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COMFUTATIONAL THEORY OF LINEAR PROGRAMMING

I: THE "BOUNDED VARIABLES" PROBLEM

by

A. Charnes and C. E. Lemke

January 7, 1954
Graduate School of Industrial Administration

Carnegie Institate of Technology

This paper was written as part of the project, "The Planning
and Control of Industrial Operations" under grant from the
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not be referred to in pubiication without the permission of
the authors.
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COMPUTATIONAL THEORY OF LINEAR PROGRAMMING I

THE “BCUNDED VARIABLE3S" PROBLEM

Introduction

This paper is the first of =z seriesl/ devoted to extension and sharp-
ening of the present methods of linear programming so as to make practic-
able the calculzation of programg invelving many more restrictions than
can now be conveniently handled. These extensions are developments on the
technique first employed by Charnes (ref. [1]) in reducing every linear
programming problem to one with a bounded set of solutions.

We here develop an "extended" simplex method for the "bounded variables
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*s; any linear programming problem in which every variable en-

ot

.ering is constrained Lo lie between an upper and a lower bound. This in-
cludes as a special case thosc protlems in which not all are so constrained
since we can prescribe arbitrarily large (or small) upper (or lower) bounds

for those unconstraincd. The advantage achleved with the extended method

ig reduction in size of the computational tableau by suppression of the in-

!

2/

equalities expressing the bounds.
Examples of such constraints occur repeatedly in policy limitations on
items of inventory, in market limitations of saleable amounts of products, in
production and delivery requirements (cf. ref. [2]), etc. Rather than expound
cn such examples here {(which require individual development for adequate
coverage) we shall attempt to present, in each paper, an example seemingly
radically divorced from production or industrial connotations in order to
gain one of the most important by-products of mathematical formalism, namely,
i;f'ié:@Eéi'Zé_éggﬁk_ﬁj'ﬁﬂ—bgégé;'EQE'ZQQQEQI{;QZ;-Eﬂﬁiiﬁkiﬁzkfégé—QZESQ;:-
agement of this series.,
gﬁ we understand that G. B. Dantzig and associates at Rand Corporation had
developed a similar method (suggested by Charnes, Ref. [1]) in connection

with unspecified, security-restricted probiems. Their results are ns yet
unavailable.
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the recogmition of an analogous problem in a completely aifferent field

from whizh new insights may be gaired into the original problem. The
example presented in thie paper is that of plastic collapse of structures
(frames).

We first review the simplex methoé‘in terms suitahble for either the
Ynormal® procedure or_the “modified" procedure or the "dual" method (ref.
(31, .41 and [51).

Tha Simplex Method.

The general linear programming problem may be put into the following
form, which we shall refer to throughocut as the "simplex" preoblenm:

n
Maximize: 25 = EZ e
n
where: by = I a4 3P4 3 i=1, secpy m

and: pj _>_0 s j - 1’ ceeey Do

It will be convenient, both for the review of the simplex method and

for some simple proofs, to restate the problem in vector notation as:

n
Maximize: Zo = Z psCs
=1 J7J
n
H = o IP = L L]
(1] where: P 151,,:’.3 , and Py >0; 5=1, , N
TL--— el ™ ™ ) } oS 3 -~ -~ A4 4 o~

h T m—a want,iea Lo Al TRV 33N Nre ot v esenes A
US e Lo’ 1’ seay Ln GLT VOULWULUWVILIO 4dll VIIT LUVLAUMTGGIL VYUV uuve wippoave vm VA

mx]l matrices. Throughout we shall refer to c¢j as "the scalar corresponding

to the vector P,",

J

Suppose that a set By of linearly independent vectors, call them ajy, ay,

~sey &y are selected from the vectors Pl, eeey Ppe Thus, Bp is a basis of Vp

and we may write uniguely:

m
[2] Po = E_Dia_'.
i=1 =

e o e A Al &
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O; i =31 .. . 1 thoeyw the, “oim a solution

If the m valuec e sztisfy py

to the system {il. When ihe pj also satisfy ps > 0 i =1, ..., m, the solution
Pi J P4 s Ay

is referred tc as a basic solution. It has been shown {(ref. [1]) that the

problem can be so modified that when one has a solution to [1]} of the fom

~9 EA ) 63
[2) the solution Varars o

-CQ-

olution. Hence we may makc the initial

o}
%]
Wy
[¢]
Q

~ o~
o o

’.Jo

assumption that the original seit of vectors P, Pl’ ..+, Py has this property,
which may be characterized by the statement that the vector Py is linearly
independernt of any m~1 vectors chosen from among Py, ..., Pn.

With this assumpti.cn, the simplex method may be described as one which
proceeds from basic solution to basic solution until a maximal basic solution
is found, i. e., one which yields the maximum valuz for Z,. We shall review
the procedure for going from one basic solution to another by the simplex
method. Thus, suppose one has located a basis By such that, expressing P,
as in (2] one has p{ > 0; 1 = 1, .e., me Let Cry be the scalar correspon-

ding to the vector ay.

We introduce the unique wvectors at; i =1, ..., m satisiying:
3 [0ifi4#3
[31 ag'a "sij", H fori, j=1, «.., m.
I1if i = J

We shall call the vectors al the "dual vectors" for the set aj. If A is the

matrix whose ith column is aj then the jth row of A7l is ad. Having the dual
vectors and denoting the inner product of vectors x and ¥ by x'y any vector
X in Vh can be expressed by:

n
] x= T (x'ai)ai,

i=1
In particular, we have:

m
[s] P = £ (P ral)a
L/Jd . ?
°© 4.1 ° 5
m z
[6] Pj = S (Pj,a.‘)ai ; j = l, 2003 zle
i=1
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Having the computed data Pb'al and ijal, tne first step in thie pro-

nre 1s to compute the ruantities:

[7] Z(Pj) L3 z (Pj'ai)Cri > Cj H :} b l, voey Do

Z(P1) is formed by replacing each ay by its corresponding scalar Cry
in the exgression [é] for Pj and then subtracting the scalar correspending
to P..

J

When the n quantities [7] are all non-negative, one may demonstrate

that the provlem is finished: the basic solution is a maximal cne. When at
least one of the quantities [7] is negative, a new basic solution may be
secured which increases the functional Z,. This is accomplished by forming
a new basis Bp' from Bm by replacing one of the aj by another vector. Ths

replacing vector may be any P, for which Z(Fk) < 0., To decide upon the vec-

tor to be replaced one finds the value of i, say r, such that:
(8] 6= (P'al)/(P at) = min.(P,'al)/(P ta') for P 'a’ > 0.
i

The following facts may then be demonstrated (ref. [41):

i) The valuve r which yields © is unique.

ii) The set 3,' consisting of 81, e..y 8p.1y Pyy 8p4]s +--5 3y i3 a basis
and again yields a basic solution.

iii) The new basic solution wields

9

larger vzlue of the “urctional Zge
Having decided upon the values of k and v, wiien the veciors Po, P1, «..,
F, are expressed in terms of the new basis By', the transition to the new
basic solution may be considered complete. {(There is a simple algorithm for
this transition which will be presented later).
Ore may then show that in a finite number of steps one will obtain z

maximal basic solution, namely one for which all of the quantities Z(Pj)

are non-negative.

st e s e A ar
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It is usual, both for computationzl and exrlanatory purposes, to con-

. - . . ) . Ry 3 2.
sLruct a compubational tableav which exhibits the computations pertaining v

a givern stage and at the same time clarifies, for the computer, the mechanics

of proceeding to the next stage.

Computational Tableau

Corresponding ]
?.Calars ci PO 0k e o o crl
\J Bmh PO Pl o o o PI( e o o Pn
e f— e ]
011 al Po'“l P]_:al ~ o Pk'al » o o P 'al
crgf a_ Il Pata® | P1'a® . .. Ptas .. . P,'as
°rpj 2m || Fo'a® Ppta® , . . Peta® .. . P,tal
Z(P.‘}) > z(‘) Z(Pl) e o o Z(Pk) e o o Z(Pn)

QO

We shall refer to such a tableau as an "mxn tatleau" although there are

a few additional rcws and columns, and shall likewise rerer to the protlem
as an "mxn problemi,

The Bounded Variables Problem

First an iliustration. The following problem arises in the thecry of

plastic collanse

=y

or structures (rers. [7], [&]).

Consider a structure composed of elastic, perfectly piastic beams

Joined together rigidly. We are interested in plastic collapse of this struc-

ture under the action of concentrated applied forces. We assume that each
beam is homogeneous so that the same yield ceonditicons apply to any cross-
section of the same beam.

Consider a set of nuwbers py, ..., p which represent the magnitudes

of external forces which are to be applied to the structure. The simeture

B et U R L e s s 2 e a2

|
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will be in equilibrium when these forces are balanced by the reactions at

the supports. These reactions, together with ths 2applied forces, give rise

to a system of internal for:ss which determine ‘he bending woment at every

point of the system (the effects of shear and axial forces can be neglected
For a given c¢ross-section there will be a maxdmum and 2 minimum bending

moment which the cross-section can carry due to the assuaption of perfect

plasticity. Thus, at each cross-section the bending moment M will bhe subject

-

to an ineguality M° <M <¥°. M° is

'

he "fully plastic moment" or the mo-
ment for which plastic flow would first begin. Now, the bending moment dis-
tribution will be linear along each member. Hence, we need only be concerned
with those points of the structure where plastic yielding will first occur.
These points are finite in number and depend only on the structure aad on

the points of application of the forces. They are points including those

for which the bending momerit has a turning point, as well as the ends of the
veams, oI points wheire a support is present, or

forces is applied. These pcints are called "test stations'. Thus, at each

test station the bending moment ¥4 ig subject to the restricticns:
0 0
1 M., < W% . =
[9_’ "Mj SI‘&J S Mj 3 j S l, ee gy L.

Now, considering the forces py, ..., p, as a base load, we apply instezd
the loads ppy, «+e, PPy. Then, besides the restrictions [9], the bending
moments Mj will be subject to the equilibrium conlitions:

n
{10] 2 bi-‘ J‘l - ppi ; i = l, es ey m,

=17
where the bii depend on the structure and on the points of application of
thie forces.

We seck the largest value p of p permissible in order that the structure

remain in equilibrium under tas action of the loads gpje.
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We make whe following transformaiions and nctacicnal. changes:

n
Z

Let xg = (Mj/}?g) *1s5 w3 =058 .= biJMB’ ; and by = Z ajj. The prot-

2_%
J=+

lem then becomes:
Moard et o o 7 o
MaXaanize.s 4g J&1+1

n
where: by = Tajyxy+ (-pi)xy,y + 1=1, ..o, m,
J=1

a.l’ld: OSXJs? ; J‘=l; Jeey n.
This is zn example of the following prchlem which we shall state in

vector form and which we shall call thz "bounded variables" problem:

n
Maximize: %2, = X psics3 ,
4o 7353
n
where: P = jflpjpj s, and 0< P; ﬁbj 2 3=1, ¢ve, ns

W= siall set up and treat tnis problem as a simplex problem., In this

manner we shall have an {m+n)x(2n) problem. Such a problem would ordinarily
employ (m+n)x(2n) tableaux. We shall show, however, that it will be suffi-

cient to employ mxn tableaux; that is, that the prcblem can be handled in the

space Vj, of the vectors Pj‘
Irf we introduce the new wariables x5 defined by:
113 pj'{’x.g:b 5 j=l, ey .\’l_,
9 J

we may phrase the problem as follows in simplex form:

n
3 a3y . = <«
Maximize: Zs *:1pjcj s
J=1
n
where: P, = I piP, ,
S

bj-pj+xj and pj,xjgo; J =L S oy Me

We wish to defire vectors in Vm+n' These will be designated by putting

pd
bars abcove the ietters, as z. At times we shall use the notation z = { s

I

where x is a vector in Vm and y is a vector in V,.

_L-."-h-i{:-—
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We introduce the fellowing vectors in Vg
’b'\ (o}
,I l‘ {.
o ,-.[; | Q=10
lo | v il -(jth place) ; j =1, «c., n.
i | 0
oo -
Y

s .'., n.

The {m#n)x{2n} problem may then be phrasad as:
n
Maximize: i = I Pjcy »
J=1
(12] n a o _
where: P, = JE:lpJPJ + j?lijj 3Ry Xy 2C 3 J=1l,eee,n.

Suprose that a basic soluticon fer this probliem has been found. This

implies that a basis By, of V,

men nhas been chosen from among thre vectors

.131, e ovaly -lgn, 61, aterzeg En. Recall thal the simplex method requires that each
of these 2n vectors, together with T"o, be expressed in terms of the basis
Bm+n' We show that the coefficients involved can be obtsinad by merely ex-
pressing the vectors Py, ..., P, in terms of a certain basis By of Vp.
To do this let us first note some properiies of an arbitrary basis
Bgysn chosen as above.
¢ i) The number s of vectors ?J in By, satisfies m < s < n.
ii) For each j, either -1'53 cr 63 or both are in B_,..
iii) By i and ii there are precizcly m values of J such that both .E;j
and a_j are in Bpypn. Furthermore, the set By of the m vectors PJ such
that both Py and Q4 are in Bp,, is a basis of V.
In particular, suppose that B, yields a basic solution for the prcb-

lem {12]., For notational ease we suppose that Py, ..., Py are in Bp+n and
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that P and Q~L are both in By, for i =1, ..., m. As a result we have that

‘q’,s+1, eony Q

N i = s . N
), complete the bhasis Bp., and that Py, ..., P, form a basis By

Let al, «es, 8% be the vectors dual to the basis Bj;. Thus, we have:
(133 P.tad = 0ij 5 1, 321, sere W

Suppose that we nave compubed the gquantities Po'a* and Psi'al satisfy
M 1y [o] j J

ing:
m %
(1%] Po = T (Potat)Py
i=1
n
[15] Fg= & (Di'ai)Pi 2 b Ay eaap Ao

By means of these quantities we may write down the expressions for
?o, ?j for s < j<n and Ej for m < J < s in terms of By+np: namely, for

those vectors not already in the basis Bp,,. Thus, we have:

i |
— 1P a m , SN
(5] Fy=Gye |-y EEF -G 5 e <<,
i3] n
[16] Q; = Pj - lO'J = P.: - I;Slif’j’a‘—?f?i -1 3 m<i<s,
- [] o7 m i3 _ n _
[177 P = j+ = T (P,'al}[P; -G+ T biQy =
° Jo bJ i=1 i 3=1 ™
m( fapm = m — n — S i(— — .
= Po'a®)[Fj-Qi]1 + £ bQ + £ bsQy + I b,[P )"..P'a. P Q;)] =
1=1 * e T IV /PAC Rt SRt
m e m ) n
= I §iP; + 2(_.-.0 +F‘bP + T baQ: ,
i=1 i=] “ Joom l J J=s+l I3
£ S
where we have set ¢i = l“’o'a.'L - T b J l) for 1i=1, ..., m,
geme1 3

lo

We recall now that the firsht step in applying the simplex methcd is
to calculate the cuantities 7(P ) and Z(Q ), obtained (see eqn. [7]) from
the vector expressions {15] and {16] by repiacing each of the basis vectors

by itss sorresponding scalar.

s

S,




mm = e kS i) o SR, “STU AN SN
ey e e e
— = : 5 o e S -

T

L

A Y

e

S TR T TR

P S

b il o

WUE WTH

Lt o3

WO RS ST § BT a3 Froeenn PR I 4.0 R e,/

Wi ="

m
(18] Z(-I?J) =0+ T (Pj'ai)m - e, = 2(P,) : s< j<n,
i=1 S J

m< J
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The values in [18] and {19] wil) determine whether or not the basic
solution corresponding to the basis By,  is maximal. If it is not, one of
these quantities will be negative and we may proceed to a new basic solu=-
tion. In this case, having decided which vector will replace a vector in

B sns We need to find the vector which is to be replaced. For this we

{

need the quantity © (see eqn. {8)). The ratios competing for © are found
by means of equations [15)], [16], and [17]. We need to distinguish two
cases,

i) 1f 61( form < k < s is to replace some vector in B, ¢

’

© = Min. {EMin. @1/(-P 'al) for B ralw], [Min. (b, 3 )/F, tat for B tai>0, _WZXQ
¢ i B i - "

ii) 1If ?k for s <k < n is to replace some vector in R..n:
8 = Min. {[Mm.;di/Pk-ai for Pk'ai>ol, {Min.(bi-¢i)/(-Pk'ai) for B rai<0], bkz .
i i J

Havirig determined the vector to be replaced, one can complete the re-
placement and proceed to the new basic solution.

We have thus shown that essentially all ¢f the computations in one stage
of the (m+n)x(2n) problem may be handled by means of an mxn tabtleau. To com-
plete the discussion of the bounded variables problem, we shall exh’bit the
computational tableau associated with one stage of the problem and list the

ruies of procedure tc be followed in passing to the next stage.




m-w‘!\rfr_e oy

AN AT

C IS T PR | vk a1 e e o

LY Y

Extende’ "an cau No. 1
bj bl oo ( bm+l se bg bs+1 oo bn
corresponding 3 SN

scalars —>j %1 °* ‘m ‘mti iy _2 O+l e n

L "_BA a ?o b Pl .o Pm ? +1 oo P& P§+_1 L4 Pn
c1{P [£ ! byFy {Pi'al .. P 'al|F . va . op gl P,y'al .. Pyral

. . - - . " . S . .
°r|Fr |fp} bpfr |P1'aT oo BytaT | Ppey'a” .. Ps's Pgip'a® .. PBytar
%n [P |Pn b f, IPjval ., Poram Prop'8® s Petal Pgyqta® .. B el
2(Py)— Lo [2(R) .- Z(Pw) [ 2(Ppe) ..  7'Pg) Z(Pg1) .. Z(Bn

+ - + oo + =

1. The basis 3, 1is visualized in the tableau as follows:

Pj is in Bp4pn if the last entry in the column headed by Pj is a +.

63 is in Bp,, if the last entry in the column headed by Pj is a =,

Thue, both + and - at the bottom of the column headed by Pj indicates

that both P

3 and 53 are in B ...

2. For the procedure, one trirst checks the n values Z(Pj) in the next to the

last row. A maximum has been reached if both:

Z(Pj) > 0 in all of those columns having + in the
Z(PJ):Q ¢ in all of those columns having - in the
[This would mean that all of the quantities Z(Fs) and
3¢ If some Z(Pj) violates the above, we proceed to a
Having decided upon the replacing vector, w2 need the

i or ii cn the preceding page.

It is for this reason

b under Pg and the first row were added to the tableau.

4. Having decided upon the replacing vector and the vector %

mway pass on to the new basic sclution and the new tableau.

rases may arise:

last entry;
last entry.
Zdis) were non-negative, ]
new basic soluuion.

value © given in either

that the columns a and

Q
o g
[}/]
3
[0t}
i

The following

o anom A B Ay

et R 17
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i. The vector Q replaces the vector P im By, for soie K with m <k X 3.

This induces no change in the basis Bp. The only changes in the tableau in
this case are tire foilowing:
a. The + under the column headed by B is changed to =-.

b. The quantity @;' = @; + bk(Pk'ai); i=1,...,m replaces @ in the

“’

a and b columms under Pb. (see the expression for ¢i in og. L7

0

¢. The quantity ka(Pk} is e Lo Zg. (2., of course, need not be
carried along. The maximum value of Z, may be obtained at the end of the

problem from eqn. 17.)

ii, The vector ?k replaces the vecter Qp in B, for sume x with s <k < n.

—— sl

"is induces no change in Byp. The only changes in the tableau in this case
are the following:

1.
I

!

frN

a

A, The - under the column headed

o’
i
o)

s changed to +.

b. The quantity ﬁi' = di o bv(.K'ai); i=1,...;m replaces ¢i in ths

a and b colums under Pge.
¢. The quantity %3 2(Px) is subtracted from Zg.

iii, If either nl"-r or _Q-r with 1 < r <m is replaced either by some ﬁ. with

s <k <n or some Q with m <k < s then Py replaces P, ir the basis Bp to
form a new basis By® aud, as lu bhe asual sluplea proceduie, Lhe new Lableau
must be based upcn the basis Bp':. The simplex algorithm for changing the
tableau elements, which iz inciuded here for Uhe sake of compls c€nsss, is

as foliows. The element Pj'ai is replaced by the elementi:
(Pyral)r = Pyral - (Rral/Pera™)PjraT for j =1, ..., nbut § £k

and fori=1, ..., mbut i #r,

(Pj'af)' = Pj'af'/k'k'ar $ 3= L, seey Dy
i [0if i#k

P 4 t =

S M 3F 4 = k.

The n quantities Z(Pj) are reolaced by:

Z(Pj)' = 2(Ps) - [Pj'ar/Pk’ar]Z(Px) 3 J =1, eees N

o s et A ot E

'
l—c.—.n‘-.'.i.".—.;‘:*




R — = S ———
a
i ~
’
“l3 =
3 Under Po the columns beaded a and b zre changed by replacing ¢1 by:
: P =@ -OFRtat ; Ffor 1 =1, «os, my but i # r, and & replaces
¢r in the rth rlace of the a column; by, - © replacss b, - ¢r in the rth
place of the b column.
Finally, P, replaces P, in the B, columnj ¢, replaces c¢,. in the corres-
Vs Yk P T e »
ponding scalars column; and both + and - aprear in the last entry of the Py
column, whereas the P. column has s + if 6} has been repiaced in Bp4, oOr a
] e if'§} has been renlaced.
% This completes the discussion of the bounded variables precblem.
As a final remark, it should be noted that when a chiange in the tableau
(case ijii above) is necessary, the modified simplex method {ref. [ 4]) may
be employed, whereby only the vectors (ai)' dual to the new basis Bp' are
computed fiwm the old vectors a*, and then the gnantities (Pj'a')' are ob-
tained, if needed, by taking the scalar product of Py and {at}'. The al-
] gorithm for obtaining the new dual vectors is:
(8F)* = (/P 'aT)a”
' (al)r = al -(P 'a”)(aT)* fori =1, ..., mbut i #r.
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