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Abstract

If, in a magnetron diode, the current is not limited by cathode

bi Dnfonv

temperature, then the radial dependence of the potential and the charge
density functions may be found before cutoff from Langmuir's solution,
modified by effects of increasing transit time. In the cutoff transition
and after cutoff, the cathode temperature, as reflected in the distribution
of elecironic velocities at emission, affects the potential and density func- o
tions. Data on anode current characteristics are compared with cal-

culations based on models that include these temperature effects.

The data from T.R. 138 on probe signal absorption are interpreted

e

as showing that the space-charge cloud extends clear to the anode even
after cutoff, and is not bounded by the so-called Hull radius. This and
other evidence point to electronic interactions as the source of a
mechanism for traneporting charge through the cloud from cathode to
anode. Finally, the electronic distribuation in phasge space is stated in

a form which could be verified and refined by further experiments.
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. The Distribution of Space Charge in the Hull Magnetron Diode
1

i Transit Time Effects before Cutoff

a. Introduction

This report supplements Technical Report No. 185, entitled "A
Probe Signal Study of the Hull Magnetron Diode." In the foliowing pages i
we attempt to fit the TEM probe resonance data into a self-consistent
model of the magnetron diode. In the fifth and last chapter we present
the most controversial aspects pf our model of the space charge distri-

bution after cutoff. In the chapters preceding that one we present further

data on emission and leakage currents in the experimental dicde, and ex-
i amine in some detail the effects of a thermal distribution of emission

velocities on the anode current snd on the space charge distribution. In
i . this first chapter we consider the effects cf the transit time <f electrons

in a weak magnetic field.

The Hull cutoff transition in the plate current characteristic of a
magnetron diode clearly divides the problem of the radial distribution of
space charge within the tube into two sections. Since the main features
of these sections and the boundary between them depend chiefly on the
Tatio p of steady anode potential Va to the square cf the mzguetic field 3
imposed on the tube, we may follow the French usage and call these two

e sections regimes, the regime before cutoif, and the regime after cutoff,

We thus reserve the word region for spacial regions within the diode.

S 3 The regime before cutoff, which we consider in this chapter, is

fairly well understood. At the extreme p —>»®, we have the Langmuir

; ?\; solution for a diode without mmagnctic field., If a magnetic field is im-

= : posed, and if p decreases to the critical or cutoff value, Pes the increase

: ,‘,:: ) in the transit time of individual electrons serves to explain the observed

i : decrease in diode current. The effects of transit time were calculated
i;’ ’ by Benham and Bethenod tor a planar magnetron, and by Allis and Brillouin
2 for a cylindrical one. We develop an integral equation as an alternative
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and perhaps more convenient way to find the anode current as 2 function of
P in a cvlindrical tube.

b. Two Calculations for the Linear Magnetron

In a diode without magnetic field the thermionic electrons move to the
anode along practically straight lines. Their paths, it seems, depend little
on their emission velocities, and their number, outside the virtual cathode,
depends little if at all on the totcl emisgion. Imposition of a weak magnetic
field, of course, deflects these electrons so that they trace longer curved
paths, spend more time in transit, and hit the anode at an oblique angle. The
anode current Ia falls slightly, and the reason is briefly this: the virtual
cathode supplies just enough current to maintain a complete shield (Ec=0)
against the anode potential. '‘he longer an electron spends in transit, the
longer its charge helps tn shield the cathode. Hence if the average transit
time -'rd increases, fewer electrons need to be released per unit time to main-

tain the shield, and Ia conseqguently falls.

For estimating the transit time and its effects, W. Benham [1] in 1935
published an extension of the Langmuir-Child's equation, which he had worked
out for a planar magnetron. Following him, we assume a steady state, so
the total current per unit area Jx’ across any planex parallel to the planes
of the cathode and anode, x = 0 and x = d respectively, is independent of time

and of x. The electrons have actually a distribution in velocities given by

some density function f(x,x), so we write Jx and the corresponding charge
density p(x) as:

® ~

J =e f xflx,x)dx (x)=e f(x,x)dx , X = dx (1.1)

x J o ’ P / » ) - HT . .
-Q0 -0

For E, the electric field within the diode, we have the following rela-
tious, the first by assumption, the seccnd as Poisson's equation, and the

ird Euler's, with the path parameter 7T = (t-to):

8E_ , 8% _p(x) dE _ 9E dx
%0 ¢ W Bxar (1.2) .

Defining a velocity ﬁ’ an average over the electronic distribution, by

S _J =

.~‘_- ‘

d



e ey

P e it ——

gl

“ KRR £

&

TR201 -3-

s - -
I = P(x) x(x), we conciude.

Za

»

= 'Gi , a constant. (1.3)

ax

_d?.: X then

If

|2

With equation (1. 3), often called Llewellyn's equation, one may integrate
the equations of the motion of an average electron in a planar diode. How-
ever, this regrires the average slectron tc be typical too, or the deviations
from the average to be negligible. For interpenetrating beams of particles,
or even for swarms with a wide~spread in random velocities such as makeup
a virtual cathode, Llewell:n's equation has important limitations. Thesea
restrictions are discussed by J. R. Knipp [2, page 135], and apply particularly
to the magnetron after cuteff, (Chapter1V).

To continue Benham's method we assume a uniform magnetic field B,
directed along the z-axis, and represented by o) = eB/m. The average elec-
tron, released from the virtual cathode at x = 0 with zero velocity at time to’

obeys the force eguation;

2
3 &
xll.’.wzx:%li_::;—‘]’e"l-icq_, X"Ei;}:. (1.4)

This relation implies E(x=0) = 0. Two integrals of it, with the initial con-

ditions x'(0) = x'(0) = 0 are:

x'=(l-cos8 5 , x=(8 sin8) G, 0= wr. (1.5)

w w
We call © the transit angle. If é(x) is the potential relative to the virtual

cathode, a general first integral of (1.4, is the energy equation:

=0, ¥ _Ew (1.6)

2 2e8

m

x'" + wzxz +

Substituting from (1.5) in (1.6) for x' and x, evaluated at x = 4, we
find p, the normalized potential at the anode, as 2 function of the angle of
transit to the anode, Od. Giving the current density J a similar normaliza-
tion j, we have:

1 2 2 : . -1
p:-—z-{1+3(l-cosﬂd)°} » j=1(8, -sine,) (1.7)
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Here by definition,

a : elJ
P=- 2 » JE_—T
muw dZ mew-d

With (1. 7), one could plot j(p) with Od as a parameter. (Brillouin does
this [3, page 95] without a reference to Benham.) In Fig. 1-1 we plot in-
stead the ratio R{p):

I
_a___9j
Riptanar) 5T~ y7 577 .9

Rp shows how much a small magnetic field reduces the anode current 1  in
a planar diode from its Langmuir value IL. In the limit Gd =0, or p>cw
we have the Langmuir-Chiids' law, R = 1, In the limit 6 = 27 or p = ) the

electronic orbits just graze the anode and experimental curves of the cutoff

transition begin to show the effects of a thermal spread in emission velocities.

The value R(p ) = 0. 717 (Brillouin, page 98 of [3]) has little significance. In
o g g

v,

the regime well before cutoff, however, where Genham's assumptions apply,
his method gives us a complete picture of the planar magnetron and of the

effects of 'T‘d on the anode current,.

Ore may calculate a relation between p and j without introducing
Llewellyn's equation explicitly. Bethenod in 1939 [4] gave a method which
we sketch here briefly because it introduces the method we use for a
cylindricz) magnetron, although his results are less transparent than
Benham's. He takes as basic relations the energy equation (1.6), Poisson's

equation, and the current relation:

2

a
o

= - tﬂ y I = x p{x) = constant (1.9)

2

He regards x rather than 7 as the indepeadent variable.
We introduce again normalizing definitions:

s = {xd) , §(s)=°—-—eg-—z R jg_e_J__S.

mw d me dw

Then using (1.6), (1.9) and an integration by parts we have:

bl

VA, At
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2 . A
e ] , or (s) =5f {s-5%) dot (1.10)
45 Nza(s) - 52 b N2(s*) - (s%)2

In the formal integration, 8 *is the integration variable. The integral form

is, for the present, a blind alley.
) 2.2
Bethenod introduces an effective potential, Y = ¢ + mu;ex_ , aformula

which Twiss [5] and many others have used. Some writers interpret y(x)
as the potential in a coordinate svstern moving at the velocrity y(x) = wx in
the direction perpendicular to both the B- and the E-field.. The value of
this interpretation, and the convenience of the formula is often open to ques-
tion, but in Bethenod's problem it allows us to complete the integration.

Accordingly, we define f(8) to the fourth power, to avoid fractional ex-
ponents:

f4(s)52tb(s)-sz , g-if;J {-J?- 11 . (1.11)
ds f )

With initia) conditions f = 0 = df4[as at s = 0, the integrals of (\l-\ \1) are:

f(s)
(g{i)z=8jfz-4f4 , s=sz _tfar_ (1.12)
o 2j-f
Writing for convenience, y = £(Zj)-1/z, we find al 8 = 1:
Y4 5
1=4i | L= z5(ein by, -y, N1 - y,°%) (1.13)
o dl -y
This i's an implicit relation between p and j, since we have ¥q = (Zp-1)1/4'
{Zj)-llz. The same expression (1. 13) can be obtained from Benham's equa-

tions (1. 7) after eliminating between them the angle ed.

c. An Integral Jiquation for the Cylindrical Magnetron.

In the cylindrical disde, Llewellya’s equation does not yield integrabie
relations for the electron's average orbit. To show this we give the radial

equations coraparable with (1.3 and (1. 4):
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1 2 2
drE _ "a oW P2 elT
F - T R sk LRS- = ii2le)

Here h is the axial length of the cathode. The uniform magnetic field B
lies parallel to the cathode and to the z-axis, and is represented agiin by
w = (eB/m). E(r) is the radial electric field, derivable from a potential
function é(r), Ia is the tcial radial current, a constant, and P, also a cen-
stant, is the normalized form of ihe canonical angular momentum. If the
radius of the cathodz is T, and we introduce the normalizations s(r/rc) .
then:

_28 ;4 W ¥
P:—Q—(O +-z) , (TR.185, 1.6) (1.15)

If tke emission velocities, r and rdatr = r.,are negligibie. an we 28-

sumed above for the linear magnetron, then P = 1.

Allis in 1941 [6, pages 10%40} deveioped a solution of {1. 14) by.

inserting in it a series (r/rc) = an'rn. and evaluating the a_ coefficients.

Siaier comments [7, page 353] that these calculations of Allis "'do not
seem to be particularly accuratz' in the regime before cutaff. The seven
points on the curve R _(p) = Ia/IL' the curve for the cylindrical diode in
Fig. 1-1, were therefore calculated by a new method. We devote ihe rest:
of this chapter to an outline of it.

The method is based on iteration of an integral equatian similar te
the integral in (1.10). We assume a potentialch, the normalized Langmuir
potential which is correct in a diode without magnetic field. We calculate
in such a potential the transit time 7 as modified by a small magnetic
field. We then calculate the potential perturbed by a modification of the
transit time. These two steps will be somewhat obscured by an integra-
tion by parts. They could be repeated to improve the potential further.

One could start, we note parenthetically, with a charge free diode
in a magnetic field, and the anpropriate (logarithmic) potential. One would
then treat a small current in thia dicde as a perturbing influence on ths

potential. After several iterations one should arrive at the same reault:

the potentia!, the current and the transit timme adjusted into one aeif-consistent

s i i ALt i
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solution. Howaver,éL is closer than a logarithmic form to the desired

potential ©(8); an integration over QL should therefore give a closer first-
order result,
To find the equation for a cylindrical diode that will correspond to

(1.10) for a planar one, we take again, this time in cylindrical coordinates,

Poisson's equation, the energy equation, and the current relation:

ldr d o2 d 2 - >
?3%3%=-'E , T +(re)z.+—£.-6-=0 , Ia=..1rhrrp . (1.16)

We assume the virtual cathode at r = T, the reference for the potential ¢,
releases electrons with negligible velocities. Then P is indeed one, and
{1.15) may be used to eliminate 8. We rewrite (1.16) in texins of 5 and a
normalized potential $;

d sd® e .2 2 2 2 . 2
T'&‘"*“Jﬁ_' 8° + w(8-1)"=8w's® , I_=vwhspr (1.17)
8 ds 4mow £ ’ a ¢

We find the following definitions convenient throughout this report:

reE(r el
o= 28l Ka)z o= ; S VR SRS
mw T nE  omw T, 4vhmw ‘orc

Here K we regard as the normalized electric field andc M &s the normalized
radial current, a constant. If the electric field -at the cathode vanishes,

K(rc) = 0, and the equations like (1. 104 are:

8
Eel-— M or pey=m | LR Tnsticer (1.19)
8s®-(s-1) 1 \fsara(sx)-(s2-1)2

Since we propose to build our iterated soluticn fiom the well known
Langmuir solution, we must write Langmuir's solution in these symbols.
If tt e magnetic field vanishes, ¥ proves inconvenient, so for two paragraphs

2 2

we drop this normalization and write y = - eé mr © = w”%. Then, after

multiplying the first equation in (1.19) by 48, we find:

.2 el .
d ¥ L exp8 - E=line (1. 20)

d§2= Zﬂﬂhrcztm ¥ 2 Z
uw--ﬁ(s—l)

o s e ¥ —
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In (1. 20) we may seat wz = 0. Then, writing = ka#:;, we split {120) into
two relations, one which normalizes fL and one which gives {

;282 func-
tion of E:

9e1a

3/2 2
k7° = 5 , (£1 )7 + 3£ Y = exp 5 s (1. 21)
842 wech r “m - ka1
Langmuir and Moti-Smith {8] developed f; in a MacLaurin series in
gfrom the equation in (). 21) for f(g), angd from derivatives of this equa-
tion, all evaluated at the cathode where 5 = 0. For instance $(0)=0=:(0),
and f! (0) 1 from {1.21). We find from the first derivative of {1. 21):
- 5 . -1 1
57 £y +3f, f" =exp(E) , .". ) (0) =% . (1.22)
This process continues to yield one coefficient per derivative, and the
resulting series is:

2 «3 4
=‘§+%—+‘656-+-§—§3-+...5exp(§/2)°p(§)_ (1.23)

A(E) is the function usually quated 28 Langmuir's, rather than f;,, and

Langmuir showed that f approaches one as § tends to infinity. The series

for 8 is [9]:
3 4
p=5 §2‘11g %—}ﬁ;— (1.24)

From (1. 20) with wz = 0, we conclude that the equations which {

L
satisfies can be written in terms of s as follows:

as 43 N ]
. L, 1 1/ (lns-Ins&)daxk L
ds® I T , or fL(B) =3 {1.25)

9«’::{1‘“ 1 IJs*f (a*)

From (1. 23) we conclude that the solution of these is:

S M 1711_3_ 1+lns +Lﬂ-5-lns ""(lns) j = o' pa) (1.26)

We also define the first iteration f, over fL in the presence of a small

ottt
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magnetic field, by comparison of (1. 25) with (1. 19):

f4/3(s) 571)_ (Ins -1ln s*)ds (1.27)

1 Vs *!L"rﬁ(s*) - S(sb,s*)

When we have found the function 5 in {i.27) and brought the current density,

M in (1.19) or k3/2 in (1. 21), into the iterated golution, the forrnulation will

he complete.

Now the exprcssion under the square root in the denominator of each
integral, (1.19), (1, 20), (1. 25) or (1. 27), represents the radial velccity
s 2(1. 17). In T.R. 185 (1. 5) we defined for orbiis in a stréng magnetic
field a turning radius 8 where & vanishes. In the regime before cutoff, the
average electron hits the anode before reversing its radial velocity, but we
may imagine its path, and the potential fL( 8), extended beyond the anode
through the interval sa<s <sb. Now S represents the effects of a small
magnetic field on 8, 8o from (1.17) S must be proportional to (s—l)z, and S
in {1. 27) must cause the denominator of the integral to vanish at 8,:

8-1 2

S{s,8,) = 5 - fLm(sb), (1.28)

s _1)%
\°b &1

-23

As a check on formula {1. 28), we nore that S apprcaches zero like 8, .

as 8, approaches infinity with s fixed. As 8y approaches infinity, the

b
magnetic field tends to zero and fL( sb) behaves like sbu4(1. 26).

For the first iteration in (1.19) we define the Langmuir trial

potential QL by arguments like those for S:

o (s) =@, £, s - 1, ¥Pey) L 0, = (s,-12 (857! (1.29)

This @, (8) causes the denominator in (1.19) to vanish at 8, . The first
iteration from (1. 19), withd{s*) =<DL and (1.27) yields:

o(s) = M - 9£¥3(q) - fL”3(sb) : (acbb)'l/z. (1.30)

But 1f ©(s8) is to be used for another iteration, it must have the same form

as ¢L(s). Hence:

.
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dle) =0 ¥3a) £, , peasy) . (1.31)
=0, Y2 4B ) 2P, (2829) (1.32)

With a little more algebra one can find the quantity Rc, plotted on
the right in Fig. 1-1:

15 L(s ) _om fﬁ(sa). fL%(sb)

= (1.33)
¢ I: f (s a) V2 p3/2 £2]3(sb)

The ratio {f(sb)/fL( eb)} 4/3 has the value 1.1i9, found by numerical work to
be independent of 8y in the range 7 1/4 _<_sb§ 29 /4. The corresponding
transit angie ea(sb) is given by an integral which, like (1. 27), can be

evaluated numerically, once 8y and sa are given:

-]

'\a .
0_(s,) =J/ ds | V - (sb)f de (1.34)

1 VssoL-(s-n sf (8) - S(s,8,)

This angle appears in the paramneter m = 60a ® along the curve R in
Fig. 3-1.

This completes our analysis of transit time effects, We delay the
presentation of data on the ratio I L t° Chapier1ll, where we consider
the effects of emission velocities on this ratio. If one holds V_ fixed and
increases w, then as p falls toward thke cutoff transition value P the cir-
cumfercntial component of the emission velocity begins to affect the path
and transit time of the individual particle. In the cutoff transition the
sign of this component practically determines whether the particle reaches
the anode or returns to the cathode. For p somewhat larger than P.s how-
ever, the data support the analysis leading to Fig. 1-1, and the conclusion
that transit time effects are the chief cause of the obiserved decrease in

Ia accompanying an increase in w.
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Effects of Emission Temperature in a Diode without Magnetic Field

a. Introduction

in this chapter, by a review of the characteristics of a virtuai
cathode without magnetic field, and by an analysis of experimental data
on the emission current Io’ we prepare the way for Chapter III, where
we will consider the effects of 2 magnetic field on the virtual cathode,
and the effects of emission temperature on the cutoff transition in the

magnetron diode.
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The preblem of describing space charge in front of an emitting
surface is at least forty years old. In 1914 W. Schottky {i] published
an analysis of current flowing from an emitting wire {o a conceatric
cylindrical anode againat a retarding potential. He found a Maxwellian
distribution of emiesion velocities. In another important paper in1923,
I. Langmuir [2] reviewed a series of calculations on the formaticn of

a virtual cathode, and publizhed tables applicable to a planar diode.

In 1940 E. Wheatcroft [3] gave the results of a unified group of
calculaticns for the gosition and depth of the potential minimum in front
of a cylindrical emitting surface. However, his ¢raphs do not include
results applicztle to a tube with a large cathode. We have, therefore,
used his analysis in aomewhat ievised form to extend thc rangc of these
results so as to appiy them to our diode. This revision, outlined below,
proves adequate to trcat the more general case of the diode in a mag-

netic field, so it forms the basis of the next chapter as “wvell,

b. Space Charge Inside the Virtual Cathode.

We assume the conventional polar coordinate system (r0z); the
z-axis lies along the center of the set of two coaxial conducting cylinders
that constitute the cathode and anode of our diode. Our reference is the
emitting surface on the cathode at the radius r = r.- The potential
function #(r) is zero there, and for r> r_, ¢ is determined by the ancde
voitage, and the charge distribution Whic\}'l we wish to calculate. We as-
sume in this chapter that electrons suffer neither collirions nor indi-
vidual interactions, indeed, that the orbits after emission are determined
entirely by the emission velocities and by 6, through the energy and
momentum relations:

2
v2 mv, 2

IV tedr—S, x =(r"é)c (2.1)

(4. 23

We will re-examine theee assumptions in Chapter IV.

We now normalize equations (2.1) by dividing them by kT, where
k is Boltzmann's constant, and T is the cathode temperature indegrees

Kelvin. We alsao adopt the definitions:
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2 /2 1/2
T Y — _ =+, m = g0
p= o a¥spy o =S Topr o YETO D - (2.2)

Thus ¥ and ¥ are normalized velocities at scme r > T while the normalize
emission velocities we write without bars. The coordinate z is suppressed,
for we agsumc that ¢ and z are independent of z and of time. Equations {2.1)

hecome:
2+y2+w‘x2+y Ney=y . (2.3)

1f the distribution of velocities among electrons on emission is
Maxweilian, then at the cathode the increment to the normalized charge

density dS in any increment dx dy of the plane of emission velocities (x,y)is:
as = ;'1- exp {u(xz-l-yz)} dx dy (2.4)

The normalization here is such that the integral S(rc) over the whole (x,y}-
plane is equal to one. If Io is the emission current, the increment to the

total current in the outward radial direction is similarly:
zf

The integral of dI over the half plane x> 0 is just Io. Under our assump-

{ ix «ry )j xdxdy . (2.5}

dl(rc) =

tions, each increment dl is prevented from exchanging electrons with other

increments, so as dl moves away from the cathode, it is conserved:
da{a1) _

o7 = 0. We wish next to determine how the corresponding charge in-

crement, dS(r), changes as r increases.

To examine the movement of charge away from the cathode, we change
to coordinates (X, y) at some fixed radius s. From (2.3) we have the rela-

tions:

A®2) + 27 47 = d(<?) + 2ydy , ¥ dy =dy . (2.6)

The Jacobian of a transformation {rom (xz,y) to (izi) is:

= o
X

v
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p(x%) B@? | I 1 £%,s)
sxy)  ay |
. | - (2.7)
8y 8y l o s
& 7 |
d(x?) dy =V5 d(x%)dy . (2. 8)

Now by (2.3) and (2. 8) dI(r) equals dI(rc) if we have:
di(r) = 2 Io\'l-;sr-exp {-(§2+§2+.y)} X dx dy . (2.9)

With a little algebra we obtain the relation of dI(r) to dS(r):

dl(r) = 21 Ve X dS(r) . {2.10)

In the limit r = T, this relation satisfies (2. 4) and {2. 5). If we write the

unnormalized increment of charge density in dS as dp, then {Z2. 10) reprcsents

the relations:

I
dI = 2«hridp , dp =;ﬁ’—r-- E”R’%ds ) (2.11)
[o4

Equation (2. 10) implies the result for 48{=}):
i 2,2 R
dS(r) =5 exp ~(X7+y "+ )t dx dy . (2.12)

The charge density, normalized with respect to the density at the
cathode, is then an integral, S(r) =fde(r,§')7) over a region of the (X,y)-
plane. We call this region W ard proceed to determine its boundaries:
If an electroa in its orbit away from the cathode reaches a radius r and

thus contiributes to S(r), its radial velocity must be positive from r_ a2l

the radial interval to r; in symbols, we require x(r)>> 0, ¥ > .. Secondly,

if its total velocity is insufficient to carry it over the maximum of ¢,
U {which is thie minimum of é(r), since e is n=g=tive} at the virtual
cathode, the electron reverses its radial motion and falls back tc the
cathode surface. Ii then contributes twice to S{rj, r <rm. These iwo
observations, together with equations (2.3}, serve to fix the boundaries
of W,
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The region of W which repregents electrons falling back toward the
cathode lies properly in the lower half of the (x,y)-plane.

Since the dis-
T . N Sy Y O L=
tributicn function exp 1-(x +v +¢,’ ig gyrmmetric in ¥, we

may reflect this
region about the y-axis into the upper half of the (xy)-plane. We then count-
cells di:‘?!dy within the ‘reflection twice. Other cells in the upper halfpiane
count once and represent electrons which rzach the anode. Still other cells
lie outside W, and arz empty. These cells lie in a kind of shadow cast by
equations (2. 3) on the wings of the (xy)-plane.

The virtual cathode lies, of course, at the radius T where d;p/ds is
zero. The three sections in Fig. Z-1 represent W for three choices of
radius r{or s}: sm>s>l, 8 =8 and 8> LI We now undertake a more

detailed discussion of the first sketch in order to evaluate Sir).

In Fig. 2-1la, W is bounded near the origin of the (§,;}-plane by the
vy-axis, and in the wings beyond ;3 by dashed curves, segments of hyperhbolae,
The hyperbolae intersect the y-axis at ?1 and have the equations:

x=0, ;Z+ ¢=(s-l)?z;?l—i~g ] (2.13)

The dashed elliptic segment m represents particles which just reach the

virtual cathode, and the region under it includes most of the cells which
count twice in the intcgral S{r). The segment intersects the y-axis at
?4 and has the equations:

2 8m' ¥m~ ¥

-] -8
m

x =0, x

e H1- 252 =y

m
m

“b Y=t (2.14)

The dashed curves and equations (2.13) and (2. 14) represent roughly

the two observations made above on the boundaries of W. We note that

the distribution function exp {-(§z+;2+¢)} is bell-shaped and centered at
origin of the (% ,y)-plane. It fzlls off rapidly away from the origin, so
the pari of W under the curve m in Fig. 2-la is the most important. The
excluded wings of the (xy)-plane represent very small values of

exp {-(?2-};2”)} , and S(r) retains a value near exp (-y) as long as | ;r"d is
larger than one.

STk
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The true boundaries of W and of the region of dcubie cells are not
the dazhed curves between noints ';3 and ’_\71, ;4 and Ee, but the solid lines
running diagonally up from Y, To explain the solid lines we introduce
the notion of an aperator P(s8) which can transform the piane of emission
velocities into the plane {x,y) of velocities at the radius s: (X,y)=P(s)(x,y).
Under action of P{g), we have seen, the y-axis on the (x,y)-plane maps into
the Lyperbanlic scgments (2. 13) ending on the (x,y)-plane at ?1. P(s) is thus

an abbreviation for equations (2. 3).

We consider also an inverse mapping P"l(s*)(;,?) = (x,y), which
carries features of an (x,y)-plane, at a radius that ve distinguish from s
with a star, back on the {x,y)-plane. In particular the y-axis maps under

P l(s ¥ into an elliptic segment with the equaliicnz { § >> 0}:

Z*"("‘l—* p(s+) 5 y =+ 4 YR

§=0,x e VB*'

(2.15)

For a series of values of s* less than 8 P (s *) represcnts the

condition x(a* = 0 by a family of elliptic segments with a smooth envelope

that extends on the (x,v})-plane from Y3 = + '\/d.ﬂﬁ ,x=0,toy =0,
X, = me. The cells dy dx lying outside this enve ope represent electrons

which will cross L, and reach the anode. The electrons whose emission
velocities lie inside this envelope will return to the cathode. The direct
mapping P(s) of this envelope on the (xy)-plane in Fig. 2-la yields the
solid lines through ;;2' The points ;2 represent points y, where the par-
ticular ellipse for 8 = s* touches thz envelope. The points y3 are equal

to y3/V§ 5

Since the qiapping P is a continuous function of 8, each point (x,y)
treces a curve through a succession of {x,y)-planes. The vector t tangent
to such a curve can be defined almost everywhere on the (x,y)-plane with
equations {2.3). Introducing unit vectors X and § along the x- and y-axes,

and partial derivatives to imply that x and y are held fixed, we write t:

Then the intersection YZ is defined thus:

2 =] -9 (2.16)
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9% _ - _ sd
3;--0. V2=i — s<sm (2.17)

We may now consider briefly the other sections of Fig. 2-1. In each
one the vectors t, indicated by the arrows in direction, but not in magnitude,
give the pattern of flow for 2 particular radius s. The pattern is symmetric
about the origin, but at s = L
downward to upward flow. The points Yi and Y3 have the same significance
in all three sketches. In the second sketch the points Y, have closed to-
gether on the origin and the region of double cells under mhas vanished.
The points ?1 aiso tend to close on the origin, and actually meet there when

ihig zero and sZZam Hence the scale of the third sketch represents a

In this last
sketch the region above the origin out to §° is also excluded from W &nd lies
n the shadow of the virtual cathode.

considerable enlargemecnt of the scale used in the {irst two.

vy

The points ?3, it is clear from their definition, never close together.
A rough approximation to W would then be a rectangle bounded by a hori-
zental line through ;o and vertical lines through ')73. A still cruder approxi-
mation is the commo= one [2] which takes for W the entire half plane bounded
below by x = ;o’ This yields for S the following formula, in which the plus
sign applies to the interval rc< r <rm:

S(x) =g exp [-y(r)] - [J terf|X|] , X, = NG 90T

m

{2.18)

Here erf is the error function or probability integral, given, for instance,

in Peirce's tables [4]. For a planar cathode W has no wings and mis in-
deed the line through ;o parallel tc the y-axis, =o {2, 18) is an exact rela-
tion, with  a function of the cartesian coordinate perpendicular to the
cathode. To find S more precisely for a given cylindrical czthode, one
may use numerical methods, or semi-analytic forms for an under- and an

over-estimate of S, as Wheatcroft does.

The net cutward current through a cylindricai surface, concentric
with the cathode and of radius r, must be independent of r and will be given
by an integral 1_ =fJ dl. Here dI is defined in (2.9) and W, is the region

W,
i

-
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W of the {x,7)-plane, minus the section, if any, which counts twice in S,
W, and di must change with radius so as io keep I, censtant. A rough

approximation ier Ia can be deduced from Fig. 2-1b:

1 s IO{VI exf|y,] - exp i-¥) +1 - exf |V8 ?II} (2.19)

8=8
m

This gives ico iarge a value for I, because it includes in W, the twe

triangular regions with corners at §3, —y_l, and '372 = 0.

If the anode voltage is made sufficiently negative, the barrier potential
xpm moves radially out to the anode zad disappears. Then if .ya and s are
substituted ir (2.14) for y  and 8, Fig. 2-1a will represent W for all
values of r, r T <r,. Schottky studied thermionic currents flowing against
such a retarding potential, and (2.19), evaluated for s = 5, is his formula
for I [1] Tt atill includes extra triangular regions (;3,;1,;2) but in
Fig. 2 la these are far from the origin and introduce smali error into Ia'
Indeed, if ly1| is larger than 2, (2.19) reduces, with an error under 1 per
cent, to:

I, =1, Vs exp (- ) : (2.20)

8=8
a

Schottky's formula, we note pareathetically, ie often quoted for very iarge

(or very small cathode radius) [5, page 801. Tn this case, N8 erf l’y‘li
approaches 2 V_/n and erf“{: yl‘ approaches erfi ¥ $, but these forme
do not apply in our diode.

In the next chapter we give results of a numerical calculation based
on the true boundaries of W, the solid lines in Fig. 2-1. To complete here
the formulation which will be used in this calculation, we require the
potential § to satisfy Poisson's equation {1.16). This we now write with

one initial condition and normalizing definitions like {2.2) and (2.11)

P o= - -z[exp (a+2B)]-S(E) » 5%% , gs-%ln 8 (2.21)

2el r
¢c§¢(g=0)=o, exp(a)aﬂ—‘-)—,,—‘cf'\gg. \":EE% . {2.22)

ma
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c. Integration Methods and Is'

In this section we use the formulation deveioped above to interpret
some data obtained from our diode. With Boltzmann's approximation,
S(3) = exp [-YE)], one can integrate (2.21) and obtain the results in Fig.
2.2. This approximation is a good one, as we noted following equation
(2. 14), in most of the interval rc< r< T Iniroducing it, we put (2. 21}
in the form:

f
P =em () , fzat2E-y , f'sd"g (2.23)
One may show by substitution that a solution of (2.21) is:

explf) = b% con = (a + %g) , or

¢(§)=Z§+Z‘mcos(a+‘%§)-leacosa 12.24)
The parameters a and b in (2. 24) depend on exp(a) ana on f’ e’ the sub-
script ¢ referring to the cathode at E=
b = cos a [exp (a/2)] , f! = sin a[exp (a/2)] . (2.25)

Here exp (a) represents the parameter of emission current I (2.22), and
f represents the electric field at the cathode: f', =24 (g_r_E_/E'-IT) We
note in (2.Z4) that q;(g) satisfies ‘i'c = 0, as it o..cmd The second condi-
tion on Y is that it have a maximum at Em, or that f = 2. These two
conditions permit one to determine b as an eigenvalue of (2.23), and by

further algebra onc oktaine the results in Fig, 2-2.

The ordinate in Fig. 2-2 is the height of the potential barrier z.p
and the abscissa km describes its radial positicon T km = (sm-l) (s +l)
Tihice solid lines are contours of constant a. If they had been drawn in, con-
tours of 4;:: would be almost parallel to the contours of a; actually 4;:: is
represented by occasional underlined numbers on the a-contours. The light
dashed contours Ia/I were calculated by (2. 20), evaluated at LI Hencethey
have the trianguler inaccuracy mentioncd for (2.19). However, setting
eri |? | =1, as we did in (2. 19) to obtain (2. 20}, introduces additionalerrors

in Ia/Io only in thc region of heavy dashed coutours A = erf !?1! .

. i R PR e R T
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Since S(g) must lie between exp (-} and -}.:- exp (-4) in the interval
0<§ <§m’ an upperbound in a to the error introduced by the Boltzmann
approximation is In 2 = 0.7. Thiz is akout balf ithe a-interval used in
Fig. 2-2. The position of each a-contour relative io iis neighbors is
much more accurate. The points numbered 1 through 5 near tke origin,
km =) ‘km = 0, represent a calzulation for a = 10 based on (2.18), and the
pesition of the dashed line joining them, relative tc the solid contour a =
10, indicatex the accuracy of this contour. Computations to ifnprove Fig.
2-2, although it applies to any cylindrical diode and has some general
ustified while a larger uncertainty remains in the

J
experimental values of a(T).

Figure 2-3 presents, in the line through the points x, our data on the
function a(T). The points are based on Io extrapolated f{rom curves of
temperature limited current, and on T from curvss of current in a retard-
ing field, Figures 5-3 and 5-4 of T.R. 185. The parameter in Fig. 2-3
is ‘.’f, the voltage applied to the cathode hcater. The extrapolations to 1o
above 940°K(V£ = 12) are uncertain; and values of T below SZOO(VI = 8.5)
are merely estiinates, so the points x “ecome lines indicating a bracket
on a(T). For instance, the point Vf = 12v, with a = 9. 55 and Tc = 946°K
co.'responds to 0.89 ma per cmz, emission current density and 0. 63 watts
per cmz, heater power. In terms of these quantities one can find the
point on a conventional power-emission chart {6, Fig. 11, page 83]. The

values appear reasonable.
>

Now Io i8 measured with high anode voltages V_, and T with incre-
ments AVa; 80 the cathode and anade work functions, Vc and Vw’ scarcely
atfect Io’ T or the points a(T). (One may perhaps question the combining
of high and low voltage\"\cathode characteristics in a single parameter.)
The line Y in Fig, 2.3, on the other hand, and the curves in Fig. 2-4 use
only data on the diode cur;'ept in a retarding field and yield estimates of
Vw and Vc-Vw. For Y, data {rom: the linear portion of the curves in Fig.
5-4, T.R. 185, were used {chiefly the interszection Va(T) of each curve
with the line Ia = 1 microampere). The formula for Y comes by eliminating
I0 between Schottky's equation (2. 20) and Richardson's equation |7, pages
25 to 47]:

e e
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I 2 P
I0 = AT" exp {- ch / kT} (2. 26)
If the coefficient A here is independent of T, then Y is a linear function of
T-I:
~ - | i
Y :1nla(x)+21n|x]+|n‘.’a| , {2.27)

-x(V -V )+1n[A‘ys (e/k)] .

a+|wil+-12—1n|x|- 10.96 ; x = (e/kT)

Here the number 10.96 represents

Jer. ,frm
In )('75? Z2e { °

The points Y(T, V } fall on port;ons of two lines which meet in Vf
24 volts. One finds A in amps/cm /OK from the intersection of Y(x) (ex-
tended) with x = 0, and V -V, in volts from the slope dY/dx. From the
upper line, we find 10~ >A> 10”2 and 1.5> VeV >1.3, both reason-
able values; but from the lower line (Vf = 24 to 10 voliz} A = 27 x 103 and
V.-V, = 3.0, quite impossible values |5, page 109]. The explanation
may lie in ueat losses throuvgh the ends of the cathode sleeve. These
losses tend to overiake radiation losses at low values of T and may give
the cathode a non-uniform temperature distribution. From comparing

a and Y at Vf = 12, we {ind in (2.27), V._ = 0. 26 volts.

Figure 2-4b reproduces portions of four curves of diocde current
against a retarding voltage (T.R. 185, Fig. 5-4). These curves have
been tailored in two ways: The slope of each curve in its linear region
was reduced to unity by chkoice of T in ;p: = e(Va+Vw)/ kT , then each
curve was made asymptotic to one line, the Schottky line (2. 20), by choice
of appropriate 10. The Io selected in this manner proves reasonauly con-

sistent with data on a in Fig. 2-3. but a correct selection depends criti-

cally om a correct value for Vw

Normalization of Va and Ia. with respect to 'I‘c and Io has not changed

the shape of the curves in Fig. 2-4b, however. Their topology resembles

= s e eve g ) P . i~ Py . o —— sy
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that of the curves in 2-4a, and thege curves were computed trom a-contours
in Fig. 2-2. W¥ach curve in Fig. 2-4a leaves the common asymptote, the
Schottky line, when the virtual cathode lies just in front oi the anode. As

the retarding voltage xpa is reduced further, each curve in Fig. 2-4a may

be considered the locus of a point Qa( wa), and a ccrresponding point Qu*(¢a)
moves along a correeponding a-contour in Fig. 2-2 from ka. = 0,675 teward
the cathode, k = 0. As Q:(Lpa) crosses contoure of Ia,/lo in the direction of
increasing 1_, so Qu(q;a) moves up a curve in Fig. 2-4a toward higher values
of In (I/1 }, but Q,{%,) rises more slowly now than it did on the Schottky line.
(This mental experiment with Q: provides a key to the meaning of Fig. 2-2.)
In Fig. 2-4a the curves end at Y, = 0 and the dot-dash line in Fig. 2-2 shows
how far Q: has come down the a-contour, Thus the line T 0 in Fig, 2-2
represents the position of the virtual cathode, when anode and cathode are at

the same pctential.

The computations for Fig. ?-4a involved matching the solution of
Poisson's equation (2. 24) for rcé_ r<& rto the Langmuir solution (1. 23)
for the interval rm< ré T, We conclude this section with a brief examina-
tion of Langmuir's series as a solution of (2. 21) for r > T Beyond the

virtual cathode, W takes the shape shown in Fig. 2-1c, and S takes the form

oo
S{s) = —— f dy [1 - erf X{7)] exp {-G"‘ vl . (2.28)
2V Yoo J

Here x(y) represents the solid curve between points ;3 and ;o in Fig. 2-lc,
plus dashed hyperbolic segments out toward large 'io,so clearly ;(;)Z;‘-o'
1f §° is larger than 2, we may replace il.e error function in (2. 28) by its

asymptotic form:

, _ exp[-7% + v+ 3}
Eig) = > (2.29)

‘ oo

— =
X

7/ (v)

wie replace the solid curve bordering W by the dashed nyperbolic segment

if
m, x{y) along it is given by (2. 14) and:
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exp {- b ) exp {- sy /[ sm}dy
Zn
=2
o0 !\A'm- Yty (%n'- 1)

Because [-‘,' ji=ppenza in an exponent in (2. 30), only small values of |"

S(s)<

count and we may neglect y (— - 1) in the denominator. Performing the

1ntegratlon we find:

1/2
1 m
Substituting {2.31) in (2. 21) with redefiniticis we obtain:
-1
Plexp(@+E) (4 ¥ag) |, p'=djME (2.32
Tp'gq,m-q,, E’g E-%, azat 28 - - (2.33)

The seriae !L(g) in {1.23) ir Langmuir's solution of (2. 32), with
/
r

= . 473
$=0, ' =0,and = "L :

-
7

—
d” " =9 exp u( 164w ,0or d = 0.465 exp {20/3) . 12.34)

The equation which Langmuir solved was originally derived for a space
charge limited cylindrical diode in which the velocity distribution among
electrons was ignored. It is, we find, the asymptotic form of Peisson's
equation, including a Maxwellian distribution of emission velocitie2, when
$. is larger than four. Langmuir's sclution is not necessarily asymptotic,
for given ¢m’ to solutions arising from a more careful consideration of
S(r) near T It was used to represent ¢(§) in the interval §m< §<§4’
with the condition a = ¢+ E{ +1In (L, N ) to matck it to the Boltzmann
solution in the interval 0&’5(31_‘ a.nd it yielded 4, for Fig. 2-4a. Itx
use is partially justified by the resemblances be tween the curves in
Figs. 2-4a and 2-4b.

d. Summary

The space charge inside the virtual cathode in a thermionic diode

depends on the emisrtion current and temperature, I and T, and on one

P



-y

P —h s s i o e s W St

pom—————

TR201 -24-

other parameter, such as q;é, q;m orr . The dependence of this third
parameter on the anode voltage ¢a. can be found if the whole charge dis-
tributior. even to the anode iz known, Io depends on the cathode material,
surface area and temperature. The use of T as a parameter represents
the wcll-founded assumgtion that the emission velocities have a2 Maxwellian
distribution,

if the particles in the space charge do not interact individually, their
entire orbits obey equations (2.3). These equations cut away the edges of
the velocity distribuiicn as the particles move out from the cathode. The
shape of the edges determines the values of the integrals i(r) and S(r), the
radial current and the charge deneity. S{r) determines the potential function
ylr) through Poisson's equation, and y{r) through (2. 3) in turn heips determine

r). Space-chargeproblemsusually include this circle of self-consistency.

Low anode voltages or negative ones which cause the virtual cathode
tn move out toward the anode, bring the whole tube in a sense within thecathode
region, Hence they are used to examine the effects of cathode parameters, al-
though Io may also be found with high anode voltages,Tp; = me - 4;3. 54 473 is
high, the veliocity the electrons pick up in the radial field far excceds the dis-
tribution of thermal velocitiee. Then Langmuir's series solution, in which T

and Io are no longer important parameters, describes (r).
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ffects of Emission Temperature in a Magnetic Field

a., Introduction

The problem of describing space charge in front of ar zmitting zur-
face parallel to a staadv magnetic field has apparently received little at-
tention [1, page 211]. It is common to assume, in discussing magnetron
performance, that the magnetic field has litile or no effect on the virtual
cathode. After considering the effects of the tangential component of elec-
tronic emission velocities, Twiss in 1953, it is true, proposed a drastic
revision of conventional magnetiron models, the so-called =zingle anddouble
stream models for the whole charge distribution from cathode to anode
12, pages 247 to 289]. But Twiss tco {ailed to examine details of the charge

distrihwtion close to the cathode, and we s8hall not review his results here.

The magnetic field does in fact modify many features of the cathode
region, as we shall find on extending the analysis of Chapter II. But the
largest effects of the magnetic field occur in the Hull cutoff transition. We
present a rough calculation of the thermal effects to be expected in this
transition, and conclude this chapter with results of a numerical calcula-
tion, The resgulis aliow us {0 conirast some features of the cathode region

before and after i. ‘poaing a steady magnetic field.
¥ g

5. The Virtual Cathode in a Magnetic Field.

To extend our previous analysis we adopt the same definitions s, ,
x andy (2.2), representing the radial coordinate, the potential and the
normalized electronic velocities in a cylindrical diode. We continue to
ignore the effects of collisions and to suppress the z-coordinate. More-
over, we neglect possibie effects of a magnetic field on the mechanism of

emission and on properties of the cathode materials.

The steady magnetic fieid B, uniform and paralle! te the system axis,

z, we normalize with respzci to kT:

2
_eB ) .rC ¥
Q:E.h:-z- _Z‘EF. (3.1)

G, o g A L RPN Sirate e S I T T



= m————

TR261 -26-

{We will avoid using in this chapter the symbol h as the axial length of the
cathode.} This magnetic field does not enter ihe energy equation (2. 1),but
the new momenium relation is {1.15), rz(é + w/2) = constant, Instead of
(2.3) we have:

) ) .74 —_
x"+y“+¢=x2+y , ¥sy+sh=y+h (3.2
On eliminating y betwecen these relations, we find:

%2 - x% 4+ x(8) = (8-1)(F + A& h)® (3. 3)

Here ) (s) might be called an effective potential,Y (s) = ¢ + hz(s-l), but

convenience rather inan any physical conce ustifies its uae,

(2.4, 2.5), involving the energy relation, remain unchanged. The Jacobian

of a transformation from emissicn velocity variables (x,y) to other velocity

{2.9, 2.12), For the integral S{r), the region of integration Won the (x,y)-
rlane depends chiefly on one observation: ior any eiecivxon ia radial out-
ward motion that contributes to S(r), its velocity X(r) must have been
greater than zero from the cathode continuously to the radius in question.
In other words, except perhaps for singular cases, the orbit equations al-
low each electron only one outer turning psint. This observaticn leads us
to define wings of the (xy)-plane, excluded from W as before. We complete

later the integration over electrons falling back to the cathode.

The features of W sketched in Fig. 3-1 should be compared withthose
sketched in Fig., 2-1. The hyperbolic segments (71,73,. ..) and the solid
iines (?3,72) on the boundary of W have the same significance. The points

themselves are given by formulae like (2.13, 2.17):

~

x=0=%x (8%/8s) = © {end of envelope) (3.4)

These points Y =5 + ABh lie symmetrically about ¥ = - 4sh rather than
about the originy = C, and y has replaced y. These differences, due to

h, ave clear already in {3.3). Reversing the directicn of B merely changes

o g,
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the sign of h, 2and -auses the sketches in Fig. 3-1 to be reflected abcut the
line y = -A8h. The flow vector t, moreaver, is now vertical above y=-248h
rather than above the origin {2.16),

‘_A Y d A,y . h
L‘%{T'% 'Y%J'v—:) . (3.5)

The contour bounding W near the origin of the (Xy)-plane is the most
important one, since the integrand in S has the bell shape mentioned before,
centered above the origin. At the virtual cathode where dy/ds vanishes and
8 equals 8 the boundary touches the origin from one side only (Fig. 3-1b).
It cuts from W more of the (x%,¥)-plane at the origin as 8 increases beyond
LI However, in part of W the downward flow continues out beyond s  toa
second radius 8 where the points Tz meet and gya? vanishes (Fig. 3-1d).
Bevond s all downward flow ceases, but between 8 n and 8  some eiecirons
which have passed the virtual cathode are reflected by th2 magnetic field and
faii back to the cathode surface. iHence in the prcsence of a magnetic field
s replaces 8, as the top of the cathode barrier. This is in spite of the
factzthat s lies in a region of accelerating electric field, given by E(rn) =
me T /4e.

The solid curve (?2.73) near the origin is the only boundary of W we
shall have to find in calculating S(r). The equations for this line werebased
on mapping a series of lines X{s#*) = 0 on to the (x,y}-plane with P_l(s*) and
remapping the envelope of the family cf elliptic segments thus obtained back
on to a particular (X,y)-plane with P{z) (Chapter Il). In these equations then

s is fixed and g% varizble, but

e 1o n tmmi Yy af -
Vers AANAL ) MNUL O 2ACT LMDIWUT WL D.

sY ()2 = (5P ay /@), . X, 2e%) =y (a%) - (o) ¢+ 2p 2 Haay/TR),

(3.6)
The tangent to the solid curve aty,, dx_ /dy , is real as longas d z/ds?'
2 e e X
is negative and dy/ds positive:
2 /.)-1
- =2 r-.sd\g /dY] 13
(dxe/dye) s - 11 + i;‘s—z'/ as Ao 7)

g =g

Clearly, to find the boundary of W at s, we must know the function X(s*) and

its derivatives in the whole interval 1o+ < &,

TR o - . T TR it
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The corresponding formulae for a planar magneiion are rather less
gimple and symmetric. We record them as the basis for one further com-
ment on 8_: Placing the planar cathode {the reference for potential, dc=0)

at a height x_ abuve the {y,2-plane in order to normalize with reference to

X s rather than to the anode height d, we introduce planar definitions like (2. 2):

o= (xx) . ¥=R . Tekipgy . Ve AT (3.8)

= D) c
w= eB/xn » h—'z\—zﬁ.r'— (3.9)
The orbit equations for an electron after emission are:

z+7z,+¢(s)=uz+vz,-v.+hs=v+h . (3.19)

u
After eliininating v, we obtain a relation like (3. 3), especially if y in (3.3
is much lezs than V8 h: '

ﬁ“-u?‘+x=(s~1)h[27+ sh] , Y= W + h2

(s-1) . {3.11)

.
a

zom the resemblance of (3,11} te {3.3), i?i(( N8 h, it follows tha* in the
impertant region near the origin on the ‘hxil- and the {u,v)-plancs, the curves
bounding W are almost identical. The planar formulae for 71, —2’ Ve, Tez
and t, moreover, resemble the cylindrical ones if one assumes <<hz(s-l)
and expands ) in (3.4, 3.5, and 3.6).

Away from the origin, however, (3.11) leade to 2 parabola,; and the
envelope of mappings P-l(s*)(iT:O) ig an unhounded curve tangent toa family
of parabolae on the (u,v)-plane. Hence the vanishing of {dy/ds) does not de-
fine a releasz height in a planar magnetron. We conclude that one can over-
emphasize the importance of s, in a cylindrical diode. The eclipse of the

origin by the curve (;2?3)' as we saw, begins at 8 . and relatively few elec-

‘trons fall back to ihe cathode from radii between 8 and sn.

Az one increases the magnetic field in a cylindrical diode, the release
radius moves out and the Hull radius contracts, so eventually these radii
may merge. Before this happens, however, our present anaiysis fails be-

cause it ignores the effects of collisions and the stable orbits within the
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cathode region into which electrons may be pushed and trapped. To integrate
S{r) cver the electrons falling back io the cathode as well, we must cdistinguish
two cases. For a diode in the regime before cutoff the reiease radius helps

fix the boundary around cells d(x)dy in W which count twice. After cutoff, the

anode radius determines this boundary, and virtually all cells lying within W

- a

count twice.

c. The Cutoff Transition,

Before cutoff, in other words before Ga reaches 2x (Fig. 1-1), some
=lectrons which were released from ro with unfavorable tangential veiscities
fail to reach the ancde. They are tnen lost to the anode current Ia and in

completing their paihs back to thé cathade they contribute o double shielding

effect, For both rcasons they cause la to decrease, yet the analysie in Chapter

I took no account of such electrons. As the magnetic field increases through

its critical value, an ever-increasing proportion of the radial current In through

9 misses the anode. This transition is, of course, the Hull cutoff. We now
wish to extend the W integration clear to the anode and find the ratio la/In as
a function of p, We consider that cutoff begins where this ratic starte to fall

below one, at p = pi.

‘Figure 3-2 may clarifv the argument. The first sketzh represents the
plane of emission velocities (x,y}: the solid curve is the envelope of the
family of elliptic eegments x(8) = 0, and the ellipse x(s ) = 0 touches it at
vy = h. The second sketch represents the velocity distribution at the release
radius s : the solid cuxrve inside ?3 represents the envelope, and the y-axis
is the dashed ellipse in the previous sketch. The third sketchis an enlarge-
ment of the area near the origin in the second one. The fourth skeich is of
ihis sBame area, referred tc axes (u,v) which are aligned with the boundary of

W near the origin, and hence lie at some angle y to the (x,y)-axee.

In each sketch the dot-dash curves represent the condition ;(sa) =0,
In the firet and second ones a singie such curve appears, an ellipiic seg-

ment, with the equations:

x% + (1 - M)y + 1) =x(s,) = h®(e_-1-8p) in 3-2a, (3.12)
a

X4 (1-8 /s WF4+4o 1% = %5 ) - y(s_)in 3-2b (3.13)
n a n*/ LAY n = .

2 » P o PR R ' ] e w— e T ] »
T >

Fea
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This curve passes through W only if x(-a) is iarger than x(sn); hence the
definition of P, is:

[T

(1]
[N
-~

p, = (s -5 ), if |9(s )|<<p, » Xls)=X(s) ‘

(Apparently, in a planar magnetron P; like s moves to infinity, and the
smallest magnetic field reflects some electrons from all heights x back to
the cathode.) When p equals P;; We assume that s  still lies tairly close to
the ci.thode. The second derivativea of y and Y must vanish between s and
Ba.’ and both curves mmuset have inflection points. In fact, while |¢]beyond

L is a monotomic increasing functidn of 8, X (8) behaves more like a poly-
nomial cubic in s,

In the third and the fourth sketches three dot-dash curves represent

a corner of the elliptic segment (3, 13) for three successive values of p.
Now in fact changing p will change the whole function ¥(8) and with it the
solid line bounding W, bul{ we have to assume these changes are small com-
pared to the movement of the curve Y(sa) = U, This means we regard i

a8 fixed during the cuteif transition and ignore the extra shielding of the
virtual cathode by electrcons whose velocities at 5, place therm inside the
dot-dash curve ;(sa.) = 0.

From Fig. 3-2c the current increment dI(u,v) and from Fig. 3-2d

the integral I over the half plane can be written by inspection:
5 2, 2 2 2
dl = Ia ?'l exp {—(¢n+u +v )} [cos yd(uT)jdv +sin ydud(vT)] : {3.15)
J L

- 2
1, = Io'\/s_n exp {—(¢n+uo )} cos y
Here u is the distance along the u-axis from the origin to the edge of Wn.

The current Ia. has the same increments as In’ but the area of inte-
gration W is reduced from W_ by removing the celis under the dot-dash
curve. T;is curve cuts the v-.;.xis at Ve We take v, as the v-cocrdinate
also of the intersection of the dot-dash curve with the =olid edge of v
As p decrecases, the ellipse ‘;'E(sa) = 0 grows and v, 8weeps across the origin.

Our problem is to make explicit the dependence of Ia on p from the formula:
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1
I = -20—['\/32 exp (- ) {exp (-uoz)cos v(1l+erf |Vn| ) +

2, . -
exp (-v_")sin y (1 -erfuo)} +’Vsa exp (-q;a)(l - erf Iyal)} (3.16)
(f v, is less than zero, we choose the plus sign before erf |v I. etc.) The
last torm in {3, 16) represents the shaded area in Fig. 3-2d. The change,

P(sa)(x,y)(sn) = (x,y)(sa), to velocity variabies at the anode, maps the dot-

dash curve into the ?(sa)-axis and yields this term.

The formula used to compute the two curves in Fig. 3-3 contains only
the expressions K and ?n; it is:

1 exp ( -;“;)-l

1
a -

5 1(1 +exrf|y |)+
oz |t rertll BV (1-K) |

(3.17)

To derive it from (3.15) and (3. 16) we first agsume, in view of our ignorance

ui ilie exaci shape of W »that yand u_ are zero and v equals ?n' Then we
have:
1 [s_
a 1 - e == \]
= Iy - F— -ar
T; 2—{(1 + erf |yn|) + exp (qn ;pa)’VSn (1 e_flyal; [ (3.18)

We define ?n by setting§2 =0 in (3.13) and dropping C’(sn) as in (3. 14):

8
s'\/'s:h[- HV;X ‘%} . (3.19)
n - a n

The point representing y on the (.-,y)ls )-plane is y

5 =y . nl—n.‘
Y, =¥ ah{-x'v v

Whe'\ever; is nea

_Psn z¥s_h {- 1+ Kz (3.20)

zevro, y is less than zervo andly |1s larger than one
(K2s /s < 0 2), 80 we can write:

e — 2], —2-12
1-ert|7,| 2 llexp (-3, )) (ry, %) (3.21)

Finally, irom the energy relation (3. 2) with §(sa) =0-= —y:(sn), we have:
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S . -2
p ) =\ \
e }+Y " =wis )ty (3.22}
Thus we arrive at (3.17), giving Ia/In as a function of p and h. The center
of the cutoff transition cccurs when 'Sin is zero, and this defines pc< P;:

) (sa—snr": (s,-1)%

P. = =33 T "8s
a a

gsince 8 >> 8 I (3.23)

in general, the two cuvves in Fig. 3-3 show how much a distribution
in emission velociti¢s would tend to round off a transition through cutoff, if
the current In through the cathode barrier could be fixed while the magnetic
field increas=1 or p decreased. Actually In 12 not fixed. One might expect
In to fall by half in the transition, since electrons which double back from
anode to cathode roughly double their contribution to shielding the virtual
cathode.

The curves in Fig. 3-3 should be multiplied by In,'IL before standing

comparison with ike data in Fig, 3-4. HMalso decreased in the cutoff
transition, the calculated curves would be sharper than 3-3, but we find

the data in Fig. 3-4 shows rather a less abrupt cutoff. This suggests that
another transport Mechanism, assccizted perhaps with collisions between

charges moving radially in and out, affects the shape of the transition.

The data in Fig. 3-4 for the regime before cutofi, irom p = 10 to

e

Py 0.55 is in qualitative agreement with the transit time effects cal-
culated for Fig. 1-1. On the other side of P;» the curve Va = 100 in Fig.
3-4 is more abrupt than the curves Va = 2.5; indeed, the angle between
them is larger than between the calculated curves in Fig. 3-3. Of thetwo
curves Va = 2.5, the one taken with the hotter cathode (Tc = 1230°K, Vf= 30)
as w2 would expect is slightly more rounded near p = P than the other (Tc =
11300, vf = 24 voiis}. To make the curves ‘.'a = 100 ard Va = 2,5 cross
near p_, 0.75 volts was added to the potential applied to the tube in cal-
culating p. We saw in Chapter 1I that Vc - V ;had this sign and perhaps

tviice this magnitude.

d. A Numerical Example

In this section we show by numerical work the dependence of the cathode
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region on @, h and ! . The calculations carry us only tc ’é =0.06 or 0,902
cm from the physical cathode in our diode. The calculation for the case
with magnetic field stops then between s and L yet to carry it furiher
without a consideration of trapping orbits and collisions seemed unrealis-
tic. The assumption that all regions of W count twice, that the Hull radius
is less than the ancde radius, much simplifies the calculation for the cathade
in a magnetic field. In the case without magnetic field one must distiaguish
single and double regions on the (X,y)-plane, so the integration starts at

q;m, Em and mcocves radially both outward ard in toward the emitting surface.

To give a few details, we integrate Poisson's equation (2.21) with the
initial conditions ¥ = 0, and the set of six values of 44;: shown in Fig. 3-5
for h = 10, and five values of \p:: for h = 0. The values & = 10 and h = 10 are
appropriate to our diode in a magnetic field after cutoff. Figure 3-5 shows

solid curves of & and §' for h = 10, and dashed curves for h = 0.

Each solid curve was started by Wheatcroft's solution (2. 24) and con-
tinued in this form until S(E) fell appreciably from exp(-i), the value as-
sumed in (2.24)., The transition to a numerical method at § = gl actually
occurs when, in each case, ?1 as given in (3.4) equals 1.5. We find S is
still greater than 0.95 exp(-y) at gl. From El we carried the integration
forward in stepsdb = Ei - Ei-i’ using (3. 6) at each step to plot the boundary
of W.. To evaluate the integral of the distribution exp {_-(:’cz + ?2)} we placed
over 2ach Wi a transparent sheet divided in 0.2 x 0,2 squares, each labelled
according to its weight in the distribution. We then added up the weights of
the squares within W, including fractional weights for squares cut by the
boundary. The total was Si exp(\pi). Conventional integration formulac then
gave \pi and q;i, which were used in turn to compute the boundary cf Wi+1.

Figure 3-6 carries further the comparison of the solid and dashed
curves, We sece there, for given a and \pé, that §m occutrs earlier and -4;m
is lower for h = 10 than for h = 0. Indeed, .pm and gm, h = 0, are about the
same for a given initial condition | as §_ and Bm, h = 10, for ! + 15.
The displaccment, 15, in 44:: is due chiefly to our a2ssumption thatwithhk = 10
the magnetron diode current is cutoff, and that all paris of W have as many

falling electrons as rising ones. Consequently the normalized charge density
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S at an arbitrary point beyond gm (actually the second zero of ) is nearly
twice as large for a given q;;: when k is ten as it i4 wheii hi8 zero, The

dashed lines in Fig. 3-6 represent So(q;;).

In integrating the dashed curves back from the virtual cathode to §=9,
we had tc estimate the pairs of initial conditions (‘gm ¢m) which would vield
@ =10at § = 0. Theae estimates resulted in slignt devizticns of @ from 10.

The deviations range from €.02 for curve 1 in Fig. 3-5 to 0,10 for curve 5.
e. Review .

Figure 3-7a shows clearly the bell -like shape of the distribution func-
tion exp {-(x2 + yz);§ . We have seen how the equations of the electronic
orbit, (2. 3) or (3. 2), cut away the wings of this distribution. The boundary
of the cut depends on the shape of the potential function, y{8*) or y(s*); in-
deed the y-coordinates of points on the btoundary are just the slopes of cer-
tain tangents and sectors shown in Fig. 3-7b, The rlietch shows clearly the
progression y3z> '\:712> (y2/5)2> ?4?',/sm; and with }-.2’} 0, the same progres-
sion in Yi could be found cn 2 curve Y {s*).

In Chapters II and 1] we have concentrated on the cathode region. In
Chapters IV and V we take a larger view and rcgard this region as a sur-
face layer on the space beiween physical cathode and anode cylindera. As
the source of electrons foxr the interval sn< 8 L sa, which we may call tne
interaction region, the cathode layer determines the number and velocity
distribution of the electrons that enter ta.- interaction region, In this sense
a, h, and q,'c are independent parameters, but in another sense q;é, q;m, sm,sn,
and the other features of the surface layer depend on the anode voltage Va,

and on the distribution of sapace charge within the interaction region.

In the diode before cutsff, and even rather close to the cutoff iransition,
the Langmuir potential function (1.23, 2, 32) gives {(s*) through the interac-
tion region, for V& positive and large enough. This function, fitted in the

cathode layer to curve 2 of Fig. 2-5a. appears as q‘L in Wig  3-7c, Thecurves

Xy, S ¢L + hz(;-l) in this figure represent two cases: for h = 6'6'XLI corre-
sponds to p = P, where thermal effects on the cuioff transition begin, and for

h=17.85, XLC corresponds to cutoff, p = P The radii 8 and B are

P
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indicated for XLI; this curve has 2 second mmaximum at 8_,a semicubic

shape, and an inflection point between 1 and 2. 2lthough o, the chargedensity,

]
does not vanish in this interval of 8. One may also compare {1.13) of T.R.

-

185, the expression for u , wiih ihis expression for the inflection puiat:

a¢  a% &

er
L T P £-ZE-Ly-0 (3.24)
ds® as® 4arSer T C

The dasl.ed curves in Fig. 3-7c represent a quadratic potential func-

tion ¢Q and a corresponding K curve. At cutaff, the correct curve for ),

is probably closer to XQ than to XLC’ because of collision interactions.
Thege, we will argue in Chapter V, proviae a charge transport mechanism

which seems to move the center ot gravity of the whole charge cloud out

away irom the cathode layer.
References in Chapter 111

1. G. Collins, Microwave Magneizcns, McGraw-Hill, New York, 1948,
Vol. 6 of Rad. Lab. Series.

2. L. Martan, Editor, Advances in Electronics V, Academic Press, New
York, 1953,

v

The Magnetron Diode After Cutoff

a. Introduction

Most models for the distribution of space charge within a magnetron
diode after cutoff provide at the Huil radius 8y an outer boundary for the
charge cloud. In this chapter we consider three well known mcdels of the
bounded cloud. After a review of the probe signal evidence, we reject these
models in favor of an "unbounded! cloud. We conclude that the space charge

entirely fills the interaction space in the diode and formuiate the potential

function for this model.

b. Models of a Bounded Space Charge Cloud

Hull, as we noted, based his ideae in 1921 [1] on Langmuir's model of
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a cylirndrical diode without magnetic field {i.35%; since formulas in TR, 185
occur often in this chapter, we indicate references to that report by an

. With the energy and momentum relations (1.4%, 2. 1), Hnll ex-

~

a

plained the sharp cutoff of anode current at the critical ratio P. of anode
voltage Va tc the square of the magnetic field. If these relations apply in
the same way after cutcif, if virtually all electrons within the space-charge
cloud retain the energies and the canonical momenta that they have onleaving
the cathode, then the cloud consists of electrons in emission orbita., Such a
cloud will be bounded by a radius SH equal to the ocuter turning radine 8y of
the typical emission orbit,

The potential at 8= % {(1.7*) in this case must pass smoothly into
a logariithmic potential apprepriate to tha charge-free cylindrical region
beyond 5y
5 2
2 {s, -1)
_ ed(r) O L _
B(a)z - =5y, sz i Bleg) = —gg— - (4.1)
me ¥ c b

D (s) =<b(aH) + K(BH) 1n (%) » 8y < B<Ba ; K(s) = m . (4.2)

If the quadratic expansion for potential (1. 14%) represents the potential
throughout the radial extent of the clound, we have:

4><a)=<58%)[8+0(s+1)] . Kis) = glCs + B2 1< <y, (4.3)

1f the electric field this case vanishes at the cathode, K{1) = 0, then wi
(4.1) we find the constanis B and C: C =1, B = -2C. The resulting potentlal,
®(s) = js-l)z/ 88, was proposed by Brillouin in 1941 [2] for the region within
the cloud. It requires the canonical angular momentum P to equal one
throughout the cloud; hence tlhe circumferential velocity Y vanishes at the

cathode, as it should if the average emission component is zero:

N

l—l

1]
c|N

:2- =) H Y = (A)T 3 'I'(l'“) =0 . (4.4)

Let us examine briefly Brillouin's famous model: Setting 1 - C = 0=uz'

implies the absence of radial motion. We note from {1.15%) that the siate
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2 . .. S 2 . o . 5
u < 0 is unstable, for if n~ is negative. 8 becomes a hyperbolic function of

time. Then the electrons coomn hit a surface of i:e tubes, or 2t least leave

the region where uz is less than zero. Since uz represents in part the charge
density (i.13%*), a charge cloud with negative u2 soon thins out until u~ be-
comes positive. Brillouin's model lies at the edge of this unstable condition,
and Brillouin's cloud has the maximum density periaitted in a given magnetic
field. Since in his model the electrons have no radial motion, they move
arcund the cathode as a single slipping stream. He devotes much of his
most recent paper on the magnetron [3] to showing how, as one slowly raises

V. from zcro, a single cloud in such motion can form.
-3

Briilouin there also states and proves a theorem that the double-siream
model, a rival model proposed by Page and Adams in 1946 [4], is only pos-
sible for ’\/BEZ 2.273. However, this theorem and both rmmodels depend cn
the assumption that the thermal distribution of emission velocities may be
ignored. Twiss has shown [5] that this assumption and the uncritical use
of Llewellyn's equation lead to singular rather than general results. Nothing

significant in magnetron data occurs at 2.273.

Let us also examine e madcl cf Page and Adams: In it the space
charge consiste of two equal and opposite radial currents, Il and —Il, and
also fiows as one circumferential current around the cathode. The radial
motion reguires a potential to which the quadratic form (4. 3) cannot come
very close, but one can show that uz lies in the interval 0.15 to 0.075. Hence
the charge density in this model is not very different from Brillouin's. The
probe signal data includes values of u2 from one to 0. 25, but no values of u
were found closer to zero. Still, one must add, such resonances might be

too broad tn ks up at all.

Twiss [5] recently described a multiple stream model, nct too different
from the model of Page and Adams. 1In his set of jnitial assumptions, how-
ever, he included 2 thermal distribution of emissibn velocities. InChapter
111 this led us to define a releasa radiue in a regicn of accelerating field.
Disregarding other effects of emission velocities, we can easily include the
electric field at the virtuzl cathode, K(1), as an adjustable parameter in the

double stream mocdlel. Ignoring many elegant aspects of the treatment by

P e ~ — - e . B i dinct JRUEL L TR

P S

o MLV L TR

RPPS



e |

e At

SR L YU

vq st

4 BT AN I 8 S

TR 201 -38-

Twiss, we will develop this model in the rest of this section. The reasons

we give for rejecting it will apply as well to his treatment.

T» find u“ in the modified double stream model, we define M {1, 18}
in terms of Ii’ the outward component of cadial current, and then develsp
a form like {1}. }9):

M 3 2,-1

Eell (theomw T, ) s {(4.5)
S
<1>(s)=Kll)lns+IvlJr (ins ~dns®) dst , 1<s<sg . (4.6)

1 Nss* o(at) - (s*-1)°

We may develop ®(s).as a function of the parameters K, M and s__, by
iteration over the charge-free poiential 00(8* ), and express M and K in

terms of 8y (or sb) and a new parameter m:

P(sy) In 8% (1-m) 2 (s,)
¢°E——m—a_ ’ K(l)- In 8 ’ (4’7)
H H
Al
sH) .

1 'Vaz* D(s*) - (8*-1)2

Here <1>(sH) is given in (4.1), and we extend$(8) in the interval S,,<8<51
Py § IS
with (4.2). Thus we find p(ﬁ,sb) = Q(sa). Knowing ¢{s8), we may also
evaluate uz(ﬁ,sb):
sL

e = ds

b~ 3
1 ’Vsscb(s) - (8-1)"

= wT, =wa (4.9)

-

in Fig. 4-1la we plot the inverse relations, contours of m and k on
the (p,uz)-plane. The quantity m represents the field at the cathode; thus
ifK(1) = 0, m = 1, and if m = 0 then K(1), for a given p, has ite maximum,
a value a2ppropriate ic the cathode field in 2 charge-free coaxial region.

The guantity k represents the radial extent of the cloud of charge:

8, - 1 . Ty

K=S ey T mm = 1 (4.10)
g8, + 1 r
b c
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Although we made only one iteration over ® for the ®(s) used in the (m,k)-
grid, we believe fram resulta of z direct calculation for a planar diode that
further iterations would not change this grid much. The absorption data

of Fig. 4-2%*  interpreted with the grid on ¥Fig. 4-la, imply very high vaiues
of X(1) as p approaches zero. The data do not suggest the line K(1) = Ec =0,
m = 1, appropriate to the Page and Adams model.

The parameter m (or M) also gives the charge density p in the cloud

, Y ) : — .
(1.18, M = pes /4meé ,°). Introducing the symbol q for the average (barred)
space-charge density inside 8yy» We write:

sS_
— De 1) _ 4Mo ds 47 M
g=—L =M= AMe [ ds_ dv ) (4.11)
me_w i” Sy 1 . (8y-Tiu

From this one obtains the g-grid on the (p,.uz)-plane, Fig. 4-1b. The absorp-
tion data do not fall along any contour of average charge density normalized
with respect to wz. However, dividing q by p serves to renormalize p_=with
respect now to Va. This yields the contours N = q/p = ﬁr_cz/\_l_a_e; in Fig.
4-1c. The absorption data tend to follow the line N = 1.5. This suggests
that the anode voltage determines E, and actually led us to iry the quite dif-
ferent model described below.

c. Evidence for an Ynbounded Charge Cloud

We have seen that modifying the double stream model to include a
finite electric field at the cathode is not enough to interpret the probe signal
data. Let us then consider relaxing the energy condition, We noted that the
charge cloud is bounded by Sy in any medel in which individual interactions
do not disturb the elecironic orbits. We saw that 8y must retreat towardthe
cathode as p falls from P, toward zero. However, if interactions do permit
electrons to exchange energy and momentum at a significant rate, then the
space-charge cloud may extend to the anode for all values of p. Hull ap-
parently had such a model in mind ir 1924 when in an abstiract [6] he sug-

gested that the cloud formed '""a solid shaft of rotating electricity."

There is little experimental evidence for a well-defiled outer boundary

to the charge cloud. Reverdin [7] four years ago passed a wide beam of
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electrons parallel to thc polar axis through a grid, the magnetron diode and
a second grid. On a phosphor screen he observed the beam, the shadow

cast by these grids, and the distortion in these shadows due to the bearmn's
having passed through the radial field in the magnetron cloud. He found at
H' but as he brought his cathode
into alignment with the beam and the magnetic field, the density became a

first indications of a maximum density near s

smooth decreasing funciion of radius. Peterscn 8] this past year passed a
very narrow electron beam axially through the magnetron cloud, observed
its deflection, and concluded there was considerable charge outside the
nominal Hull radius. Knoll and Nedderman [9] have used excited helium
atoms to indicate the space-charge distribution. They found "as the anode
voltage is lowered, the charge density decreases, and the nosition of maxi-

mum density shifts toward the anode."

Several experiments have detected =lectron. which gained great energy
within the interaction space and were not, therefore, in emission orbits. For
examgple, we recall the experiments on cathede heating by back bombardment )
[10}. Wigdortschik [11] and Linder {]2], as further examples, measured
currents to '"hats!' at the ends of the dicde axis when these hats were much
more negative than the cathode, hundreds of volts move negative when the

anode was over a thousand volts positive.

Moreover, the electrons collected as leakage current at the anode are
not in emission orbits. As p falls, the anode current Ia continues tc flow;
and in any bounded cloud model, we must, it would seem, imagine a mechanizm
that knocks some electrons out of the cioud and clear to the anode, yet does

not fill the stahle orbits that lie like traps between s, and s, The curves

ir the four square sections of Fig. 4-2 show Ia over‘; range of p after cutoff.

Each section gives data for a fixed Va, and within each section the cathode

temperature 'rc is a parameter, The coordinates, p and Ia/IL, used before

in Fig. 3-4, here are plotted on logarithmic scales. The game contact

potential, 0.75 volts, was added to Va in computing p. The cutoff transition -
lies roughly above p = 0, 4. Ia/IL comes out of a vertical dive about at 0.04,

and after cutoff depends not only on p, but also on Va and Tc. The dependence -
9n Tc may in part reflect changes iz gag prcesure in the (sealed off) tube.

T = P — - = 3 o e

- —
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Figure 4-2e compares the data in the four sections above it. The

slope d in{l /'I! )/din p is nearcly independent of Tc and decreases as Va
r)
rises, while the intercepts of the current curves at p = 0.1 increase with

V. and with T_.
a =

For p below 0.1 some curves of leakage current {(Fig. 4-3) show
"humps.!" Such humps appeared in the first published cutoff curves (Fig,
11 of Hull's paper [1]) and have reappeared in subsequent articles. The
hump for '\v'a = 1,5 in Fig. 4-3 is not affected by Tc" but the hump for Va =
6 volts seems to move toward lower values of p as Tc falls., We have des-
cribed a drag-loop effect of the probe signal within one such hump (Fig.
4-5b*), These humps do not, in our tube, produce strong noise or oscil-

lations, and they occur only well removed frem cutoff.

Thus in summary, if electrons in orbits of the emission type arethe
cxceptional ones, if the average electron suffers many collisions or a con-
tinual exchange of energy and momentum with its neighbors during its
life-time in the cloud, one would not expect the cloud to have a sharp edge
at sy, Although the anode current drops sharnly in the cutoff transition,
indeed froin 80 to 3 per cent of the Langmuir current, Ia. continues to flow
fcr very low values of p. We find little support for the suggestion that

the dizde after cutoff maintaine a3

lectron cloud bounded by a contract-

3
(1]

ing radius 8y 2 radius as sharply defined as the cutoff transition is,

d. The Potential in an Unbounded Cloud

We found in T.R. 185 a reasonably sharp and deep resonance absorp-
tion over most of the interval 0<p<{0,3 (Fig. 4-2b*), We would have
seen multiple resonances, perhaps smeared into a broad region of absorp-
tion, if distinct values of uz were character’stic of different radialintervals
within the space-charge cloud. Hence one value of uZ =1 -C, for a given
set of conditions », xp and Tc, must characterize at least roughly the whole
interaction sapace, if the cloud extends practically to the ancde after cutoff.
If we accept & two-parameter potential function, and one parameter applies
in the whole radial interval 1<s <sa, then the other must also apply through-
out this interval, if the potential ¥(8) is continuous in 8. The two parameters

could be B and C {4. 3}, but the potential may now b& completely determined
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by two measurable quantities, uz and p/’pc;

B—pi(aa-.’.;-(l-az)(safl) , C=1-2% {4.12)
Be) = L[R2 ts -1 - (1 -nd s -] =-—SF o 0 (413
o PC o a mwrc
- _L erk .
K(s) = g [ (s -1)-(1-u)(s-s)) = (4.14)
mer

oo ey - 00, + 6] = a1)

4m €

-We found in Fig, 4-2#%* that most resonance data fall near the line
RGO P/Pc' If this relaticn is added to (4.12) then 2C + B = 0, and the
next three quantities are:

- 2 _ 7S {s) _ 1 .
Q(s)-g%(s-l) , K(s)= esp (s -1/.51——-§;Lc(1+:z) (4. 16)

c

At cutoff, p = P these formulae arc the same as those derived from Brillouin's
model. The formula for g(s) in (4.16) was first used in (2.44%*). For all
valves of p, K(1) = 0, and the electric field in (4. 15) vanishes at the cathode.

We regard as a pariial confirmation of our model of an unbounded cloud the

fact that K(1) = 0 arises from this interpretation of resonance data.

In Fig. 4-2%* points (p,uz) number2d 1 and 2 were singled out torepresent
the rescnance absorrctiun in our magnetron diode with a hot cathode. Figure
4.-4a shows potential curves corresponding to these points; the solid curves
are based on (4. 13) and the dashed curves on Brillouin's model. In eachcase
88 is plotied against 8, Clezarly the Brillouin potential, or indeed any
pcteatial based on a cloud bounded by S lies well above the corresponding
solid curve for 8> BH'

In Fig. 4-4b the solid curves are the standard ones fur a diode without
magnetic field, the Langmuir and the logarithmic (space-charge frze) poten-
tials. The dashed curves reproduce the solid curves of Fig, 4-4a, but the

ordinate has been renormalized as sQ/saéa to make a comparison of curve

- =g s 2 - S =3
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shape easier. Again the potential curves based on (4.13) lie below the standard

curveg,

The insert in Fig, 4-4b shows the dot-dash line 1 - uz = pf'pc and,the
representative points, 1 and 2, lying very close to this line on the (p,u”)-plane.
The dashed line QB/Q compares the Brillouin model and the unbounded model
(4. 16) with respect to total charge inside the cloud as a function of p. Clearly
the cloud extending to the ancde admits more charge than the Brillouin cloud

bounded by 8y

-
2

Q(s) = e 2rh [Pds = 2rh [K(s) - ¥(1)]
4G ec 3
QB _8H+l Ba-l [ sH+l s, 1-1
WoT "R T 1 ey | o

Figure 4-4c represents potentials in a diode with a very large ratio of
anode to cathode radius, s_. W. Engbtert in 1938 [13] used such a diode,
with filamentary cathode of about 0.2 mm radius and anode of 7 mm radius,
in expprimental measurements of the radial variation of potential in a magnetron
after cutoff. Hiz measurements, the only ones so far reported, deserve more
consideration than they seem to have received., The points @ in Fig. 4-4c
are repliotted in coordinates (s/sa, s® satba) from Erngbert, Abbild 5, and the
solid curves again represent the Langmuir and logarithmic potentials., The
dashed curvee through the points ® have much the same relation to the solid
curves as the dashed curves }!,2 have to the same solid standard curves in
Fig. 4-4b., In particular, the dashed curves lie well below the solid curves
near the anode and indicate a denser space charge near the anode. Engbert's
data lend no support to the models that confine the charge cloud inside a

3 a <
radius T O

Two figures reproduced from Engbert's paper appear in ¥Fig, 4-5,

Abbild 2 shows his smooth anode tube suspended between magnet faces M
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with cylindrical axis vertical. He could move a fine tungsten wire radially
through the interaction space., At the end of this wire he attached a sliver
of tungsten (A). The potential Ve, applied to the wire by the potentiometer

circuit shown in Abbild 1, would deflect the sliver toward anode or cathode.

-When opening and closing switch T did nct deflect the sliver from the

vertical, Engbert recorded V’a as the undisturbed potential in the diode at

the radial position rp of the sliver. Through a microscepe trained on a

slit in the anotie he observed the sliver by the light of the hot tungsten cathode.

If Va was larger than 150 volts, he felt he could determine Va more ac-
curately than rp. Without a magnetic field he obtained data for good curves
of the standard Langmuir and legarithmic potentials.

After the magnetic field cut off the anode current, he reporis, the

strength of the field and the cathode te nperature 'I‘c had, within wide limits,

_____

nu eifecis on the pot

&

ctential gistribution, (Hig experimental points actually
have the spread indicated in Fig., 4-4c, 8o it seems likely that within this
. 1 . ‘
spread one might find correlation between ¢é{z_} 'é{:a) and Va and Tc’) He

»/
examined a wide range of Tc’ but he does not give the range of p he ex-

-
res

amined.

Engbert's interpretation of his results is a little forced. He approxi-
mated his potential by two straight lines, meeting at T, the radius that gave
the best fit to his data:

Va(r—ro)

V(r) =0, rc< r<r°; V(r) = " ro< r<ra . (4.18)

Ta~ %o
In the first interval he seems to believe there is no radial motion of elec-
trons; in the second he draws electronic orbits like those proposed by
Hull [1]. Doehler [14] fits Engbert's data with a curve ¢(r) =Va(r/ra)n,

n = 0,875, Twiss, (5, page 282) referring tc these two types of fit, says
"The accuracy of the measurements cannot be very high, if they are open
tc iwo quite different interpretations,'" Perhaps one might question first

the accuracy of the interpretations.

For the present argument it is unfortunate that Engbert usasd a fila-

mentary cathode. The enlarged corner section in ¥ig. 4-4c shows how
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poorly near the cathode a quadratic potential furction {dot-dask curves)
matches the potential he measured. Perhaps measurements like his,

but made on a diode with & lavrge cathode, would yield a potentizal function
to which one could fit a quadratic form closely. The reciprocalinference,
that a probe signal resonance in a magnetron diode with a filamentary
cathode would be broad, must te drawn from Engbertis data. If the potential
curve has a wide range of curvature, when plotted as in Fig. 4-4c, then
as we noted above, the individual electronic orkits will tune toc a range of
frequencies. We have checked this inference: a pre-war model split-
anode magnetron was mounted so as to transmit a TEM aignal along its
filamentary cathode. In it the cyclotron resonance absorption was ob-
servable but extremely broad. This was also true of the region in which

a strong probe signal tended to reduce the anode leakage current.

In summary, then, we have developed a pctential function for an un-
bounded space-charge cloud in a magnetron diode after cuioff. This func-
tion interprets well the normal resonance absorption data, and the radial
electric field derived from it vanishes at the cathode. The unbounded
cloud contains in fact more total space charge than the saturated clouds
in models bounded by gy The cloud density is a function of anode voltage
(p/pc,\ and is always less than the saturatcd density, q = -5- (1+ s-z). The
potential function has a family resemblance to the potential Engbert measured

in a magnetron diode with much larger s, -
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The Distribution of Electrons in Phase Space

a. Introduction

In this chapter we extend somewhat the statistical approach of Hok [1]
to the problem of charge distribution within 2 magnetron after catoff, and
consider the density cistribution f of electrons in phase space. Cue should,
if possible, derive f as a solution of the Boltzmann transport equation (2,
page 46), but this would require one to determine the cumulative effects of
the individual interactions of electrons. Without attempting that difficult
task, we present here in brief outline scme features of these interactions

ard some conditions on the function f,

b. Individual Electronic Interactions

If two elecirons of charge ¢ in a cloud of particles approach each other
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8o cissely that cne third of their average kinetic energy changes into

i potential energy of their mutual repulsion, they are then a distance ¢

apart:
' - Z«Lz'rr (5.1)
€o

Since the electronic cross section for collirions of this type is -..'dz/ 4;
this d is a kind of electron diameter. The meun free path h between

such collisions is h= (mfdz)-l, if n is the number density of electrons
in the cloud.

Attempts at refining this crude picture of clectronic interactions
founder on the iong range of the coulomb force, which tends tc arrange
i all the charged particles in the cloud ir a sort of lattice. If a gsection
of ihis lattice is disturbed, it may interact as a whole with the electro-
magnetic field in which it lies, and this collective behavier may have a

characterisiic angular ir equency,w, .

Individual pasticles jostle about within the lattice near centers of
s minimum erergy in a somewhat random fashion. They may have a dis-
tribution n_ exp {M}é n_ [1 - _e_‘;/ﬁ] » where ¢(r) depends on the
distance r from such a lattice point. For a similar model of ions in a

weakly ionized solution, Debye [3] derived the equation for d(r):

- 2
. 2, 1 d ,.2d¢, _ _e#n, ¢
e & LA Rl b Sulie n (5.2)
4 o o )‘d

The radius )‘d that arises in (5,2) is called the Debye screening radius.

It is the geometric rmean of the free path and the electron radius derived

from (5.1): xiz %‘1 . The solution of (5.2) is:

K . _e ] -r S

: é(r) = moT exp {-x;} (5.3}
PR A weak solution of ions has no net charge and consists largely of
- . neutral particlies that act as a heat bath, Despite such differences be-
i

tween Debye's model and an electron cloud, Bohm and Pines [4] find that

- _— o e & ety — R
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Ay i8 2 convenient distance to divide the interaction range within the cloud..
Particles which come closer together than the distance )‘d’ they clzim,
interact in a random individual manner, while particles further apart than
this distance recognize only the collective moticns «f the entire lattice.

The angular frequency (, they identify with the plasma frequency,
Y wy, q

For an example, let us set e/kT = 10 volts.1 and set the cyclotron fre-
-1
quency o = 0.93 x 1010 radians per seconu. Then we have Xdz= -.65:5_10 t0
(p /p) square meters h=1,46x 10" (p /p) meters and d = 0,89 x 10" ‘meters.

Moreover, wbz-— w (p/p ), if from (4.16) we have

_L 1

-—-——-z {1+ —2-) 5
me w 8

We have seen no evidence of a plasma resonance in our absorption data, but

one might expect to find it in respcnse to an axial electric probe field,

{3.44*). It would be quite distinct irom the cyclotron type of resonance,

0ol = Wi (1= By, (4.3%),

o

c. General Conditions on the Distribution

Individual interactions may make the electrons in emission orbits
the exceptional ones in the space-charge cloud, and require a statistical
treatment. The statisiical model proposed by Hok [1] is as extreme in
this direction as the single and double stream models arc in another direc-
tion. If the cathode and anode and the ends of the magnetron diode were
reflecting walls, instead of source and sink for electrons, then the charge
cloud, ke pointe out wonld fill the space between these walls, and the
particles in it weoculd, after many cellisions, approach a thermal equili-
brium. The spacial region of lowest potential ed (since e is negative),
would be close to the anode; and it would be the region of highest density,

if f were proportional to the Boltzmann factor

Z
exp{- (—2——+ ‘) (kT) l .
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Wz develop a iess extreme form £, which may range over all elements
of a six-dimensional vhase space (X,y,z; r,6,z). Here we use X,y and z =
i\izg as in (2.2). Of course, f is larger than zero only within the cylindri-
cali interaciica regicnin the diode, rc< r<l ra, and 0 <z < h, Intha velocity
subspace (x,y,Z), some regions imply orbits which collide with a physical
boundary, and f should reflect a thin or one ¢hot population in these regions.
Another region of {x,y,z) includes emission orbits and may have a denser
population even thcugh such orbits carry a small proportion of the particles
in the space charge,

Since the leakage current and the probe signal data show for low Va a
dependence on the cathode temperature Tc’ and a dependence on Va that re-
mains after normalizing Va with respect to w, we may expect f to depend on
Tc and ca Va as well as on wc‘ The first moment of f, the charge density p,
will with é(r) satiafy Poisson's equaiion {1, 16), and the radial velocity

moment of f will give the anode current Ia:

(r) _ e [f gemo® 1P
E.é—-- ef f dx dy dz L (1 +:,_-)pc. (5.4)
G
13=2uhrcviefff§fd’£d;7dz KT (5.5)
G

The domain G of these integrals is the domain of six-space within which £
is greater than zero. W-e have noted above its snacial boundariee; wz may
assume now that f is independent of the polar angle 8. The moticn of elec-
trons along the z-axia maybe aperiodic and limited within G only by col-
lisions. We assume, except close to the diode ends in small regions which
we ignore, that f is independent of z. (For large values of 7, this may also

be untrue.)

If details of the cumulative interaciion processes were known, one
raight calculate the rate of transport of electrons {from emission orbits
through intermediate orbits to collection orbits. The over-all rate 7/T

i8 indicated in Fig. 4.3%, In general the elecivrons are knocked out of

rahs
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emission orbits at the rate required to replace tiose lost to the cloudthrough
collection orbits, since the net radial leakage current is independant of time
and of the radial coordinate, The more efficient the knocking out process,
when compared to the radial transport mechanism effective throughout the
cloud, the fewer electrons are required to complete emissibn orbits. Inother
words, the feature cf the cathode region which most affects the interaction
space, namely the barrier at the release radiuz, will be of such a height as

to limit properly the number of electrons which leave the cathode region and

follow emission orbits ocut through the interaction region.

To fix the boundaries of G in the subspace (X,y) we must know the
notential function ¥(s). We used a quadratic form for ®#{s), first in Chapter
I* of T.R. 185 to approximate the potential over the radial extent of 3 single
orbit, and more recently in Chapter IV of this report tc represent the potential
over the whole radial interval from cathcde to anode. Clearly this quadratic
form fails to represent the cathode region correctly, but the iack of multiple
resonances in probe signal data and the high values oi Qa justify using the
form in this chapter, too. These high Qa values also indicate that electironic
orbits of some stability are typical of the charge cloud. Hence, although we
know little of the interactions which add up to determine f, we assume they

are neither so strong nor so frequent as to invalidate the orbital analysis given
in Chapters I* and II*.

d. Projections of the Domain of the Distribution

To apply these gensral conditions to two specific cases we choose again
the typical points 1 and 2 on the (p,uz)-pla.ne. Figure 5-1 shows two sketches
of projections of '"safe orbits,' orbits which have both tuning points (sb,ld)
inside the diode, or in symbols. 8.2 8,>8,2> 1, The velocity coordinates
have been normalized in terms of w rather than k.Tc:

Xx=2t/r o , Y=Zré/rcw . (5.6)

On the left in each sketch the new-moon shaped curves represent extraordinary
or cyclotron orbits, and on the right appear the crdinary or magnetron drift

orbhits. We mei this distincticn in {1.9#) and the sketch at the botiom oi Fig.
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5-1 may make it clearer. The cyciotron orbits, becavse they require
high kinetic energies (Y?'> 4), are presumably rarely occupied aithough
they are as "safe" as the other type.

Figure 5-2 shows the projections nf two sets of sa‘e ordinary orbits
on the escbspace (¥,s8). The sets are based on potential functions appropriate
to the same two points on the (p,uz) -plane. The individual projections are
plotted from (1.6*) and (1. 15%):

- 2 2 2 2
-_--"."V'-u— = -E—— - -B“ A
P=%43Y¥Y+=2; u sg P +sa(pc [1-u")) Pe (5.7}
P, we recall, is the normalized canonical momentum in the circumfereatial
directicn, and sg is the miecan radius of an orhit which has turning points
(sb, sd). Eliminating P, we colve (5.7) for Y(8), an expression in which

the plus sign represents ordinary orbits:

Yis} =

2 2 2 ~1/2
(1-u”- ) + . +
e ['a u p/Pc u ng P/Pc } (5. 8)

=] 8
Actually the dashed lines in Fig. 5-2 represent ten ordinary orbits, chosen
as exampies, wiih {5, .3} from the group sy = 5,4,3,2, 8, =4,3,2,1, §b> 8gq-
The boundaries of the projection of G on (Y,g) consist of the vertical lines
s=1,8= 8, and the sloping solid curves. In each sketch, the upper curve
forms the envelope of ends s d of orbits which graze the anode, and thelower
curve forms the envelope of turning points °y of orbits which graze the
cathode.

The dot-dash line in each gketch, Yg = Y(sg), that cuts each orkit in
half, is the lccus of crbits of zero radial motion. One can define an ef-
fective potential U by reference to such orbits, orbits of minimum cnergy
among all orbits having the same mean radius sg’. This potential is plotted
in Fig. 5-3, and for comparison the potential y(s) used in Chapter lll. The
radial dependence is given for the same iypical cases, 1 and 2. Introducing
the notation (1 - uz - p/pc), = A2 0 for convenience, we have:

2
U= Ygz - 8%(s ) 4{(.8-1)u~ 1+u’ (s 1) - 1) - ufe 12
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& s -1
Y=zs -1-80s)=(s -1)[(=>-1a+1-E (£ {5.9)
g g g Bg P, sg
If { were plotted in a three-dimensional graph above the (Y,s)-plane,

this graph probably would have a ridge or maximum above thc dot-dash
line ¥ . For ii electrons are distributed in some statiatical fashion ac-
cording to their radial energies above the zero level given byU, thie dis-
tribution must tend to pile up above Yg. However, Y is also the locus
of the points sg of maximum radial motion in a given orbit, Xg = Xm.
Charges in pericdic motion spend more time near their turning points
than near the orbit center and this tends to reduce the density above Yg'
Indeed, if &n is the time-average contribution of a particle in an orhit

(sb,sd) to the number density n in the interval As, then:

2 2

.2 :
Ly , 8 (s,sg,_)r) =8 X"w {5.108)

an =3
Formulae (5.8) and {5.10) suggest that { can be expressed in terms
of sg and jr’ instead of X and Y. This cannot be carried out entirely while
the form for the unbalasced radial transport current is unkaown, but for
the residual part of the distribution we suggest the following semi-
Boltzmann form:

exp {-b(s

8
4 N e*

d x

Here go(sg) is partly a normalization factor. In the Boltzmannexponential,

M3 +i,)
gt i dj_ds_dj ds* (5.11)
r g 'z

g,!

2
- (s* .1gg)

b(sg) represents a reciprocal temperature or characteristic energy and
dependsg no doubt on Tc and Va. In the same exponential term, jr =

wxnf e (1.23#) is the radial action and j, is & rencrmalization of (é-)z.
The square root in the denominaior represents 1/2. The variable s#* in it

is to be integrated over the orbit interval between the limits:

[ TR L
Sb,sd = sgL 1+ Zﬂﬁg + {“sg 5 {5.12)

Egquations (4. 16) and (5.11) provide a hypothesis which can be tested

further in several ways. For instance, one might repeat the temperature
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measurements (Linder and Wigdortschik) and electrosiatic probe experi-

oo

ments (Engbert) mentiored in Chapter IV, and even Wasserman's {5] study
of the magnetic field of the charge cloud, with refinements suggested by
this analysis. The interference of the TEM probe signal with the trans-
port process and the observed reduction in anode current at absorption
resonance requires further study. Finally recent work in France on the
space -charge amplification of noise in a linear magnetron (''2iocotron")

bears directly on the distribution of space charge after cutoff[ 6,7].
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