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I  INTRODUCTION

Evaluation of the performance of an amtemna is generally :ade by
determinaticn o€ three main quantities; these are the antenna gain, the
antenna far-zone field or radiation pattern, and the antenna impedance.
In a given evaluation, the relative significance of these quantities will
largely depend upon the specific requirements of the transmission system
in whi¢h the antenna is to be used. The first quantity, namely the gain,
is nearly always of considerable Importance. '

The gain of an antenna is defined as the ratio of the m !
power flux density due to the antenna to the power flux dern to

an isotropic source-radiating equal powér. This definition iy _.es that
an antenna intrinsically possesses direcvive properties, or directivity,
and implies thzat the gain is a measure of this dirvectivity. The practical
importance of determining the gain of s given antenna lies in the fact
-that the etf'fectiveness of the antenna in concentrating electromagnetic
energy in a favored direction will then be kncm.

Accurate analytical determinations of antenna gain are usually im-
practical, if not impossible, excepting those for the relatively few
simple-type antemnas for which the mathematical relation Letween antenna
apertiure distritvition, far-zcne field, and gain is not overly campiicated
to determine and suvlve. Fortunately, several experimental methods of
determining the gain have been devised, the most important methods being
the two antenna method, the mirror method, and the comparison me\thod.l’ 23, 3

4 Two identical antennas are used in the first of the above experi-
mental methods; the ratio of the power transmitted by either antenna to
that received by its counterpart is measured. In the mirror method, the
ratio of the power transmitted by the antenna uﬁder test to the pawer
received by that antenna as a ccnsequence of direct reflection fram a
planar metallic sheet or electromagnetic mirror is measured. In the com-
parison method, &s its name may imply, a comparison is made of power
radiated or received by the antemma under test with that radiated or
received by a second antenna of known gain. The gain of the test antenna
is eaglly arrived at from such a compmrison; in fact, the comparison

method is almost always the simplest and the most convenient of the three



methods considered. The anxiliary antennas employed in comparison measure—
ments are appropriately calied standard gain antennas, or simply, standard
anternas. Needless to say, these antennas are very usef:” and valuable.

The accuracy of a comparison measurement obviously depends to a large
extzut on the accuracy of the known value of gain of the standard antenna.
Therefore, it is of paramount importance that a developmental standard
antenna be calibrated as accurately as poussible. This calibration is
necessarily accomplished employing the relatively cumbersone two antenna
or mirror methods.

The research descrived in the thesis to follow is concerned with
the development of cormer reflector antennas os standard gain antennas.

In the first section; considerations related tv stamdard antennas are dis-
cussed and arguments justifying the selection of corner reflector antennas
for Investigation are given. In succeeding sections, a canprehensive
theoretical analysis on the performance of corner reflector antennas is
presented and calculated performance, is compared wi.th measured performance.
Included are the calerlated and measured performances of two corner reflec-
tor antennzs proposed as gain standards,.

The two-fold objective of this research is to investigate analyiically
and experimentally the performance of corner refliector antennas and to dis-
cover and calibrate corner reflector antenna prototypes suitable for usage
as standard gain antennas particularly for 800 to 1600 megacycles.

—




II CONSIDERATIONS ON STANDARD GATN ANTENNAS

Very often, the msin factor which determines the value ¢f a stancdard
gair. antenna is the width of the frequency band for which its gain is
acomrztsly calibraicd. This statement may be appreciated since the utility
of a standard antenna calibrated over a narrow freguency band will be
limited unless several specialized antennas intended for a single frequency,
or for a narrow band of frequencies, are to be investigated extensively.

It follows that an antenna possessing a favorable gain vs frequency
characteristic jis to be desired for development as a gain standard. The
gain vs frequency characteristic described below is considered favorable:

{1) A constancy in gain for an appreciable frequency band;
or for the calibration band of the (proposed) gain
standard.

(2) An average value of gain the same order of magritude as the
(estimated) average of the gains of a wide selection of
antennas already used or likely to he used at frequencies
1n the calibration band.

Explanaticn of the importance of (1) and (2) is given in the suc-
ceeding paragraph.

An important aspect of the comparison method is that quitc often
it is difficult to make accurate gain comparisons if the gains of the
standard antenna ard the test antenna are separated by more than abcut
10 db.* Now the standard antenna will likely be used at all frequency
regilons in its caliVration band. Therefore, t:: chance of encountering
cases wherein the above menticned (or the actual) limiting decibel separz-
tion in gain is reached will obviously be smaller, the closer the performance
of the standard antenna resembles that of (1) and (2).

Another factor deserving consideration is the impedance of the antenna.
This factor is important because the antenna must be matched to its trans-
mission line during calibration and also during future use as a gain standard.
Low-loss, broad-tand impedance matching transformers capable of matchin
appreciable voltage standing wave ratios are fairly common; therefore, the

broad-band impedance is not as important to this discussion as broad-band
gain.

#It 1s notewarthy to mention that this limitation is placed solely by the
limitations orn sensitivity and/or linearity and/or noise figure of power
measuring equirment in common use.,

OF [



It can be argued that for development as a gain standard it is
advantageous to select an antenna wose gain is calrculable to a good first-
approximation. Gain as a function of frequency will depend on ons &3 more
antenna parameters: antenna lengths, flare angles, focal lengths, aper-
ture gecmetries, etc., are examples. Attairment of the mest favorable
broad-band gain chars~teristic is of course coincident with the discovery
of the optimum combination of settings of the antenna parameters. This
discovery is likely to require congiderably less combined effort if the
gain is accurately calculatle, singe experimental gain calibrations
need be made only for a small ranze of parameter settings about those
calculated to be optimum.

One simple-type antenna for whish accurate caiculation of gain is
possible is the dihedral corner reflector. This is one reason corner
feflector antennas were selected for the research to be described. But
more significant; according to Kraus®, dipole-fed corner reflector an-
tennas have accepteble broad-band gain and impedance characteristics for
a mumber of combinations of settings of cormer angle and corner to dipole
spacing. In addition, important practical advantages favoring corner re-
flector antennas are their sizplicity of construction and consequently,
their relatively low cost.

Tpews= T
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III THEORETICAL ANALYSIS OF CCRNER REFLECTOR

ANTTNNA PERFCORMANCE

3.1 Determination of the Far—Zone Fields

Previous analyses on the far-zone fields of cormer retflactor antennas
have bsen repetitious in that a separate calculation is made for each corner
angle congidered. These calculations are rather lengthy if the corner angle
is smalier than 90°°* The purpose of the analysis which follows is to de-
rive the general solution for the far-zone field of a corner reflectlor
antenna, that is, the sclution valid for all corner angles.

It is assumed, as in previous analyses, that the antenna sitructure
congists of two infinite intersecting sheets of infinitely ccnductive
metal, Of course; this assumption is equivalent to neglecting olmic losses
and edge effects or diffraction about the ends of the reflector of a practical
(finite) corner reflector. Im addition, the cormer angle (a) is restricted
to the infinite set of values a = -2%- s> m being any even integer. This
réstriction = which also is present in previous analyses -- is made so that l
the well known theory of i.mages6 may be ewployed. 1

The figures on the folluwing page illustrate tle co-ordinate systems
that are used and the locations of the ceoraer reflector, feed antenna, and
images of the feed antemma. The unit vectors, image-mumbering system, and
various constants used in the analysis 2re zlso illustrated.

The total field at a disiant peint P(R8.¢), or P(x.,v;2) is the vector
resultant of the fields due to the feed antenna and its variocus images. Of
coui'se, phase differences in the excitation of the images "and phase differ-
ences arising from the space variance in ithe distances from the images to
the field point must be taken into account in this vectc: summation. In this
recard, Fig. 2 illustrates that the excitation of the feed antenna — to be
denoted as "image" No. 1 — and images 5, 9, 13; 17, etc., is positive while
that of imges 3, 7, 11, 15, etc., is negative. The phase of the excitation
of the even-numbered images is considered to be arbitrary (positive or nega-
tive) at the beginning of the analysiss the correct phase will be chosen at
&’ convenient Interval,

From the above discussion, it follows that the fieids due to pairs of
diametrically cpposite images ares

#For an example, see refsrence No. 5 of the 2ibliography.

= Ba



FIG. 1 CORNER REFLECTOR ANTENNA AnD COORDINATE STYSTEmMS

FIG. 2 IMAGE NUMBERING SYSTEM AND UNIT VECTORS USED IN
THE YOLLOWING AMNALYSIS
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Em—l*Em"(l’ Eo(e T.1"r e 7"1 r)
Wwheres

(1). B, = Field at P(R,0,f), of the feed anteana radiating in free
space when excited with the current distribution it possesses
in the presence of the corner reflector;

(2). B, + E, = Fields at P(R,0,9) ‘due to images 1 and 2

ﬁ3 + Eh = Fields at P(R,8,f) due toc images 3 and ), ete.,

*-Em = Fields at P(R,0,f) due to image m~l and image m;

~
w
L —
L]
5%
n

Unit vector in the direction of the field point

[
"

Unit vector in the direction of image 1

Unit vector in the direction of image 2

@]
H

31 = Unit vector in the direction of image 3
;;1 = Unit vector in the direction of image ), etc.,

i = Unit vector in the direction of image m-1

-1 = Unit vector in the direction of image m;

p e
§
[

(L).'K = 2ﬁ/k, A = the wavelength.

éumming the fields of the m images gives the resultant fieldii, as follows:

En(_E-L-OEZ)#(—E_-B#EL)#ooo"(E‘mwl*fm)g or

e ————————




%_1 " b =5 i ry
- Z (_.l)n ﬁo(e']ks ln.lr » e-—;-ks J.n,lr) (1)

Now, it is seen from Fig, 2, that iy =i_, i,=cos

by

8

b
. 2% = bt In = In <
+ o b = = in = 3j
sn.n.zn iy’ iy = cos F i +sin i, etc., and
= 2mn ¢ 2mn T
i mcos &= 1 & Ll
n o ix * sin o iy

Substituting these unit vectors in equation (1) yields

_ 2 _
E= > E)E Eq { eXp. [ jks(cos -2-133 i, + sin &= 21rn _iy) ‘ Er]

s X
B - 21n =% 5 2 e ) 1
+ €xp. [ jks(cos G i +sin=—1 ) -1 J

But 1_.i =sinecos¢and1yi =sin®sin g ,

b o
so that
2.,

¥ = S ) E, { exp. ,rjks sin ©(cos 2% cos @ & sin &— 2nn sin ¢]
t

i+

exp.[ ~jks sin &(cos 2—“— coz 8 » sin 2;n sin ¢] }

'é— (-1)™ EO {exp [Jks sin @ cos (9n'n ¢)]

+ exp, [;;jks sin 6 cos (2—112—¢)] }

)
n

Now, Figs. 3 and |, on page 7A illustrate the following: corner reflec-
tors having corner angles such that m = ), 8, 12, 16, etc., have diametrically
opposite images excited in phase. and consequently, ihie positive sign must be
chosen for the second term in the above summation; whereas, corner reflectars
baving corner angles such that m = 2, 6, 10, 1L, etc., have diametrically cp-
posite images excited 180° ocut of phase so that the negative sign must be
chosen. The final results, therefore, are given by equations (2) and {3) be-

low:

35 :
E - 2F, S (<1)® cos {[ks sin 9] [cos (2—;:12 ¢)]} (2)

-zt




FIG. 3

DIAMETRICALLY OPPOSITE IMAGES EXCITED IN PHASE
(m=4,8,12,16 etc.)

m = ©6 =10

4
)

FIG. 4 DIAMETRICALLY OPPOSITE IMAGES EXCITED 180° OUT OF PHASE

{(m=2,6,10,etc.)

TA
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where: m =}, 8, %2, 16 .... fur comer angles of 90, 15, 30, 22= ...
. 2

2.1
= I8 n e a 2n
E = 2JK, (-1y -sln{{ks sin 0][005 -%-ﬁ)]} (2)
S50 L J
wherer m = 2, 6, 10, 1i; ... for corner angles of 180°, 60°, 36°, 25.,71)°. ...
It is apparent. that equaticns (2) and (3) give the far-zone fields of

all corner reflector antennas having corner angles for which image theory is
applicable,



3.2 Equations for the Gain and Radiation Resistance

of Corner Reflector Antennas

The gairn of any antenna may be defined by the eguation
5 “'s(g,;é)sin o df do
A

(L)

where: G = The an’enna gain in the direction of G, g,
A = Surface of a distant sphere of radius R
8(0,4) = Magnitude of the component normal to A
of the time-averaged Poynting vactor
P = Total power radiated = R fA f S(9,f) sin & 3¢ do

For the corner reflector antennas, it is convenient to introduce the
radiaticn resistancs in the calculation of antemna gain., Radiation resistance
@ill be defined by equation {5), belows

2P 2R ( 1 | -
R_F = 5 — Iz . j S(O,‘f:’ sin © dﬁ, as (5)

‘o

In this equation, Iy is the amplitude of the current i a convenient location
on the feed anterma, or in the transmission line, and R is the radiation re-
sistancs referred to the particular IO sslected,

Bacause a field ~- and therefore, the FPoynting vector S(6,f) — is non-
existent in ail of space behind the metal sheets of the (infinite)corner re-
flector, the phi limits of jntegration oi' the preceding integral may be re-
duced to the values - a/2, a/2, so that

(%72

f [ 5(6,f) sin 0 af a2 (6)
40 —‘(1/2

Now, S(o,g)s SR L BE ‘E?Ln where H is the magnetic field ard 7is

the intrinsic impedance. In free space 7 = 120r, and therefore,

El2 l— 42
s(o,g) = 5 = £ (s,0,¢) where £(s,0,8) denotes the summation

in either equation (1) or equation (2), as the case requires. By substituting

=9 =



thi- value of 5(8,0) into equation (6} there is obtained

a/e
R ._ie__. Eﬁ |2 sine] £2(s,0,%) 4f ae (7)
T 30812 6 lay2t 0 ‘

The above integral will be transfommed through use of the existing
symmetry relations. Consider the case of a 50° corner reflector. Lobe
No. 1 in Fig. S on the following page is radiated by the 90° corner re-
flector antema. On the other hand; all four of the lobes shown in the
figure are radiated by an array of four sources located in free space and
excited and spaced in the same manner as the feed antenna and its images.
Therefore; the power radiated by the 900 corner reflector antemna is cne-
fourth of that radiated by the array. Moreover, pecause of the symmetry,
the power radiated in the upper space domain, 0 < 8 < n/2, is equal to
that radiated in the lower space domain, /2 < © < and identicuzl amounts
of power are radiated in each of the domains 0 < f< w/k and 0> & > - /L.
It follaws that the theta limits of integration of the preceding integral
may be changed to O, w/2, and the phi limits to O, 2w if the integral is
multiplied by {(2}{2/L) - 1/2.

For convenience, the symmetry relations were presented for a= 90°,
Obviously similar relations exist for all « and as a consegv~—ce, the
limits of integration may te changed to the values given above provided
that a multiplication factor of 2/m is used. The radiation resistance is
therefore given by the equation

R2 mn/e 2% 5 ﬁ 9 ¢ d'd .
= st B si £°(s;0,8) ae (8)
Br 15mmI, ]o L { ol ? } °

The integral in equation (8), hereafter, will be referred to as ®ihe
radiation resistance integral®.

From equations (L) and (5) it follows that the antemna gain is deter-
mined from the radiation resistance by using the equation

B R : 2 w2
6., 5, = . s(eo,i!f(,)“r l;2:| [R | %o iz(s,oo,féoj] o)

2 -
< R, i5Ry Ii

0 s
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3.3 Soluctions of the Radiation Resistance Integral

As will be demonstrated shoxrtly, integration with respect to phi
of the radiation resistance integral requires the solutions of the integrals

sin 6

n/2 [ ]2
2| cos(b cos @) - cos b dae
I L (b c c , T ,,f cosle ccs(¢=0)] ag ,
o

T -fm{sin[p cos(¢-b)]1 rsin[p cos(¢-a)] } ag, and
37, J

Ih = r {cos[p cos(¢-b}] } {cosl\-p cos(¢-a)] } ag, where

a, », ¢, z, and p are constants. Rigorous derivaticns of the solutions of
these integrals are found in Appendix A, The solutions are included below
in order to facilitate their reference in the analyses which follow.

I‘l

{ [7 +1n 2b +Ci(2b)] +%sin 2b[Si (Lb) - Si (2b)]

L 4

%:ost [7 olnboci(hb)-2¢i(2’b)]}

en Jy (8)

g
"

Ser fu{zem ()] - ofee o (2)])
wer e ()]« wlee o ()]

In these solutions ¥ = Buler's Constant, Ci = the cosire integral, Si

= the sine integral, Jo = the zero order Bessel function of the first kind,
The radiation resistance of corner reflector antennas for several

valnees of corner angle is to be derdived, The first case considered is



. G . (o]
3.34 —Radiation Resistance of 90 Corner Reflector intennas

)

ibstituting in the radiation resistance integral the summation in

equation 2, page 7, gives

m/e 2m, i Y2
R, = go%—z— L L {|Eo§2 sin GHZ (-1)"* cos[ks sin © cos(% -—¢)]} dg de

(0]
2 o
.R‘r _ j@—}:?o' Z/2C"{ =E0| sin 6} {cos {G cos ¢]

.2 cos [9 cos ¢] cos [9 cos(%-;ﬂ)] 5 ot [@ cos (_r_ré - ¢)]} dgde

where: ® = ks sin ©

A

Using cos® B = 715 +_'£- cos 2B, the last integrai becomes

R2 nfz em(_

Rr=?-‘—‘0"—£; o] lllE

((2cos[ ® cos §] cos[@ cos(;- - ¢)]>) } ag de

sin G}{l +(%- cc{ 2@ cos ¢] + %— cos[2@ cos(% - ¢)] )-

Now, corner reflector antennas having feed antennas excited uniformly with
azimuth are of chief interest in this study; the free-space fields (EG) of
these fe=d antennas are not functions of phi. Consequently, for these cases,
the integral above can be integrated with respect to phi by using the so-
Jutions of integrals 12 and Ih given on page il. There is obtained

2 n/2 n/e

R, = ZgﬂR—Ig 2n£ lﬁd sin 0 de;L |Ed sin 6[(211 J0[2©]) _

(( EEANE o]))] dej

P Sapunct




Vi
f

Or
p,f’/

-~
<

r-—2 Y /7
R - E | sin © Li~1 + J.(2ks sin 9)
T 30131 1'0 0

: J |
~2J, (/2 ks sin @ ) } de (10)

This research is mainly concerned with corner reflectors illuminated
by a center-fed linear dipole, (Other types of feed antennas will be con-
sidered in the next chapter.) The exciting current distribution on the
dipole feed antenna is assumed simsoidal, so that its far-zone field is

given by7
[ Io cos'k /2 cos @) - cos k§? ]EO (11)

sin ©

wheres Io = peak value or amplitude of the current at an antinode, and

4 = dipole length,
By substituting equation {11) in equation (10) and then using integral
I,, page 11, there is obtained for the radiation resistance of the 90° cor—

i = =0 teraig widh Mmalo
ner reflector aunlsiwa with & y;l& foeqd

sin ©

R 2
R, ~ 50 11+1zo[ 1L'°s(42.°°5 0)] [ Jo(2ks sin 8) - 2J,(,/2ks sme)Jd

o
0n pasa 49 of Anpendix A it is explained that the quantity 601, is the
(free-space) radiaticn resistance, Rp,, of a center-fed dipole referred to
an antinodal value of current, so that, réferred to this current on the
dipole feed antenna

n/2

[ _/k ’t/,, e O) ki, 12 E
R”z Ri’ + 120J WudSy  ja SCS 8)e cos ‘/2] [ JO(st sin 9) -ZJO( 2ks sin 0)
Y o N

)
(12)

= Wpes



3.3B Radiation Resistance of 600 Corner Reflector Antennas

Substituting in the radiation resistance integral the summation in
equation (3), expanding and squaring, and using the identity
ein B = 1/2 - 1/2 cos 2B glve

R, = .-;oi—ig ]:/2]217{{| 5| sin 9}}{{3/2 -"1/2 {cos[z ® cos ¢

> cos[26 cos (F— w/B)J 4 cos{ 2 0 cos (f ~ 21r/3)]}

+2(sm [0 cos 55] sin {0 cos (f - 21r/3)]- s1n{0 cos 95] sm[@ cos(@ - %/ 3)]
& sinIQ cos (# - ﬂ/B)] sin [O cos(ff - 2a/3)]}} ag de

Using integrals I2 and 13, one obtaine

R_ = 93?15 [:/Q{{IEOI 2 gin e}} {{2«:}} {{3/2 +<[JO (_J? ) - JQ(Q)]

5 [Jo(e) - 33 e)] -[Jo(o) -3, /3 e])-.s/z{ao (2 e)}}} ae

B stn e] [1 +{2 [3,(/7 0)- 4, _(e)] - 3,2 o)}] o (13)

Afte r substituting equation 11, page 13, for E‘O and then using
3
60 Il = Rr there is cbtained for the 60° corner reflector antenna with
c
- dipole feed

a 5y
A = h + 120 J fcos(k£/2cos e)-cos kf(/2] }{2[Jo(ﬁks sin @)

i sine.

1
- J, (ks sin e)J -3, ‘(2ks sin 6) } d& © (L)

J




3.3C Radiation Resistance of L5° Corner Reflector Antennas

Upon. substitution in the radiation resistance integral the sumation in
sguation (2), page 7; expanding and squaring, and using the identity
cos B = 1/2 4 1/2 cos 2B, the following expression is obtained for the radiation

o
resistance of 45 corner reflector artennas

R = _R__2 T PMEL 2 sin 9}] {fe +1/2 (cos[2 @ cos ¢]* cos [2 ® C°S(¢‘"/2)]

+cos (2@ _cos(¢ « w/L)] + cos [20 cos(d - éﬁ-)])
'2 {cos [0 cos ¢] co_s[O cos(¢ - ﬂ7/2)]— cos [O cos ¢]cos[® cos(f - %)]

+

cos [@ cos(f - ﬁ)] cos [@ cos(g ~ ~3—Tlf‘-gl-f:r)s{j@ cos{d — g—)] co:s[@ cosi{f - i }

4+

- cos[_@ cos(@ - %)} cos [ ® cos (4 - %)] |
QOS[ @ cos fﬂ cos[ ® cos(f - %1)]}}} ag de

Through use of inlegrals 12 and Ih’ one cobtains
B ‘Rz - {{\Ed 2 sin 8}} {{hﬂ m-({ihﬂ JO('Z 6))‘4 Zﬂ([JO (20 sin E-)
f T Gori? [ { .
+3,(2 8 cos 1 ):] " [Jo (2 0 sin §) +.JO(2 @ cos %)]
s+ [J, 2@ sinp) + 3, (2 @ cos )] -~ [J,(2 @ sin 2+ 9,2 0 cos §)]
- Py(2 @ sin %) + Iy (20 cos 7)) -'[JO (2 © sin g—") +Jy (28 cos %L)]}}d ®

2 TR
= —B— UE ? sin e] [hﬂ+hﬂJ(2 0)
r 120v1g L0 - 0

f
+ 8« {JO (/2'0) - JO(2 ® sin lé.) - J5 (2 @ cos %)}] d e

-J
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T

Or
n/2
R - —z-i-g L [|EO|2 sin e] [1 + {'.ro(ze) +2 [J,(JZ 8) - 3,(0.765L46)
- J, (1.8478 e)]} ]de (15)

Procecding as was done previously on page 15, there is obtained for the
dipcle-fed L45° corner reflector antemna

/2

Rr = RI + 120 L {&:os (k2/2 cos ©) — cos k{['z]z} {JO('st sin®)
o sin O

#2 [Jo (V2 ks sin 8) Jd ©.7654 ks sin 8) - 9 (1.8478 ks sin G):]} s (16)
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3.3D Radiation Resistance of Other Corner Reflector Antennas

The radiation resistance of corner raeflector antennas for which m - 10
1L, 16, 18 . . . may be obtained in precisely the same fashion as used above
for the cases m = L, 6, and 8. Substituting in the radiation resistance in-
tegral the summation in eitlier equation 2 or equation 3, and expanding and

squaring will introduce in the integrand only terms of the form given belows

A_z - zg:; {[ks sin O][cos (E%E" ¢)]}

B: = gzi { [ ks sin G‘]' [cos (2% = ¢):i}x ggi{[ks sin 9] [cos (g;nﬂ - ¢]}

Using cosvf2 B=1/2 4 1/2 cos 2 B for the terms given in Aa, and sin2 B =

1/2 - 1/2 cos 2 B for the terms given in Ab, will yield

Ai-l/z:l/Z oS {i 2 ks sin G] [cos (2—;;2-}5)]}

—

These parts of the integrand may be integrated by using integral 12. The
terms of the form given in Ba and Bb, above may be integrated by using i
tegrals Ih and 1’.3 , respectively. Consequentl,, the radiatiom resistance
integral may be integrated (with respect to phi, #) for every value of m,
and therefore, for every corner angie a, It is to be noted that the above
discussion is valid for corner reflectors illuminated by any type of feed
antenna excited uniformly with phi. In the next chapter more will be said

regarding the latter subject.
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3.l Numerical Evaluvation of Radiation Resistance and Antenna Gain

Equations 12, 11, and 16, pages 13, gL, and 16, were shown to equal the
radiation resistances of 90°, 600, and 45° corner reflector antennas fed by
linear dipoles. Considerable effort was spent in trying to integrate analyti-
cally the integrals contained in those equations but all aitempts proved
unsuccessful. It was therefore necessary to employ 2 numerical method of in-
tegration.

From the equations referred to, it ie seen that the radiation resistance
for each of the cases a = 90°, 60°, and 45°, orm = L, 6, and 8, may con-
veniently be represented by Rr- 25 given in the equation

Rr = Rro + 120 Im = Rro + R.l (17)

where I = the integral in equation 12, 1L, or 16. Values of R_ were obtained

from values of Rr and Im determined as follows:
o

Simpson's rule was employed for numerical integrations of Im;
required values of the first order Bessel function were obtained from
reference No. 8 of the Bibliography. And Rro was computed from the
solution of integral I, (See page 10 or page LY of Appendix A) using val-
ues of the sine integral, the cosine integral, and the natural logarithm

given in reference No. 9.
c O ...
Antenna gains in the direction 8 = 96 , § = 0° (the forward direction)
were determined using the equation

a(96°, 0°) - %59 [1 - cos k»f./z]2 £2 (s, 90°, 0°)

r

which is equation 9 of page 10 with EO set equal to the free space field of

the dipole feed anterna of lengthd.

The quantities R and G(90°, 0°) were calculated as functions of fre-
quency in the iwo to cne frequency band 0.8 £, < £ <1.6 f, for corner to
dipole spacings (s) of J\d/h, 3.0/2, 3).0/h, and A , where the significance
of }.0 angd i‘o is as defined by the identity Ay 24+ These calculations
were made for frequency ordinates of 0.8 fgs 05 £y 1.0 £5 . . . 1.6 £y5 SO
that nine values of the functions R, and G(90°, 0°) were obtained for each
setting of gand s considered.

- 18 -
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The results, including the dipole raaiation resistance Rp. oy are plotted
ir Figs. 6 - 9, inclusive. It is seen that the 800 to 1400 mc band is used
for the curves; this frequency band was chosen so as to conform with frequen-
cies of interest in the experimental messurements remaining to b2 described.
(But the length of the dipole feed can be modeled to suit any Ay so that the
curves are valid for every frequency band 0.8 fo<_ £{1.6 fo.)

Examination of the curves shows that very favorable gain characteristics,
constancy of gain for two to one frequency band, are predicted for the corner
reflector antennas defined by a = 90°, s = A/l a = 90°, s = A/2;5 a = 60°,
s = Ag/2; and a = 15°, 5 = Aop/2. Thecretical basis for selscting any of these
antennas for development as a gain standard is clearly established,
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3,5 Accuracy of the Calculations

Radiaticn resistances and antenna gains were computed for 108 individual
cases. Several precautions were taken in order to ensure accuracy. Vaiues of
sine integral, cosine integral, legarithmic. :nd trigonometric functions
accurate to four decimal places, and values of the zero order Bessel function
accurate to at least three decimal places were used. Multiplication and
division were made using a Fx:.dem model ST automatic calculator.

Preliminary tests of the ccnvergence of the rnumerical integrations of
I_ were made and will now be explained. Sub-intervals of 9°, 7 1/2°, ‘and
5° were used in Simpson's rule and answers to Im were computed i:or five of
the 108 cases. In fonr of these five test-computations; the answers obtained

using 7 1/2° sub-intermls were different in the third decimal place from thosc

" e O e 5 .
obtained using 9~ sub-iiitervals, rovement in the third decimal place was noted
g

for the rewaining case when the results of the third set of cumputations -—
tlhiose obtained using 50 sub~intervals — were compared with the results of
the second set. Therefore. it may be conciuded that all of the five ans~
wers of the third set of computations were determined accurate to at least
three decimal places,

A small percentage increase in accuracy to be obtaiped if a sub-interval
smalier than So were used in the many integrations to follow was nc;t believed
worth the considerzbly larger percentage increase in time t.,hat would be spent
operating the calculator. Consequentyy'ft was decided to use 5° sub-
intervals for the (103) integrations remaining. ;

It should be pointed out that in some values of radiation resistance
errors of abat one-half ohm are believed possivle., The dipole radiation
resistance, ch9 definitely was calculated accurate to at least three
deciml places. But the favorable conclusion from the five sample inte-
grations cf the ahove described convergence tests does not prove conclusively
that no error in the third decimal place of the other 103 integratious was
ootained. TFor any one of these integrations of I_ it is believed that
.00l ohm (AIm) is a safe estimate of maximum erro;; therefore,

Agr - (pro + 120 xm)‘<12m i ~ 0.5 ohn.

— e — -




Now, in cases where R, is less than ten ohms an error of one-half is greaier
than five percent.

than ten otms. In fact, 78 perceat are larger then 25 ohms, and the error
in these values is probably less than twe percent, Of course, the error in

corresponding values of gain is also less than twe percent, or 0,09 db.

But fortunately, a big majorily o:i the values are larger

The writer's research supervisor agreed that recomputing the low radia-
tion resistances (using a smaller sub-interval in Simpson's rule and/or more
significant figures) was not merited inasmuch as these values of radiation
resiutance are not of practical importance: antemnaz having low radiation
resistances are very seldom used because loss resistance may be of the same
order of magnitude as radiation resistance.

Kraus computed the radiation resistance of dipole~fed corner veilector

antennas using a method* entirely different, from the Poynting vector method

used herein, Xraus considered only the case wherein the Je ngth of the dipole

is exactly a half wavelength,
in this report (for the one case A =A_, f = f; = 1000 mc.) and those com-
The latter values are designated by
PT' and were read accurate to approximately one=half ohm frem the curves in

~eference 10 a,

09
puted by Kraus is as shom in Table I,

TABLE I
8 i Ry!
) (Ofms (Chms }
90° 0.25 A 2703 27
0.5 A 127 126
60° 0025 A 2.83 I
0,5 A 71i.Y 72

Tt is seen that, percentagewise, the check between the results is very
8 = 0,25 i&. This
circumstance led the writer to calculate the radiation i1ssistance for the

o]

A value of 2,739 ohme

_s s as . . ~ o
good wiitn the exception of those for the case a = 60"

case in question by the method used Ly Kraus,

#To be considercd on page 23

- 2] =

A check between the values given on the curves




was obtained, Accordingly, it is surmised that eithzr Kraus made an error
in celcuwlating his answer, or else the curve from which the answer was
taken iz printed in error in the immediate region of R' = L ohms.

r
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IV, THE POYNTING VECTOR METHCD VS, THE CIRCUIT METHOD

Analytical investigations on cormer reflector antennas predating the
investigation mede herein use a method which might bz called the "ecircuit
method®', Briefly, “he dipole feed antenna and its images are considered
&s a system of mutwally coupled circuits and the radiation resistance of
the corner refleétor antemna (or of an antennz -array) is obtained there-
from using ordinary circuit theory.l" 10a, 11, 13 This circuit method e-
quires calculation of the ¥ self resistance” of the dipole and the mutual
resistances between the dipole and its images. (See Appendix B,) Since
the Poynting "ector method was used in this report, scme explanation may
be in order.

let it first be said that the writer personally prefers the Poynting
vector method for analysis of all types of antennas. A second reason for
selecting the Poynting vector method is that the study described herein
was mesant tc be an original research, so that using the new approach to
the corner reflector problem was justified on that basis alone., Certain
real advantages favoring the Poynting vector method over the circuit method
became evident at various intevals during this research and these advantages
should be pointed out. )

At the beginning, calculations were made using the circuit method.

The expressions giving the self resistance and mutual resistance Are very
lengthy, and the& were found exceedingly cumbersome to work with unless the
length of the dipole feed antemna is exactly an odd mumber of half wave-
1engths.* Thls circumstance caused the writer to explore the possibilitles
of the Poynting vector method, and the double irtegrals which were determin-
ed could be integrated analytically only once, Nevertheless, it was found
that in one computation of radiation resistance by each method — with 4 o& X,/2 -~
a moderate, yet appreciable, saving of time was gained by the new method. A
moderate rav.ng of time in one computation multiplied by the large mumber of
computations to be made amcunted to a large saviug in the total time spent
operating the ealculating machine, (This advantage removed any doubts as
to which method of calculation would be used.)

Another advantage that was gained and is believed of importance will

¥Tne above statement will be appreciated by noting the length, and the
camplexity, of Emation B.l, of Appendix B, This squation mul*iplied
by 120 equals the sum of the mutual resistances for ths case « - 900:
this sum must be added tc Rp, to obtain Ry. Corresponding equations
for A = 600 and a = [50 are about 1-1/2 and 2 times as long as Equa-
tion B.L.

“ 33 =
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now be explained. It is clear that equations (10), (13), and (15) of
chapter III give the radiation resistanzes of all 90°, 60°, and 45° corner
rellector antennas sc long as EO’ the tield of the feed anteana, is a funetion
only of theta. Such a field will obviously be radiated by any scurce excited
unifermly with azimuth angle, #.

Now, of course, the integrals in the above equations3 can be solved numer-
ically for any EO (8) in the same manner as was used for the case
Eo(e) = Eo(e)d, the sutscript d denoting 2 c¢ipole. In regard to these
future calculations, it is estimated that at lcast nalf ¢f ihe mumerical
data that would be required has already been computed, as will now be ex-
plained. It is seen that each of the equations (10), (13), and (1>) may be
written as follows:

R, -'.53‘.2-53 ?:z[lﬁc (0) |2 sin e} [1 + U (e)] de (18)

where Um(e) is in no way dependent cn the iype of feed anterma. For the
case of the dipole feed, equation (18) was transformed to the form

: > /2 . 2 /2
§. el |E.(3)  1°sinode +-E— | [B.(0) J2sinou(e)dae (19)
r 3 ? 0"/ al 30 2 |o a m'
I Jo 0 Jo
R =R. +1201I
T Yo ™
Now, Um((',)e), U (s°), v (0. ... Um(9f.‘.°§j the expressicns containing

the Bessel functions, were necessarily evaluated in order to determine the
108 answers of I . From this fact and from (18), it should be clear that
the second statement of this paragraph, and the advantage implied, have been
verified. Two possible corner-reflector feed antennas for which this advan-
tage ie applicable are 2 spheric2l dipole and a biconical horn; these feeds
can be excited uniformly in azimuth, which is here required.

~2) -



In computing the radiaticn resistance of the dipole-fed cormer reflec-
tor, equation (13) was changed to equation (19) because the self resistancs
had already been calculated, as a function of frequency, when the circuit
method was tried. Consequently, the simple expediency of multiplying values
of self resistanze by 2 sin® E4/2 to obiain’ the dipole radiation re-
sistance, Rrys Was in evidence. Not only was the future numerical work
shortened, but alsn, it was thereby possible te supplement this report with
the curve of the function Bp,e 1In other calculations, it will be more ex—
pedient tc solve numerically the entire integral of eguation {i8} in which
case the radiation resistance of the feed antenna evidently will not be de-
termined,

It should be emphasized that no advantage comparabie to the one describ-
ed would have been gained had the circuit method been used. At present,
analytical expressions for self and mutual resistances have been derived only
for the linear dipole antenna, To derive corresponding expressions for cther
types of feed antennas first r1equires the derivation of their near-gone fields.
(In fact, the field just cubside the surface of the feed antenna due to its
own current is required to compute self resistance and the field at the same
place due to the current in an image antenna .is required teo compute mutual

vesistance .lOb’ J‘1) Now,

the near-zone fields are considerably more diffi-
cult to determine than the far-zone fields required in the Poynting vector -
method., Even if the expressions for self anci\ mutual resisbance are deriva-
ble, it is unlikely that they would be very similar to those for the linear
dipole, Thevefore, calculations of corner reflactor radiation resistance
and anternna gain 'Y similtaneously valid? for saverai differentiy illuminated
corner reflectors; most likely, are not possible from the circuit method of

analysis,

#As explained on page L9 of Appendix A

- 25 =

o

+



V. DESICH OF THE CORNER REFLECTOR ANTENIAS

2 8.1 Fsctors in the Design

Factors which required consideration in the design of the corner reflector
antennas vsed in the experimental investigations to be described aire the following:
(1) Total cost of construction
(2) Flexibility of design sc as to permit the setting of
several combinations of antenna parameters.
(3) Size and weight
(L) Agreement between measured and czlculated radiation
patterns and antenna gains.

A logical solution to the design problem was made apparent by combined
consideration of (1) and (2): it wauld be advantageous to¢ construct a single
corner reflector assembly having features which permit wide variations’ of corner
angle and feed antemna to corner spacing. In this way, a large mumber of dis-
tinct corner refiector antemmas would be attainable for a comparatively low
total cost. Therefore, it was decided to design a ™variable® corner reflecter
antenna,

Factors (3) and (L) remained to be considered. The variable corner re-
flector antenna need be of moderate size and weight to facilitate mounting
and transporting. On the other hand, calcuiated radiation pattern and gain
are strictly valid only for infinite corner reflectors. Moreover, for a
finite corner reflector antemma — in contrast to the infinite corner reflector
—as the corner angie (a) is decreased from 90°, a steady increase in gain can
not be expected. This fact is readily verified in the next paragraph.

The gain of any antemnna is given by the well known equation G = hﬂfA/Lz ¥
where A is the area of the anterna aperture and £ is the illumination effi-
ciency, which approaches unity for a matched antenna as its aperture is
illuminated more and more uniformiy. - Now, the aperture area of a corner re-
flector antenna is closely approximated by the equaticn A (¢0) =2 hd sin e /2
where h and d are the horizontal and verticle dimensions of the reflector
planes. For constant frequency, therefore, G@ )™f(s.) sina/2 so that the gain
will increase asa is decressed from $0° provided that the illumination efficiency
increases su“ficiently But unless £{90°) iz appreciabiy smaller than unity
to begin with, decreasing gain will soon be the result.



The discussicn of the preceding paragraph obviously discourages the
use of corner reflectors having corner angles much smailer than 900. Never-
theless, the variable corner reflector antenna was constructed. Reflector
dimensions were made largsr than recommended minimum valuee for the design of
a 96° corner refiector in hopes that satisfactory correlation between camputed
and measured performance might be obtained at least for some corner to feed
antemna spacings witha = 60°. 1In regard to a 90° corner reflector, Kraus]'Oc
suggests that a practical design rule is to make the side length (h) at least
twice the corner to feed antenna spacing. In addition, Kraus states that
requii'ements on the depth (d) of the reflector are not critical, a depth
equal to 1 1/2 times the length of the feed antenna being sufficient. Dimen-
sions chosen fcr the variable ccrner reflector are d = 11" and h = i5%. The
latter dimension is greater than twice the largest corner 4o feed antenna
spacing, s, that was expected i» he used in the experimental measurements and
about faur times as large as the settings of s exvected to be most often used,
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S.2 Design Features of the Variabnle Corner Reflector

Engineering drawings of Fig. 2L, attached at the end of the Report,
and the photegraph on the next page and that on page 2 show the essential
featurgs of the variable .corner refiector. Two lengths of piano hinge fasten
togetfxé'r the two reflector frames, permitting the corner angle to be varied
from 20° to ]:05°. The purpose of the Mvariable braces". located at the top
and bottom of the assembly (see Drawing No. 2 ), is o provide support for
holding the reflector planes at amy corner angle setting. The “dipole suppor-
ting brace® (Drawings No. L and No. 5 ) , supports the feed antema and its
transmission line., The feed antenna may ve moved to any distance from the
corner by pulling on the brass tubing transmission line. " This tubing is
fitted smgly te the various parts of the dipole supporting brace, but no diffi-
culty in adjusting the feed antenna to a particular setting is encountered
if a small amount of Iubriplate lubricant is soread on the brass tubing.
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FIGURE 10

VARIABLE CORNER REFLECTOR ANTENNA



i

5.3 The Choice and the Design of the Feed Antenna

As already mentioned, comparisoi between calculated performance and
measured perfommance was desired. For this reason and alsoc because all
qualitative analyses on corner reflector antennas assume that a linear dipole
illuminates the refiector, that type of feed antenna was selected for the
variable commer reflector antenna. (It is necessary to insert parenthetically
that the variable corner reflector was designed and experimental measurements
were started several months in advance of the starting date of the theoretical
analysis of Chapter III. As was demonstrated, the analysis of Chapter ITI
may ve appliad to corner reflectors having various types of feeds. This cir-
cumstancé, of course;, was not knom when the feed antenna for the variablie
corner reflector was celocted so that the possibility of using feeds other
than linear dipocles was not considered.)

Fig. 311 6n the next page shows the dipcle feed antenna assembly in cross-
section. The gap betweer. Lhe two sections of the dipocle was made as smell as
is consistent with considerations of voltage urc-over and-lumped capacitance.
This "gap need be small compared with wavelength, otherwise the length ¢
of the imner conductor of the feed line will place inductance in series with
the lower section of the dipole, zesulting in unbalance between the currents
in the dipole sections.

. The short cylinder of lucite extending inside both brass tubings
strengthens the construction and keeps the two dipcle sections in alignment.

The necessity for including a balun in the design of the dipole feed
antenna is apparent. In regard to baluns, it has been demonstratede that
a balun length (Ib) slightly less than the nominal A/l is optimum, and for
several dipole systems; a baluu 0.23 wavelength long was found by experiment
to give good results. Accordingly, the shorting bar of the balun on the
dipole feed assembly was set at 0.23A in all the measurements to be described.

Tt is menticned that the dipole feed assembly can be removed, undamaged,
from the variable corner reflector. This will permit use of the variable cor-
ner reflector in future investigations using other types of feed antennas.
From engineering drawing No. 6, it is clear taai unsoldering the type-N connector
on the far end of the feed line permits the .entire dipole feed assembly to be
pulled free from the dipole supporting brace. In adaition, this brace is removed

merely by tilting it to clear the grooves in the variable brace, Then, to com-
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plete the modification, a " feed-antemna supporting brace! accommodating

the uew Uype of antenna feed can he ingerted in these grooves.



V1 ° TRANSMITTING AND RECEIVING EQUIPMENT

Transmitting equipment and receiving equipment used in all of the
anterna measurements that will be described are shown in Figs. 12 and 13
on the next page (31&). An APT transmitter, having a cw power output of
5 - 10 watts s was comnected to the transmitting antennas used; and received
signals were amplified by an APR receiver and indicated on a dc milliammeter.

Incorporated in the APR receiver is a biased detector whose dc output
was found to be only a'p'proxinatel,v proportional to the cw signal at the re-
ceiver input. Therefore, calibration of the receiver was necessary. This
calibration was performed at every hundred mc in the 800 mc - 1600 mc band
by employing an_IAE signal generator for the calibration frequencies from
800 - 1300 mc and an IAF signal generator for the remainder of the band.
The above signal generailcr:s each contain an accurately calibrated attenuator
and wavemeter thereby permittin.g ealibration of the receiver in the customary
manner,

Transmitted frequencies were adjusted to 800 mc, 900 mc, 1000 mc . . .
1600 mc simply by carefully tuning the APT transmitter to the peak of the
pass band of the calibrated APR receiver.

-
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FIGURE 12
TESTING SITE FOR H-PLANE PATTERN MEASUREMENTS

FIGURE 13

H-PLANE PATTERN MEASUREMENTS

31A
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Y1I  PRELIMTNARY MEASUREMENTS

H-plane radiation patterns of the variable corner reflector antenna
for corner angles of 900, 6005 and hSQ were measured at a frequency of
1000 mc for corner to dipole spacings of 7.5 cm = ).o/hg 15 cm = 10/2,

22.5 cm = 3 xo/hs and 30 cm = g Each radiation pattern was measured
twice for reascns made evident in the succeediug paragraph.

Measurewents were first taken on the flat roof of a large building.
These radiaticn patterne were appreciably broader than was expected
and various jagged variations togstner with several minor lobes were present.
It was suspected that reflections from the roof, and possibly frem a distant
three-foot guard rail around its periphery, were respcnsible for the un-
wanted results. Measurements were repeated which verified that suspicion,

The second méjasurements were taken at the testing site pictured in Fig,
i2, :.The variable corner reflector antenna and a 50° corner reflector trans-
mitting antenna were piaced on opposite sides of a four-story air shaft —-
centraliy located, incidentally, in the building on which the previous
measurements were taken —- so that only negligibly smail ground-reflected
signals were able to reach the receiving antenna. Refleciions from an
elevator tower protruding skyward on the far side of the air' shaft were
made quite small by directing the beam of the transmitting antenna away
from this tower.

The transmission range (the width of the air shaft) was several times
larger than Zdz/}. so that phase variation across the receiving aperture was
probably negligible. Mr:.reovef, it was found that in the vicinity of the
receiving anterma the field intensity was uniform over an area of approxi-
mately three square feet, or nearly twice the area of the maximus recelving
aperture used. From this paragraph, ad the preceding one, it is apparent
that ideal conditions were -closely approximated at the testing site described.

The results of the second set of H-plane radiation pattern measuremente
are shom: in Figs, 1 +o 16. inclusive. Calculated patterns, obtained using
either equation {2} or equation (3) wi+ht =X/2 and 8 « 90°, are included
for compariscn. [In the case of a = hSo, results are sh:-.am only for a coirer
to dipole spacing of s = ‘\‘O’/h (Fig. 16, page 33C). Variation of s caused
only minor change in the measured result. For this corner angles, the
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Measured patterns were much broader than corresponding calculated patierns
. N o 0
and considerably broader than those measured for @ = 90 and ¢ = 6C .

Therefere, it may be concluced; from only these preliminary measaremciits,

corner angles.

The ﬁrimary objective of the measurement of the above radiation pat~
terns was to obtain a first indication of how well the performance of the
variable corner reflector antenna agrees with calculated performance. As
already inferred, for a = 45° it was found that there is essentially no
correlatiou between calculated and actual performances. This correlation
is definitely imprcved for a = 600, excepting the case s = AO’ wherein the
measured pattern does not consist of two main lobes as does the calculated.
(It might be mentioned that increasing s to about 9/8 Ans caused the appearance
of two main lobes.) But the patterns for the 60° corner reflector are yet
appreciably different from those calculated. Finally, for a = 90° a very
good correjation exists in the cases of s = Ao/h and s = LO/Z, and a fair
correlaticn in the case of s = BAO/b; for a corner to dipole spacing cf
Lo, the measured and calculated patterns are compatible only-insofar as
the presence of two main lecbes is conecermed.
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VIII TWO GAIN STANDARDS AND THEIR PEPFCRMANCES

3.1 Selection of the Gain Standards

The antennas obtained by setting the corner angle and the corner-to-
dipole spacing of the variable corner reflector antenna to the sets of values
() a = 900, 8 = }.o/h and (II), a = 60°, g = ).6/2 were calibrated as stard-
ard gain antennas for 800 to 1600 mc. Reasons for selecting the antermas de-
fined by I and ITI are to be pointed out,

Because of their predicted optimum broad-band performances, (see page
192), the follcwing antennas were considered for development as gain standards:

-Antenna (a)s aq = 9009 8 = )\,s/”lt
Anterma (b): a = 90°, s = );;/2
Antenna (c): a = 60°, = =Ao/2
Antenna (d): a = 250, S = ).0/2

The results of the measurements described in the preceding chapter indicated
that agreement between calculated and measured perfcmmances is poor for anten-~
na (d) so that this antenna was eliminated. A good agreement between calculat-
ed and measured performances was indicated for antennas (a) and (b) and a fair
agreement was indicated for antenna (c). (See Figs.lla,iljb, and I5%).

Antenna (a) was selected over antemna (b) because a more favorablie gain
vs frequency characteristic was predicted for the former. (Compare surves oi
Fig7A,) Antenna (c¢) was selocted primarily because it was feit tiat at least
ona antenna with corner angle different from 90° cught to be investigated
further. But, in addition, expected similarity in the performances of anten-
nas (a) and (b) was a reason for not selecting both of these antemnas.

Desciiption of further measunrements of the performances of antennas (a)
and (c) 'is presented on succediug pages., For convenience, antemna (a) will

be dendated as standard antenna I and antenna (¢) as standard antenna II.
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$.2 H-Plane Radiation Patterns oi Standard Antenna I

and Standard Anternna II

H-plane radiation patterns of standard anternas I and II, measured
at every 200 mc in the 800 mc- 1600 mc band, 2re shown in Figs, 18a and,
18b, on page 36b, and in Figs. 20a and 20b, page 36d. In the measure-
ment of these radiation patterns the standard antennas were used as re-
ceivingAantennas at the transmission site pictured on Fig. 32. As al-
ready explained, this transmission site is very suitable for such measure-
ments.

Galculated patterns for the nighesti and iowest I{reguencies in th
band are included on Figs. 19a and 19%e, It is seen that the calculated
patterns for £ = 800 mc slmost coincide with *those for f = 1600 mc, More-
over, it is a fact that these patterns enclose the patterns calculated for
all frequencies in the band., Of course, such broad~band similarity in
the above radiation patterns is to be expected of standard antennas I

and IT because of the constancy of their calculated gains as functions
of frequency.,

-

[

Camparison of the calculated and measured H-plane radiation patterns
of the standard antennas will be deferred until the hmeasurement of their

E-plane radiation patterns and the calibration of thelr zains are described,

- 35 -

i



8.3 E-Plane Radiaticn Patterns of Stendard Antenna I

and Standard Antenna II

For measurement of F-plane radiation patterns, it was a practical ex-
paiiency, if not almost a necessityyto-révert to the testing method or tech-
nigue illustrated on the next page. This was the case because of the diffi-
culties that wculd be enccuntered in mounting standard antennas I and II for
recention of horizontal pclarization from directions parallel to the horizon.
(The mounting fixture on the variabie corner reflector antenna 1is located
and is designed to provide ample support for mounting this antemna for ver-
tical pclarization, and consequently, for measurement of H-plane radiation
patterne. See Figs. 10 and 11, also engineering drawing No, 5 of Fig. 2L .)
It is pertinent to mention that the elevated ground plane of Fig. 17 is a
permanent installation of the Electronics Research laboratory under whose
auspices this research was conducted. No additional construction was re-~
quired for the measurement of E-plane patterns of standard antennas I and IT
80 that the matter of " practical expediency" mentioned above is now fully
explained, '

Equipment used in the measurements is as indicated in Fig. 17 . Results
were plotted by an automatic pattern recorder and are shown in Tigs.l9a-19e
for stardard antemna I, and Figs, 21s through 21f, for standard antenna II.

The jJagged variations seen in these patterns were no doubt caused by
appreciabls reflections fram the ground plane ard from the V-frame despite
the fact that absorbing cloth was placed over these obstacles. The distance
between the transmitting and receiving antennas was greater than 1.7 172/.‘.
for the smallsst wavelengih used so that army variations in the patterns due
to phase variation across the receiving apertures are probably masked by
those due to the background reflections.

Calculated E~plane radiation patterns are shown on pages 36C anc 36E.
Cormparisons of these calculated patterns with the measured E-plane patterns
are not as significant as comparisons of calculated and measured H-plane

-patierns =ince the latter were measured in space almost entirely free of

reflecting cbjects. However, the measured E-plane patterns give at least
a first-approximation of the frequency dependence or the ¥-plane radiation.

BR= 3
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8.4 Gain Calibrations of Standard Antenna I

and Standard Antenna II

Standard Antemnas I and IT were calibrated by the mirror method of
gain determination. This method is btused on the obvious fact that the echo
or the intensity of the signal received by reflection from a large plane
reflecting mirror is dependent upon the gain of the transmitting and receiving
antenna. Tt is readily shown that the dependerce i3 as given by the equation
G = Um3lrt /o, where R/2 is the distance from the antenna aperture to the
reflecting mirror, and” is the reflection coefficient set up in the antenna
transmission line due to the reflected radiation. It is important to note
that the test antenna and the signal generator shculd be matched to free
space and to the transmission line, respectively, otherwise [ will not be
the consequence of only the radiation reflected from the mirror.

Gain measurements were conducted using the receiving equipment and the
tranzmitter deseribed in chapter VI. The transmitter was made to appear as
a matched load to the reflected wave by employing a padder consisting of 75
feet of RG 58/U coaxial cable. This length of cable represenied an aiien—
uation of about 11 db at 800 wc and 15 &b at 1600 mc. Additional equipment
used included an impedance transformer for matching the standard antennss
and a coaxial slotted line for measurement ofl ',

The reflecting mirror employed was a large relatively plane copper sheet
of dimensions 7 1/3 ft. x 8 ft. This mirror was not perfectly planar; however,
all deviations were very small compared to the wavelength so that little error
was introduced on this account. The copper sheet and the equipment mentioned
in the preceding paragraph are shown in Figs.22a,22b, and 22, approximztely
at their respective test locations.

Gain measurements were made for frequencies of 800 mc, 270 me, 1000 mc
e o « 1600 mc at three nominal mirror {0 antemna distances, R.l/2, nz/e, and
R3/2 so that an average value of gain could be obtained. Measurements were
repeated at the three slightly greater distances Rl/ 2 2 2/L, Rz/'2 + 3/, and
R3/2 + ALy s0 that it would be possible to ccnpensate for rmultiple reflection
effects. The latter measurement: are essential, as made clear in the follow~
ing paragraph.
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Radiaticn refiected £rom the mirxror to the antenna is not ail absorbed.
The radiation not absorbed is scattered by the antenna so that a portion
Liavels vack Lo the mirror to be re-reflected toward the antenna, partially
absorbed and re-scattered, and s¢ on. The net ertect of these multiiple re-
flections is a ¢yclic variation of'lri as a function of I with a period of
)/2.12 Consequently, G(R) and G(R * 2/L)as calculsted from the above eguation
ar2 appreciably difierent unless R is so large that the ampliinde of the first
re-reflected wave is negligibly small compared to that of the primery re-
flected wave. It has been shmml2 that the true value of G is very nearly
the geometric mean of G(R) and G(R + ML) or G(R —~ A/L) provided, of course,
that R is sufficiently large (R = ZD°/A) so thai phase variation across the
antenna aperture is not excessive.

Other precautions were taken to improve the accuré.cies of the six re-
flection coefficients measured for each calibration frequency. These
reflection coeffirienis were determined from voltage standing wave ratios
meavured near the certer of the coaxial standing wave line so as to avoid
edge effects at the ends of that slotted section. Each veltege standing
wave ratio was calculated from the ratio of the geometric mean of two maximum
values of response feparated by a halif wavelength to the minimmm value be-
tween them. This procedure has been recmmendedzc as it compensates for a
standing wave distortion, known as "slope®; which is usually present in coax-
jal s.otted lines having even small eccentricities between their outer and
inner conductors. To further improve the accuracy, a line stretcher and a
shunt tuner were connected to the standing wave probe s¢ z= to purmit
stancing wave detection with a tuned probe.

3rief mention of the determination of the +transmission range and the
wavelength remains to be made. The first of these quantities, taken as
trice the distance from the mirror to the gperture planes of the standard
antennas, was determined as precisely as possible using an ordinary tape
measure. Wavelengths were calculated from the calibraticn frequencies which
were set accurate to at least 2.5 mc. Aciual tuning errors were probavly
smaiier than 1.5 mc. In explanation, the APT transmitter was tuned to
peak the outpit of the calibrated AFR receiver whose 3 db bandwidth is
approximately 3 mcs therefore; tuning er:ors were considerably smaller
than 3 mc.
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The ~ain calibration curves of standard antennas I and II are shown
on Tige. .25,paze 394 » Calibrated values of gain, indicated at every hundred
megacycles on the curves, were arrived at by taking the arithmetic averags
of the geometric meanfvélues of gain determined at the three numinal trans-
mission ranges used.: It 1s estimated that the calibrated gains are accurate
to at least 0,25 db or gix percent. Justification for this estimate of ac-
curacy is given by the argument in the succeeding paragraph.

It is clear that gaia measurements are performed at more than one
transmisgion range for only one reasonsg an averaged gain can thereby bhe
arrived at. Now, of course; it is implied that error in the measured data
is reduced by the averaging process. It is believed that a reduction of
error by a factor of (about) two is not overly optimistic for the gain
measurements described in preceding paragraphs. Differences between the
three geometric mean values of gain averaged to obtain a calibrated value
were sometimes as large as ten percent so that overall calibration errors

smaller than six percent are indicated.
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8.5 Comparisou of Caiculated and Measnred Performance

The calculated performance of standard antenna I is a good approximatioa
of its measured perfcrimance for the entire 800 me - 1600 mc band. Comparison
of the calculated and measured gain calibration curves, shown on Figs. 7& and
23e, reveals that maximum separations btetween the two gains occur approximately
at 800 mc and 1400 mc, where the ratios of calculated gain to measured gain
are only about 0,85 db and -0.85 db. Thus, the calculated gain differs from
the measured gain by at most + 22 percent.

It is significant to note that for frequencies near 1,00 mc the gain
was measured to be higher than calculated. The measured H-plane radiation
patterns for frequencies of 1200 mcy, 1400 mc, and 1600 mc (Figs.l8a and 18b)
are compatible with the above result since the field intensity in the reglion
-30° fa< 309 tapere off more rapidly than what is predicted by the calculated
patterns (FigdBo). Of course, the total beam widths are larger than the 90°
beam width of the calculated patterns: but apparently, the rapid decrease in
fis1d intensity at the small angles is more than sufficient to compensate for
the small amount of radiation at the large angles, resulting in higher an-

‘tanmna eain than caleun

S eamatn  pyeuess  wmemwes o had o' v

The gain of standard antemna IT is lower than that of the first standard
antenna for all frequencies, as was expected. Of course; the reverse is true
cf the calculated gains so that the agreewent between calculated and measured
performance of standard antenna II is not as favorable as that of the other
antemna. The difference betwecn ithe gains of ks %wo standard antennas 1is
especially noticsable at frequencies below 1200 mc. At B8CO mc, the gain of
standard anterma I is almost twice that of standard arteana TI., Also, it
nay be noted that for £ = 1000 mc the ratio of the two gains is very nearly
equal to the ratio of the receiving apertures, so that the illumination effi-
cienciex arerearlyequal at this frequency.

The maximum separation betwesn calenlated and measured gains of standard
antenna II occurs at 800 mc where the calculated gain is higher by 5.3 db.
However, for frequencies above 1300 mc these gains are equal to within one db.

Measured H-plane radiation vatterns of standard antenna II correlate tae

observations oi ihe previous two paragrophs., In the figures irnluded in

7
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Section 8.3; it is seen that fnr frequencies below 1200 mc the measurad

patterns are much broader than calculated, and also appreciably broader than
corresponding patierns of standard antemna I. Secondiy; for 1400 mc and 1600 mc
measured and calculated patterns of standard antenna II are in close agreement.
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8,¢ Future Use of Standard Anternas I and IT

During calibration, standard artennas I and II were mounted such that
‘their feed antenna was five feet above the gruind, a height chosen so that
the antenna beams would be directed at a pcint near the center of the mirror.
Obviously, when the standard antennas are used for gain comparisons they
should he mounted at or near the height used during their calitration.

In a comparison measurement, the gain standards will have to be
matched and this should be performed with the balun of the feed-antenna
assembly set at .23 A. A final point in regard to the future use of thre
standard antennas is that both the dipole feed and the corner angle (of the
variable corner reflector) can be adjusted accurately to the correct settings
by employing either a L5° right triangle or a 30° right triangle. For
example, in the case of standard antenna II, the corner reflector plsnes
are wedged against the 60° angle of the 30° right triangle and the 30° angle
of the lattar is used to line up the feed-antenna on the bisector of the *
c.rner angle.

e St el — e —— e r———



IX SUMMARY OF RESULTS

Theoretical analyses presented in this report were concerned with
the determination of the performance of cormer reflectcr anvennas. The
general solution for the far-zone field of a corner reflector antenna having
any corner angle a = %—7:, where m is any even integer, was derived assuming
the reflecting planes of the corner reflector to be infimitely conductive
and infinitely large. The Poynting vector of the electrdmagnetic field was
determinsd from this far-zone field solution thereby permitting the well
knomn Poynting vector method to be emplcyed for the caiculation of antenna
gein,

Radiatlon resistance and antenna gain of dipole-ted 90°, 606° and 145°
corner reflectors for several corner to dipole spacings were calculated
for a two to one frequency band. Results of these comprehensive calcula-
ticns predicted several combinations of corner angie and corner to dipole
spacing that result in optimum, or at least very favorable, broad-band
performances.

Following the analyses summarized above, it was shown that the solution
of three definite integrals derived in Appendix A are useful in the gereral
case. That is;, the antenna gain and the radiation resistance of s corner
reflector antenna of any corner snglea can bc calculated using these definite
integrals. Inalditiony; it was shown that a considerable part of the data
required in the calculations fcor the dipole—fed corner reflector is usable
in corresponding calculations for a corner reflector illuminated by any feed
antenna excited wdformly with azimuth.

Experimenial invesitigations were conducted with two main objeétives in
mind, namely, to check calculated performances and to provide standard gain
antemmas for 80C to 1600 me.

As a starting point; measurement of H-plane electric Jields were made
at a single frequency for each of the sevtings of corner angle and corner
to dipole spacing (8) considered in the calculations. The immediate objective
of these preliminary measurements was to obtain an idea as to which of the
optimum combinations of a and = arrived at by calculation would result in
better than acceptable actunal performance.

Consideration of the results of the above measurements aided in the
selection of the anteur..s that were calibrated as standard gain antemnas,



and ¢ = 600, 5 = 15 cm, denoted as standard antenna I and standard anlema
II, were the aniennas selected., Il-plane and E-plane radiation patterns of
standard antennas I and II, and the gains of these anternias were measured
throughout the 800 me to 1600 mc band., Rrror in the gain calibration of
beoth standard antennas was estimsted to be within six percent for the entire
bend, S

It was found that calculated performance is a gocd approximation of
measured performance in the case of standard antenna I, and & goed or bad
approximaticn, depending on frequency, in the case of standard antenna II.
The maximun separation between calculated and measured gain was only 0.85 db
for the firsi standard antenna and as much as 5,3 db at 800 mc for the
sscond., For fregusncies above iFX0 mc, however, calculated and measured gaing
of standard antenna II differed by less than one db, The large discrepancies
betwsen calculated and measured performances snccurring at the lower frequencies
in ithe case of the sercond standard anlenna were attributed in part +o its small

receiving aperture compared to that of standard antenna I.



X CONCLUSIONS

(
The aaalysis presented in this report, added to that made by Kraus‘h),

more or less determines the theoretical performance of corner reflectors 1l
Juminated ty linear dipoies. Future analyses of corner reflectors might
consider mainly other types of feed anteunes,

In general, the higher antenna gains possible from corner reflector
anteinas when the corner angle is decreasad from 50° will be attained in
practice only if the reflector is made impractically largc. TFor the rela-
tively Cfew cases where size is not of paramount importance, a 60° cormer
reflector may be practical provided that higher gain than obtainable from
a 90° corner reflector antenna is required in the transmiesion system.

The good correlation between radiation patterns and antenna gains of
the standard antennas calibrated during this research — that is, progres-
sively broader patterns and progressively lower gains with decreasing
frequency —- discourages the possibility of greater calibration error than
was estimated., For general purposes, standard antenna I should be preferred
over standard antenna II, This conclusion fo1lows fram the fact that the
first standard anterma exhibits the smaller variation in both antenna gain
and radiation pattern with frequency. In addition, at the low calibration
frequencies the gain of standard antenna I is substantially higher than that
of the second standard antemna. Of course, the lower gain of standard
antenne II may be irn its favor when very low gain antennas such as dipoles

arse measured,
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The integrzls to be sclved in this apmendiv zare the following:

7/2

r. 2

:cos(bcosB)~-cosb ! 2

H,‘ bl —st = 2J [cos(bcose)-cosb)ddO
o sin & 0

I, -é’:zﬂcas[z cos (g - c)] ag

I3 nfﬂ{siu{p-cos (g - b)]} {sin[pcos (3 ~ a)]} ag
0

Ih =Jr2"{cos[pcos & ~ b)]} {cos[ pcos {f - a)] d ¢}
. .

where ¢, b; ¢, z, and o are constants.

I Solution of Integral Il

RBxcept for conatant multipliexrs, integral Il may be recognized as the
radiation resistance of a center-fed dipole., It is an interesting fact that
the "sell resistance® of the dipcle, a popular term used in early investiga-
tions on linear antennas, is precisely the same as t1e radiation resistance
obtained by integrating the normal component of the Poynting vevteor over
the surface of a large sphers, provided thet both resistancey are referred

2
104 4ag recently shown that the methed

to the same current. Indeed; Kraus
used to compute the self i1esistance is equivalent to an integration of the
Poynting vector cver the survace of the linear conductor (rather than over
the surface of a large sphere ). Thus, both methods should give the same

answer since the power emaniting from the large sphere is that radiated by
the dipole source.

The method used in calculating the self resistance is termed the "induced

emf method®, and the integrals involved therein are quite different from 1'1.
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Bromm 3and King ™~ have obtained the expression for the dipocle self resistance

and it could be borrowed as the solution of Integral Ilo However, since
the integrals solved by Brown and King are different from I1 and for the

sake of contimulty in diecussions in the preceding thesis, it is felt

that Integral I’l should be evaluated.

Upon making the change of variable v = cos 8, Il becomes
= 2
T g[ cos bu-cosb du
174 u+l) (u=-1

=9
-L (141/2 cos 2 b 4 1/2 cos 2 bu -~ 2 zos bu cos b) du
T Tasl) (u-1)

Or
=l
H e 1/2 J( “1&/2 cos 2b) + 1‘2 cos 2t - 2 cogs bu cos bld’g
- U w 1
1

_ 1/2 Ig +1/2 cos 2b) + 1/2 cos 2 bu = 2 cos bu cos b]du
1 u+l

1ot I % I 112 where ' I and 112 are the first and second of the above

integrals. Making the changes of varjable u = x + 1 in I., and u = =(x+1)

11
in 1'12 yields

I; = 1/2

Ot
)

{(1 + 1/2 cos 2b) + 1/2 cos [2‘0 (x+1)] ) cos[b(xd)] cos b}%x-

In= -Ij;

so that Il =2 Ino Substituting y = «=x gives

2 -
I, = [ {(1+1/2 cos 2b) + 1/2 cos[2b (lwy):l -2 cos[b(ldy)]cos b} &
0

|y
J

..!4?'@




e q {

2 2 2
T o= [ (143/2 cos 2b; L 4 1/2 [ cos[2p(1-y)] L - 2[ cos{ b(1-y)] &
o b4 o 3 y o) 7
2 2 [2
I, -f (1+41/2 cos 2v) ) o + 1/ 2,[ cus Zb cos 2by & .i/21 ain 2b sin 2by < S}’_
0 ¥y (o} 7 t
N 2 2
- 2[ cos® b cos byEZ-ef cos b sin b sin byc—lz
o v ) 7

I 3 -+ 11h * .Lls +* 116
The integrals on thz right hand side cf thiz equation are solved separately
below. In Ilh through I17, the change of variable 2by = z is made.

(a)

2
];,13 -] (1e1/2 cos 2b) —:’:- = (141/2 cos 2b){on L im4n y) (1a)

o} y =0
(v) !

Ab

1’1& =4im 1/2 cos 2b1 cos & 9E

y‘-O Z2by © = ©
11,'.(1/2 cos °‘~)/r.,im[ coss%ﬁ -[ cosz%)

) \ yﬂ, '25’ - 4)
L) = -1/2 cos 2b [g,m ¢t (2by)-ci(h b)],
0
where Ci derotes the cosine integral.
Ilh =-1/2 cos 2 b l:’wLnZ b +4imdny -cCi (h b)] (1v)
0
where 7 = Buler's constant = .5772.
(c)
40 e
Tig = i/2 sin 2b[ 5in 8 — = [1/2 sin 2 b] [Si (L b)] (el
o
-8 -



where Si denotes the gine integral.

(d)
.20
I, =2 cosabfﬂi_m cosz-d—g'
16 =
0 vy
2 5 d [ )
Ilémm2 cos b ( Aim cos B &~ ces zd—!}- /
70 , B R -
I, = 2 c032 b [l,j_-n ci v y)-c¢i (2 b)]
10
y-0
116 = ‘—1 4+ cos 2 H[y +4nb +4im dny - Ci {2 b)] (14}
e y—‘o
(e)
I = 4
17 = -2f cos b sin b sin & -5- = -5in 2 b 81 (2 b) (1e)

) i
Collecting the solutions givez by (la) to (le), and simplifying gives

I, - {[7¢&n2b - ci (2p)] +[1/2 sin 2b-] [Si (L b) - 51 (2 b)]

=
+1/2 cos 2 b[y +dnba+Cl (bv) -20Ci (2b)” {A.1]

If quation (A.1) is multiplied by sixty and b is replaced by % s
where k - 3= and 1 = the length of the dipole, the result is the radiation
resistance; Rro of the dipole referred to the current at an antinode. g’he ‘
self resictance determinel by Brown and King must be ummltiplied by 2 sin™ ki/2
t2 be eguivalent to Brno Multiplication by 2 is necessary ?;ecause Brown and
King considered grounded dipoles; and multiplication by sin” ki/2 is neces-
sary because the self rcsistance is referred to the current at the terminals

of the dipole.

e e e e et e A



II Solubion of Integral 1,

Integral I, is easily solved by making the change of variable f - ¢ = '8,

o7 —-staw

I = J[ eonla  cos (¢ ~¢ﬂ dd m] cos (& cos B)AB
o L / -

The solution cf the last integrai is the well known result:

I, =2n g, (8) (A.2)

where Jo(z) is the zero order Bessel function of the first kind.

Tor convenience, the integral to be solved is restated below:
27 : g
I; - }{ ]jsin[pcos (g - b)}} {sin [ Pcos (B - a)]J\dﬂ
o ! L

The integrand of I3 will be transformed ihrough the use of the
trigonometric identity

sin x siny = 1/? [ cos {x = y) - cos (x + y)] (22)

By letting pcos (f ~b) =x and pcos (f - ") =y +there is obtained
for the integrand of I

T 3 Y
{éir{p cos (P - b)]} {sin[l? cos (P - a)J}
=1/2 |-CO‘S {p [cos @ - b):J - cos (f - a)]} ~ COS {p[COS (@ ~ b) + cos (f - 33}]

But

]

n

cos {# -b) + cos (B-a) = (cos & + cos a) cos &

i

+ (sin b + sin a) sin @#, cos (P-b) =~ cos (@F-a)
= {cos b~ cos &) cos f + (sin b = sin a) sin @5 and upon letting
p(cos b 4+ cos a) =¢; p(einb + sina) =d; plcos b - cos a) = e, and

p,(sin b - sin a) = fy; the Iollowing result is obtained:

= 50 =

b lad




ki

/

’
'1=1/2

[ccs(e cos § + £ sin P) « cos {c cos & + & sin 125_)] d #

s

N

o -

Now, it is seen that I3 is the difference between two integrals of the
form

o
1= }r u[pbO‘?}O#C}Slnpjdﬂ

- .
Using coz B = 5— (~1) (—%—-— yj.eld‘a"c

-"",-" g (=1)" [ pcos f +qgsing ]Zm 1 ad
3, ]o (_Eiij ° - q J! :

m=0

I

=

[pcos¢+qsin¢]2m d g

it
™e
1{
)
L2
o

The solution of the invegral on the right hand side of the preceding
squation is siven by Bierens de Haan 1L as followse

; (5)
[pcos}f-oqsinﬁ]h dﬁ'/.
) 2\- ‘)
(P |
where X ® (1) (3) (%) . . . (2m-1)}

(3)
2" e (2) ) () . . . (2 m).

o

o

-1

Therefore,
S 22w (@ 5) (8) .. . (om))
Ip= 2v) myr [P+ = (3c)
! .Z.ozm-° [ g ((zy ) ) ... (2m) ) :

Bguation (3c) is simplificd as followss

-12211 r -|
pem S (2 pLEe L) ) @ ). .. e
i Z [@) B o7 W ey @ @ (2m))

- 51 =




/ ,———2-,)2m
b g hﬂ;" ,_)m ..\p2+q

Ip=2ng (-1 [@w)e) « . . () °

N

© -5 n
vy (1) (" P
0

L(2ol)(292)(203) o o a (2°m}'}

o ——-.\2... _ s
"“-“2 (l)m &Zm 2 ”2 r 2% I, (‘992 + q?')

(m!) o

2

By applying this result to equation (3b), pa,.;e 51, there is obtained

[J JeZ s P ~ 3, (Se +d)J
3)

bat 92 + f2 =p2 {[cos a - Cos b]z +[sin a -~ sin b]zj

0\
-
-

Squaring the indicated terms and simplifying gives

2 s o 5
e 4 £ = 2p° ! 1 - cos {# -ub)J , 8o that

/ 2 2’ { o — )
Je + £ = 2,:.»2[1—305 (a—-—b)] =25 3in i\azb‘
2 2

Similarly, it is easiiy shown that , /¢ +d° = Zp cos( 5_5_2‘

The solution of 13, therefore, is given by equation (A.3) below:

£y = [ oo (53 5 [oo (252}

3

S0 o

<T O




IV Soluticn of Integral Ih

Integral is restated belows

T
Ih f’{cos [p cos (ﬁ - b)]}{cos [p cos (B - 38} d g
o

The solution of integral Ih is immediately obtained by using the
trigonometric identity

co: X 208 F = /2 [cos (x - ¥) ¢ cos (x + y)] {L4a)

On page 50, at the beginning of the analysis cn integral I,5 equation
(3a) was used. Now, the second tem on the right hand side of equation
(3a) is lﬁreceded by a negative sign, whereas the corresponding term of
agation (Lha) is preceded by a posiiive sign. Except for this reversal
of algebraic sign the right hand sides are identical. Therefore; the
solution of integral Ih is identical to that of integral I3 except for
a reversal of the algebraic sign preceding the second term; that is;

Ih . {JO [2p~ sin(a ; }2)]-:. J0 [2 P cos (a Z b)]} (A1)
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APPRNDIX B
SCLUTIONS FOR THE INTEGRALS LENCTED
BY I,

On page 18 of this Repert it is stated that the integrals there dewoted
by I could not be solved analytically. Now, of course, it was implied thab
systemtic mathematical operations leading to a soluiion could be made. It
might be wortlmhile to point out that analytical solutions of Im can be
" arrived at?! for all valuss of 1.*

The integrals I were defined by the equatlon P = Rr + 120 . ;ﬂ. whei
Rr is 'the radiation re'nstance of a corner reﬂecnor antenna of cormer angle

05

c = % and Rr_ is the (free space) radiaticn resistance of the dipole feed
anterna, iiow, the circuit method used by Kraus and the Poynting vecter
method used by the writer must yield equivalent radiation resistances if re-
sistancc is referred to the same current., Therefore, the mathematical ex-
pressions obtained fram the two methods can be equated to one another, so
that E[m czn be sclved z2lgebraically,

1
From the circuit method there is obtained®

E (—’l}n Mp =By ¢ E (ml)n K. . (Bo1)

A=l
Where

Bll = Self resistance of the dipole feed antenna
to be referred to the current at an antinode = RTc’
R, = Mutual resistance between the dipole feed
antenna and the nth image, thec current at an anti-
node being used ds the reference; and the notation
(-1),, siznifies that the algebraic sign of R, is
chosen to agree with the phase of the excitation
of the nth image.

Equating (b.1l) to result (Rp = Ry + 120 I, ) obtained by the Poynting

vector methed yields

: — .
T @ ]%5 2 ("’1)11 Byn (B.2).

ne?2
£ .\

In equation (B.2)

*In tke Report, emphasis is made that for practiczl purposes it is considerably
more couvenient to solve nunerically tue integrals 1 tha.n to use ine analyti-
cal sclutions obtained in this appendix.

Su



Ry = 30{(2)(2«:05 ¥ 4)C1 (kdn)-Lcos? -5- Lclfk( /14° m“’_ac)] 1,({‘[(‘/@1+ +,;)J]

\

f_. . 2 2 2 N : or' 2 2 0\1
+ ccs__‘_k& fn. [k(jdi# 4 —{)} 401{1« /%+ L +4)_’ + sin k«,l-Sl[k( d-+4 )]

- Si[k(,/d§n+' 12- )] 2550 ficZe Et)e 23150 /170270 4)]]} (.3)

where d_ = spacing between the dipole and the n th image.

(Division of (B.3) by 2 sin® 5;(' gives the mutual resistance between two

parallel, grounded dipoles refe rrer? to ths terminal ourrent: the mathematical
derivation of this resistance is found in reference 13.)

For an éxa::xple. {ine eolution of I for m=1}4 (g = 90°) wll be ob-
tained, Fx-., Fig, 3, page 12, it is vlear that d2 = 2s, and d3 = dh
=2 s sin i[5° =,/2" s, 8o that 'R13 th. Also, image 2 is positive an
lmages 3 and )} are negative. Therefore,

n/2
p
x4 k 442]
cos(z—-, cos 6) - cos ‘ r
Ih I [ l_i | Ire Sll‘ﬁ) - JO(\/z_’kS sin 9)‘| dé
sin & w =
o

- '_I%U(Rl?' 2%)-%— {(2)(2+cos d) Ci(2ks)-L cos® k“"[fi[k( /165 « 12y )]

Ci[ (_/163“+ {2-»{ )-'_] + cos kz(,[.,l[k( 'us + ? &)-] +Ci. [k@ﬁe- &)ﬂ

+ sink-'i%i[k( 4/1;2—: 12, &\] - 8i [k( /l;m- lt)] - 281[%( /i682+,£ zq)]

* 281[1’5‘(, /1632+ 2% 1 )]:I

PO

(2 )(2+cos x4)Ci (,ﬁls) - Lcos? Eé- !;i l};—disz}{z- 4

S

+ C:L[. (/8= +/€2¢4ﬁ)ﬂ 4+ cos k [-Clrk(\/‘ ?_‘szv‘wlz-{ -Jl > (‘ﬂrle( /g—a ) :U




S : i = e

+ sin k&‘l:s:L [k(/‘&?;?w{)} - si @(/2324 {2_4)] - 281[%(' =N )]

+ 251[15-(/832+ 224 )]]} . {B.L)) '
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