X and T in the given temperature range are used in the computa-
tion. As the range is extended, the actual values of A end ¢ may, at certain
temperatures T, differ conaiderably from X and ¢. The error thus introduced
into the result remaina undetermined, and therefore the validity of using
X and ¢ inatead of the actual thermophyaical paramctera of the metal is
doubtful. To solve the problem of the possibility of caputing the sclidifi-
cation rete of the metal with sufficient accuracy shile limiting ouraelves
to A and ¢, we muat have a more accurate method enabling us to allow for
the temperature dependence of A and c.

In this paper we try to develop such a method, which could be usesd for
various dependences of A and ¢ on T. For concreteness we assume

A=r+pT, c=cy+oT. (1)
The relation between A, ¢, and T corresponding to equations (1} appliea

to many metals and alloya in a wide temperature range. For most metals, we
have <20, v>0.

We shall assume that there is no superheating of the melt and that the
temperature of the metal depends caly on the distance from the aurface of
the ingot and on the time ¢ {reference 2). The equatioe describing *he
variation of the temperature in the solidified crust of the metal has the

form
2 [1M+PT)K]—1(C(,+«)T) o @)
where y is the demsity of the metal;
T 00=Texr for x>0, (3)

vhere T is the crystallization temperature of the metal.
Ii a ‘constant temperature is preserved at the surface of the ingot dJur-
ing crystallization, we have, for t > 0,

T(O, t) == To ] (4)
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where To is the temperature of the surface of the-ingot.
1 the crystallization front x = y(t}, where y(t) is the coordinate of
the crystallization front, increasing with time,

Tiy(t), t] = Ter- (5)
From the condition of heat balance at the melt-liquid {sic] phase boundary,
we obtain
9y 2o+ uTge sor
T ($>x=-ym’ (63

where  is the heat of crystallization pe: gram.
We introduce the quantities:

o Topd T - y Y
1‘=)\0+p_°_'.2_£; C=c,+ o cr;' ° .
- 2 o+ Ter . .
Q= e (T_ — ) (M
e a1, eler—T) 20
ye ' . 2 ’ 2 % ’ q"‘E(Tc,—ro) ’

The conditions of our problem cen be written as

w1 +a® 2] == +a85; 80 =1

(8)
Oy, t]—1; 4 _1a 90
[y ). tl = - I +a) (’)x)»-y(:f
We shall seek
G(x, H==0@); u=-"—; y@)=8Vo:
() %A 8V 2, 9
where B is an unknowr conatent.
Hence
d
[0+ R ] +a0+a8) =0 (10)
8(0)=—1L (11)
fE) =1
_ 1 a(d8 (12)
= q (_47>u=a'
(13)
The case @&y = d, = 0 corresponds to taking the average values for A
and ¢ in the entire tempersture range from T_ . to To. Then
da*o L, 40 _ o ]
dur v E oy = il
Bl0)=-==ls (15)
BBt (16)
do =
(_dT)ﬂx—-b_.: pq, (17)
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here B is the value of B camputed from the average values of A and <.
The solution of Eq. (14) with due regard for the conditions in (15) and
(16) has the form

_Zerf/V2 e 2T ;
BV 1; errz—ﬁ§e /13 (18)

Condition (17) results in the transcendentel equation determining the
value of £

B . 2V“
erf(;z) e~®npg =% (19)
Since .
‘? 2k +1
id ok (-
EV\_ 2 g (Vz.)
erf(Vz) L e Eﬂ TR - (20)
it follows from (19) that
2 = 4 = =
= @+ @ (21)

The solution of Eq. (10) can be written in the form of the series
_ (e —p
8 (1) = é G i (22)

It can be seen from conditions {12) and {13) that

0B =1 (5= s (23)

T+«

By cuccessive differentiation of Eq. (10), we find the derivatives of
the function @ (u) of higher order for u 2 f3:

(%’:%)ur =—B’[<:1:)~“ e 4"2]' =

4'e) 1+« (1 + o)t 4oty 4 Sot,zg — 0t 3a? .
(22, = P irag + P o g + T g (29)

dse . 3¢+ e | | 6yt dajay— — 20, 44 [{1__)._@)_
(du‘ )g—B = p2 [ OF )P + d*a) ] t“ ¥ z”‘q +
(1 + agyitia, + Toyay — a,(25e, + 18x,0, — Tat) - 1503 r (26)
- (1 + a)* + q+)° -+ AT oy q ]

etc.
According to cendition (11)

e é(_ l)n(a:e

o ),,_B e @)

Substituting equations (24), (25), 126), etc., into (27), we obtain
after certain transformations a series of even powers of the required
constant 8:

z - {+a 1 + a?
T(1+°“)“3’+3‘[3(1+;.) +zipay 9+ P [Baay +

,_5a, + 4x,00 — ay “} " (1 4 ay)? (1 +00) (31 4222, 64—Faxy)
+ e e O Bt t

&, (180, 4 15a,2,

-««1) 5aj (28)
WA+ 2+8(1+a)° q]-{-

+
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It is essy to see that for @, = @, = 0 the series (28) is transformed
into the series (21).

When the values 2, and d, are given concretely, the convergence of the
series (28) iz studied by the usual methods.

Expression (28) is a transcendental equation fram which it is possible
to determine the value of B graphically or by the method of inversion of
the power series. When 8 is known it is easy to calculate the rate of ad-
vance of the crystallizstion fronmt during the solidification of the metal
ingot:

oty _8Va
Tt yu (29)

In the case of a more complex depend=nce of A and ¢ on T, the scheme of
the solution of the problem remains unchanged, except that the computation
formulas will be different.

There may be cases when the computation can be made according to (21)
with great accuracy snd the value of @ is practically the same as 8.

Lgf. us calculate the crystallization rate of zn aluminum irggot. In this
case’ we hsve Q = 95.5 cal/gm, T,, =659°C, y=2.7 gn/cm’. The de-
pendence of A and yc on T for aluminum hss been reported.‘ Analytically,
the dependence of \ and ¢ on T in a wide temperature range can be de-

scribed by the formulas cal
Ar=(0,5— 0,00025T°C)5m€—x—“—8; ¢=(0,2096-10,0001 I”C)’. o

If we assume that T, * 100°C, we have a, = -0.1725; 2, = 0.1129; and
q = 1.3803. Fram the series (28), we obtain 8 = 1.011. For ¢, = a, = 0,
the computation gives B = 0.989.

In' the case under study B/B = 1.023; i.e., the error in determining B
csused by the temperature dependence of the thermophysical parameters of
zluminum is somewhat larger than 2 percent of the computed quantity. Thus,
in calculating the sclidification of the aluminum ingot, we can assume
with sufficient accuracy that 8 = B,

There are possible cnses in the crystallizstion of metals (particularly
metals having s high melting point) when the difference between B and B
is much more substantial than in the above example.
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