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PI-ELECTRON FORCES BETWEEN CONJUSGATED DOUBLE BOND MOLECULLES
.f-
Eugene F. !{augh and joseph O. Hirschfelder
Naval Research Laboratorv, Departrnent of Chemistry, University of Wisconsin
Madison, Wisconsin

ABSTRACT

The long-range forces between large conjugated double bond molecules are
highly directional and anomalously strong. This is due to pi-electrons moving free-
ly from cne end of the conjugated double bond system to the other, making the mole-
cule behave iike an extended osciliator. All three types of dispersion forces: 6 o

Gnm and T T are calculated for ethylene, acetylene., and the higher polyenes. In
addition the TTTT interaction energy is calculated for benzene. The free electron
molecular orbitals are used for the T electrons and products of these orbitals
are approximated by "transition monopoles''. Our treatment of the(;:;electrons and the
use of the transition monopoles were suggesied by Londonl. The resulting energies
are easy to calculate and easy 1o interpret. The T energy 18 proportional to the
square of the energy of :nteraction of two real transition dipcles {real in the sense
of the monopoles being separated by a finite distance). Previously, Coulson and
Davies® calculated the T’ interaction energy using LCAO orbitals and evaluating
all integrals accurately; however, because of the complicated nature of their cal-
culations it was not possible for them to obtain a simple understanding of the varia-
tion of the energy with the orientations of the molecules. The values we obtain for
the T energy agree with those of Coulson and Davies except for a scale factor,
our results being uniformly 3/5 smaller, Such a scale factor corresponds to an
adjustable parameter in either the Coulson and Davies treatment or ours. The

TT 1interaction energy has never previously been considered. For long pelyenes,
for which a simplified treaiment is given, the TT energy js larger than the ¢
which is larger than that of the 0O . in the appendix,the free electron model is
used to calculate the pi-electron contr:bution to the polarizability and excellent
agreement is obtained with the LCAO calculations of Davies~.
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1. Introduction.

The long-range dispersion forces between large conjugated double bond
molecules are highly directional and very strong. This is due to pi-electrons
moving freely from one end of the conjugate double bond system to the other,
making the molecule behave like an extended oscillator. These forces may help
to explain some of the anomalous effects of steroids and other conjugated double
bond molecules of biological importance. Also the pi-bond forces are important
in the interaction between aromatic molecules and are partially responsible for
the non-zero angles between the planes of neighboring molecules in an aromatic
crystal. In this paper, a simple treatment is developed for calculating and ex-
plaining these forces.

In contrast to the pi-electrons, molecules contain sigima-electrons
which are localized in specific chemical bonds or within the inner shells of the
atoms. Corresponding to the two types of electrons, the dispersion energy can
be divided into three terms:

(dis) __

E Egog + EBeg + Epp (1.1)

Here E ¢ 1is that part which arises from the interaction between the
6" - electrons of the two molecules; Ik, , corresponds to the interaction
between the 77—~ electrons of the two molecules; and Eg 5 gives the energy of
interaction of the 0" — electrons of one molecule with the 7— electrons of the
other molecule and vice versa. Londonldeveloped an excellent method for cal-
culating the Eg g . [t is the purpose of the present paper to describe a simple
methad for calculating Eg-9 and E 5-4- -

We use free electron molecular orbitals for the pi-electrons and approx-

imate products of these orbitals by "transition monopoles"'. The resulting

1. F. London, J. Chem. Phys. 46, 305 (1942)
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values of E g7 and E ;,-,- are easy to calculate and easy to interpret.

For example, to a good approximation in most cases, the values of E 4o
are proportional to the square of the energy of interaction of two real trans-
ition dipoles (real in the sense that the monopoles are separated by a finite
distance). We are indebted to London1 for the notion of transition monopoles
and their use in connection with dispersion energy. Our results for E p- 5
are to be compared with the calculations of Coulson and DaviesZ who used
1.CAQ orbitals and evaluated all of the integrals accurately without using the
monopole approximation. Because of the complications of their calculations
it was not possible for them to obtain a simple understanding of the variation
of the interaction energy with the crientations of the molecules. However,
our values of Ej p agree with those of Coulson and Davies except for a scale
factor {our values being uniformly 3/5 of the Coulson and Davies numbers).
Such a scale factor corresponds to an adjustable parameter in either treatment
Prior to the present paper, there were no evaluations of Eg-7 . For long
polyenes E,,is by no means negligible and as a matter of fact: E/ﬂr) Eppr )E oo
For ethylene, acetylene, and the lower polyenes: E¢0.>E°.7,.)E7,.77. . In
the case of ethylene and acetylene where the complete dispersion energy is
compared with experimental data, the agreement i8 satisfactory in the sense
that it is quite comparable with the ratio of theoretical to observed values for
simple molecules in which there are no complications due to pi-electrons.

In the appendix, the free electron molecular orbitals are used to
calculate the contributions of the pi-electrons to the polarizability of polvenes
Excellent agreement is obtained with the LCAO calculations of Davles3 and
the results seem to be consistent with experimental data. This agreement
gserves as a check on the accuracy of the free electron molecular orbitals

as used in the present paper.

PR e

2, C. A. Coulson and P. L. Davies, Trans. Faraday Soc. 48, 777 {1952;.

3. P. L. Davies, Doctor's Dissertation, King's College, University of
Loudon {1949).
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'n retrospect we feel that the simple free electron molecular
orbitals, as used here, give roughly the right values for Eo~p and Ep .
However, the fact that the orbitals have been taken as one -dimensional
rather than as three-dimensional has its limitations. For example. consider
the interaction of two ethylene molecules in which the C=C axes of the two
molecules are parallel. With the present free eleciron orbitals, the value
of Eg 5 18 :ndependent of the orientation of the planes containing the
hydrogen atoms. Such a result is obviously erroneous . An obvious i1m -~
provement would result by replacing our present one-dimensional molecular
orbna])¢ n(x) , ‘see Eq. 2.29} by three -dimensional free zlectron molecular

orbitals such as
2 Z
$: 7;:5”(7()14#(—%\’7 »2% ) (1.2}
n

Here =x 18 the cartesian coordinate along the axis of the conjugated double
bond system and y and 2 ale coordinates perpendicular to this axis. The
parameter o« , would of course be adjustable. The use of three- dimen-
sional free-electron orbitals would not appreciably increase the amount of
work required and at the same time it should improve the comparison of

the dispersion energy for different orientations of the molecules.
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2.1
11. Method.
In dealing with dispersion forces, the molecules are sufficieatly separated
to make a perturbation calculation correct. Furthermore, it is not neceesary to
antisymmstrize the wave function for the two molecule system, since we may as-

sume that there ig no overlapping between the wave functions of different mole -

cules. We may then employ a simple product of the electronic wave functions of
the individual molecules as our zero order wave function for the system and

treat the potential energy of interaction as the perturbation. Actually, the only

——s -

part of the potential energy of interaction which affects the dispersion energy are

1
i the electron-electron interaction terms .

Here the n electrons designated by the subscript "a" are in molecule "A"

and the L electrons designated by the subscript *b" are in molecule "Bn",

Furthermore T b is the instantaneous separation between electrons Mai auc

: "he, If EP,A and ¥ a are the electronic wave functions of molecule A

i in its ground state and (-tk cxcited state respectively; if EH,B and Elj =
are the wave functions of molecule B in its ground state and j-th exciied

! state respectively; and if E“: . E‘? v E}oa , and EJB are the energies

of these molecular states respectively, the usual second order perturbation

theory gives the energy of dispersion;

(2.2

@is) (qu A ARL TN
E "Z E £ -E}

- . W W b geanas

1. The matrix components which give the greatest eontribution toc the dia-
persion energy correspond to one electron in each of the two molecules
making a transition. For such two electron transitions, only the ¢lectron-
electron terms in the perturbation potential as given by Eq. (2.1} lead ®o
aon-vanishing matrix components., However, it should be pointed out that
one elsctron transitions do give small but finite coniributions to the disper-
sion energy. For one electron transitiona, it is the electron-other-nuclcus
terms in the perturbation potential which are important. In the present
paper we ignore the small contributions from one electron transitions.

R 732 S FTE SC S
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Here the prime over the summation sign indicates that those states with either
Lor k equal zero are excluded. The conjugate complex of the wave function
does not appear in Eq. (2.2) since the wave functions in the following d evelop-
ment are taken to be real. Furthermore, for present purposes it i8 convenient
to suppose that the wave function for each of the molecules can be taken as a
Slater determinant made up of molecular orbitals, 4) A and ¢ B . The
orbitals are numbered by a subscript according to their energy, € . Thus
Qb 1 is the orbital of lowest energy, € 1 . ¢ 2 has the next higher

energy , € 2 etc. the molecules which we shall consider have an even
number of electrons n = 2N, and their ground state is a singlet. To the ap-
proximation of the present treatment, there are no singlet-triplet transitions
8o that the only excited states which need be considered are themselves sing-
lets. Thus the wave function for the ground state of 2 molecule is a Slater de-
terminant with two electrons in each of the molecular orbitals: ¢ 1 ¢ 2
oo o qS PEEIRET ¢ N The wave functions of the excited states which
we consider are the same as the wave function of the ground state except that
one of the two electrons in the i-th molecular orbital has been promoted to the
j-tk molecular orbital. Such a transition is denoted by the symbol (i, j).
In térmsof these orbitals the ground state of the molecule A is the Slater de-

terminant,
A A A A A A LA A A A A
qj = S ¢L QSL, ¢>I ¢; ¢;-/ ¢¢'-| ¢c‘+' d)c'H ¢NA ¢” \(2
ol /5 e ol ﬁ

[~ J(QNA)[ ol ﬁ ol P B35 « /@

Here the i-th orbitals are moved from their normal pcsitions in the deter-
minant in order to facilitate the algebraic manipulations which follow. Simi-
larly the excited state _{ of the molecule corresponding to the transition
ﬁ'.'j) has as its wave function the difference of two Slater determinants,

N (¢;¢f¢."¢f BN B B B B ¢~l) ]
2 A L R
- +(¢j¢; B8 gl B B B o B, %)

, 4

(8]

Kp P p xp g
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Now integrating the product of and

coordinate and spin space for electrons 1,2, ...

leads to the result,

A _ A
f lfO T.l d7.d7, .. dTa d T,y

'd"L/vA:

o CD (a) ¢, (a) (o((a)-((a) +ﬁ(ﬂ-)ﬁ(a.))

»l_'

2.2b

A
"Fg over all of the

. {(a-1), (a+l),..... 2N,

(2.5)

Since all of the electrons are equivalent, substitution of Eqs. (2.1) and

(2.5) into Eq. (2.2) leads to the following expressjon for the dispersion

energy in terms of the molecular orbitals.

-

LA

(dls)

/
Lt I m_JJ)

: L\Js

-
RN
-~

EI\’R

Here

./,u (e). -€7 ) +(ef —€¥)

(2.6)

(2.7)

(‘L /?E‘/JJ' jggb (a\:p,(c)——f¢> “>>¢>f(b>dna—c

where the integrations are taken over the coordinate space of electrons a

and b.
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In a molecule containing conjugate double bonds there are two kinds of
molecular orbitals. First, there are the pi-orbitals in which the electron
is not localized in either a particular bond or on a particular atom but rather,
the pi-electron is free to roam over the length of the conjugate double bond
system. The other electrons in the molecules, which we shall loosely refer
to aB ¢ - electrons, are localized in either individual atoms or chemical bonds.
The usual treatment of dispersion energy applies to interactions between the
sigma type electrons in one molecule and the sigma electrons of the second
molecule, E_ .. In calculating E __, the terms ezlrab are expanded in
inverse powers of R , the separation between the molecules. This expansion
converges rapidly provided that the linear dimensions of the electron orbitals
are small compared to the separation between the molecules, For pi-electrons,
the size of the orbitals are comparable with the size of the molecules, so that
this type of expansion would not converge rapidly when the molecules are separ-
ated by one or two molecular diameters. Thus a somewhat different treatment
is required in the calculation of the interaction of the pi-electrons of one mole -
cule with either the pi-electrons of the other molecule, E . ., , or the sigma

electrons of the other molecule, E ., .

The London Approximation

F. London2 suggested a method for approximating the matrix elements of
Eq. (27) corresponding to either pi-pi or sigma-pi electron interactions in

which cases the usual treatment {(expansion of ezlr in inverse powers of R)

ab

2. F. London, J. Chem. Phys. :4_(3'. 305 (1942)
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does not apply for the values of the intermolecular separation which have the
greatest physical interest. First, he considered the matrix element to be

electrostatic energy of interaction between two electrical charge distributions:

A
JOU_(a) =y e ¢£A(°~)¢f fa)

(2.8)
L£Y ) B
Loy =vE e b ¢ (b)
The matrix component can then be written;
f e* ). A i B
(& lii)= [ plerds pl e gy, (2 9)

These charge distributions are negative in some regions of space and positive
in others, depending upon the signs of the molecular orbitals. Thus the nodal
surfaces of r A(ij) divides all space into a number of cells or zones Kk,
Similarly the nodal surfaces of PB (i'j') divides space into a set of cells or

zones labelled k’. The matrix component can then be written in the form:

B 2 A B (2. 10).
(B1)=5 8 [ § #lwa phwson
k k' (k) (k)

Throughout each cell, the charge distribution maintains either a positive or
negative sign. London now defines a set of monopoles corresponding to the

charge distributions., The charges on the monopoles are

A A
e = (a)d T
Qi W = J piwd
(2.11)
8 . 8
%‘:'J'(k): fﬁi:j' (b)d?b
(k7
The monopoles are considered to be located at the points RA, (k) and

RiB, (k%) given by the first moments of the charge distributions within their

B3 i

——— e —
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respective zgne,
R - | v ¢ @ ar, /gt
—i k ) rCL Ll ug) 1/7LJ(K)
(k) (2.12)

USSR RPN MR LAY

1.7 = 7 b o /.t K
L k Ly Sy b QQJ

(1)

The London approximaticn then consists of replacing the individual integrals

of Eq. {2.]') by the electrostatic interaction of the corresponding monopoles,

(ii"?e ) ZZ % )9 k)lR (k) R,,(k)l N

ab

Since the London approximation forms the basis for the present calcula-
tions, it is import ant to examine its validity. I.et us consider one of the in-
tegrals of Eq. {2.10)

Take Rf’.(k) to be the center of the coordinate system for electron tan
and RB (k') be the center of the coordinate system for electron wbr, Let the
Z axis for both coordinate systems point in the line from R (k) towards

" "(k‘ Then (r,9,p) are the spherical coordinates of electron na" and

(r’ 6;¢ )} are the spherical coordinates of electron "b" in the two separate

reference frames. Then we can expand 1/1':!.b in a bipolar expansion:

o w0 4N, Imi ‘
=) > B (rr L R)P (cose)'P (cose)\_t.mw-(b)(z.u)

‘ol n0 g mion, MO

Here the B n:l? are the bipolar expansion coefficients, and R-ifiq’k) A

—N

- n m e o

3. See "Molecular Theory of Gases and Liquids" by J.O. Hirschfelder,
C.F.Curtiss, and R.B.Bird (John Wiley, 1954), p.834, Eq. (12. 1-28).

/(‘(’,)
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If the k-th zone of molecule A and the k'-th zone of molecule B do not
overlap or if r = r' <®, the bipolar expansion coefficients have the very
simple form,

’
m
n + n /I"I

' \ ‘5 | ;
R SO ) U G LA R L (2.15)
nn’ "7 (nrtmi! (n’* )] @ 0+

In this case, the integral of Eq. (2.10) becomes:

(el e — !
) J‘ S)LJ () Y\ab '.\lj‘/\r:)dz'a dcb = LJ —ﬁh' KJQ (2.16)
L) () f=o
where the K 1 are a set of constants given by
é\ 4
Ky p—el S, 3., (2.17)
‘e/:{o'/ﬂ -1Y2 i~ -m .
/
a 2(-1 + ]
Y%l ) Z [ (l n) M an \A/(Q-n>,m

The summation going to L/2 or (L-1 )/2 means to take whichever of the

two is an integer. The constants in this equation are the integrals,

(o g
Sn~— o ) r ?n(cos 6)9.LJ (k)&&'& (2.1g)
(k)
%/ ("l)ﬂ-n ( (2-n) ( ") 96 (‘(/) d
- ‘(€-n Cos & .y &
n (j-n) ﬁ, d P(Q"”) & b (2.19)
(k) '
L, = oyt § T T (cos @) cosmg 9£J,(k 2 (2.20)

(k)
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(L-w)
L‘/ (-1) , (B-n) Pm mpg)B (k') !
- )Y (o3 3)cosmp &
el 2 )
don {feneml g e . ° (2.21)
W | g rr\ —P"’ e . gA
nm (n+m)! n (cos 6) Sin m ¢ 3 (k) d Z'a. .
(k) .22)
( ‘)ﬂ-n )
WL = j L ‘"o i .23
-n,m (fepem)! r \u_n)(cos 0")sin m¢ Qé/i/(k)clzb (2.23)
(k) :

Thus S = (,'-..[}(k), S! =C-,.B'_‘(k°) and because of the location of the origins of
o (ij o i'j =W, = W

the two coordina‘.te systems, S1 = S'1 = L11 = L‘11 =0. As a result the lead-

M A

ing terms of Eq. (2.13) are

A, B
00 @ 8, ® dzde,
U g

A B ’
%i (k) g (6
R .

& B (2.24)
, 90080 4 (O8]

O

$
2

£ 3

v

The London approximation therefore consists of taking the first term of this
infinite series. The gecond term in the series vanishes because of the loca-
tion of the monopoles. The t}}ird term, which gives the first corrections to
the London approuximation depends on the second moment of the charge distri-
butions. The series converges rapidly and the London approximation is accur-
ate.pro{rided that o< 1is large compared to the sum of the effective radii of

the two charge distributions in the particular zones being considered.
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The Coulson-Davies Method.

4
Inatead of using the London approximation, Coulscn and Davies expressed

the molecular orbitals for pi-electrons as linear combinations of the Zp atomic

orbitals,

oa ) (2.25)
Here T _— is the distance of the *'a''-th electron from the «-th atom
{carbon atoms in the problems considered here); the Z-axis is taken per-

pendicular to the axis of the molecule so that Z’a is the coordinate of the a-th
electron in this direction; and '"¢" is a constant which for carbon has the
value 1. 625/&!.o where a is the first Bohr radius. In a linear conjugated
polyene with 2N carbon atoms, there are 2N molecular orbitals that can

be formed by linear combinations of the above atomic orbitals:

oo T

¢(a)=Z'\/i Sm(lNH) K, (@) (2.26)

The one electron energies associated with these orbitals are

) rAl . '
éa. 2% cos (QNH) j=1, 2, ..., 2N (2.21)

Here { is the "resonance integral" which C oulson estimated empirically

to have the value -40 kcal/mole.

4. C.A.Coulson (Prbc.Roy.Soc. 169A, 413 (1939)) developed the molecular

orbitals given in Eqs. (2.22) and (2.23) and C.A.Coulson and P. L.Davies
(Tr. Faraday Soc, 48 , 777 (1952)) applied them to problems involving pi-bond
intermolecular forces
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Using the molecular orbitals of Eq. (2.26) the matrix elements of Eq. (2.7)
which occur in the dispersion energy becorne linear combinations of integrals

of the type,

e i A

A & 4 -
oy ey X @ X a4 (2.28)
b o} 4 ’ e j
’ 4 e alb X 2 ;

Because of the exponential decrease of the atomic orbitals with distance, the
/

s|®

only integrals which have sppreciable size correspond to ’ and £
either coinciding with or being next door neighbors to « and g rispectively.
Furthermore, since the s8ize of the atomic ortibals is small con/xpared to the
separation, R, between the molecules, it is possible to evaluate integrals of

the type of Eq. {2."'} in the same manner as is usually done for the matrix

elements of Eq. (2.7} in the case of sigma-sigma electron interactions.

The FEM orbitals

Recently a different type of molecular orbital has been introduced which
is more satisfactory for the calculations that follow because of its greater sim-
plicity, Moreover, it is in no way inferior for predicting the energies of ex-
cited states and contains no constants which require empirical determination.

This approach is known as the free electron model approximation. The
delocalization of the pi-electrons is taken literally and they are regarded as
free to move in a one dimensionsl box which extends along the skeleton of the
~onjugated carbon atoms. Thus the skeleton for a benzene molecule is essen-
tially a circle around the benzene ring and for a linear polyene it is a line
along the carbon network. Whenever there is a free endpoint such as the
terminal carbon atom of a linear polyene, the "box" is extended an additional
bond length, or the carbon-carbon distance.

For linear polyenes with N conjugated double bonds, the free electron

model molecular orbitals are given by:

2 . nrx

¢ "‘\/!3: Sirh —— n=1,2,"
n V4 y) J (2.29)

Ky
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2.10
with the energies:
5, &
nJ'L.
€n=%mf"‘ o A=l 2 2N (2.30)
Here {4 is the length of the one dimensional box and is equal to

(2N + 1)D, where D is the carbon-carbon bond length, which we take to
be 1.4 & , X is the distance along the electron path measured from one
end and m is the mass of the electron, .

Because of the simplicity of the free -electron orbitals it is possible to
substitute them directly into the matrix components of Eq. (2.7) and eval-
uate the resulting integrals directly. However, these integrals can be ex-
pressed in a simple closed mathematical form only if the conjﬁgate double
bond molecules are parallel and colinear, For any other orientation, the
resulting answers can only be expressed in numerical form. Thus, it is
desirable to use the London approximation which leads to very simple re-
sults with very simple interpretations. -

The total energy of dispersion is the sum of contributions from the sigma-

sigma, pi-pi, and sigma-pi electron interactions:

m
il
Iy
+
o
+
1T

iy Tr CT (2.31)

The treatment of these lhree types of interactions are quite distinct.

Determination of E+¢

A satisfactory treatment of E c has been given independently by

Ly
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London and by de Boer5 in terms of the polarizabilities of the chemical

bonds, in the parallel and perpendicular directions, oy, and oy
respectively. The mean bond polarizability is o = (oc“ + 2o ) /3
and 5 = ’ ey, - O"l\;/x i8 a measure of the electrical assymetry of the bond.

In the London or de Boer treatment, the energy of the principal transition
(h )/‘. or h ¥, depending whether the perturbation is parallel or perpen-
dicular to the bond) plava an important role. We assume that this energy
is equal to the bond ionization potential, 1. Thus I=h%, = h ¥/ .

For calculational purposes we assume that I = 100,000 crn-1 = 12.4e.v.

With these assumptions, the London or de Boer treatment gives:

b GO

oL, o
I ~ kA 'Q'B n -
Ec‘cr-‘—_g_«z — |+ [3cosze -1
kns L "t A A
2 -
+ 3¢ L =
S‘Qa (3 cos GJZ., ]
- (2.32)
\ 2
SIng ' = \
5 N3, smeﬂ cos’t -4 ) ‘
+ A A }
kA —QB !
T4 LeS 6, cos S, /'
A 8 ,
d 3 |
- 2858 -cos W |
J, Ka Ly ,’

5. F. london, J. Phys. Chem. éﬁ, 305 (1942); J. de Boer, Physica 9,
363 (1942); also J.O.Hirschfelder, C.F.Curtiss, and R.B.Bird,
“Molecular Theory of Gases and Liquids", (John Wiley, 1954), p. 969.
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2.12

Here the k-\ and _f B signify the chemical bonds in nawolecules A and B

respeciively and the summation is to be taken over all of the ckemical bonds.
The angles © K and 61 are the angles which the bonds make with
A B
a radius vector joining the centers of the two molecules. The ¢.Y and ¢£
5]

N

are the angles which the projection of these bonds make with a plane passing
through the radius vector. Values of the bond polarizabilities have been

estimated by Denbighé, For the aliphatic C-C bond and for the C-H bond:

:ﬁ as 4

‘ J o 10 cm b
, (c-uC)aliph 6.4 2.90 (2.33)
(C-H) 6.5 0.32

If the two molecules are held at a fixed separation between their cen-

ters and rotated through all orientations, we obtain for the averaged value

; OfEG'U‘;

el -3 L
Eee = T R° b “K, L (2.34)
knole

The values of the E cc 28 calculated by Eq. (2.12) are probably not
accurate to within a factor of two but it is difficult to see how substantial
improvements can be made in the formulation without making detailed cal-
culations using accurate wave functions for each of the molecular species,
This short summmary of the treatment of the E E-G.is included here since we
g need to know value.s of the E s
the experimental values for the dispersion energy.

in order to compare the calculated with

o

6. K. G. Denbigh, Trans. Faraday Soc. 36, 936 (1940)

-3
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Determination of Ep o

In seeking the simplest determination of E v , we used the "free-
electron" model for the molecular orbitals in Eq. {2.4). Then, we used
the London method of approximating the resulting integrals, The combina-
tion of the two approximations lead to comparatively simple exgressions for
E o 7 which are easy to interpret, Our results are to be compared with
the more accurate calculations of Coulson and Davies4 who used good

molecular orbitals and accurately evaluated their integralsc.

Determination of Eg g

The sigma-pi electron interactions have not been considered by previous
investigators as a source of intermecelecular energy. It is therefore necessary
to develop a new approach. Consider the interaction between the sigma elec-
trons in molecule A and the pi-electrons in molecule B, The sigma elec-
trons are localized in chemical bonds. For the pi-electrons we use the
London notion of monopoles. The matrix components of Eq. (2.7) then
become the sum of interaction integrals between the np sigma electrons
in the p-th chemical bond of molecule A with the k.-th monopole in molez . le

B. The matrix components of Eq. {(2.7) then become:

B
2 . (I()
1 3e T % S Moy dto %‘J =
(ii lr‘ab lii") PZ SR [#:e09 ]pm- R &
chemiwcal  Morop. les R
bonA‘S'W\ "n
A

If the size of the chemical bond is small compared to the distance, Rpk’

from the center of the p-th chemical bond of énolecule A to the k-th
monopole of molecule B, then ’/l[_,, - E-L,.,(k)l can be ex-
o Jd

panded in inverse powers of R Let the ~ »~xis be the axis

pk’
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of the chemical bond and let the center of the bond be the origin. Then the
spkerical coordinates of the electron '"a" are (ra, =) a0 Séa ). Similarly

the spherical coordinates of the monopole are ( Rpk’ ka, ¢ pk)

Th!:nt7
' ‘ (: v 'n_',n’).';' ¥ e brri e Lre (d - ¢. /|
e i;— >J y 5/4» wl'.\ E‘l) p'\ i 60.} ﬁ" s ef’k) = o
r-f, (b Rpo gz, e
J
(2. 36)
The leading terms of this expansion are:
A
o —
i A
IY&‘— 3€',/'/(‘,/;
I (2.37)
. :_' - _Ca. Ces 9& 208 epk*Si"eo. SMGPK Sin ;éa Sir ¢F'< _,+ o
i k R‘k y . .
f P +Sin6 smG‘PK cos ¢.L Cos ¢f’" d

: " XO.XPk + Y(LY‘;‘( * za_ Zpk
K 3
ik R pk

+ o

A A
Since ¢,‘, (a) is orthogonal to \b () when we substitute this expansion,
J
Eq. (2.37), into Eq. (2.3%}, the term 1/Rpk does not contribute. However,
the next term does not lead to vanishing integrals and it plays the leading role

in the sigma-pi dispersion forces. Thus to a good approximation,

e e e ]

7. “"Molecular Theory of Gases and Liquids", Eq. (12,1-25), p. 842.
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/]2 /
(“ r‘: Ilj )
yz %B (k)
= " dZ
pzkl R S¢L = d)j (“)lx"'xt“‘w“Yrk %o f"‘] “ (2.38)

Now the transition (i.,j) is associated with a particular chemical bond p

80 fhat the x component of the transition dipole moment of the chemical bond

is given by
A& \
(/u’x(P))LJ‘:eg?o ﬁ}i<k§.}l XR)AT'WJ?:N 12539)

Ther raaking use of the equivalence of the electrons and Eq. (2.5) it follows

that
g,u. o) = ﬁeg ¢A(a) gbA(o,) x d& (2. 40)
The matrix components can therefore be written
2
(el 2 i+")
Tab
Lk |
=S TN G )Y (e (), + .
3 [ Pk /u'XP ¢ Yf’bk /“y P <) ZPk(/uz(P))LJ
pk Rk
P
Now we must make use of the special properties of bond functions before sub-
stituting Eq. (2.41) back into Eq. (2.6). These properties are;
(1) Each transition i ->j occurs in a particular chemical bond so
that the summation over p in Eq. (2.41) is redundant. o
(2) If a particular transition i — j has a transition dipole moment
in the z-direction parallel to the bond, it cannot have a transition dipole
moment in a direction perpendicular to the bond; and vice versa.

(3) The symbols i and. j denote the sets of quantum numbers defining

the state of the one electron bond orbital. These quantum numbers are quite

I3

-
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analogous to the set of four {n, £, m, o) aefining the state of an electron
in an atom. Here now the energy of the state (depends on the quantum numbers

. ‘Q !
corresponding 10 n, X, ml

Making use of these properties Eq. (2.5) becomes:

B
~ 5 il e} : ¥
lem 2 ) 2 ,,Ut)Z 2.42)
Ko 40 RE [VLX( ,») X e (Ip),).. [ [2 9‘17—-

) LY T y p__-l Rpk

= o
2 i
z

(ef-ef)+ (el -€)

t

\.4

8
To redure this summation still further, we note that the cross-term
it ’ ~ ) / 7l ] R . _
k/""x Y )“ ' 50, 13 proportional to [ 6m¢-,me-- 5"‘( ,m. - I} :
Furthermore the dencminator of Eq. {2.40) depends only on the absolute
value of mj and of mi and in the summation both mi and -mi as well as
rnJ and --mj . Oun these accounts it follows that the (ross-terms vanish

and so

B B o
: *.}-‘-'.,(k) : 2 2 o (k)
F ==%% <Z! ",i'ji"— X ) (/“x(°))z' +% 73’ )(/u_y(P))
: 4

LS (é (E 8\
P 1

(/ﬂd. _ (2.42)

N U

Now let us assume that in molecule A there is only one pri.ncipal transition.

in earh chemical bond and rhat the energy of this transition is c = 6 =7

v

the ionization potential or roughly 100, 000 cm =L or 12.4e.v. Also the

paralle]l and perpendicular bond polarizabilities are

o e e n o o e

8. H. Margenau, Rev. Mod. Phys. 'l. 1{1939), see discussion on p. 20.
9. See "Molecular Theory of Gases and Liquids", p. 889, Eq. (12.6-16a).
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; 2 2
A( 2(/'4_,((!“’)&} ) 2(/u (P)){J'
S e I . I
) (2.43)
A (e (p))
ol (F>: 2...,__
I I

Then, the dispersion forces between the sigma electrons of molecule A

and the pi electrons of molecule B can be written in the form,
B

B
( C}L"’(k) 2 - G it (k) 2{
o gy bl R TR
Qs P 2 [ (EY- e’ )] (2. 44)
S A A

iy Rak Lf’k

) B
/ %i"’(“ g 2
> ey ™ ]

The total sigma-pi interaction energy between the two molecules is then

the sum of E and E .
().A Tr& G—B TrA

Monopoles for Linear Polyenes

The calculation of the monopoles for linear polyenes is easily carried
out using the FEM orbitals of Eq. (2.2%), assuming that the polyenes are

truly linear and that all carbon-carbon bonds have the same length, 1.4 K.

"For linear polyenes the charge density of the monopoles is given by Eq. (2.8)

¥ ,
e 27°e sin LTX g .TX
By 2 y) J) (2. 45)

This has nodes wh=never x is Cither a multiple of £ /i or a multiple of
l/j. Thus the first monopole lies between x =0 and x = llj and each
of the oth-= monopoles lie between successive nodes. If \) K is the

x coordinate % the k-th node, then the strength of the k-th monopole is




e

. T LMD 5
.

)- Sin (_(l"_l' Y )}

And the location of the centroid of the k-th monopole xij (k) is given by

IR)
ol
4

Tae
X, (k) (k)= =

-

Y

v

.13

(2. 40)
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The results for-a few pclyenes are given in Tabie 2.1, The notation
(i,j ) signifies that the moncpoles are for the transition in which the excited
state contains the j-th FEM M(C in place of the i-th FEM MO in the ground
state. ' |

In each case the sum of the monopoles must be zero because of the
orthogonality of the wave functions. The signs of the monopoles for a given
transition may be changed simultaneously without affecting the result, since
the quantity of significance is the square of the matrix element.

For a polyene with N double bonds, the transition (N, N + 1) represents
the largest contribution and is the only one that is listed for hexatriene. We

shall speak of such transitions as principal transitions,




Table 2.1 Monopoles for Linear Polyenes.

The numbers given above the lines are the strengths of the monopoles
(}i (k) given in units of e. The numbers given below the lines are the dis-
tances in 2  between the monopoles. The transitions (i,j.) are given on the

left hand side of this chaxrt.

ETHYLENE
+,¢0021 -.6002!
(1, 2) T «—i7825 —
ACETYLENE
+1.20042 -l20042
(1,2)
«l.53L8 >
BUTADIENE
+27332 -.58L¢H +.27332
(1’ 3) ® 2 ¢ N .
Q1315 > -—2.1815 =
+.16977 -. 40985 +.4098 5 -/¢977
1,4 - * *
(1, 4) “16193 > -1 6959 > . 193>
+.40782 3 - 10769 +.16249 ~.4L742
(2,3) <5984 > <—4./9'Il+' /5984 >
+.30010 ~, 30010 -.30010 +.30010
(2, 4) & ’ < : ’
“<l485¢> «2.014L = wrhesd
HEXATRIENE
+ 36378 -029¢8  +.1803] -.78031  +029%3 -, 24378

(3, 4) . . = o

—|.5IaE > «.2515F . 5751 > €[A5I5P e, 5125
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III. Results,

A, Ethylene

Ethylene is the simplest example of a molecule containing pi-electrons.
We shall now discuss the calculation of the dispersion energy for ethylene.
We first consider the energy arising from the interaction of pi-electrons in
one molecule with the pi-electrons in the other and shall compare the results
with those obtained by Coulson and Davies who used the LCAO orbitals. Then
we calculate the complete dispersion energy by taking account of the sigma-
electrons as well as the pi-electrons, and we compare with the experimental
data.

The qualitative behavior of the E .  interactions in ethylene are
easy to understand in terms of Eqs. (2.6) and (2.13). According to Table
2.1 there is only cne impaortant transition in ethylene, (1, 2) and there are
only two monopoles associated with this transition. These monopoles being

equal in magnitude and opposite in sign correspond to a transition dipole having

a dipole moment

pa a0l O] 5 dye

According to Eq. {2.30)
2

=N
62—6,=m9_(4-l)‘ LOR#4H X )0 ergs = .39 ey, (3.2)

For separations R between the centers of the molecules large compared to

the separation between the monopoles, Eq. (2.6) reduces to

' .2
E,"Tr- - EZ [_2 COSQAC0398+ SmeA 8/’)98 COS(¢A- ¢5)_‘ (3.3)
where i+ ' C
o il ’ o _
G= Hia = 3.403 Xio (efgs -A 6) -4
2(€ -€,) '

= 2125 (ev.-A™%)
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3.2
and the angles GA and 6 p Aare the angles which the two molecules make
with a radial vector joining their centers and ¢A and ¢ p are the azimuthal
angles which these molecules make with a plane passing through the radius
vactor.

At smaller separations Eq. (3.3) is not quite correct because the
monopoles form a real dipole with a separation of 1, 7825 2 between the
charge elements as contrasted to an ideal dipole with no separation between
the charge elements, The lack of ideality of the dipole-dipole interaction can
be taken into account by introducing a runction ¥ (R, BA, 2 B’ ¢A’ 5ZB)
into the equation for E TT

2
G 6_+SMe sme cos(d -4)
= - = |-2 cos B, Cos in i (3.5)
Eqg =78 Q¢ ]. A & 4 B =i

The values of ¥ (R, GA, ¢) B’ ¢A’ ¢B) are calculated using Eq. (2.13)

to compute vailues of Errn for different configurations. In the case of ethylene
where there is only one principal transition, (1,2) and only a single pair o

monopoles Eq. (2.13) can be writter in the simple form:

_ G [ | | 2 (3.6)
E_ =" [“— P T T ]
LR R R R

MM, = MM, MMy RM,W remaua

where the are the distances between the i-th and j-th monopoles as

RM.hd.
1)

shown in Fig. (3.2); M1 and M2 being the monopolies on one

molecule and M3 and M4 the monopoles of the other molecule. Thus the
following results were obtained:

(a) Parallel and Opposed. C =C
C =C

4

a (3)

12

The results for this case can be summarized by the equation;

b
Eop™ (21.25/d(R) ) % ew. T

Here o A is a slowly varying function of the separation d (3)

which should approach a constant value at large separations, In Table 3,1
the present results (HH) ars compared with those of Coulson and Davies
(CD) who used LCAO orbitals. The values of E orof ¥  which

wm
Coulson and Davies calculate are uniformly 4/3 of our values (except for
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the calculations at 50 & separation).

Table 3.1, Ethylene Parallel and Opposed
Calculated Values of the Coefficient § Defined by Equation (3. 7)

aR ) S ub Yep ¥ uu/¥co
4 0.760 1.009 1.328
8 0.929 1.245 1. 340
10 0.955 1.280 1. 340
15 0.981 1.318 1. 344
20 0.988 1.315 1.331
50 1.000 1.079 1.079

(b) Parallel and Displaced:

L y R
C=C
. 2 2 2 '
For this case, R =y +d ; cos eA = cOS eB = y;  and
¢A = ¢B = 0, Thus Eq. (3.5) can be written R
2
- aLas (2 3_&_ 2
B T T m) ) ¥ ew (3.8)

Comparing the values of E calculated from Egq. (2.13) and the ex-

TH
pression for ET]’T" of Eq. (3.8) we obtain the values of Y given in Table

0
3.2.

R A

[
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Figure 3.1-0 E, for Ethylene in Displaced Parallel Config-
uration for d = ﬁ -"Triangles are Results of Coulson and
Davies,
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Table 3.2
¥ For Ethylene Parallel Displaced (Eq. 3.8)

vy () a=38 d=8X
0 0.6312 0.9289
1 0.4722 0.9376
2 8.3913 1.1527
3 0.4918 1.0052 ,
4 0.8514 1.0677
5 0.9819 1.3140
6 1.0305 .4625
7 1.0451 . 8475
8 1.0471 .9197
9 1.0458 .9547
10 1.0420 .9718
11 1.0363

12 1.0340 .9932

13 1.0255

14 1.0267 1.0031
15 1.0237

16 1.0071
18 1.0060

20 1.0071

Figure 3.1 gives the values of E ,n for d = 38 and shows the excellent
agreement which is obtained with the more exact calculations of Coulson and
Davies,

The most characteristic feature of the curve for E,mris the node which
occurs between vy = 28 and y = 38 for the case of d =34 . If the moro-
poles behaved like an ideal dipole, then according to Eq. (3.7), the node should
occur when y =d/ {2 orfor d=324, the nodal y should be 2.12 3.
Actually, since the monopoles lie a distance of 1,78 A apart, the corrections
for lack of ideality are very large for this amall separation. This is seen from
the large value of ¥ in Table 3.2 for vy =2X:A“.l’;l(:-t3:ily we find that the
node should occur for y = 2.43 A. This is in almost perfect agreement with
Coulson and. Davies who find the node occurring for y = 2,45 o . For d =8 A

we obtain equally good agreement with Coulson and Davies for E T as a
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function of y. In this case we find the node occurring at 5,58 £ while
Coulson and Davies calculations leadto 5.60 £ . For d =8 £ the node
wowuld occur at y = 5.66 R if the monopoles were ideal. The larger the
value of d , the more closely does the node occur at the ideal-dipole
value, y =.707d.

(c) Oune Molecule Rotated in Plane of Other Molecule and the Radjys

Vectox
id i St
Here GA:Z’GB'Z-% R
d = = 0 i ==
s Lofx
According to Eq. (3. 3)
for this case,
_ 21.25 % 2
Eﬂn‘z R(x)e cos X, (3.9)

For R =74, the values of ¥ which we calculate are given in Table 3.3,
For this case the ideal-dipole approximation is very good. Coulaen and Da-

vies obtained the same qualitative behaviour as our results except that here

Table 3.3 ¥ For Ethylene Rotated in Plane of
other Molecule and the Radius Vector. (Eq.(3.9))
Here R=72%.

X 1
Degrees

0 1.101
15 1.080
30 1.042
45 0.980
60 1.006
75 0.882

90 1.000
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again their values are 4/3 of ours.

Complete Dispersion Energy for Ethyl-ne

The formulae for E ;- and for E ;o are given by Egs.
(2.32) and (2.44) respectively. Let us perform the calculation for 12
separate orientations of the two mclecules when their centers are separated
by 10 £ . In the calculations of E g~ andof E .. we use the bond pelar-

izabilities of {C-C) in place of C = C since we do not wish for the

bond polarizabilitiesatlc:pi}tl\clude the contribution of the pi-electrons. For the
C-H bonds we neglect the assymetry of the polarizability tensor and use the
average polarizability in place of ™, and ¢., . This greatly sim-
plifies the numerical calculations. It is convenient to number the monopoles

(M) and centers of bonds (H) and (C) as shown in Fig. (3.2)

HS
SM'*
HZ
H2 H
N y ~
c
M, 8 S ) G,
-« &
)
“3./ H+ M',/
A,

Fig. (3.2)
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For these calculations the C-H bond length is taken to be 1,07 X and the
C=C distance is 1,34 R . The angle between adjacent C-H bonds is 100°.
Let the distances between the centers of two C-H bonds be called R

H.H '
between the center of the first C-C bond and the center of C-H td

bond, R between the first monopole and the center of a C-H bond,

c,H/’
RM HS 1 etc. The twelve cases considered are shown schematically

in 1 Figure 3.3. For these cases the expressions for E 5, is

(in e, v. when distances are in X ),

4 4 g
e - Jd_ T
Eo*cr 3.93 "2) Z‘-g : 0.645 > L (3 cos e !)]

=R
Hd 3i°° c,H%

i seste, -
—0.645 3 < [eraa(3es e =1)]

(=)

2
- 0.635 [o.z + 0.29 (coszee +Cos e, )

= i 2
RS | 6. s }
e,c, $.41(2 cos GC’ Cos Oca- %mec‘ Sin ec Q05(¢C" dc))

2 (3.10)

Here ( 6 ., ¢ ) and ( ©, , 95 ) are the angles that the C = C bonds
SRS 20 T2

make with the radius vector and a plane including the radius vector joining the

center of the two bonds. Also, for the cases considered, the expression for

E ¢ is (in e.v. when distances are in X),

b o —— st - -
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; Fig. 3.3. Twelve configurations of two ethylene molecules. The
A,B.,C,, and D represent four orientations of the carbon-
caubon1 bon]as. The other orientations differ from these by rotations
of 90° about the C-C axes as indicated.

Molecules in same plane.
Second molecule rotated perpendi-
cular to plane of first molecule,

Molecules in same plane,

Second molecule rotated in plane
perpendicular to first molecule.

Molecules in same plane.

First molecule rotated into plane
perpendicular to second.

Second molecule rotated into plane
perpendicular to first,

Both molecules rotated by 90o
into new plane,

Firet molecule in xz plane
second in yz plane,

First molecule rotated by 90°.
Second molecule rotated by 90°.

Both molecules rotated by 900.
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E ‘-I-H3Z4:[?'-' +E,|;— = <Q"M¢3»;_M13RM -~ ]
P AR H.My R m, R“Lm
& = 2
8 I | (RHM*RRM‘QMM)]
- -T * - 4 d L ']
msz{RM O RS . R
=5 I 4 a H';'M, "a”:
i ' I @ 5
2
(Gt
—(only in cases Aland/\l) 3.218 (ZM ZL) ( My 29)) i
2
+< | .- |
(2,-2¢)  (z,-2.)
RGNSV

Here the ZC and ZM are the coordinates in the direction of the radius
vector from; C1 to CZ; and RM M = RM M. = 1.783. For general
orientations of the two molecules, the last term in Eq. (3.11) becomss

somewhat more complicated but can easily be worked out from Eq. (2. 44).

The results for the 12 different configurations of the ethylene molecules
is given in Table 3.4. In order to obtain mean values of the dispersion
energy corresponding to spatially averaging the molecules over all orienta-
tions, first of all we must average with respect to rotations about the C-C

bonds. This is accomplished by averaging the results for A, and A, to

1 2
give an average A; average B1 and BZ to get an 2verage I; wvcrage C
and D, to

2 Py 4
get an average D. In the above averaging each of the crientations is given

1’
CZ’ C3, and C4 to get an average C; average Di' D

equal weight. The resulting four orientations of the C-C axes correspond to

the four configurations of the H-H axes in the interaction of two hydrogen

SEE . —— -
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molecules problem whi:ch Evetr and Margenau studied. They fouvnd th:* n *h~
case, the most reliable mean vajues 0f the .nteraction energies 35 attarned by «s
suming the weights 0.085, 0.25, 0.415, and 0.25 for the configurations A,
B, C, and D, Using these weights we obta:ned the results :ndu ated ‘n Tabie

E 3.4. First of all, it i8 surprising how litile d:fference the orientation of the

Table 3.4 Energy of [nteraction Between
Two Ethylene Molecules Separated by 2 Distange of
10 A. [All energies are given sn units of 10 e, v.)

.
'i Orientation "Evrr ~E . "'Ecr’n' ”Et.o.',a].
é; = =
’; Al 0.91 1,93 2,28 5.12
i AZ. 0.91 1,93 Do i 5.12
B, 0.20 0.85 3.29 1.34
l B, 0.20 0.82 0.28 1.30
A c, 0.00 1.18 0.75 1.93
i c, 0.00 1.18 0.75 1.93
C3 *0.00 1.13 0.73 1.86
) C4 0.00 1.13 0.73 1.86
% D, 0.00 0.79 0.28 1.07
D2 0.00 0.77 0.27 1.04
D3 0.00 0.77 0.27 1.04
D4 0.00 6.74 0.27 /1.01
Mean Values 0.13 1.04 0.64 1.8

Experimental Dispersicn Enexrgy from
Lennard-jones Potential {6, 12) 4.06

C-H bonds make in the E and E g1

L\
i When one uses the Lennard-Jones {6, 12) potential to fit the experimental

O mammmem e © -

. o ' | o
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data of viscosity of Ethylene as a function of temperature, the force con-
stants € and O are foundtobe 0.0177 e.v. and 4.232 8% re-
ipectively. If this Lennard-Jones potential were correct, the energy of
dispersion would be equal to 4 ¢& UG/R6 . This empirical potential energy
curve therefore provides an experimental comparison of our average value

of E .
total
1.81/4,06 = 0,45 is not surprising since most theoretical values of dis-

The fact that our theoretical value is smaller by a factor of

persion energies are gymaller than the Lennard-Jones values by about this

ratlo“.
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Acetzlene

The forces between two acetylene molecules are much the same as

between two ethylenes. In acetylene the triple bond contains two pi-bonds but

these pi-electrons can be treated in exactly the same manner as the pi-

electrons in ethylene. The carbon-carbon bond length in acetlene is 1,207 R

and the carbon-hydrogen bond length is 1,060 R.

Using the monopole

strengths and separation given in Table 2,1 we obtain the skeletal structure

of the acetylene molecule shown in Fig. 3.4. As in the case of ethylene,

there is only one orincipal transition which needs to be considered, (1, 2), so

e Monopole Strengths Y

+1.200 e - 1.200 e
[ . @- — L 2 L]
H) M, <, M, H,
-1.134  -0,768 0 +0.768  +1.134

mnces in X to right of ;y

1

Fig, 3.4, Skeletal structure of acetylene.
Here C. is the center of the C-C bond and
H., and H, are the centers of the C-H
bonds. The M., and M2 are the two

rﬁonopoles for the principal transition,

that the formulae for the three different types of electron interaction are

simplg. For acetylene, the transition dipole moment iq'_ /{12 é___8__,_86 debye

and the transition energy is € o € L =8.60 e.v.
E

_Enq s givenbyEq. (3.6) where R

At large separations '

MM, =1.537 £ .. - The.

17 is given by Eq. (3.3) where now G = 140 e. v, - X-6 . At spnaller ..
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is given by Eq. (3.10) where now the summation over

and 2

formula for E C&

includes only ) ] ujn

rejne and the summation over includes only

3 and 4. For the purposes of computation for the present paper, we con-
sider only four basic orientations of the two acetylene molecules, namely the
same orientations of the C-C bonds as were cansidered in the case of
ethylene; A, B, C, D of Fig, 3.3. For acetylene,which is a linear molecule,
it is not necessary to consider the sub-cases indicated by subscripts on the

A, B, C, and D. For these cases. the sigma-pi interactions for acetylene

are given by

< 2
™ = h
i 4 + _ (R“;Ns* Q"c“t} QM.M;)
E = -~ 3.978 ¥
Rl 9 Z Ru.n " Rs Ra
L Y3 Qv HMg TR My -
= 2 Q 2
I L4 (QR;H,* Ry, Ha—RM.Ma> |
- 3.978 ), LR* o ed o
jral M, KoM, B, WMy N
- ' | 2"
- (only in case A) 11,51 ( _ a= 2
(ZM' ZC 2) (ZM"— an)
| . [(3.12)
+<(2 . )_.‘ - J 9
My G <ZM -ZQ)

Here again the Z's are coordinates in the direction of the radius vector
going from C1 to Cz. and again the formula for a general orientation

would have a last term which is somewhat more complicated.
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The results of these calculations are given in Table 3.5, The mean values
are obtained, as in the case of ethylene, by assigning the weights: 0,085,
0.25, 0.415, and 0.25 t> the configurations A, B, C, and D. Using the
Lennard-Jones parameters € =0.,0l6e.v. and 0 = 4,221 R

Table 3.5. Energy of Interaction Between
Two Acetylene Molecules Separated by a Dist‘?nce
of 10 £ . (Energies are given in units of 10 ~ e.v.)

Orientation -Eﬂ‘n’ ~E o "EO'!T mEtotaI
A 1.97 0.89 2.22 5.08
B 0.45 0.97 0.37 1.79
C 0,00 1.81 0.97 2.78
D 0.00 0.22 0.36 0.58

Mean Values 0.28 1.12  0.77 2.17

Experimental Dispersion

- Energy from

Lennard-Jones (6, 12) Potential 3.62

determined from fitting experimental viscosity of gas data, we obtain an
empirical check on our theoreticzl calculations. In this case our theoretical
dispersion energy is smaller than the emriirical value by the factor

2.17/3.62 = 0.60 which is exactly the same as for the case of ethylene.
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Butadiens

Now let us consider the pi-pi dispersion energy for Butadiene. This
example is much more complicated than either the ethylene or the acetylene
cases., There are four transiticns which must be considered. They are, in
the order of their importance: (2,3), (2,4), (1,3), and (l,4) . At large
separations, the (2,3) and the (1,4} charge distributions could be approx-
imated by a dipole but the (2,4} and (1, 3) are essentially quadrupole charge
distributions. Naturally, the positions of the nodes and maxima in the energy
of interaction is difficult to describe in terms of simple equations. Neverthe-
less, the ' long-polyene approximation'" which cansidered presently gives a
surprisingly good representation at large separations. In this approximation
only the principal transition, (2, 3), is considered. Howsver, at small separ-
ations there is no satisfactory way of avoiding the detailed calculations. Let
us use the symbol (ii', j j'} to indicate the transition (i , j) in molecule
A and the transition { i' , j') in the molecule B. The numbers preceding
each term indicates its degeneracy. Let us consider two configurations.

- (2) Parallel and Opposed.
The results for this case are given in Table 3,6.

From symimctry considerations it is easy to see that the transitions (11, 34),
(21, 33), (21,44) and (22, 34) do not contribute to the energy of diSpersion.
It is seen that the principal transition (22, 33) is always the largest contributor,
followed by (21, 34) and (22, 44). However, at large separations only the
(22, 33) is important.

(b) Displaced Parallel Configuration.

Here the symbols y and d have the same significance

as in the case of ethylene. The contributions of the various transitions and
the values of E, ; are given in Table 3.7 for various values of y when
d =8 X . The variation of E;q with y is shown in Fig. 3.4. Because the
dispersion energy is the sum of a number of terms each having different nodal

pointa, E, . has a minimum value different from zero.
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"Figure 3.4 Ko’ ".#gic Butadiene in Displaced Parallel
Configuration for d « 8§ A, The triangles are the results of
Coulson and Davies calculations. . '
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3.9
It is interesting to compare the results of the present calculations using

the FEM orbitals with the calculations of Coulson and Davies using the LCAO
orbitals. The first difference to note is that the degeneracy of the terms is not
always the same for the LCAO and the FEM treatments. For example in the
parallel opposed configuration, in the LCAO treatment the (22, 44) is 4-fold de-
generate whereas in the FEM treatment the (22, 44) is singly degenerate. How-
ever, in the F©M treatment the singly degenerate (11, 33) and the doubly degen-
erate (21, 43) have very nearly the same values for the matrix elements, There
is therefore very little physical effect of this difference in the degeneracies.
Rather uniformly, the Coulson and Davies results give values of -Ev " larger
than ours by a factor of 5/3, Such a difference could arise through the particu-
lar empirical value of the resonance integral which Coulson and Davies used or
it could result from errors in the FEM approximation or in honest differences

between the LCAQO and the FEM approximations,

Hexatriene

For hexatriene, we consider only the principal transition, (33, 44)
whereas Coulson and Davies ¢qnsider a large number of transitions. Table 3.8
compares our results with those of Coulson and Davies for the parallel opposed

configuration. Uniformly, the Coulson and Davies values are 5/3 of ours.

Table 3.8 -Egr (e.v.) for Hexatriene
in the Parallel Oppesed Configuration.

a (g)) Our Results Coulson and Davies
4 6.04 x 1072 11.35 x 10“2
3.57 x 1072 6.07 x 107>
-4 -4

15 1.43 x 10 2.42 x 10

20 2.86 x 107° 4.85x10°°
30 2.75 x 10”6 4.70 x 10'6
50 1.,3.5x10'=7 4.01x10-7

o PEES - e
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Appmximate Treatment of Long Polyenes

Let us develop an approximate method for treating the dispersion ener-
gy between linear polyenes for the case that the number of double bonds, N, is
large and the separation between the two molecules is large compared to the
length of the molecule. Consider the energy arising from the interaction of
pi-electrons with pi-electrons, Egq , the energy arising irom the inter-
action of sigma-electrons with sigma-electrons, E, . , and the energy aris-
ing from the interaction of sigma-electrons with pi-electrons, E ¢q -

We include only the principal transition for the pi-electrons so that

the . © transition charge density is given by:
Ya
2 e . Nwx S CN+I)TF X

Using a familiar trigonometric identity this may be rewritten;

¢ = ﬁﬂe [cas E - CoS (AN+D T X} (3.14 )
_ 2

For large N the second term in the brackets is a rapidly oscillating function
so we make the approximation that it may be neglected. Our approximate

charge density is then given by:

Y2 e X
©= e 1 (3.15 )

In using the London approximation we then obtain a 'dipole' and it may easily
be seen to consist of a positive and negative charge of magnitude

9:"“0) 1_98 (Y= (Ja/ir) ©  separated by a distance of 3 4/ T, The
di'pole moment ie then (2V2 ¢ Q)/ L % In Table 3.9 we compare the di-
pole moment with the dipole moments for the principal transitions for ethylene,

butadiene, and hexatriene,.
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Table 3,9
—tnp————l
Comparison of Principal Transition
Dipole Moments with Asymptotic Value
/aN. N+l

Mplecule Traasition Dipole Moment
Ethylene 0.25473 el
Butadiene 0.27512 e 4 /
Hexatriene 0.28073 e @
Asymptotic Value 0.28658 e 2

even
It is seen,that for ethylene the deviation is not great and that the asumptotic

value is rapidly approached which suggests that the approximation is a good
one, We now make a further approximation that the interaction of two such
dipoles may be given by the interaction of two ideal dipoles as in Eq. (3. 3).
Finally, making use of the fact that the length of the molecule is (2N + 1) x 1.4 &
we obtain the following result for the dispersion energy arising from pi-pi \
interaction:
5 [_q cos §, cos eb“Si"ea sin® oS (¢b‘do.)] g

= ~0,14003 (aNt!
Emr RERRGED R® (3.16)

where R, the separation, is measured in R. Averaging over angles introduces
a factor of 2/3 and gives the result:

o (2~+|)5

EW= -0.0933s QG (3.17)

It is seen that E,“_.". is proportional to the fifth power of the length of the
polyene, a result also reported by Coulson and Davies. However, their coeffi-
cient i8 somewhat larger. Thus for 6, =90 ~ Wz,ﬁ’a’-ﬁb their coefficient is
0.246 compared to the abbve value of 0.1.4003.

In treating ﬂo’ we use Eq. (2.32); treat all bonds as if they were
at the center of the molecule; and average over all orientations of the molecules.
The averaging over all orientations has the effect of making all of the terms

with $ 's vanish so that
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3 [4
= --321(Z « )(Eoé)/R
= 18
E(N‘ y k, ky /o 2y (3. 18)
Here the sums are to be taken over all of the chemical bonds in the two
molecules. Since a polyene with N double bonds has (2N-1) C-C bonds
and (2N+2) C-H bonds, it follows that )
39 (4N+1)
=y _ . N+ A
Eee ~ (ev. -5 ) (3.19)

We have, of course, regarded all doutle bonds as single bonds in this calcu-
lation inasmuch as we do not wish to include the pi-electrons in this expression.
It is seen that E ., varies approximately as the square of the length of the

molecule 8o that for suificiently long molecules it is negligible compared with i

E“Tr .

In order to thain a simple form for the average value of E Py for
long polyenes at large separations, let us assumse: (1) that each of the chem-
ical bonds has a mean polarizability o = 0.645 x 10.24cxn3 and we ignore
the difference between the perpendicular and parallel polarizabilities as well
as the difference between the polarizabilities of the C-C and of the C-H bends.,
(2) We assume that the centers of each of the chemical bonds coincides with
the center of the molecule, Let h = distance between the monopoles and R+

and R Dbe the distancesfrom the center of the molecule to the plus and minus

monopoles respsctively. The geometry is then as shown in Fig. 3.5.Then:

Fig. 3.5
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2 a 2 2
E .__2[4N+'_]°L? [_'_¢ _ _l_q _ R+R_-h
Xei Q[l+€NHI—€N] L R, R_ R: R?

(3.20)

Here the factor 2 in the numerator is due to the fact that the sigma-pi

energy is the sum of contributions from the sigma electrons of A interact- Y
ing with the pi's of B and the sigmas of B interacting with the pi's of A;

and 4N ¢+ 1 is the number of chemical bonds in one molecule. From the

geometry of Fig.35.it follows that

2
9Q= Ra-o-i -Rh eos X

+ n
3

R’ & Qa-f- .:—- +Rh cos X (3.21)

Substituting these expressions into Eq. (3. 20 ) and expanding the resulting

equation in powers of h/R , it follows that the term in 1/R6 is the leading
term and it is given by

ar 2
dN+I
FE =~ ou}el' _e] h‘ (l+30032X)
e [“ e N] R (3.22)

Now remembering that (& N+l -GN ) = 19.17/(2N+1) e.v.;
I=12.4e.v.} h=2.8(2N+1)x10-8 /T ; and qz‘rz.e/‘ﬂ’, it
follows that

an+l )3

e (N+1.271) R®

Averaging E e °over all orientations of the two malecules corresponds to
averaging cos® X . Since the spatially averaged value of cos°7(= Va , it

follows that ' 3
— 19 (N (AN
Eon (N+ 127) R® (3.24)




3.24

We see that E . varies approximately as the cube of the length of the
molecule so that its significance for large molecules is greater than E -
but less than E .

In Table3,10 we present the coefficients of 1/R6 for the threz dispersion
energy terms for various values of N . It is interesting tc compare the re-

sults for N equals one with our previous resuits forethuiene

‘ Table 3.10
Coefficients of 1/R° for Different Polyenes Using
“Long Polyene Approximatxox_}’é The Coefficients
are given in Units of e. v, -~

6 6 : 6 6
N -E¢s R -E,.. R -E_ R -E, R
1 98 89 23 210
2 317 512 292 1120
3 661 1560 1570 3790
4 1139 3520 5510 10160
b 2440 8800 34700 45900
8 4260 26200 133000 163500
10 6570 50400 381000 438000

which are given in Table 3.11, It may be concluded that the long polyene
approximation is fairly satisfactory even in the c:se of ethylene, the smallest

polyene,
' Table 3.11

Comparison of "Long Polyene Approximastion™ with

Accurate FEM Calculaticns for Ethyle_ng. Tue Co-

efficients are given in units of e. v. -R » and have

the Values Approached when the Molecules are

Separated by Large Distances.

6 6 6 6
-Eg, R -E; R ~E oo R “E R

Accurate FEM 104 644 13 181
*Long Polyene Approx! 98 89 23 216

ool e e
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Bengene

The FEM MO's for benzenelz which we shall regard as having a cir-

cular free electron path, are given by:

g)o: Y
A s no 222
¢nc ’ {1_]: coold ’
n-1,23
bop” g sin n®
Their energy is given by .
Q,h“
én = .;n—-c—i s = O, I,Q,a (3. 26!3‘

Here © is the angular coordinate of the electron and C is the circumfer-
eénce of the ring, We arsume that all the carbon-carbon separations are i

1.4 £ 8o that, roughly speaking, C+=x1.4 & . Note that for n greater than !

zero the molecular orbitals are doubly degenerate.,

In the ground state of benzene, the six T electrons are located in the
three orbitals ¢, & . , and ¢ .

In treating benzene we shall consider only the principal transitions

which result from transitions of 1 electzons [rom either the 1 ¢ or the

1 8 orbitals to either the 2 ¢ or the 28 orbitais.

Substituting the FEM MO's as given by {3.25) we have the following
expressions for the tranaltnorx charge densities:

¢ - 28 Gine
u :s Lac s sm\ cos 26

12 ¢ . :
Qb’ 915 e --7 3B S\ 28

o

. (3.2 '
17 e
1.2 cos e cos 20 g

SIS e 1L cose sin 26

13. H. Kuhn, Helv. Chim. Acta 31, 1441 (1948), 31, 1780 (1948),
J. Chem. Phys. 16, 840 (1948}, 17, 1198 (1949); Bayliss,
J. Chem, Phys. 16 287 (1948); Simpsen, J. Chem. Phys.
16, 1124 (1948);, Ruedenberg and Scherr, J. Chem. Fhys.
21, 1565, {1953); Scherr, J. Chem. Phys, 21, 1582 (1953);
Platt, J. Chem. Phys, 17, 484 (1949), 21, 1597 (1953
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The energy associated with these transitions may be deduced from
Eq. (3,26) and has the value:

€ —€, = 2 (3,28)

/

In calculating the monopoles it is helpful to note that

§c = {Ro tation by 900) x E'Q‘
¢, - (Rotation by 90°%) x Sy (32}
so that we need carry out calculations only for ?Q and ?b . In each
charge density region we locate the effective charge by calculating the

first moment, i.e., we obtain the mean valies of x and y and find that

in general the menopoles are not located on the ring but are inside it.

Thus we obtain the monopoles which are illustrated in Figure 3.6. The

position of the atoms relative to the monopoles is of no importance in the

FEM model.
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Figure 3.6. Monopoles for Principal Transitions for Benzene
(Units are Angstroms and electronic charge, e).
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Let us calculate the dispersion energy between two benzene molecules
arising from pi-pi interaction for the orientation in which the two benzene

rings are parallel and facing each other and are separated by a distance, d

(

(see Figure 3. 7).

|
S

Figure 3.7

Parallel Opposed Configuration
for Benzene.

Let us denote the energy arising from the interaction of monopole dis-
tribution (1s; 2c) = a with monopole distribution (1l1s; 28) =b by the symbaol
{a,b,) and so forth. From symmetry considerations we see that the terms
(a, b}, (a,c), (b,d) and {(=»,d} are zero. The terms which contribute are
(a,a) = {e,c), (b,b) ={d,d) and (a,d) = (b,c), the last two being each
two-fold degenerate. It is then a straight forward matter to calculate the
different energy terms and ihe results are presented in Table 3.12. In
Table 3.12 the term values are multiplied by their degeneracy to give their

contribution to the total dispersion energy.
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3.29
Tahle 3,12
- E; Dispersion Energy for Benzene for
Parallel Opposed Configuration (in e.v.)
d (8) -2{a, a) ~2{b, b} -4(a, d) E_ . ¥
... = s -
5 3.07 x 1073 1.17 x 10 2 2.31 x 10 6.55 % 10 . 0.705
10 6.19 x 107 2.36 x 1072 4,71 x 10"5 1.33 x 10”4 0.916
15 5.72 % 10’6 2.18 x 10‘6 4,36 x 10'”6 1.23 x 107> 0.965
25 2.74 x 10”7 1.04 x 10”7 2.09 x 10”7 5.87 x 10”7 0.987
50 4.34 x 10°% 1.65 x 1077 3.30 x 1077 9.29 x 10”7 1.000

To a good approximation, E g varies inversely as the sixth power of the

separation so that it i8 convenient to write it in the form:

45 ¥ -4
B = 1 (ev. =& ) (3.30)
where ¥ is8 a slowly varying function with values given in Table 3,12,

Daviesl3 has made a rather extensive study of the T -T interactionsof
two benzene molecules using the LCAQO method. His results agree well with
the values given in Table 3.12 except that they are larger in the ratio
228/145 = 1,57, Davies also considered the variation of the T-T dispersion
forces with angles and with various types of displacements. He concludes
that the - and §-T forces must be much larger than the -7 forces in
order to account for the properties of crystalline benzene, As a matter of
fact de Boer 5 succeeded in explaining the heat of sublimation of benzene

without ever considering T electrons.

13, P. L. Davies, PH.D. Dissertation, King's College, University of

London {1949).
14, J. de Boer, Trans, Faraday Soc. 32, 10 (1936).
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APPENDIX.

Polarizability of the Polyenes.

The longitudinal polarizability of the polyenes arieing from the
7" electrons may be calculated using equations (2.44) and {2.40). For this
calculation we shall not assume the polyane to be linear. Rather let us con-
sider all C-C bonds to be 120° and that the polyene is in the configuration

(see Fig. Ald). Because of the angle of 1200, equation (2.40) must be
written

Fig. A.1 - —/Q\\-C?é"\\_a /.CA\\E Y

Trans-Polyene for N=3. The extra bonds
correspond to the free electron path and
the dashed line represents the axis at the
polyere.

/"_;7;=ﬁ—ef¢,;()‘)?:x ¢?‘(X)d7¢ (A.1)

Inserting ths free-electron functions (2.29) for the transition N— NI

for an N-polyene gives the result:

= Jb e ! -
(/(4),‘; N+ 'Ir" (ZN,'_/)‘- / (A' 2)

It then follows from (2.44) that the polarizability is:

2 F 3
_2s [N+ -1 e

= /8 x /0
xN 2N +|

(A.3)

Results using this equation are compared in Table A.1 with values obtained
]

by Davies who used LCAO molecular orbitals.

For large polyenes (A.3) becomes:

y 3
o« = 18 x 10 L2N+1Y em’ (A.4)

* P. L. Davies, Trans. Faraday Soc. 48, 789 {1952)



A2
so that the polarizability is proportional to the cube of the length of the

molecxule. Davies obtains nearly the same result:

s oy P 7 - 5 - 3
A ErE - £
(e .)Dw-es il S Cha I (A.5
Table A.1 Polarizabilities of the N-Polyenes
N H-H Davies
1 38 o 10 eme 5. 16 e
2 209 204 |
b3 596 596
4 1290
5 2370 2400

I
t
i

In the case of ethylene it is morez significant to calculate the polar-
izability along the axis of the double bond. From Fig. 2 we see that the di-
pole moment integral (2.40) must be written: /
A

ol
- o< _) -

. )
T,
50/

Fig. 2 Ethylene

( [ (Y o] P *od
g =T | [ A CE g o e A6
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o L I
Tt is ihe- found that X, « ¢ #7077 st . Thie compares well
with the bond polarizabilities of Denbigh (Trans. Far. Soc. 36, 936 {1940)),
who found that -, for a double bond is 28.6 - 10‘25cm3 and for a

single bond is 18.8 ~ 10‘25cm3 . The difference. which is presumably the
contributioa of the pi-electrons, is 9.8 « 10”23

our value of 9.1~ lo.zscmB.

cm3. which agrees well with
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