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THE MOMENTS OF THE SAMPLE HEDIANT?°
by
John T. Chu and Harold Hotelling
Institute of Statistics, University of North Carolina

1. Summary. It is shown that under certain regularity conditions, the momeats
about its mear of the sample median tend, as the sample size increases indefinitely,
to the correspondir: ones of the asymptctic distribution (which is normal). A
methnd of approximation, using the inverse function of the cumulative distribution
function, is obtainsd for the moments of the sample median of a certain type of
parent distribution, An advantage of this method is that the error can be made as
small as is required, Applications to normal, Laplace, and Cauchy distributions are
discussed, Upper and lcwer bounds are obtained, by a different method, for the
variance of the sample median of normal and Laplace parent distributions., They are

simple in form, and of practical use if the sample size is not too small,

2. Introduction. Let a population be given with cdf (cumulative distribution
function) F(x) and rdf (probability density function) f(x), arnd median ¢ which we
assume to exist uniquely. Let ¥ denote the sample median of a sample of size

2n + 1, Then the pdf g(x) of f'and the pdf h(x) of the asymptotic distribution of

X ave vespectively
(1 alx) = ¢ [F(x) 7" 1 - Fx) 775(x),

where C_ = (2n + 1)!/(n! nt), and

[. This paper was preseni=¢ at the sume:r meeting of the Institute of
Mathematical Statistics at Montreal, P.Q., Canada, on Septemver 11, 1954,

2. Sronscred by the Office of Naval Rescarch under Contract NR O42 031 fer
research in Probability and Statistics,
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~(x-£)7/(37,)
(2) h(x) = ()22 g 4 S

where E? = [Ql'f(z)_72(2n +1)) ~l.

A question that follows naturally is: Can the rioments of the asymptotic dis-
tribution of X be uscd as approximations to the corresponding moments of i, and if
not, how to find better avproximations? When the parent distribution is normal,

this question has becn answered by various authors, e.g., T. Hojo /6 7, K. Pearson

/8, 9 7 and more recently, J. H. Cadwell /3 7. It has been stated, e.g., in /3 7,

that axperiments snowed that the distribution of X tends rapidly to normality, but
the variance of x (as of quantiles in general) tends nnly siowly to the variance of
the asymptotic distribution., For this reason of slow convergeace, approximations
were derived for the variance of x when the sample ize is small. VWrile different
methods were used by different authors, their resulis agree fairly weli witn each
other, In fact, the problem should be considered as completely solwved bui for the
unknown error comnitted in using such approximation,

One of us /L 7 recently proved that the distritution ~f x, for a normal
parent distribution, does tend to normality rather "rapidly”. In ¢ 6 we shall
confirm another experimental result that the variance of X tends "slowly" to the
variance of the aswmptotic distribution {actually not "very slowly"). Upper and
lower bourds are obtained (§ 6, Theorem L) for the variance of x. A slightly better
lower bound is obtained, by a different method, in ¢ 5, formula (L9), or § 6,
formula (74). It scems that even for sample sizes around 1C to 20, the asymptotic

rue variance of x. It becomes a very

Q
¢

variarice is not a bad approximaticon to th
good approximation if the sample size is large. However, for large ssmples, an cven
better approximation is obtained in § 5, formula (56).

Before further discussion, the following notaticns will be introduced., If

f(x) and gix) are functions of x, then E.{g) Adcnctes the expeciation of g{x) with

£33
i

S o = - - SN

P
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respect to f(x), i,e., ) g(x) £(x) dx. %e usc, wherc f, g, and h are given by

-C0
(1) and (2),
(3) by = B, (x) ’ uy =E(x) =&,
u]’" = Eg(x - ;L.l) s My = Ef(x) ’
and for any integer k > 2,
(1) B = Ble = 0", B = 50 - 55,
by = B (x - Fl)k 3 b = Egplx - ul)k

It should be pointed out that, although the pdf g(x) of X tonds to h(x), the moments

-~ -

My of X in general do not necessarily tend to T In fact ﬁk may never exist 1—2;7.

Nevertheless, if the parent pdf satisfies certain conditions, then it can be showm

that ;k tends to Ek as sample size tends to infinity ( §3, Theorem 1). Therefore
under such circumstancs, it is justifiable, at least for large samples, to use ;k
as an approximation to ﬂk.

If the parent distribution satisfies certain conditions, a general methoc is

cbtained in § l} for comouvting ﬂk, k=121, 2, ... « The method is wased on the Taylor

expansion of x(F), the inverse function of F(x)., TFor example, if x(F) =~ &
00

= 2 all -
m

m
%) converges for 0 <« F <1, a = O(Qmmk) wnere Xk : 0 and f(x) is cym-
m=1 '

metric with respect to x = &, then when n > 2k + 3,

e ©
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where Cl is given by (1) and Sm = % a(F- 5) ( ¢4, Theorem 3). Error *v such

4
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approximaticn can be computed; and it tends to O as m tends tc oo, If the parcnt
pdf is not symmetric, similar approximations can be obtained ( ¢ L, formla 26).

Applications are given to the variances of ‘thc sample medians of Laplace and Cauchy

parent distributions { § L, Examples 1 and 2).

Finally upper and lower bounds are derived in é 7 for the variancc of x of a

Laplace parent distribution, It then can be scen that for estimating the mean of a

Laplace distributicn, the sample median is a "hetter! estimatc than the sample mcan,

not only for large sampies, but for small samples as well,

3. Largec Sample Monments,

Lemma 1. iIf 0 <c f'%, then for my n =1, 2, ...,

hCQ

m+2n+l
t(m=1)/2 (0 oym gy

(6) lu-3 | Q-0 a=(3)

I e b1 § ]

Il =~

In particuler, if c = % , and Cn =(2n + 1)!/n! n! , we have for fixed m,

-~

7) C fu=-=] a1 -~ w)? du = O(n-m/z)
n 2 2

(&

o
S ;

¥
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1 |
' 1 zm,n . n e 13 -2 (2m = 1)
(8) E Cn(u = 5) 2 (L - u)ydu= (3) e T T
0
1
om-1
1 - n, . (lym 1.3-*<(2n+2n-1) (m - 1)!
(9) g C,fv-31 wii-w)'au = (3 Sty USRI (mes T (onroncT)
0

These formuloe are easily proved using transformations v = + (u - %), cte,

Theorem 1, Let a population be given with cdf F(x) and pdf f(x;. Suppcse
that the median ¥ of the givan population exists vniguely and fi{&) 5 0, and £!(x)

exists and is bounded in some neighborhood of x = g, If X is tue sample median of

a sample of size 2n + 1, and ;k anJ ;k’ as defin2d by (L), are respectively the

k" moment of x about its mean and the corresponding one of its asymntotic dis-

tribution, then

(10) Lim =0
Hoewoo 2k-1 7 Fok-1,

(11) Lin  py/ by =1, ke, 2, ieep
n — 00

provided that in each case, ;2k-l and ﬁ2k arec finite for at lecast onc n.

P-oof. We will prove (11) as an illustration of the method we usc. (10)
can bc shown in the samc way. Obviously
k-1 .
: ~ %k-j . 2k-j
(12) N =l o+ 3 g2k (-1) n et o,
Pk T Fae T Ty | j) 1 j

where (?k} = (2)}/ (31(2k - 3)!) . We say that if E2k is firite for a certain
3
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n = n,, then uob is firite for all n > n,, 2rd

O,
(13) ug 4 = 0™,

n

a
A | 1+ 3 s (2m = 1) -, =m=l/2
W) why = (B TR A )
form=1, 2, ..., ky
where a; = 1/£(¢). On combining (12), (13), and (1L), it follows that
a, 2k
~ %1 13- (2k-1) ~ke1/2
(a5) ‘f'?k'('é') ETI ) Ny v v v » B ) .

- -

Since ;_J.'2k =1+ 3 o0 (2% -1) El; , where p, is defined by (?), we have (il),
To complete the proof, it remains to establish (1s) ard (14). Now for
example,
00
(16) wy = (x =)™ ¢ [FG) T /1 - Flx) 7" 2(x) ax
-00
a b oo
)l' g =I1+I2+13,say,
-00 a

where a <£ and b > £ will be chosen later. For O <F <1, the function F{(1 - ) is

. . . 1 1
non-negative, recaches its maximum ¥ at ¥ == & , and is increasing for O and
g . L 3

rol

I A

F <

A=

decreasing for 3 < F <1, ILet

N

(17) r =nmax (UF(a)/ 1 - F(a) 7, 4F(b)/ 1 - F(b) 7) ,

N! [
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then 0 < r <1, Sinco G = 0(2'n™" ©), it follows that

(18) I+ 1, = 0o(n¥/%)

-

- Fla) =c is

ol
ol

On the other hand, if a and b are so chosen that, c.g., F(b) -

small, then for % -c<F 5'% + ¢, x(F), the inversa function of F(x), is uniquely

defined and may be expanded, by Taylor's method, into

(19) x(F) - & = ay(F - 5) + R(F - $)° ,

Where & = 1/f(x) and R, is the remainder. Substituiing (19) for x - £ in I, of

(16), it can be shown, using Lemma 1, that I, is cqual to the RHS (right hand side)

2
of {14), Combining this fact with (16) and (18), we obtain (1L).

Regarding the above theorcm, we make

Remark 1, A sufficient condition for Ek being finite for some n = n, (hence

all n > no) is that p, be finite. This condition, however, is not nccessary, For

cxample, the variance of the sample median of a Cauchy parent distribution is finite
if the sample size 2n + 1 > S, though the variance of the parent distribution is

infinite ( { L, Example 2).

Remark 2, Thecorem 1 states only some sufiicient conditions under which (10)
and (11) are true. For a Laplace parent distribution, f!'(Z) does not cxisi, yet

(10) and (11) hold ( { L, Example 1).

The above thecorem provides a justification, at least for large samples. for

using Ek as un approximation to ;k’ In the next secticn we will proceed to show that

if thc parent pdf satisfies some additional conditions, then satisfactory approxiiia-

tions can be obtained for ﬁk for samoles ¢f smaller sizes as weli,
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L. Approximations.

Iemmc 2. If k is rcal, thcn the fellowing series is convergent fo» svery

positive integer n > k,

Qo m
(20) z n J2(r-3) | o FX1 - 9 aF .
m=1 :

i 1 X s > =)
Proof. Use Lemma 1 and the fact /1, v, 337 that if & > 0 and n(q /a  ,-1)
co
approaches r > 1, then 2 a, is converge:l; or apply the Stirling's approeximation,
m=1

with m large, to the gamma functions obtained by putting ¢ = % in (6).

Theoram 2. Lot Fx) be the cdf of a given de¢stribution and £ and X be
respectively the wedian and the sample medlan of a sampie of size 2n ¢ 1, Supposc

that x(F), the inverse function of ®(x), is for 0 < F < 1 uniquely defincd and cqual

. , 1
to a convergent series of powors of F - 7 lat,

00 . 1.0
(21) x(F) -g = Z a(F-3) .
m=1
Wpite
m l)r 00 l)r
¢22) S = % a(F = , and R = I a(F= .
mooq T ? M emey T ?
If there cxists a scquence fbm) such that
00 2
(23) Z (a /o )" <oo,
m=1
00 , 1 2m
(24) z b(F--E) < 00, for 0 <F <1, and
m=l ™
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2
1
00 1 2m
(25) 2 e 1 (F - 3) ¢ FH1 - )7 dF < o0 ,
A m 2 byt ’
n=1 )
0

for socme positive integer value n, of n, and Hos the variance of %, is finite for

n = ng, then for all integers n > Ny
1 1
/
( ~x o o 2 2V n .- n 2
(26) i, = Lim (| s C F{1-F)"ar-( | s c F(1-F"an"]

m-—> 00

O ————

Further, if f(x) is symmetric with respect to £, then the second term in the bracket

should be omitted,

Proof, For simplicity we assume that £(x) is symmetric with respect to x =g,

Tl E s i e e
-—dd th.‘.u W o b . 1 = g and
00 a b folv}
(27) &, = ( (x - £)%C_/7F(x) 7°/71 - F(x) 7e{x)dx = I ( .
o™ e - i)
~00 -00 4 b
= I1 + I2 + I3 6

where 2 <& and b > & will be chosen later. It can be shown that

(28) I1 + 13 - O(nl/an) ,

1

where r is defined by (17). Choose a, b, and ¢ such that 0 < & e F(a) = F(b) -
» 0 3 2

}, Usinge (21) and (22), we have

-
&

=xc<
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{ 2. A n
(29) T, - | S.CF (L= F)'dF| =33+ J,+J. + ),
0
where
o
- 2 n
(30) Jq scc F(1 - F)" dF ,
b
1
n
(32) I, = { SanFn(l - F)" dF ,
0
.
- " 2. wh n
(3°) I R°C FH(1 ~ F)¥ dF ,
1
-2' - C
b
3 { n rn n
(33) 9, I 2ls R lc F(1 - B)" aF .
1 5
3~ C

By Schwarz's inequality, we get

1
co a_ 2 00 ’ am
(3L) 4+, <65 - c) E () - 2 i | (P o P - B ar
m=l m m=1 ]
0

By (23) and (25), the two scries on the RHS are convergent for n > ny. Hence if

o li~
L]

J, + J tends to O as ¢ tonds te

>0y 9 T

Further, from {32),

o«
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1
‘ oo a2 00 { 5 1
(35) Jy= 2 (E-II) - 2 . bY(F-3) CFX1-F)"gF
r=m¢l r r=m+¢l ¢ -
0
1
o0 a P oo a 2 3 oo, i 1.5 0 n .
(36)  g,=2/ 2 () « z (F) T 2 b, | (F-g)ran(l-F) dF ,
r=iL r =+l “r r=1 /
Q0

As m tends to infinity, J3 + Jh terds to O, Consequently, for any fixed n > Nys

1

‘A
A= f 2 n
(37) hy, = Lim | smpnFn(l - F)? gr .
0

An immediate conscguence of Lemma 2 and Theorem 2 is

Theorem 3. If, in the prccading theorem, a, = O(mek) for some integer k,

then (25) liolds for every n > 2k + 3,
Proof, Choosc b~rl = 2mmk+l.
I

Thus we have found an approximation for

1
!

~ - i 2 n .-
(38) by : SanFn(l - F)" &F

0

s

for all integers n which arc not too small, The integral on the RHS of (38) can be
evaluated by formulas given in Lermma 1., An upper bound for the error committed in
such approximation is given by the sum of the RES of (35) and (36). Finally we

note that the same :ethod can be used to obtain the moments of X in general,

-l

Example 1, Laplacc Distribution, Iet f(x) = % , then F(x)
=1 - ,% o™X if x > 0, and F(x) = % & if x < 0. Hence

-

i
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follows that for n > 1,

1
" | m
, Mm—> 00 ) r=1
1
2
1
(1) 00
A 1 = F w
m=1 " I
0

whare /1, p. 8L 7,

xQGnF“”*(l - ) gF

00
3=<F<1, thenx = - log 2(1 - ) = 2 mml_/_’-2(F = %)_70- Soa =2 L. It
' m=1

m

-1 1l, -r . : n
v 2(F -3)7") CF(1-F)"dF

|o(r = 3 im1 ¢ FY1 - F)* aF
2 n 2

m

(L2) wo= 3 rlim-r s Feome )t 2 27T
= r=1 r=1
If we use
1
e 2k-~-1 ) 3. m+l = n
(L3) Wy =~ 2 W |2(F - 5)| CF(l-m"adF,
: m=1
0
then the error committced is tounded by
-1/2 1, -1/2 2 o heee2k -
(L3a) 2w (1 + )0+ k) (Znii)(enta)... (Pn+ok-1) *

In deriving (L3a), wc used the facts that w

is a monotonically decreasing sequence

)
T i3
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of m /1, n. 85 7 and the Wallis product 7, 0. 3857

1 « 3 «e. {on-1) 1/2 -1/?
...*“(pﬁf’ S

is a monotonically incrcasing sequence of n, Similarly if

1
(1) - L o i o n
T - ¥y Y | Pt e, P ;
(1)y) t Iow } | o(F 2)| C Fi(1-F)"ar,
=4
)

then the error is bounded by

1 s 3ree{2k+1)

1
(Lba) 2yt 5 B e T

2k+l

Ggample 2. Cauchy distribution. Let f£(x) = 1L/n(1 + x°), then

Fix) = n‘%{nban-lx + %;7, for -0o < x < 00, so x(F) = tan n(F - %) for 0 < F <1,

13

It can be shown that thc variance of the sample :iedian of » sample of size 2n + 1 > 5

is finite:

tan® n(F - Ly ¢ Fr(l - )" 4F .

t
S ————
rn

e\ -
(L5) 92

It is known / 7, pp. 20k, 2377 that

00 m, 2m ,
(46) tan x = 3 (-1)m'l 2° (25 - 1) n-1

e )

where

: f n
B, x sy forix|<=,

H

ing ©
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B, = 2(-1)" Llemit A
: (2n)"" r=
We see that a = 0(2™), honee by Theerem 3, (37) holds if n > 3,
' -1/2 -x%/2
5. Normal distribution. Throughout this section, f(x) = (2n) e and
x

F(x) = } £(t) dt, and :(F) is the inverse function of F(x), Ko simple goncral

-00

form of the derivatives of x(F) at F = % is known, But the first few derivatives

of %(F) can be obtained by direct differentiation, c.g.,

ax 1 ?x 1 d

F T X ° o

- Selgr=y)
2  f(x) dx*f(x)’ ? °

For finite m and 0 < F <1, let

1.m+l
& Rm-l(F - 5) 4

+

(L7) x(F) = 2, (F - %) + ay(F - %)2 oo + 2 (F - %)m

then
(48) a,=a =..=0,

3 ece0y

- (o2 4= 232y, ag = 7(2m)%/2 51

(on)>/ 2 Ly Tz
RS =z _._.1),_—.' L,-(7 + héx + 211}{“)0/ / —7Fg, QAT

- 1
where [g(x)ng ~ g/ x(F) 7, Fg=3+6(F-3) and0<e <1,
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A. A Lower Bound, Take the integral (39), ict ths vange of integration be divided

into two: to

rol=

N

+ ¢, and % + ¢ tol, where O <c¢ < % ., If we ncgleet the last

integral; in the first integral, replace x(F) by its cxpansion (L7/) with m = 6, and

then neglect all terms containing the remainder term R7 (which is non-negative), and

role-

finally let ¢ approach and use Lemma 1, we arc able to obtain a lowor bound for

the variance Ko of x of a normal parent distribution with unit variance, i.c.,

(L49) ur > AL /1 o+ I ; 13n2 7
Mo Z % L4 Y ETomsY T TR Zavs,(2neq) - 2

where

(50) A, = i/2(on + 3) .

Incidenially, for n > 3, we may cxpand thc RHS of (L9} into a power scrics in

=1
(2n 4+ 1)7~ ~nd ottain an approximation for

(C1) &y - By [1-(2-Bn e D2 Gr-b -t 2 s D LT,

where Eg is given by (2). In terms of standard deviations, and with the numcrical

values of the coefficicnts computed, (51) is eguivalent to

(s2)  f@rf? - W /1o Caws)en + 17T - (L0806)(2n + 1)V 4 ... 7.

This agrees with a2 formula obtaincd by K, Pearson for the same purpose Z_B, ol T

z
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B, Approximations for largc samples,

00 00

(53) &, =2 ) x%c [P0 71 - Fx) 7Pe(x)ax = 2 J + 2 } = 1, + I,, say,
0 ) a

£
L

Since F(x)/1 ~ F(x) 7 < F(a)_/__l - F(a) 7 if x > 2> 0 and C, = (211)_1/2[1

)1/2221'1*'1

+ ()t 7(on + 1 , it follows that

o] 2
b'd

N0

|

(54) IM, < (2/m)3/21 + 3/20)(2n + 1032/ 4R (a) (1-F(a))_7n2} xf(2n) e 2 ax.

a

rol =

In Il, use F as the independent variable, and rcplace x(F) by a,(F - %) + aq(F - %)3

_ ey
+ M(F - -J;‘-)’ where M. = Max R. = (QR)S/ZA/SE and A = (7+L;6a2+2hah)eSd /2, then
5 « 5 o<x<a °

n ny2 24 . 1 3:5

(55) IIAZ =Yt ey ('2) (-gT * 3'2) (2n+5)(2n+7)
2/ 3157 TZ2n+5)(2n+7)(2n%9)
b (A ye 35:.7.9
+ Q" )" oD

(56) " ~ First Approximation: A, = SR T

N

’ 0} 43 A n
Seceond Approximation: )\2_./_1 * 2(2n + 5) "7 )

If the sccond acproximaticn is used, an upper bound for the proportional error (de-

fined to bo | (True value / Approximation)- 1 )} is given by the sum of the RHS

o
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of (54) and thc last thrce terms of that of {55)., If thc first approximation is
uecd, thcn there is an additional error n/2(2n+5), the scecond tcrm in the brackcet
of the sccond approximation,

The following tablo is given for illustraticn., We choose successively for
at .35, .50, .65, .75, Ii is to be noted that the RHS or (54) is a decrecasing
function of n for, e.g.. n> 25, a = ,75. The RHS of (55) is obviously also a de-
creasing function of n. Therefore what Table 1 means is that: c.g., for sample
sizes > 51 (not just = 51), if tho first approximation is used, thon the proportional

error is < .092, or explicitly: 1 < u?/xg < 1.092,

TABLE 1

Proportional Errcr

Sample Sizc First Approximation Second Approrimation
501 3.2 x 1073 6.8 x 1077
201 8.5 x 107 7.8 x 1078
101 2.2 x 107° 6.9 x 107
P, ZAL0)
51 9.2 x 10 g 6.3 x 10 ©
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0. Normal distributicn -- a differeni approach, In lhis secblon a dillerent wethod

is used to derive upper and lower bounds for the variance of x of a normal parent

distrivution with unit variance., We state

Theorem . Lot X and &? be respictively the sample median and its variance

of a samnle of size 2n + 1 drawn from a normal Jistribution with unit variance, If

ﬁe = n/s{n + 1) is the variance of the asymptotic distribution of x, then

3/2

~y - . 1
(57) (L = ) Syl by = un(l + 5;)

2n+1(

3 ol 1/2
) 2n) “%/(2n + 1), and C_ = (2n + 1)!/(n! n!). Further, for

Aot

where B = C (
n n

all practical purpose and n > L,

( 1l T3 1 1
(58) R m<Bn<l+rn+m’

or
(59) B = A g; :

Proof, By using the following transformations consccutively,
(€0) - u="rMy), v=u- %

y
1 2
where F(y) = ‘ (211)-1/2 o * /2 dx , we obtain

/
-Q0
I~ A 1 2 1/2 2 2 n
(61) My = 20, 5) ye(1 - W) dv .,

P
|

P S W -
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Let
2 1/2
) 1 & %
(6?) v = ‘E'(l-et/(Qn l)) ,
then
00
~ 1 /> _f 2 .
(63)  wp = 2 { (2n) /7 y2 om{meD)e"/(2ne1) hl(t/(2n+l)l/2) dt ,
0
2 -1/2
where hl(t) =4(1 -2 ") >1 for all t >0, Further, it is known 1"19;7 that

R4

.

Using (64), it can

(65)

On the other hand,

(66)

_t2
where hg(t) =c

for all v > O, then

//t(l - e-

2 2, 1/2
(211)-1/2 o /e < (1-c /n) /

rof 1=

bz shown that y© > pn,t°, Therefore it follows from (63) that

p'2 z Bn(l = ?n"' '+""2) |--2 .

we have from (63),

24

i, = 283, J (?n)-l/zte v/ (el
0

((2/0)y (0 /(20 1) Baty

21/2
E ) LIf we can show that (2/n)y2h°(t/(2n+1)1/2) <1

-
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3/2

- 1 =
(67) hy < Bn(l + 55) o e
Now y2h2(t/(2r: + 1)1/2) < go(y) where

(68) go(y) = ¥ - i) /iv?

It can be secen that Lim gO(J) = n/2, Hence it suffices for our purposc to show

y—0
that go(y) is decreasing. Let " ' " denote differcntiation with respect to y. Then,
i
{69) go(y) = (v/2v) g,(y) ,
wher
D 1
(70) glxy) V(1 - jvS) ~yv
! ! \ 2 2
(71) g, (y) = gg(y) v, where gy(y) =y~ - 12v° ,
L { JARY -V?' TR
gz(y) = (12/nje ¢ g3y) , where

2 2 2
g3 = (fo)y ¥ -V 2 T R,

0
It is known / 10 /7 that
2 {y 2
(o] ¢]
(72) Gy /?' e-x /2dx= z 2n 1/1 3000(2n+1)
] n=0
0
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1l } 2n+l

00
Henee g3(y) = F y . It can bc shown, by a similar

b1
N (527 = T35z D

argument uscd in /10 7 for a similar purpese, that

(7 o {y) = -2 2
\"3) ‘jB(y) yJ[aOV +al+82J + LAY 7

where 2g < 0 and a; >0,1i=1, 2, ... ; Hencc there cxists a Yo > 0 such thzat
g3(y) “0if 0 <y <y, and g3(y) >0 if y > y,. OSo as y increases from O to oo,
ge(y) decreascs steadily from O to a minimum and then increases steadily to oo.
Consequently glfy) first decrcascs steadily and then increases steadily. As

Lim gl(y) = Lim gl(y) = 0, it becomes clear that gl(y)‘f O for all y > O,
y—>C y—> 00

Thercefore gﬂ(y) is a decreasing function of y. This completes the proof.

1 5 opal 10w )L
Finally we note that {58) is obtained by using ni ~(on)2pP*1/2 -nrlony T

Remark 1, The lower bound for wp, given by (49) is better than the one given
Ho € y 124
by (57) if we use (59) for B . This is so cven if the last torm at the RHS of (L9)

is omittcd., For

n° (B=2a)n + 20 -« n 7

n n n
(n+3)  L(2r+3)(on+5) ~ Z(on +17—[ S €T | ey

(7h)

o~
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Now if n > 2, the iast term in the bracket of (7%4) is smaller in absolute value

1
than (2n+2)'l and (1 + %E) [-l - 1/(en+2) 72 < 1. Therefore the quantity in the

bracket of (T7k) is greater than

3
1 1. 1 2
l-%3 2 (1+ =/ (1 - 2n + 2) :

For n = 1, direct comparison shows also that the LHS of (74) is greater thar ihat

of (57).

Remark 2. Since both lower bounds for Ty (49) and (5T7) are smaller than

32, while the upper vound is greater than Eé (1 + 1/2n), we cannot be sure, just
by ccomparing these bounds, that in using';_s2 as an approximation to ﬁé, the propor -
tional error is less than 1/0n. Therefore the second approximation given by (56)
, Tor large samples., (Table 1).

is better than _T12

7. Ienlaece Aistribution. We shall now employ the same technique, used in § 6,

to derive upper and lower bounds for the variance ﬁé of the sample median X of a

sample of slze 2n + 1 drawn from & Laplace distribution with pdf

- x|
e .

(75) £ix) =

ol

Clearly, the varlance in this case of the asympt~tis~ distribution of X is

' _ i

Theorem 5. If 4, and'ﬁ2 are as defined above, then

e

A
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(77) B (1 - 5) VLT R MR S U

where Bn is given by (57) and (59).

Proof. It can be seen easily that ﬁé is aqual to the RHS of (63) if v and

t satisfy (62) and

y
(78) v = f 2e™ ax.
} 2
0
We proved /"4 7 that for ail y > 0,
X
(79) 'v-/:%(l-e-y) .
From (62) and (79), we have y° > i, £°. Hence it follows from (63) that py/fi, bas
a lower bound givea by (77).
Further, from (63)
oo
- . 4 .2 -nt?/(em1), 2 1
(80) u, = 2B h, (2n)72 t% 77 ! { ¥"hy(t/(2n+1)?) at 1,
' )
0
where hg(t) is given by (66). Vie suy that
2 ’ - \%'\
(81) Yy byt / (anrljs) < 1,51

If this is true, then the RHS of (77) 1s an upper bouad of ﬁé/ﬁz. Thus the

procf is completed,

L 4
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To esteblish (81), we introduce, as in (68},
(62) Boly) = 721 = bv®)/v®

where y and v satisty (78). For all y 2 O, go(y) is not smaller than the iLHS of

(81) and

(83) Lim g,(y) = as =y —> :
00

Let "'" denote differentistion with respect to y, then

(8%) s(')(y) = ;3 g ly) , where
(85) g (y) = v - w -2 ye

(86) si(y) = % ey gy(y) , vhere
(87) g(y) = -12°° + 5 .

(88) . gy(¥) = - 12v eV + 1= gy(y)
(89) g () =12e¥ (z-e) .

If £(x) is a function of x, znd if as x increases from O to co, f(x) varies from,
e.g., positive to negative, and then back to positive, vwe will write, for

simplicity, As x: 0 —> 0o, f(x): +,-,+, Now
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' >
(90) gj(y) % 0 eaccording as y % log 2,

end 33(0) gi(oo) = 1, and g{log 2) = - %. So as y: 0 —> 00, 83(Y)= ty=yte
Now 32(0) = 0, while ge(oo) = 00, wWe say that s y: 0 —> oo, gg(y): + -t
Otherwisc gg(y) > 0 for all y > 0, 80 gi(Y) > 0 and gl(y) >0 foreally >0, as
gl(O) = 0. Hence go(y) is steadily increasing. This, however, contradicvs (83).
It follows that as y: 0 ——> co, gi(y): +,~,%, Now gl(o) = gl(oo) = 0, hence as

y: 0 —> oo, gl(y): +,-. Therefore we conclude that as y3 0 -—> o0, g

incresses steadily from 1 to a maximum, and then decreasses steadily to 0. To

find the maximum of go(y), ve first solve gl(y) = 0, whick is equivalent to

ev(1#2v) - y = 0. Using teble / 12 7, we obiain an approximate solution y = 1.15.

The maximvm of g.(y) is then found to be 1.51.
(0]

Remerk, Tne variaence of the sample mean (of a sample of size 2n+l) drawn
from a Laplace distribution with pdf given by (75) is 2/(2n+1). It follows, from
Theorem 5, that the sample medizn khas smaller varience then the sample wsun for
sample size 2n+tl > 7. In a recent paper, A. E. Sarhan 1—1;;7 found that for
sample sizes equal to 2, 3, L4, and 5, the variance of samplie median is also

smeller than that of the samnle mean.
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