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It is shown that a horizontal magnetic flux tube in an
electrically conducting atmosphere 1s bouyant and will tend to
rise., This magnetic bouyancy 1is large enough to bring an occa=-

sional strand of flux from the general solar toroldal field up

into the photosphere if we assume general fleld densities of
100 gauss farther down., Identifying the iantersectior of such

> ropes with the photosphere as the source of sunspote, several

; general characteristics of spots may be deduced, e.g. east-west

orientation, birolarity, appearance only in low latitudes, migra-

tion, reversal of polarity, etc.

oo

The static equilibrium equations for a flux tube are

X7

developed., With a cooling mechanism, such as suggested by

S we e B e &

Biermann (1941), ve find from the equilibrium equations that a

T e

z £ sunspot grouvp should consist of a diffuse flux tube of -10 to

 i%» 100 gauss and 105 km extent in the photosphe. e forming eventually
.?; a number of cool intense cores of several thousand gauss.

3.j— ’ Sources of prominence motions are treated in the last

;5?3 section:. The most viclent motlens obtalnable are of the order

.5

of 100 km/sec and zr2 associated with sunspots, srggesting surge

prominences,.

Wmm BUTTA R PG A4 2D AR IR ST U SN ST s A 5 ot LRIV R vl m;m':‘.hm-wa%w
g A E = A . L ER .“ e LA 4
T ‘ + \ . i

2N Y

1.3 > N [T . cw
€ kel gt U S L et
& Prs:a




i

5+ oo ol

ANy

R o A

o,
£y
vy

N HEVT £y
i\t:f o -_?“i'—‘" N

L e

4
B
s o

.

s e s e L e S

The Formation of Sunspots from the Solar Toroidal Field

1. Introduction

The generatlon of magnetic filelds within the sun has been
discussed in a precedlng paper (Parkér 1554). There 1t was shown
that we should expect dynamo waves just under the surface of the
sun In the convectlive zone migratinglfrom the polar to the equa-
torial regions. The waves are prevented from diffusing out of the
convective zone by the high conductivity of the medium. The
waves consist in part of bands of toroidal magnetic fieldsy the
sense of the field alternates from one band to the next. The

poloidal field is m/2 out of phase with the toroidal field,

. essentially cccupying the regions between the intense tcroidal

bands. This is shown schematlically in flgure 1. Observation of
seconda:ry magnetlc phenomena 2uch as sunspots Indicates that there
are tw¥o {or at most three) tcroldal bands In each hemisphere at
any one time, and that about 22 (or 33) years is irsqulred for the
migration of each band from the pole to the equator. Dynamical
considerations indicate that the initial amplification'of the
relatively weak wave Starting at the pole 1s primarily of the
poloidal componentsy by the time middle latltudes are rsached the
decrease of cyclonlc motions and the Increass of the ncnuniform
rotation of the sun shift the amplificatlion to the toroldal field.
Thus from the pole to the middle latitudes the polcidal component
of the traveling wave predomlinatess In low latitudes the toroidal

field predominates untll both the poloidel and toroidal fields
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finally vanish at the magnetic equator.

The problem before us now is the question of what secondary
magnetic effects might be expected around the fringes of the solar
dynamo., We have in mind of course the obviously magnetic pheno-
mena such as sunspots and prominences, as well as those occurences
such as spicules, flares, etc. which ons suspects must be of
magnetic origin because no purely hydrodynamical explanatlion seems
to exist,

In this paper we discuss what we shalli call magnetic
bouyancy: Consider a magnetic flux tube running horizontally
through a gaseous electrically conducting medium such as onse finds
in the sun. It is well known that the tensile stress in the tube
1s EQ«aM)in mks units, where B 1s the magnetic field density. The
magnetic field also exerts an outward pressure, and, were the
tube not impeded by the surrounding matter, 1t would expand. As

it 1s, B satlsfies the diffusion sguation

where v, 1s the magnetic viscosity. If the medium is a sufficiently

good conductor, . become s small encugh that
QB = o

and the fleld does not diffuse throusgh the medium. Hydrostatic
equilibrium reguires that the magnetic pressure R be balanced by
the gas pressure P outside the tube. Thus, 1f p, is the gas

pressure Iinside the tube, we must have

o=t v P

Now
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| —Be
| = B2 ) (2)
: and 1s always positive. Thus p: < pe., Supposing that the
i temperaturé of the gas within the flux tube 1s thos same as the
3 tempeirature outside, we are led to the conciusion that /O:<;A9-.
Thus, the flux tube 1s in effect a bubble and will try to rise:
I this 1s the magnetic bouyancy referred to ghove,
E The bouyant force per unit length of a tube of cross-
sectional area A 1s 8(/0.—/0:)/\. The tsnaion 1s A Bx/CZ/«-)-
Consider a length L of the flux tube clamped at both ends. If
: the tube 1s to be able to rise, we must require that the bouyant
: , forces exceed the tension at the ends of the length, which will
E try to hold the length in place. Thus we must satisfy an approx-
] . imate relation of the form .
|
P, L g (eemei) A > 2A B/ (2x) 3)
‘ . Now
| ::, P= k_r/-a/m (4)
? %E where k 1s Boltzmann's constant and m the mass of an individusl
gv gese molecule. Using (4) for Pe and 2¢,(1) may be rewritten as
5 .l ) B (5)
2 aia i CﬁL—fj(\Zﬂ -
: 4 (3) becomes
B | L > 2eT/(m3) (6}
: %? - Thus magnetlic bouyancy 1s effective over any length of flux tube
!:;; exceeding twice the scale height of the medium.
,.Vz It should be emphasized that magnetic bouyancy is not an

15

instability in the usual sense: The bouyant force per unit

.ma“"‘,.,.‘.\wﬂmm ST N S e T S - S . 3Ly L o ~. = ——
3 P T ]

i

|
8 ¢ : LS S

e

~ A

i

H
T, T



d

volume 1s the quantity

| _ /M3 ) (B (7 '
| | Fi_<k_r (M) (7) :

and a long horizontal flux tube can never be in static equili-

brium. 8o long as F, is large enough not to be overwhelmed by
other motlons such as convection and turbulence, the tube will
rise,

Conditions within a flux tube that has undergone vertical
displacement are investligated at some length in Appendices II and
IIIy it i1s found tnat raising o length of a long flux tube results
in a flow of fluld alcng the tube which enhances the magnetilc |

bouyancy in the raised portion. Thus, once the tube has begun i

to rise, it will not 1In genergl stop.

To obtalin a quantitative estliinte of the bouyacy force,

conglder a flux tube cof 100 gauss at a depth of 2 x 104 km in

A T the sun. A} this level o0 2.5 x 1074 gm/em®, Te ==
' -‘!; i
: 2.5 x 10° °K. (5) gives Vol =g x 107 gm/cms, which is
o only 10—7 of the density'/o.. A temperature variation of 0,02 °k

i would produce the same fluctuation in the density. We see, then,
48 that magnetic bouyancy will be negligible for the genersl solar
fleld. Consider, however, a relatively intense strand of field of, |
say, lO5 gauss produced by an abrupt shearing in the turbulent
b convective motions at a depth of only 10% 1m. Now /9 =

| 0.8 x 1076 gm/em® ana T 2= 1.5 x 10 °K; (5) gives Oe-or =
- 3 x 1078 gm/cms. /on -,c: 18 now 0.04/@, and is equivalent to

heating the region by GOOOK{ i1t the rope 1s not swept back down

SRR VI = ——

into the cunvsctive zone by some violent convective flow, it will

Aty ;

rise to the surface of the sun.

s er

In the sun, then, we expect to find an occasional strand
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from the tcoroildal or noloidal fields bobbting up to the surface

of' the surg the main field will be essentially unatfected. We
expect these strands to come up where the bouyant torce F, 1is
strongest and cen overcome the r»andom veloc lty and magnetic

fields present In the convective zone. ‘lhus strands of the
toroidal fleld are expected to acpear only vel-w the mlddle
latitudes. Tnils leads us to a suggestion by klsasser: that
sunspots seem most naturally explained as a portion of the toroidal
field which has been heaved up to the surface of the sun by some
dynemical mechanism. The mechanism here assumed 1s magnetic
bouyancy supplemented to an unknown exter.t by the convective
forces existing 1n the convective zone., S8Straxds of the poloidal
field may appezar much nearer the pole than strands‘of the toroidal
fleld because, as was polnted out earlier, the pololdal field is
emplified at higher latitudes than the toroldal field. Ropes of
flux floating up from the poloidal field may be responsible for
the prominence activity observed (Menzel, 1953) in the middle
latitudes shortly before the onset of a new sunspot cycle.

If we identify sunspots with the strands of the toroidal
field breaking through tihe photosphere, several of the general
properties of sunspots follow immediately: YThe bipolar character
of the spots 1s due to the two passages of the flux tube through
the photosphere, one exit and one entrances the near east-west
orlentation of an individual group of spots results from the
initlal east-west direction of the flux tubey the appearancs of

the spots only belcw middle latitudes 1s due tec the fact that the
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tecroldal filelid 1s nc: Intensely amplified until low lstitudes are
reacheds the migration toward the e uatcr of the region of spot
formation 1s a result of the migration of the underlyling torojidal

fieldy the reversal of polarlty every half cycle occurs as &

L ]
consequence of the alternatlion of sign of successive bands of
toroldal fleld.
i
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2. Formation of a Sunspot

Having shown that several of the general characteristics
of sunspots follo¥ from the assumption that the magnetic bouyancy

occasionally brings a strand of the solar toroldal fleld up to

the surface, let us now iInvestigate quantitatively the configuration

of such a strard upon reaching thc surflace,.

The relatively long 1life of 2 sunspot group suggests that
the flux proaucing each group is near statlc equilibrium. Con-
sider now a vertical flux tube (along the z-axis% it belng assumed
that after the tube has broken through the surface the part
located in the upper convective zone has a sufficiently steep
inclination to be considered as vertlcals We shsall also assune
that tc begin with the tube does not mmper off rapidly. Let the
field B be homogeneous across the tube. We shall denote the state
of the gas Inside the flux tube by P;,/o;,and_ﬁ 3 outside by pe, o,
and 1. .~ for static ejuilibrium of the gas within the flux tube,
we must satisfy (l). In addition we must now require that the
net force in the z 4direction be zero or at least approximately
So. Thus, iIn mks units

o = - api/de - 3P0 + (L) fEE], . (8)
Now
(@x© xE), = [2B:2y - 2B/52] 8, - [2B./02 - 28,/ 8. . (9)
Our assumption that B be homogeneous across the tube means that
>B, /2y = aB./ax =C ,and (9) reduces to
[(VXB)XB] = —('3/32)(3.“* B, ;)/2 (10)

Hence (8) becomes

e A g 5 e 6
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dp./dz = - g2 - 2D (BS B, )/ (1)

We assume that the 288 ovutside the tube is in eguilibrium

so that
dpe/dz = —j/d' (32)
Differentiating (1) with respect to z and using (11) and (12),

wa obtaln

g;(—?—) g (eimpe) + = %/}

or

—"&> j(/c“")- (13)

D2\l

(13) 1s the equation for longitudinal equilibrium of a vertical
flux tubey 1t states that any change 1n the longitudinal magnetic
stress must be balanced by the local bouyancy.

The assumption of a slowly tapering flux tube implies that
B. B << B, » 80 that, 1f B 1s the magnitude of B , {11) and
(13) may be rewritten
SE - -ge+ O (BB), aaz<2/~> 3(pi ) +O(B.,8) (14)

g2
Equation (14) applies to an oblique as well as to a vertical flux

tube as 1s shown more generally in Appendix I.

Let us use the static equilibrium equetion (14) to inves-
tigate the portion of the flux tube rising up from the convective
zone through the photosphere. Assume that as a conseyuence of
the slowness of the rise up to the photosphere the tuh® 1s 1in
thermal equilibrium with 1ts surroundings, |: = le. <Yhe sunspot
which ultimately results from the flux tube 1s 1ndspendent of

whether 1, = T« 1initially, and 3o we shall not investigate the
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rate of rise ana of radiative transter to see if the assumption
is entirely justifieds observation indicates that it is. Given
that T, = Te , (1) may be rewritten to give
2
m B
e <g'ﬁ,)(234¢) ,
where m is the mass of a gas molecule in grams and k 1s Boltzmann's

constant. Using (15), (14) becoises

-a_. _5: Y =* @E = ™o B
az»(aM) T (2,w) Y 2
Integrating, we have
; 2
B(z) = B(o) exp [—[cl? km%] (16)

We see that the magnetic field decreases with height with a charac-
teristic length of twice the scale helght of the atmosphere. I,

other words, B« pe’* . The width w of the flux tube varies

as P' -4
pe decreases by one or two powers of ten between the base
of the vertical flux tube in the convective zone and the upper
cnd of the tube in the photosphere. Thus, 1f the flux tube had
an initial field density of 100 or 1000 gsuss before rising up
to the photosphere, Bepd® implies that ws will find flelds of
only 10 or 100 gauss at the photosphere. This diffuse field will
appear over a region cf the order of 105 kme The configuration
of the field is illustrated in figure 2(a) the line PP’ repre-
sents the level of the photosphere.

The diameter of the flux tube at the photosphere determines
how close together the exit and re-entrance of the tube may bej

we expect the halves of the blpolar pair forming a sunspot group

‘to be separated by a distance of the order of 105 km,
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At ni. stosc¢c (f development of the flux tube we introduce
a cooling postulate (Biermann, 19413 Kuiper, 1953). We assume
that the presence of a magnetic field cof the order of 100 gauss
or more produces a cooling of the reglon occupied by the flux
tube, Biermann's assumption that the cocling follows as a
result of the magnetic fi-1d's 1nhiﬁiting effect on convection
seems the mc3av sctraight forward explanation, thougn our conclusions
do not depend crit’cally cn detalils.

We finu that the 'leld intensity at the priotoephere in a
flux tuce is remair-ably sensitive to the temperature difference
between the inside and the outside of the tubei: Consider a

vertical flux tube in static and thermal equilibrium with its

surroundings. Suppose that at the base of the flux tube the field

intensity is 100 gauss and that P = 10™% gm/cms)—ﬁz=4 x 10% °k,

Then from (1) we find that (©¢—,@)/0c = 107" and ©.-9: =

10"10 gm/cms. The important fact is that,ck7o:is a very small

-5

quantity. If we decrease the temperature “T. inside the flux
tube by 1°Ky about 2 parts in 105, then /o;Jin order to maintain
the static equilibrium condition (1), must increase by 2 parts in

= gm/cmsg from

10°; /Qe-0: changes from +10~%0 gm/cm:5 to ~10"
(21) we see that (B/Zz)[Bi/(Z/c)] also reverses its sign without
changing its magnitude. Thus, instead of the divergence of the
flux tube with heighi, as indicated in (16) where we find that

Be o [Djl)the cooling by 1°K of the interior of the tube results

in the tube converging with height and B o p.-'/‘ . Hence, a slight

cooling effect in a vertical flux tube can result in & tremendous
increase in field intensity at the upper end of the tube as shown

in figure 2(b)g this change of the static equilibrium configuration
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of the tube :>rclves a large cirange in the volume of the tuve, as

may be seen hy comparing figures 2(a) and 2(b). The decrease of

volume results Iin consicerable flow of gas alcng the tube and 1s

discussed in section 4.

3

To investisats the matter a little further we write (1)

' in terms of temperature and density. The resulting expression
! may be rearrangsd to ‘ 2
Ba 4:
/u -/Pe kTe T) kT 2M> (17) i}

For vertical equilibrium we put {17) into (14) an

<2/“/ L(—r e __B;/\ (18) .

As a first approximation let us assume that the cooling effect

o

! CT} —'7?) is simply proportional to the magnetlc stresses, Then
we write
e =T = §h3>/(2/aﬂ (13)

where 5 is a constant., (18) becomes

| . ) -E)H [HL-). =

5 3
Upon integration we obtain 3 %

 J 4

& ~ } '

! B _ (B [J/Qz L ( koeK )) 3
£ - Sl [ - ST

i 2 i~
’ 4
i (Eﬁk7/4h - 1) 1is integrated over dlstances several times §

,%y the scale height kjl/("\j)and appears in the sxpoment. Thus g
:k.:' 1}

i f : fields of the order of 2000 gauss are easily obtained <rcm a fleld i
. oK e . / 5
e of 100 gausas at the hgse of the flux tube even .hough(kﬂh*y'm L %

o 2 g
i ;&. mgy be cnly slightly greater than zero. We do not need the in- f
L i
i f; tense fields throughout the outer layers of the sun that have bLeen {
- . 1
%E; postulated by Gurvich and Lebedinsky (1946). {
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In concl sion, then, we see that our calculations from the
local lateral equilibrium equation (1) and the longitudinal
equilibrium equation (14) have shown that the cooling and the
intense magnetic fleld of a sunspot are mutually dependenty before
cooling becomes effective we have at the level of the photosphere
a diffuse flux tube of 10 to 100 gauss over 105 km diameter.

Given a cooling effect, however, the diffuse tube forms a dense

core. In our greatly oversimplified model, the density of the

‘ core fncreases up to the level where the cooling 1s no longer

effectivey at higher levels Nl =i , and the f}ux tube diverges
according to (168), as is discussed in the next section. We need
not assume that the entire cross section of the flux tube

goes 1iInto the core, because there is undoubtedly a transition
region near the surface of the flux tube where the cooling is not
very effective, Thus we may expect a spot to be surrounded by a

region of diffuse field.
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3e Th¢ Tvolution of a Spot Group.

Consider now the rield over a sunspot. Il RBiermann's
mechanism 1s correct, we expect no cooling because tlhiere 1is no
convection agbove the photosphere$ observaetion indicates that the
gas in the chromosphere and the corona over a sunspot 1s at least
not cooler than gas at the same level elsewhere in the solar
atmoophere. Thus we are led back to T, = 71 and the resulting

4

divergence with height (16), of a flux tube in sgullibrium,

The diameter of such a tube Increases with height as ,:CV‘.

+3

hus in a region | = 6000YK, ylelding a scale height of 200 km,
the flux tube increases its width by a factor of e every 800 kmg
a 8spot with s diameter of 2 x 104 lon at a helght z will have a

4 ym at z + 800 km. The walls of tho

diameter of 5.5 x 10

flux tube will make an angle of only 1.7° with the horizontal.

t It must be remembered that thils result is only avproximate because
it was computed from (16) which was derived assuming that the

rate of divergence 1s small. But 1t serves to show how rapidly

the tube 1s diverging and how the horlzontal velocitles of

Sy

the Evershed effect may indeed be gas flowing along the lines of

i force rather than across them.

The rapld divergence of the tube has Interesting dynamilcal
implications, Consider a tube which tapers off abruptly as
e - shown in figure 3(a), The lines of force have no tendency tostick
together, and, due to the tension along the lines, will try to
separate into several branches at the restrictionas shown in
figure 3(b),

The tendency for such a breakup is readily demonstrated !
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by showing that the energy of the field is less after breakup
has occurred than before. It will be sufficient to consider the
two-dimensional periodic rfield given by

B.=0 , B, =[2B/(ak))sinky G@/a)expt 2}/3*)

B, = B + B, cos k/ ex,o(—z’/a‘)
This represents an initial uniform tield B, extending in t he z
direction. The periodic disturbing field, characterized by B,)
has the effect of bunching the initial field intc bundles at
intervals of 2m /k along the y-axis. The field at the center of
each bundle 1is B,+ £, . Thecse bundles merge into a uniform
field a distance nf the crder of a on each side of the y-axis.

The energy of the bundle lying in -x/k < ys+n/k is

+*/k

E=22 [ /4 (B8,

to e
=E, + %§%£i ‘//, 2‘}//’¢{y [E;;%:1<?§§1:) sin ‘f;y + c<>s"ﬁa)z] cz:t,ﬂ(i'ziigl:/)

Sk

where E, is the energy of the homogeneous component of the field.
Twe term first order in B, drops out because of the integration

over y. We obtaln finaly the energy due to the bunching as

(B a ( 2 )
- = —e |—_—) = (|+ ==
E Eo 2/). (2 ) k ’ alka/

The energy per unit y is

" * ;3
€ = i;%: (E: - ET.J — é%?ﬁ ég%j:;) a (’ = Atk (535)

For given values of a and I3,, € 1s a monotonically decreasing
function of k. This demonstrates the tendency for flux tubes to

split up whers the tube changes size abruptly.
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The magn=tic stresses at the surface of tne sun are of the
order of 0.2 the gas pressurei we conclude that the flux tube has
sufficient potential energy to carry out the branching, pushing
the gas out of its way as it deces so. Therefore, at the surface
of the sun we expect to find after a time, not one, but several
flux tuces, each producing a small spot: Initially the field from
the spot was of the general configuration shown in figure 2(b)}
brancning vesults in something like figure 2(c).

Each branch of a flux tube in a spot group extends of the
order of 104 km or more down into the convective zone, and so is
pushed around by the convective motions there. We would expect
the porticn of the branch above the surface of the sun to show
some of this random motion, with the result that the spots of Q
group spread out from their initial position. Besides this branciing
process, one wWould expect that the magnetic bouyancy, which was
initially successful in heaving a region of relatively intense
field vp to the surface, will continue to operate, though more
slowly than at firet; to pull up more of the toroidal fileld.

The process will not go far because, as was shown in the first
seciion, the magnetic bouyancy becomes unimportant as one goes

to weaker flelds and deeper layers. But insofar as the process
operates, 1t should result in a progressively larger region of the
toroidal fileld rising to the surface, with a subseguent increase
in the separation of the two parts of the spot group. We conclude
from the two efrects discussed In this paragraph that each half

of a spot group should slowly diverge within 1tself and from the

other half.
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The sventual expiratlion of a glven spot group follows from
- the fact that a flux tube rising from the convective zZone up to
- the photosphere and descending agaln to the convective zone, to
: form an inverted "U", does not constitute a regenerative portion
of the solar hydromagnetic dynamos In thls prodigal state 1t
jies from cdiffusion. We must remember that 1t is not the mole-
i : cular diffusion, which is negligible, but the eddy diffusivity of
the convective zone that is responsible for the decay of the spots
vertical convectlve velocities of 10 m/sec in the region of the
convective zone under the spot give a decay time of only a few

| , months,
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4, Motion ebove the Surface of the Sun.

In this section ws shall discuss some of the mechanisms
cperating in the sun which result in consplcuous motion of matter
in the £1ux tubes above the level of the photosphere. We shall
assume that the motions in the convective zone constitute the
prime mover, communicating motion directly or indirectly to the
levels gbove the photosphere. The extreme stratification of the
solar atmosphere gbove the reversing layer results in hydrodynamic

f stability, preventing the communication of motions tLo the higher ]
‘ levels by other than hydromagnetic mechanismsj we shall gssume
that in the solar atmosphere a'number of flux tubes extend, as s
consequence of the magnetic bouyancy, from the convective zone
! ‘ . into the regions gbove the photosphere.
The first mechanism that comes to mind 1s the relatively

“ slow horizontal or transverse migration of f£lux tubes, which was

! %i discussed in the dissipation of sunspots, and which agrises from
?m the fact that the portion of the flux tube down in the convective
g; zone 1s pushed around by the convective motions thereg the portion |
) if of' the tube gbove the convective zone rollows the horizontal motion i
% ?“ of 1ts lower parts., It follows that the observed horizontal |
:gg. motions will not exceed the horizontal convective velocities of,
i; say, 10 m/sec,
3_%& The other major class & motions 1s longitudinal in nature,
T

involving a flow of gas al ong the magnetic field. Both observation

,
>
v

.

PYOEIN
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and theory lead us to expect the longitudinsal motions to be more
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violent then the transverse. i
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Ccnsider a fiux tube which for one reason or another 1s
reduce? in diameter by an amount &w over a segment of length L.

Let the dilitation be uniform over the segment sc that

Bw = aw (24)

where a 1s a rumerical constant. Assuming thet the density
is unchanged by the constriction, the mass squeezed out of the

segment must be

L L
sSM = /cls/o; s(w?) = Za/ds/o;wz (25)
Assume that oM™ 1ssues from only one end of the segment,

say s = L, where the cross seciional area of the tube is w,?

and the density is i The distance | that the fluid must move

=M _ . g
] = /o—uw: = 2a fls, (ﬂLX{iL) (26)

Consider the case Where the flux tube 1s in eguilibrium

at s = L 1s

with its surroundings. We assume that P~ €< e SO that/o; —E/a._-,
Using this approximation together with the result derived in (16)
that w o P."" , We may rewrite (26) as
L
1= za/as(f;)” Ta) (27)

al T/
Ir the flux tube is horizontal, then Pe= pa and T = T;L i

giving | = 2a L., 1If, on the othsr hand, the tube is vertical
with the open end up , | may be considerably greater than 2al
]

>/ =)
For an adiabatic atmosphere p. o [, , and

v @-r)/[20--1]
1 = Za—[cls<jri)

In the sun le may be an order of magnitude greater at the lower

(28)

end than la at the upper end, giving | >2a L.
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The amplification of motion i3 essentlally 1//Sw' : This
is Ei_//w for a horizontal tube and more for a vertical tube

cren at the upper end. Thus, in a slender flux tube the longitud-

inal motion may be several orders of magnitude greater than the
transverse motion constricting the tube.
The discussion in section 3 indicates that the flux tube

forming a sunspot is not in thermal equilibrium with 1ts surround-

ings as a consequence of the cooling effect. The result 1s that

the tube 1is of very small dismeter at the spot, and the amplifi-
catlion processes discussed in t he above paragraph become even

more severe. Returning to (26) we write

w? = W..I(B._ /5)

for the flux tube and obtain

] =2a [;SC%-)< %} (29)

Regarding the spot as the open upper end of the tube, we ses

that the density /o;L in the spot 1s very much less than iIn the

104 km or more below the spot. On the other hand, ESL in the

spot 1is considerably greater than below the spot. To form a

rough estimate of | , we let Ve IO}O.-L and B~ Ol B, .We

obtain

1l~2x'!o'al

from (29). The a@mplification 1s

1/ sw ~ 2x10° L/ w (30)

using (24). PEven if w is of the same order as L, the amplification

of the small constrictive motion of the flux tube below tle sunspot
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is of the order of 103: 10 m/sec 1n the convective zone results
in 1G km/sec in prominences above the spot. If w= 0.1 L. we
obtain motions of 100 km/sec, sugge.sting surge prominences., Com-
paring (30) with the amplification 2L/w for a flux tube in
thermal equilibrium with its surroundings,we see that we expect
to find the most violent prominence motions associated with the
upper end of cooled flux tubes, i,e. with sunspots.

As opposed to motions above the photosphere produced by
motions in the convective zone, consider the longitudinal flow of
gas Within a flux tube arising from s relatively slow change of

the equilibrium state of the flux tube: A flare occuring in a

' spot group may introduce a heating of the portion of the flux tube

over the groupg the cooling effect in a flux tube discussed in
section 3 results in large changes in the static equilibrium
configuration.

It is with the latter effect that we wish to dwell for the
moment: It was shown in section 3 how the integrated effect of a
small change in/o;7‘% may profoundly change the volume of a flux
tube below a sunspots the change is illustrated between figures
2(a) and 2(b),

Quantitatively, the mass per unit length of a vertical

flux tube at time % 1is
d if(zt) /dz = wi(z,t) =i (2 t)

But from (2) and the fact that B <& w™® we may write that

Kz, t) = wiot) [ palat)/pn(2,t)]"

Thus
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N Ip-(O,t)
Mz, t) = wi(o, t) ocleﬂi(zzt/\’.‘f:;’mj (31)

Ir the flux tube is In thermal syuilibrium with its sur-
T ol s at t = 0, with the corrcsncnding divergent an~figuration
shown in figure 2(ga), and at some later time t is in the converging

configurstion, resulting from the cooling effect, shown in figure

2(b)., then ihe mass of the flux tube up to the photosphere at

z = I, has decreased by the amount q
L " S
: RN =L X =D ] B p-(o,t)
M(L,O) _ M(L, k) = /c]?(pv (0,0) /°: \Z)U)J’P-(Z.OJ w (O,Uﬂ.(a,f)jpu(z)t)Jj(sg)
Now p;(z,o) &/o;(i JB). EXcept near the base of the tube f:..(z,t)

> P“(o»t) and pm(2,0)<< pw(0,0) . Thus, if we assume that
w(0.0) and w(O,t) are comparabie, (31l) reduces to the order of

magnitude relation
R

M(L,0)- M(L,t) ~ W’(O,O)/d?/ﬂ: (2,0) {%} = M(L,0) (33)

It foliows that a large fraction of the gas in the flux tube

beneath the spot, at z = L, has flowed away. Much of the gas

will issue through the lower end of the tube, but some will

undoubtedly flow out of the spot at the upper end, inflating the

flux tube over the spot. Insofar as the cooling and subseguent
converging of the diffuse portions of the flux tube below the H
spot is a continuous process, going on throughout the lifs of the

spct group, one may expect to find a small continuous efflux of

matter from the spot. It is possible that the Evershed effect

19 the observation of just this efflux,

I should like to express my gratitude to Prof. W. M. Elsasser

anerss

for critical reading of the manuscript snd for several valuable

suggestions in its preparation,
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Appendix I. Kinematics of a Flux Tubs.

To supplement the rather brief disucssion in section 2 of
the equilibrfum of a flux tube let us consider the stresses within
2 tube of flux which msy not be in equilibrium. Let us idealize
the flux tube to be of square cross sectlion of side w and to
contaiﬁ a magnetic field B untfor m over the cross sections Let
us confine the tube to the yz-plane., We assume a gravitational
field of acceleration g in the negative z direction. We let s
represent distance measured along the axis of the tuhe from left
to right, and 6@ the inclination of the tube. We shall take the
tube to be sufficiently slender compared to the characteristic

lengths of the medium in which it is suspended that
dw/%'s << |  d8/ds << 1/ w. (34)

Let JQL)/O;j-‘T? and pe, ., T, Topresent the state of the
material medium inside and outside the flux tube, respectively.
Assuming the molecular weight of the medium to be uniform
throughout, we write

pi=&/m)T o, pe=b/m) T /0. (35)

We shall assume that (1) i1s satisfied, which puts the flux
tube iIn local lateral equilibrium. Finally, we shall assume
that the medium outside is in equilibrium, satisfying the baro-

metric relation
'ap./az = —/Ogj , Bpe/ax = ap..é), = Q (56)

Consider the element w?ds of the flux tube shown in
slevation and plan view in figures 3(a) and 3(b) respectively,.
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The angle between ths sides and the axis of the tlux tube is
o = (1/2) dw/ds (37)

Consider the force F, ds in the s-direction onthe element.
The weight of the element 1is S/O;W‘els. On the left hand end therse
1s a net pressure p: — B5,/(2.«) on the areas w?}j a corresponding
force 1s exerted on the opposite end of the element. The sides of
the element parallel to the yz-plans exverlence a pressure =3
inclined at an angle (/2 - a)to the cxis of the element. finally,
the remaining pair c¢f sides experience sressures Pei(l/a)($p=/32)wcose
Multiplying the above pressures by chelr respective areas and

taking the s component, we obtain

Ecls =—3/O;w’s'msels +2P.W(§ld$
) =3 I B’" ‘__8‘ . m‘d
=Rk [P‘ - £ ) 2,“)“5 R S)

D w d6
4—<P¢+ _L_é%_w(ose) w (I—' = —S) OthS . (38)

Using (1) to eliminate p:, {38) to eliminate ?pe/d2z 6 and (37)

to eliminate a, we may simplify (38) to

= g@zi‘ + gwsinb (20 =r=:) (39)

ds L
neglecting terms of second and higher order in dw/ds and d6/ds.

8ince we are considering a flux tube, it follows that the

total flux @ 1is independent of s. Then

B= &/w? (40)
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Consider the forces normal to the axis of the tubse.

Similar to (38) we writse

IS : Y J
F. ds =—3/0iw cos® ds — E(P‘A _.%)w —ZLZE

@

ds

o0
~ (pro s BB ucen®)w (1= £ 2D s +(pe-d B weos0)w (1= F52) 5,

which reduces to
LS 9 co s
FT:WI[%EIIE'*j 28 (e "")) (42)

Consider the special case where the tube 18 in longitudinal

equilibrium. Then F, = 0, and (41) reduces to

_ 4 (B + 5508 (e~
O = g?.<2>0‘ v A A r ) (43)
Now
4 _ d? A = in © d
J. T Hdsdz ST de ;44)
Hence, for any inclination of the tube We obtain
0= F(Es) + 500, (0

which was obtained in (14) for a vertical tube. If we differ-

entiate (1) with respect to z and use (36), we obtain

B dp:
o= _j—g(‘?/“) + 3ﬂe + I (46)

Comparing (45) and (46) we find that equilibrium requires that p:

obey the barometric law
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Ths physically obvious fact that a flux tube 1s stable
against a local constriction or expansion is readily demonstrated
from (41). Consider a horizontal flux tube of uniform cross
section, Let us pinch the tube over a finite extent of its
length. B is increased in ihe restriction. Approaching the
restriction from the left we have (d/cls)(B‘//m) >0 . (41)

i gives Fo > O causing the fluid to flow into the restricted

2

region, and restoring the tube to its initial uniformity.
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~ Appendix 1I. Flux Tube in Thermal Equilibrium

Consider a flux tube in thermal equilibrium with its
surround'ings° The statlc equilibrium of such a tube was inves-
tigated briefly in section 2. There we found that B o p”
so that p~<pe o From (1) it follows that P oL pe o Since
Bw? 1s the total flux through the tube and is constant, Wwe
have that w o¢ pJV‘ » We note that the mass per unit length
w?o; decreases with height for a tube 1in either an isothermal
or an adiabatic atmosphere.

We shall now inquire into the longitudinal motions within
a flux tube and the variation of the magnetic bouyancy as a segment
of an initially horizontal flux tube is displaced vertically by
the magnetic bouyancy. We would like to know whether tne tube
can be expected to tend toward the static equilibrium configuration
discussed in the above paragrasph and whether the magnetic bouyancy
continues to function even after large displacementg the fact that
wio: decreases with height implies that there must be a
longitudinal flow away froin the elevated portion of the tube. We
shall find just such a flow fram the following calculationsg the

* and guarantees that

flow allows an approach to B o pe”’
the magnetic bouyancy will not fail after some finlte displacement,
Consider how conditions will vary when a flux tube 1initially
horizontal and of uniform cross section 1s displaced vertically by
some small but varying amount & z(y) . Ws are particularly
interested in finding whether an upward bulging of the tube will
result in fluid flowing along the tube away from the bulge or

toward the bulge. Thus, we shell assume that 1. = J. = |
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and constrain the fiuid within the tube to move onlv in the 2z~
direction, allowing no flow along the tubes we then investigate
the longitudinal force F. to see which way alcng the tube the
fluid would flow if the constraints were remcved, <Y‘he tube will
I have to be held in place, of course, by external forces because
of the magnetic bouyancy and longitudingl stresses.

We shall assume that d Sz ds << /. Then
sin® = dsz/ds | ds = dy. (48)

: Using (5), (40), and (46), (32) may be written

D dsz [ g _;g,]
fo = ew? dy 2k T w d8z

Consider (2/w Xaw,d ©2), With the constraint that there

be no longitudinal flow within the tube, it follows that
¢ . L a
. Jor =0 /W), B = B ) (49)
Then (5) may be written
! L ! TV =
S Ol wa) ! — pulv/w) = m B /(2wtT) =0 (50)

Bscause we are considering only a small vertical displacement

&2()we may introduce the approximation

. - ;A_.()eé)" = :[51; <%/:):1gz + O(sg), T=T+ éEoSz + O(s2)
' (51)
o = Oee + (—dj:-;)o sz + O'(sz) .

Solving (35) for /ck)differentiating with respect to z, dividing

by ,e- and using (36) to eliminate 2pe/22 , We obtain

L dee = -8 _ L 2% 52
;e.ﬁ_ T;_-I‘J:; Te d2 ()

Putting {51) and (52) into (50),we obtain finally
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- 4 (w)= _"13.+L_41<| P“)_]<+_B:>+
¢ Jdoz (w. [k"l‘ T d2 Pes /| | pee O(se) |
53)
m3 L dT = (
= ] e— ® +—= . + mo + O 82
| But
1
' (2/w)(clw/d 22) = Q/w,‘)(d w’/d 82) +O(se)
Thus, to the degree of approximation used in (51), (53) gives '
| (Z/W)(dw/cl 1S ); the equation for F, may be rewritten as
|
l
! dsz < s [mg ] a
i = R - P Y F 5 o + Pro)
| s S 2 EeT e a‘z < \(pe + P (54)
| + O'(82)
i 3 If the medium through whichthe flux tube pegsses is of uniform
: ?' temperature so that dT/dz vanishes, then
Pl Fo_ dse & 13 pe- pu (55)
f :\' s - dy /CLWI ZLT Ph + Puo :
-1 If, on the other hand, it is an adiabatic atmosphere, then
LT i dde o O my
: T d2 _I'
3 |
. § and -
; o - dse D /2 7’( 34>/P"_P:> (56)
. cl) e ? 2kT, pe. t pr/
We see from (55) and (56) that for both an 1sothermal and
an adiabatic atmosphere dJd s= /A), > O implies that i <OJ |
H
resulting in a flow of fluid out of the ralsed portions of the '
flux tube. This has the effect of Increasing p~ relative to pPx
and enhances the magnetic bouyancy in the upward bulges. Only i
{
when dT/dz is sufficiently negative to reverse the sign of Fe
O T P o e s e S M ey
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will the longltudinal flow degenerate the magnetic bouyancys

certainly in any large-scale region T never decreases at a rate

significantly greater than the adiabatlic rate because of the extreme

convective instability that would result from a more rapid

decrease,
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Appendix III. Adiagbatic Flux Tube.

¢ Consider a flux with an adiabatic interior. T, no
longer need be equal to _E) and many physical relations which are

taken for granted In Appendix II are no longer obvious. We have

in mind the same questions as Wwhen T=_Te,viz. whether a flux

] tube displaced vertically by the magnetic bouyancy tends toward

' ; the static eyuilibrium configuration, and whether the magnetic
bouyancy vanishes after some finite displacement. The latter

! ] question no longer has the unambiguous answer it had when 1; = le.

Consider the static equilibrium of a flux tube with an

adiabatic interiors the relation beitween P: and oz is accordingly

pi= pefeison) (57)
b If the flux tube is in esyuilibrium, we may combine (57) with (47).
4 We obtain the familiar relations for an adiabatic atmosphere

i)

-1)
! 72 = [l "Z;—‘ E_%ZT( -y =P"~[l —_ )_;;_’. _E%-',z] (58)

/0.‘., P.-.)and Tu are the valuess of /o,~) Pi , and T at 2z = 0.

ATqp A e

Using (1), the magnetic pressure for static equilibrium is
»—1

; ¥ (1)

; . I sl LY |
e p- = Pe —Pi = Pe —~ D [, P ﬁu 2:) i (59)
The width wof the tube may be computed from the fact that 1t

varies as P..""‘ ]

R

i Consider the special case that the atmosphere outside the

i S
e
4

tube 1is an adiabatic atmosphere and further that |, = le at

z = 0, Now independently of the latter condition, 1, and le

Prowr
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vary linearly with height according to
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Thus, setting T, = Te at z = 0 implies that . = Te at all
heights in the atmospherez the tube is in thermal squilibrium
with its surroundings, even though insulated from them, and the
relations worked out in the previous section for thermal equil-
ibrium in an adiabatic atmosphere are valid.

The magnetic bouyancy depends on the sign of/Opj/% which
must be investigated quantitatively because, in an adiabatic
atmosphere, it depends critically on the initial conditions.
Consider, then a long horizontal uniform flux tuke. Llhere will

be no longitudinal flow under these conditions and Beco:. Thus

pr = prel fon) (59)
The zero subscript denotes initial values. Comparing (60) with
(57) it follows that P~ varies more rapidly with the density
than does p: since 77< 2 o+ A vertical displacement of the
flux tube, with the resulting change in pe , results in p. taking

up more than its share of the pressure change. Thus p: does

not have to vury as rapidly. and we conclude that

(l/pa)(dp;/d?) < (Vp:)(clpe/d?) (61)
The slowerrate of varlation of p; may be deduced

quantitatively trom (1), Differentiating with respect to z, we

obtain
S dpe R | JdB
TJP? = :r? T T B dz (52?

But from (49) and (58) it follows that
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(/8)dB/dz) = (pe)dei/dz) = (V7 Xi/p)(Epi/dz) (3

Putting (63) into (62) and solving for <|/,o.')(c4pc/=/2)) we obtain

-l . -1
_Ldp-' = dpc P+ Bl e r-'— dpe ).' 2= P e
pidz ELF?;«- ""piﬁ_ be === Pl (64?
Thus, with 2« 2 we obtaimn (61).

If the medium outside the flux tube varies adigbatlcally

with height 2z then, bssidss (6l), we havs

(e Xdei/de) < (foeXdpe/dz) , (VT YdT/d2) </TXSTAEED (65)

To obtain relations between /Og and ©; etc. rather than

just their derivatives, we put (57) and (60) into (1), obtaining

o 2

P‘ = P"" Qoi//al'o) 4= Pmc éof/ﬂ“g) (66)
(66) gives /o; in terms of pPe., ., pa,and w may then be
computed using (57), (60), and (49) respectively.

If the external medium 1s an adiabatic atmosphere, then

Pe = Pefjos/oe) o

and (66) may be written as

> 2
pes(eoe) = pulp?) + PQ‘//‘) (e8)
Consider how /01 and /0e compare near the top of the

atmosphere wherse /o. approeches zero. /o; alsc approaches zero,

so that [°°//O"‘ << . (68) reduces to

pelpn/fan) = Pulypon)

Thus
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For tne special case that T. = le. , We have that Pe > Qi

(69) implies that /9740; > | as e approaches zero. If on
the otherhand, d.. = 2w | then "Te. > "T.. |, and (69) tells
us that /o./§0; < | s Which also followsfrom (65)., Thus, we

have demonstrated that, beginning with a flux tube initially in
thermal equilibrium with 1its surronndings, the magnetic bouyancy
is operative at all heights in an adiabatic atmosphere to which
the flux tube may be displacedsy the presence of flux tubes induces
convection in an adiabatic atmosphers, Ify, on the other hend ., the
flux tube initislly satisfies (1) by virtue of TJi. < Tesn rather
20 K Pee then the flux tube 1s stable against vertical
displacementg the presence of flux tubes inhibits convection in
an adiabatic atmosphere,

The critical condition giving an initial magnetic bouyancy
which vanishes as /05{%95-—q> | at the top of the atmosphere may

be obtained from {69) by putting SO = SO0 We obtain the relation

/Ga., = Oeo C-T:e/To)y(y-l) . (70)

This is the condition that the variatlon of the matter within the
flux tube 1is adfaratic during the generation of the magnetic field.
To determine pe/ pi as ,© —= O We note from (57) and

(60) that P~ decreases more rapidly with decreasing ,<oi than

does Pt o Thus Fg/p; approaches zero as the top of the atmosphere

is approached and (1) becomes

pe/pi =1+ pr/Pi~ | (71)

To compute /7T, as e —» O We use (35), (69) and (71)4
We find
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T/ = (ndTo) (eusoe) (729 ]

If initially Teo = Tio s We have 2. < RQe. and conclude from
(72) that "1t > Te 3 the interior of the flux tube becomes hotter

than 1ts surroundings, which elso follows from (65). If, on the

other hand, ,©w =,%e., then "I, < l.,and we conclude that T, <Te.
Again the critical case leading to I, = "J. at the top of the
atmosphere ylelds the adiabati: relation {70),

[ ! As in the previous section where —ﬂ==7:9 let us investigate

F. as a result of a small vertical adiabatic displacement

of an initially horizontal and uniform flux tube in thermal

equilibrium with 1ts surroundings. We shall again introduce the ;
’ constralint that there be no longitudinal flowy the resulting Fi

i E will tell us whether the fluid would flow toward or away from

an upward btulge of the tube 1f the constraint were removed.

From (39), (40), and (48) we obtain

3 46 éz ! do e 2 . —
: e = o Lj——-%, e Lo gw? (= /0/] (73?

: We shall compute the quantity in brackets omitting terms O(8e2)
> and obtain F, omitting terms O(sz) . Thus, using initial

! values, we obtain from (b) that

™
% w*( O - e 0.) + OC(8E) = 3 ( )+O(82) (74) .
j,:r e =p0i) = {Pee -2 = |
i ;V - Since the fluid inside the flux tube varies adlabatically, we !
‘ obtain !
-1
! Y : e ] 2~ -
Ldet _ 0 Ldps ot dpe [ 4222
/o.‘ d2 >~ P; a2 > Pec 2 ! P Pe

the latter by (64). Using (35) and (36) we obtaln finally
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-35~
| odor - _ L ma_[ 2-3> p. |
;_ﬁ. i %—]+O(Bz) (75)

Substituting (74) and (75) into (73), we obtaln

FFo— - cﬁﬁ(ﬁ_ﬁ_‘ =3 )<’7—-2 Pac = Pro LO(se) (76)
: ds kT, Z/u.w*/ P Peo +(2-y/)»)p..

which is to be compared with (56). dsz ds >0 implies that
F:<O, indicating a longitudinal flow along the tube away from an
upward bulge, as in the case worked out previously where Te = T:.
The transport of matter from the raised, and therefore expanded,
portion of the tube snhances P~ relative to P by removing part

of the fluid producing ; and compressing B. This enhances
P LR e

the magnetic bouyancy and explains why /q//o; is greater than unity,

as shown by (69), at the top of the atmosphere;, even though P~
on which the magnetic bouyancy depernids, drops off with ok more

rapidly than does pi .
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