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Jkbstract

A radially pulsating cylindrical sound source gves rise to broadside
radiation if all its elements move in phase. However, when a progressive
phiase shift between elements along the cylinder is introduced (by means of
waves propagating. along the cylinder, or of standing waves), the radiation
can b.e "steered." When the phase velocity of these waves is equal to the

aound velocity in the surrounding medium the radiation pattern resembles
that of an end-firn vesurr array of point sources. The high directivity
thus achieved is independent of the ratio of source diameter to wavelength
and, over a large range, of frequency. Experimental zesults verifying the
mathematical analysis are presented. High directivity can also be achieved
by means of a battery of staggered, partly occluded, cylindrical sources
with a phase velocity half that of sound. Another advantage of the source
is that its radiating surface area can be conveniently made much larger
than that of a piston-type source. In practice for use under water, this
source may be in the form of an elastic rod or shell, or of a mass- or
stiffness-controlled hose filled with a fluid under pressure (in order to
prevent cavitation at the transducer surface). Comparing the merits of
these different approaches to the design of a low-frequency source pro-
ducing an end-fire directive, frequency-independent directivity pattern
(over the operating range), it is found that the most interesting one is the
mass-controlled hose filled with sea water.

Acoustics Research Laboratory

Division of Applied Science

Harvard University, Cambridge, Massachusetts
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Principal Symbols Used

(N. B.: Other symbols are defined in thm Text.)

a radius of cylinder

cb, bar velocity b is the density of the bar material)

ci phase velocity of axially symmetrical waves propagating in the

direction of the cylindrical axis

•c 0 sound velocity of surrounding medium

c sound velocity of the fluid in the fluid-filled hose (equal to ci when

the hose wall is infinitely rigid or massive)

C= , longitudinal wave velocity in an elastic plate (or wall

S pw( 1 (T- =V) of cylindrical shell) at low frequencies

cz = cI

E Young' s modulus

Sr total radiated power

n total power lost by cylindrical source

f frequency

h half-thickness of hose or shell wall

j - V__r-,:

kik k W /ciOw/C 0w/c , wave numbers
01z 0 z

L length of cylindrical source

n L/Xi, length of source measured in wave lengths

p(R) sound pressure

r mass ratio of helium to air in gaseous mixture

R space vector

-i-
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R, 8 spherical coordinates

rO, z cylindrical coordinates

S p/u stiffness of hose wall

t time

At radial velocity of cylindrical surface

u, v radial and axial displacements of cylindrical surface, respectively

U amplitude of zadial displacement of a surface element at the driving
end of the cylindrical source (i.e., at z = 0)

V(z) strain energy flow through the cylindrical cross section located at z

W(s) fluid energy flow through the cylindrical cross section located at s

xw specific reactance of hose wall

z w specific impedance of tube wall

61Wx tan -1 ()

>iP')•o ci/f, c 0 /f, wave lengths

logarithmic decrement per wave length of a wave travelling along
the cylindrical surface

v Poisson's ratio

pi 'p,' pw density of fluid in flpid-filled hose, of surrounding medium, and of
hose wall, respectively

phase angle defined in Eqs. (II. 26)

S(A) velocity potential

W circular frequency

Definition of certain functions

Bessel and related functions

Jm( y) Bessel function of order m
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i NmlY) lNeumann function oforder m

H( rey) - jN (y), Hankel function of the second kind

edt MY)JmlY), etc, dy ,ec

Dirac delta-function 6(y-y'):

f F (y') 6(y-y')dy' = 1(y)

Fourzier Transform:

IFly) . F(Z) e jzX dz

Inverse Fourier Transform:

F() • F(1) -j1z d
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THEORY AND DESIGN OF AN END-FIRE DIRECTIV- SOUND SOURCE

by

Miguel C. Junger

Acoustibca Research Laboratory, Harvard University

Cambridge, Mas sachu setts

Chapter I

General Features of the End-Fire Source

Description

The end-fire source is in the form of a long cylinder which radiates

sound energy into the surrounding medium, by means of axially symmetrical

waves travelling in the direction of its axis. Theme waves are generated

by a transducer injecting energy into the cylinder at one of its ends

(cf. Fig. I.1) and are attenuated as they progress by the effects of acoustic

radiation. Another form of this source utilizes attenuated standing waves

(cf. Fig. 1.2). The essential difference between the end-fire source and the

conventional piston-type source is this: In the latter, the directivity

pattern is determined entirely by the ratio of source diameter to wave-

length. There is thus a lack of flexibility which gives the designer very

little freedom, and which imposes a strong frequency dependence on the per-

formance of the source. The end-fire source, on the contrary, has a direc-

tivity pattern which depends on three parameters: (1) the ratio of the

phase velocity ci of the travelling waves to the sound velocity c0 in the

surrounding medium, (2) the attenuation R per wave length of the waves on

the cylindrical surface,(3) the length n of the cylinder measured in wave

lengths, (i.e., the ratio L/Ai). The former two parameters depend only in-

directly on the frequency and the source diameter. As to the third parameter,

it defines a frequency dependence onlyih so far as the source must measure a

minimum number of wavelengths,; hence, the frequency dependence is limited

to the statement of a lower limit, determined by the actual length of the source,

-1-
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below which the source does not operate efficiently. The designer has

therefore greater control over the periormance of the source, and con-

siderable freedom in obtaining the desired directivity patterns without

being hampered by frequency and source diameter requirements.

Having determined the functional relation between the three above-

mentioned parameters (ci/c , and n) and the directivity pattern, the engi-

neerin&problem~tobe solved is essentially how to generate most practically

surface waves fulfilling the conditions which result in the desired direc-

tivity pattern. This technical memorandum preseauts (1) the theoretical

analysis of the functional relation between the system parameters and the

directivity pattern. (Chap. II and Appendix); (2)£experimental results

verifying these theoretical conclusions (Chap. III); and (3) a preliminary

investigation of practical designs for use in water (Chap. IV). For

the latter purpose the most promising design is in the form of awaterfilled,

pressurized hose, made of a flexible, strong mate'ial; the hose would measure

approximately twenty wavelengths, and its diameter would be a small

fraction of a wavelengtlh. Pressure waves injected at the driving end propa-

gate along the fluid column. Owing to the finite impedance of the hose wall,

these pressure waves are associated with axially symmetrical ripples pro-

gressing along the hose.

Advantages

The greater flexibility of performance of the end-fire source results

in three specific advantages over the piston-type source. The most important

one is that high end-fire directivity can be achieved even when the diameter

of generator and cylinder are but a small fraction of a wavelength, provided

the three controlling parameters fulfill certain conditions. This feature is

of great interest if it is desired to propagate sound energy over great ranges

under water. For this purpose, low-frequency sound waves are preferable,

since they are absorbed to a lesser extent than high-frequency waves,

absorption being in general proportional to the square of the frequency.

However, little is gained by using a non-directive low-frequency source

because the sound wave is, in this case, attenuated by geometric spreading.

Since a narrow sound beam is produced by a piston-type source only if the

source diameter measures at least two wavelengths, these sources can be
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adapted to low-frequency use only when their diameter is increased accordingly.

It can be verified immediately that even for moderately low frequencids the

dimensions of a piston-type source are prohibitively large. The most important

practical advantage of the end-fire source is therefore the feature mentioned
above, via., that contrariwise to the piston-type source, itpermitslow-frequency

sound energy to be radiated in a narrow beam with a source diameter of only a
fraction of a wavelength. For that purpose, the characteristic parameters of

the source must fulfill the following conditions: (a) The phase velocity ci of

the pressure waves must be approximately equal to the sound velocity c in the

surrounding medium. (b) The attenuation per wavelength p& must be relatively

small. (c) The length n of the hose measured in wavelengths must exceed a
certain minimum quantity which is determined by IL. (For example, when

IL is 8 per cent, the source length should be of the order of 20 wa-velengths.)

Nothing is gained by using a source length greater than this optimal number
of wavelengths.

Requirement (a) can be circumvented by using, instead of a single
cylinder, a battery of cylinders displaying the proper phase shifts in space
k.,nd time and using propagating wave s such that ci = I/2 co, instead of ci = CO,
as for the single cylinder (cf. Chap. II). This is, however, a cumbersome
arrangement and one of the principal aims of the designer will probably

be to achieve condition (a) in a single cylinder source. Having complied
with this condition, an almost arbitrary degree of end-fire directivity can

be achievedby raising requirements (b) and (c), i.e., by decreasing the atten-

uation and increasing the source length in proportion. This prccess is
only limited by attenuation from internal friction and viscous losses. It

should be added that requirement (a) may be modified if, instead of a

highly directive pencil-shaped beam, a directivity pattern in the form of

two symmetrical prongs is desired (cf. Fig. 11. 4); the condition required
for this purpose is that ci be slightly larger than co.

The second advantage of the end-fire source is that, for the proper
design, its directivity pattern is essentially frequency-independent over
large frequency ranges. This is in contrast with the performance of the

piston-type source whose directivity pattern is determined by the ratio of
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source diameter to wavelength. Any appreciable change in frequency will

therefore alter the pattern radiated. In the end-fire source, a change in

frequency affects the pattern only indirectly, through the three control-

ling parameters (ci/Co,,& and n). The restriction on the quantity n imposes

a lower frequency limit on the range of frequencies over which the source

can be used. For frequencies larger than the minimum frequency, frequency

independence can be achieved: Neglecting viscous and other frictional losses

(which are small compared to the loss by sound rtaiation), it is essentially

frequency-independent. If the same is to hold for the parameter ci/co, one

must use for propagation along the cylinder a type of wave whose dispersion

curve is flat in the intended operating range of the end-fire source. Several

types of wave propagation in elastic rods, in the walls of hollow, cylindrical

shells, and in mass- and stiffness-controlled fluid-filled hoses are discussed

in Chapter IV. The fluid-filled hose seems to be the most practical possibility.

Another advantage of the end-fire source is that it permits the

applicttion of measures inhibiting cavitation, and thus constitutes a convenient

outlet for powerful transducers. If the fluid-filled hose design is used, the

water in the hose can be placed under considerable hydrostatic pressure to

retard the onset of cavitation in the vicinity of the transducer. Cavitation

at the cylindrical surface radiating into the ambient medium is not a serious

problem, because the area available for transfer of sound energy is, in

general, much greater than the area of any practical piston-type source.

By selecting a hose wall having a sufficiently large reactance the amplitude

of the most intense surface waves, in the vicinity of the transducer, can

be kept below the cavitation level. If cavitation does occur in this region,

the effective length of the source will merely have been reduced by the

length of this region, which is shielded from the ambient medium by a

pressure release surface of cavitation bubbles.

Qualitative Description of the

Operating Principle of the End-Fire Source

Having thus described the general features of the end-fire source, it

seems desirable to give a qualitative description of its working principle,

which is analyzed in detail and rather rigorously in the next ,chapter. Con-
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eider an infinitely long cylindrical surface iwhose entire surface is covered

by axially symmetrical waves travelling with a phase velocity ci. When this

velocity is extremely large, great segments of the cylinder move in phase;

each of these segments radiates sound energy in the fashion of a long uni-

formly pulsating, cylindrical surface, i.e., radially outwardI [ cf. Fig. I. 3(1)].

If the phase velocity ci is reduced until it is of the same order of

magnitude but larger than the sound velocity c%, the outgoing waves progress

in a direction having a component along the cylindrical axis. Wave fronts

travelling in the direction of propagation are spaced at intervals )X0 = co/ I; the

traces of these wave fronts on the cylindrical surface must match the waves

travelling along this surface, which are spaced at intervals ,i c= /f This

matching can only occur when the direction of propagation makes an angle

cos'l (%/Cs) with the cylindrical axis.2 The outgoing waves thus propagate
in directions which form a conical surface having this vertex angle. If sound

is radiated from the cylindrical surplus by means of standing instead of

travelling waves, there are of course two such cones (cf. Fig. 1.3 (2)). The

trace of such a conical wave in the horisontal plane forms the two prongs
mentioned above as being characteristic of directivity patterns for the

condition ci/cO> I.

When this ratio is allowed to become unity, the vertex angle of the

cone vanishes and the conical waves degenerate into a system of plane waves

traveiling along the cylindrical axis (cf. Fig. 1.3 (3)).3 The two prongs of the
preceding case have merged into one. This is the condition for end-fire

directivity of the finite end-fire source. For the infinite cylinder, the radial

intensity gradient grows steadily as the ratio ci/co is varied from unity to

]Figure (I. 3) as well as the general line of thought in the remainder of this
chapter are taken from reference (1), where this problem is considered in
detail.

2The same reasoning applies when analyzing the well-known problem of
flexural waves excited in an elastic plate by an obliquely incident sound
wave; cf., for example, reference (2).

3 The wave fronts of these waves are plane, but they differ from ordinary
plane waves in that their intensity decreases rapidly as one moves radially
outward from the cylindrical boundary. They thus resemble Rayleigh surface
waves; the similarity is heightened by the fact that the fluid particle dis-
placements is elliptical for ci< co; this, of course, is also the case for the
Rayleigh waves (cf.,for example, reference (3), p. 21).



TM34 -6-

zero, thus supgesting an increase of end-fire directivity. In this range,
the similarity between the infinite and the finite cylindrical source does
not hold, as the directivity pattern of the finite source becomes rapidly
less directive as c, is decreased from co to zero.

Having thus explained in a crude way the principle underlying
the end-fire source, a more rigorous analysis of the finite source will be
presented in the next ýchoter.
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Chapter II

Theory of the End-Fire Source

Parameters Determining the Directivity Pattern

Analysis of the Travelling-Wave Source

A rigorous analysis of the cylindrical source of finite length is not

at present available. * However, an excellent approximation of the far

field can be obtained if the finite cylinder is replaced by an infinite one

having the same axis and diameter; the surface of the infinite cylinder is

rigid .except along the segment coinciding with the finite source, where its

dynamic configuration is the same as that of the finite source (Fig. I.I).

It is to be expected that the distant field produced by this fictional source is

very s:imilar to the one generated by the actual finite cylizder. The reason

for this similarity is that the distant field is not affected appreciably by the

two cylindrical cores prolonging the finite source to infinity; it is therefore
immaterial whether these cores consist of the fluid medium (as they actually

do) or of a rigid material (as in the case of the fictional, infinite cylinder).

Experimental results have shown that this approach yields satisfactory

results (cf. Chap. II).

The mathematical model used in this approximate solution is thus

an infinite cylinder whose dynamic configuration is described by the

following boundary conditions.

fi(z) =. O, for z 40 andz >L,

g&ki
A(z) expF= z + j 4wt-kiz)], for O0 z < L. (11. 1)

The non-homogeneous boundary condition represents attenuated travelling

* Such an analysis requires the solution of a Fredholm integral equation
of the first kind. A variational technique has been applied to this integral
equation. At the time of writing, the solution had been completed except
for the evaluation of certain contour integrals.

-7-
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waves, limited to the region 0 <z<L. Theformalproblem is thus to deter-

mine the velocity potential i(r,,Ap)jor, using the space vectorl, w (X)] Which

satisfies the boundary condition " ' (a) defined above:

r=a)

The problem where Neumann boundary conditions [i.e., conditions of the type

in Eq. (11.2)] are prescribed on an infinite cylinder was solved by LairA and

Cohen (4) by matching boundary conditions. However, it is felt that the

alternative approach to this problem by means of the Green' s function method

isof sufficient interest to be presented here. The analysis, as given in this

section, is greatly condensed; intermediate steps can be found in the Appendix.

The general form of the Green' s function for outgoing waves in cylindrical

coordinates is given by Levine and Schwinger (5). Since Neumann boundary

conditions, Eq. (11.2), are prescribed, the particular form of this Green's

function appropriate for the present problem should satisfy the condition (cf.

Appendix)

8 G (-Rl 1) =0. (11. 3)
Sr' --a

This form is found by a procedure parallel to the one used by Papas (6) in

obtaining a Green's function satisfying the condition G(E,r)r,.=a=0. required

in problems where Dirichiet boundary conditions are prescribed. For the

Neumann problem, the desired form of the Green's function is found to be

(11.4)

where r>, r<indicate, respectively, the larger and the smaller of the

coordinates r, r', and where the apostrophe denotes differentiation. Setting

r' = a, the Green's function on the boundary surface becomes
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Tow Jk -c 4' d~ a

(11.5

=w k2 C2" H(zf" ( Jk -'- a)CO J;.. __C

The solution to the problem is formally given by the integral

1(R) = a 7 G JG(i,.')r,=a •i•i(z')d' dz' (11.6)

Switching to spherical coordinates, i.e., setting r = R sin0 and z=Rcos 0,
and using the asymptotic expression for the Hankel function of large argument

(i.e., assuming that R is large), the solution reduces to a form which can be
integrated by means of the method of stationary phase (cf. Appendix). Intro-

ducing the boundary condition (II. 1) and noting that p(R) = jwtpo(R), the following

expression for the sound pressure is obtained:

-JkoR

p(RG) Poc 0 e t(kcs0 (11.7)
wR sin 0 HoZ)'(k a sinG)

0 0

where a(ko cos 0) is the Fourier transform of the boundary condition

= L(4 eJ* exp[ ( sJki + j4)n z] dz

0

Sjwt l -exp[ -niL -Znwj(l -C/ki
I' (l-10k) - jIL/Z.

evaluated at 4= k 0cos 0.

Upon substitution of this transform in Eq. (II.7), the final expression

for the sound pressure becomes

P oco exp j•[ •-koR +P(0)+ 61(koa ,ing)-I(oGl
p(R,Q) = ̀ -*_C

-0
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where

61 (koa sin g)- tan ([-J(koasinG )/Nl(koa sin 9))

p(0)=tan- I ,

Zw(l - -Lcosa)
C

0

y (01 = -tan"1 innw(l -- L cos0)/[ e•n -coso2nw(l--cos 0)

Co C0

The angular distribution of sound energy is obtained by normalizing this

expression with respect to the on-beam pressure:

p(Re 9) 2 ___(_______+__k__P r 11 (II.1O)

k koa sinG f H koa sin ) coo (1.10
1 0'

The four parameters which determine this ratio are k a, ci/c , n, and t.

The effect of koa is negligible as seen from Figs. 11.2 and 11.3. Even though

these patterns were computed for a semi-infinite source (i.e., n= co), this

general conclusion will be shown to hold for a finite source. The fundamental

feature of the end-fire source, i. e., that its pattern is essentially indepenident

of frequency and source diameter, is thus established.

These two figures also illustrate the other fundamental fact that end-fire

directivity is achi-ved only when (ci/co) is approximately equal to unity.

When ci/c° is as little as 15 per cent off, as for the pattern in Fig. II. 3,

radiation becomes non-directive. When ci/c is larger than unity, the

pattern has two prongs, as shqwn in Fig. II. 4 ( and as discussed in Chap. I).

Even in a source only 15 or 20 wavelengths long, the angular separation

between the two prongs apprpaches very closely the value of twice the vertex

angle of the conical wave generated by an infinite cylinder (i.e., cos- Ic/Ci).

The absolute value of the length of the source is not as significant as

the quantity n = L/Xi;,i.e., the length of the source measured in wavelengths.

If maximum directivity is desired, and assuming that c i/C a 1, there is a

certain optimal source length nwwhich yields essentially as much directivity

as a semi-infinite source. It is therefore not economical to use a source

which is larger than this optimal length; one might say that any additional
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source length is of sub-marginal utility. If the source is to operate over

a certain frequency range, its absolute length L must be great enough so

that n will not be smaller than this optimal value even for the lowest operating

frequency. This is illustrated quantitatively in Fig. I1.5 (a) and (b). These

graphs also indicate that the optimal source length is greater when I& is smaller;

consequently, as a crude rule of thumb, the optimal value of the product (np.)

can be taken to be roughly a constant. The effect of source length on the

directivity is also illustrated in Fig. 11.6, where the value of the marginal

length increase is clearly shown.

The effect of the attenuation IL is such that a directive source becomes
more directive when it is decreased, provided the reduction in 1A is accompanied

by an increase in n. This effect is illustrated in Fig. 11.7. A reduction in p. has

a slightly unfavorable effect if the source length is not increased correspondingly.

In the case of a two-pronged pattern, a reduction in IL causes the prongs to

become more slender and more pronounced.

Analysis of the Standing-Wave Source

Consider now a source in the form of a cylinder terminated by a
reflective end (Fig. 11.2). The pressure distribution along the cylinder iin

the form of attenuated standing waves. Such a source is inherently more

efficient than the travelling-wave source since, neglecting frictional losses,

all the energy provided by the transducer will eventually be radiated in the

form of sound instead of being absorbed in viscous losses The new difficulty
that arises is that of backfiring, which is insignificant in the travelling-wave

source, but which may become important in the standing-wave source, for

sufficiently small attenuation. However, the nature of the termination has
little effect if most of the energy is dissipated before the wave has reached

the end of the cylinder, so that no appreciable backfiring occurs when the

product (njL) is sufficiently large.

The standing-wave pressure p(z) in a "lossy" tube terminated by a

perfectly reflective surface is (cf. for example, Section VI.23 of reference

(7)),

p(z) = 2Poejctcoshki (kL + j)Z (11.11)
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where, for convenience, the reflective pad of the source has been .taken as

the origin of s; hence the pressure amplitude 2Po would be measured at the

reflective end. Setting s = L it is found that the pressure amplitude on the

surface of the transducer, at the driving end of the cylindrical source, is

( Ip(L) I= ZP o(cosh 2 np. cos 2 nw + sinhanp~sin 22nS (11.1I2)

The dynamic configuration of the source obeys the same functional relations

with the variables z and t as the pressure p(z). Proceeding as for the travelling-

wave source -the far field is obtained by considering an infinite cylindrical

surface having non-homogeneous boundary conditions in the region O<sz<L:

A(=) 2Ue!Wtcoshki (fw + fa for z< 0,->L

i 1( Z ) ; 0

The Fourier transform of the boundary condition is obtained by introducing

the exponential form of the hyperbolic cosine:

L

ii JO* fexp[ k.(f + J) z] + exp[ -ki(L js) eJ'z dz
(Il. 14)

J~do I -xp[ nl& 2jn~l -expf npi + 2Jn(l+ j)]

k_ _ __ _ -jf+(l + )3

Setting ý2- ko cos 0 and substituting the corresponding value of the trans-

form in Eq. (U1.7), one obtains an expression which, after much manipulation,

reduces to

p(.I,G) = p(R. 0)+ + p(RKQ). (II. 15)

In this expression, p(R,0)+ coincides with Eq. (II. 9) associated with a wave

travelling in the +z-direction; p(R,9)_, which corresponds to a wave travelling

in the opposite direction, is also derived from Eq. (II. 9) by using -ci, -ki and

-n. The expression for the pressure can be written in polar form. as follows:

p(R,.,O) - {Ip(R0)+ . p(RO) Icos(j(G)+'(B _

-P(G)+ + -J() ]/ exp jtwt -ko + 6 1(koa sin 0) .- e(O)] (11.16)
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where
II C+. 2 I .n

P.e
4 n9cox ZnW(1 + - cos 0)

p(R 0) .. I Z) ' , Z, , , _
H, _(kasing)4 +0 *- cosO) J

L c 0
C.u+min Znw(l .. O coo ).

+ ta.n ' c1  (11.17)

a -coosZnw(l +-coowQ)
0

P(0)+=tan"1 • , (0) =tan" Lcot [

g l-• •ocosO

and where the angle 6 is defined following Eq. (II. 9). The angular

distribution can now be computed from the following ratio:

I = I ) p(R9Q) + + 1p(R,)_ -21 p(R,G)+.1p(R,Q)_ cos[Y (0)+- XG)_ -P(Q)~+413(0]
[Ii(((o p(R.O) 2 +(p(R.0) -)) (R.o) cos o) .12 21p(,)+ (R 0) toe Y(o)+- 't)--0(o)+AS(o)J

(U. 1s)
The angles 1(0)+ and P(O)+ are obtained directly from Eqs. (II. 17) by setting

cos 0 equal to iiiity. Thieexpression for Ip(R,O) + [ however, must be

derived in a somewhat more complicated fashionly studying the limit of

Ip(R.,)+j as 0 tends to zero:

- - - C.

+ Cil1$ IO)l o 1 (II. .l)

C0

The directivity pattern produced by the standing-wave source shows

that this source is equivalent to two superimposed travelling-wave sources

pointed in opposite directions and whose excitations differ in phase and

magnitude. The effects of the parameters k 0 a, ci/co, n, and ' Ion the

directivity pattern are therefore of the same nature as in the case of the

travelling-wave source. The only new effect is the backfiring produced
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by the p÷ (i.e., reflected) radiation. Equation (II. 16) indicates that, for large

values of (np), pis much larger than p+. Hence, for a source with much

attenuation or of great length, the nature of the terminating surface has little

effect on the radiation pattern. This is illustrated in Figs. 11.8 and II. 9.

The frame of reference and the coordinates are the same in the two figures;

i.e., the patte rns obtained from the analysia were rotated 180 and normalized

with respect to the end-fire sound pressure so as to conform to the conventions

used in dealing with the travelling-wave source. The directivity is seentobe

fairly high, but could be improved considerably in the case of the source with

small attenuation (Fig. 11.9) by using a greater source length.

Various kinds of devices can be used to reflect the back-fired energy

forward. In general, however, this should not be necessary, as a source

which is long enough to give good end-fire directivity will have little back-

firing. In other words, in a well-designed source, with an adequatelylarge

value of (npi), it is immaterial whether the termination is reflective or

absorptive.

An End-Fire Source in the Form of a Battery of Partly Occluded Cylinders

It will be seen in (Chap. IV) that the major difficulty encountered in

designing the two types of sources analyzed above is to achieve the con-

dition ci c co, required for good directivity. In the case of a source in the

form of a fluid-filled hose, the difficulty derives from the fact that no liquid

suitable for usage in the fluid column has a sound velocity considerably in

excess of that of water (i.e., of c0 ); hence, the equality cia c0 requires

a tube with stiff walls, i.e., a condition which severely limits the rates of

sound radiation which can be achieved. This difficulty can be circumvented

by a stratagem to be discussed in (Chap. IV), which is to operate the hose

above resonance, i.e., to use a mass-controlled hose wall. The device

here described avoids this difficulty, as it calls for a value of ci/c0 = 1/2.

This condition can easily be achieved by using the same fluid in the hose

as in the surrounding medium, operating the hose below resonance, and using

a fairly flexible hose wall (cf. Chap. IV). The drawback of this type of

source is that at least four, preferably eight, hoses are required. This

source can, of course, alsobe inthe form.ofa solid rod as of an elastic shell.
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Fig. I1.8. Direotivity pattern of the standing-vave source for large

attenuation; 1/co - 0.99j koa w 0.02, n w 14.l,1 U n 0.2283. Baokfiring

Is unimportant because most of the energy Is dissipated before the vaves

reach the refleotive termination.

/Sx.02283

db -10 -20 -30 -40 2 -1

Fig. 11.9. Direotivity patterns of the standing-vave source for s=a1
attenuation; c0/c° a 0. 99, koa, a 0.02. n - 14.1,/4 w 0. 02283. Backfiring

is considerable. Termination of the cylind~er Is of Importance vhen, as In

the present case, (nup) is relatively small.



TM34 -15-

The source consists of a battery of four partly occluded, staggered

tubes. The radiating windows are located at intervals of two wavelengths

X i and measure one half-wavelength. They play the role of the point sources

in an end-fire array. By properly staggering the tubes, and by using ap-
propriate phase angles between the pressurg waves injected into each tube,

high-end-fire directivity can be achieved. There are several combinations

which yield satisfactory results. It is possible to improve the directivity

pattern of any such combination still further by using two batteries of four

tubes. By properly adjusting their phase relationship in space and time

one can completely eliminate either backfiring or broadside radiation. A

source which combines end-fire directivity at small k0 a with large rates

of sound energy radiation, thus appears to be practicable. The mathematical

theory required to calculate the directivity pattern of this type of source will

now be developed.

Consider a fluid column conducting travelling waves; the column is

bounded by a cylindrical surface which is flexible (i.e., radiating) over

intervals of I/2•i, separated by intervals having a length of 3/2 Xi, where

the cylindrical surface is rigid, and therefore non-radiating. (cf. Fig. 11.10)

Using the customary notation, the radial velocity of the tube surface is.

Us(} Ue•k. ellu* - ki z)

=i W e - when Zm),•<z<2mkn + X /9
01

Us(z) r 0 elsewhere with 0 mg m -< 1 (11.20)

The integer m indicates the location of the radiating window relative to

other windows. The subscript 0 indicates that the origin of coordinates

coincides with the driving end of this source, i.e. that the stagger of the

other sources of the battery is measured from this reference source.

The phase velocity ci is larger in a tube interval bounded by rigid walls

than in an interval corresponding to a radiating window, and the attenuation

I is smaller. These local variations are ignored here, and average values

of ki and I are used.

The Fourier transform of this boundary condition is
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where tti m (4) is the integral

2m)X

X0 NoCOsJ [) Ze z

k,)Qe + )() 1  j")

where

6(0) a" w4 I- - coo G)
Co

tao)• n'1 sin 610 1,z (o,1(). zz.,)

and

~()utan'

Th- pressure field generated by this source is given by Eq. (1.7)
after substitution of the value of il(kOcoo 0) obtained by combining Eqs. (11.21)
and (II.2Z2)!

J( , O 0 :expf J..at-koR + 6j(k0 a sin )m) ( 1 0)
,wR sin $I H(17)koi sin 0)1)c

m (11.23)
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At 0 : 0, the pressure is

p(UR) c0 cia ex •P'•p d-kR+A(0)+%j0 "r "

R(1AZ + 46Z( 0 7)1

(II.z4)

Normalizing the pressure p(O) with respect to the pressure at 0=0, one

obtains the angular distribution of sound intensity:

2 2 + a cos6(c

L 0 ami 1HZA,.s n0) pZ+42g +eP-.2e coos6(O)
n-i 2

- 1
a-a2mhL a .64rJ6(01)

m=o

Consider now the field generated by another source which differs

from the preceding one only in that the radiating windows are all displaced

by a certain fraction 4jof a wavelength. The boundavy condition is nCw
a~z, U f- e zr~ 'k=J("-kiz'

= • when (2m +*))X i.<z((2m + - + Qi

O =0elsewhere with 0m (11.26)

It is easily verified that

•(m) ()} ej ()
= J eo ' " (11I.27)

30

Hence

p (R,Q) = p0 (RQ) ea • e-I 4 '1(O) (II. 28)

These expressions will now be used to calculate the patterns pro-

duced by the combination of several so, rces of this type. Since ci/cC = 1/2,
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each source taken individually is non-directive. End-fire directivity is
obtained by staggering the sources in space and in time in such a way as

to generate favorable interference effects which tend to cancel out energy
radiated in the off-beam direction and to reinforce end-fire radiation.

First, two combinations (A and B) of fouor sources each will be studied.
Their spatial distribution is the same, but the phase angles between the
sources are different for the two combinations (Fig. II.10). The first

combination is defined as follows:

(1) Combination A

The radiating windows are staggered as follows:

Hose I: z(z) 0 when 2mki < s <ZmX + /2 /. 0
II: ils) ,, 2mki - xit4<z <• 2mki + ki4o Af = -1/4

in: A(z) , ZrnXi + il/Z< z<i2m + X'# =l/Z

IV: 1(5) " 2m).i + xi/4<z< 2mKi +3)k/4".= 1/4

The phase angles are adjusted so that the waves in hoses II and IV lag 900

behind the waves in hoses I and III.

From Eq. (11.28) it is found that the pressures generated by the
individual hoses are related to the reference pressure po, given in

Eq. (11.23), as follows:

PI = Po0

II=-jpo a •I

P -= Poe • (11.29)

and "i eJ 6(0)/2

Combining these four quantities, one obtains the following expression for the
sound field generated by thq battery:

pA(R,0) = po(R,G)[ 2+ 2coso(Q) + 4cos 2 2  +

+4sin,(Q) cos eJVA ()

TI
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whe re VAI) =an" -•n6() -2cos6(Q)/Z
""tano•9V (11.30)

In performing this addition, the factors e"OL/2 and ib+l/4 are assumed to be

unity, i.e. , it in assumed that no attenuation occurs over a length of hose

corresponding to the stagger between radiating windows. This approximation
is justified in practice, because this stagger corresponds to a small length of

non-radiating hose, over which the attenuation is much less than the average

value of IL. Expression (11.30) can be normalized with respect to the pressure

at 0 = 0 to obtain the angular sound intensity distribution. For ci/co = 1/2,

this distribution becomes

PA(R,0) 2P(R,Q) 2 I + cox (0) + Zcosg (9)/Z + 2,sin6a)cos6 (U.131)

1 PO(R U) 3. 414

The directivity pattern is plotted in Fig. II.11 . This source is seen to be
fairly end-fire-directive, except for the tendency to backfiring. This

condition can be remedied by combining two four-hose sources, as described

below.

(2) Combination B

The radiating windows are staggered as in combinationi A. The phase
angles between the waves in the individual cylinders are as follows: Hoses I

and III are in phase, hose II lags 900, and hose IV leads 900. TwA pressures
generated are:

PI = Po
PI1 =jPoe

puI a Poe *e'(o) (11.32)

and 
PIV = JjPoe eCj O(G)/2

Combining these quantities, the resultant sound field pressurels found:

p(RQ), po(R,Q)[ 2 +4 sinz L.)+ Zcoo, (0()+ 4 sin,,.6.+ (11.33)
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+ 4 cos AM sin a

where
+i ,n~V(0) ..tan'I-i 0

1 + cos 6(o) + 2 sin

Normalizing this expression, with respect to the value &t 0= 0, and setting

ci/co = l/Z, one obtains:

I 3.41Z

(u.34).

The corresponding directivity pattern is plotted in Fig. II.LZ. The pattern
is less desirable than that produced by combination A, but two four-bose.

sources of this type may be combined to produce satisfctory patterns, as

shown below.

It is possible t- "-nprovo these directivity patterns by combining
two four-hose batteries in such a way as to eliminate either off-beam or

backfire radiation. In the following the pressure of the sound field generated
by one battery of four hoses is designAted by the symbol p4 (which may be

equal to PA or PB' according to whether combination A or B is used).

(1) Combination a

Combination a consists of two batteries, of four hoses each, which
are 1800 out of phase (cf. Fig. IL.13). In space, the two batteries are

displaced one wavelength with respect to each other (i.e., 1 = 1). The

sound field is given by the equation

Pa= P4 - P4 •

j a- (0)
=p 4 [Z- 2cog Z(0)]Z es a (I1. 35)

where

's0) = tan- I sin 2 (91

Normalising the sound pressure becomes, for ci/co = 1/2,
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Fig. I1.11. Dlreotlvlty pattern for a battery of four

oyliner, ooaluatio A, koa. 0.1o a -•, oi/o0 a 0.5,

/ -. 0.10.

-10 -20 -30 -40 -40 db -30 -20 -10 0

Fig. 11.12. Direotivity pattern for a battery of four

oylAndoios, omb1natlan B, k a . 0.,/ 0
,U.. 0. 10.



COMBINATION a
Two batteries
1800 out of phase

) No staggering

COMBINATION ,

,,_ _ _Battery I
in phase

Battery 22

COMBINATION y

_ __Battery I

1m 
Battery 2 in phase

Fig. n. *13. Thee poee aibi. inblatloms at two four-hoe.

batteries.
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P (R.9) IN p(RQ) 12
_4114 L-c, 2 Q (Z1.36)

The corresponding directivity patterns are plotted in Figs. 11. 14 and I1. 15,

for P4 = p. and p4 m P%, respectively. It is seen that, br'adside radiation ia

eliminated.

(2) Combination

The two batteries are in phase and displaced one half-wavelength

(i.e., •= 1/2). Hence,

PA x p4+P4 e'jAG)

= p 4 [2+2cos1(Q)]* ej OPq) (11.37)

where

tan-1 s{Jp., I +cos 6(q)

Normalizing, this becomes

[ 1 +Cos #(a)](1.)

This is plotted in Figs. 11.16 and 11.17 for P4 = PA and PB' respectively.

It is seen that this combination has the same effect as combination a

in eliminating broauside radiation, but is more directive.

(3) Combination y

The two batteries are in phase, and displaced one third of a wavelength

(I= 1/3). Hence: (

p= PT e + P4 (11.39)

P4 p[2+2cos T 6(0)]4 ý ejrG

where .,
0' (0) = tan- 2sinIP(Q)

I +cos 'JAM
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Normalizing, this becomes

py(R) P4(RQ) 12 2+2cos 2 (O)
p4 -D P4-~ (R-,---3 (11.40)

This is plotted in Figs. 11.18 and 11.19 for P4'0 PA and pB respectively.
It is seen that this combination yields a very favorable pattern: Broad-

side radiation is reduced, and backfiring is eliminated.

A factor which has been considered is the effect of source length on
the directivity pattern. Approximately halving the source length, while

keeping (np) constant, causes only a moderate loss in directivity. This

is illustrated in Fig. 11.20 for combination A.

There are, no doubt, many other combinations which will produce
other and probably more desirable directivity patterns. Among those
investigated, the four hose combinations generate patterns which are

definitely inferior to those produced by the single sources studied earlier

in this chapter. However, two of the eight hose combinations are of inter-

est: combination A-P, which eliminates broadside radiation, (Fig. 11.16)
and combination A-4 which eliminates backfiring (Fig. U1.18). Unfor-

tunately, these advantages are largely neutralized by the inconvenience of

the cumbersome system of sources required. Until the designs in Chap. IV,
which are based on the requirement ci = Co0, are proven to be impractical,

this type of source will not be considered.
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Pig. n1.15. Diroctivity pattern for two four-hose bat-
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Fig. 11.17. Dlieotllty pattemn for two four-home bat-
trie, ociunatln D -,A ko, 0.1, -. 34j, o0/0 . 0.51,

/l- a0.10.
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Fig. 11.18. Dlrectivity pattern for two four-home bat-

teries, oaoinaticm A -yO k0,a 0.1, n - 34s, ol/o a 0.5,
/4 a 0.10.



o -io -20 -30 -40 -40 d b -30 -20 -0 0

Fig. 11.19. Dlreotivity pattern for two four-home bat-

teries, combination B -Y, koa a *0.1, n - 54, 01/o0 - 0.5,

,a- 0.10.

o -to -20 -30 -40 -40 -30 d b -20 -10 0

Fig. n1.20. Directivity pattern for a four-home battery,

comubinations A, koa n 0.1, A - 18, 01/00 a 0.5,/S.= 0.189.
Even though the hose length in nearly halved, end-fire direct-

ivlty Is not considerably less than for the pattern in Fig.
1101. .
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Chapter I~l.

Experimental Verification of the Theory

Nature of the Experiments

The most interesting Application of the end-fire source is its use as an

underwater sound source. However, the thgory developed in the preceding

chapter is -valid both for liquid and for gaseous media. It was therefore

decided to carry out the experimental verificiation of this theory in air,

since facilities for such tests were immediately available.

The tests were performed in the anechoic chamber of this Laboratory

by means of the installation to be described in the next section. In these

tests, the conditions which could be controlled were the frequency, and the

quantities ci and pi(by filling the hose with a predetermined mixture of air

and helium). The actual value of ci was obtained experimentally, as was the

value of the attenuation g&; these two quantities were then used to compute

the theoretical directivity patterns which were to be checked against the

experimental patterns. The experimental measurements were therefore

of two types: (1) measurements of ci and I, and (2) recording of the direc-

tivity patterns.

Description of the Experimental End-Fire Source

The radiating surface of the source consisted of a hose which was built

up by winding a strip of "saran" (vinylidene chloride) on a brass rod, in

helical form. The saran strip had previously been painted with cement

over a width of approximately 1/8 in. adjacent to the edge of the strip.

since the coils, of the helix overlap slightly, an airtight cylindrical surface

is thus formed. The brass rod was then removed. The diaxnecer of this

hose is 0. 616 in. and its length 51 in. The hose wall thickness is 0. 0007 in.

The hose is terminated by a brass plug. In view of the reflective character

of this termination, this end-fire source is of the standing-wave type. A

slight tension is applied to the hose by means of a tension spring acting on

a thin rod screwed into the brass plug. (cf. Fig. 11.1). This rod is freely

supported by two pulleys.

-23-
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The driving and of the hose is cemented to a brass tube which, in turn,

is connected to a Western Electrc type-555 loudspeaker. The sound waves

generated by this source travel .p the relatively, rigid bras stube, without

appreciable attenuation. Forthe values of ksa encountered in these tests,

only the zero-order, quasi-plane mode is capable of propagation. (cf. next

chapter). This system is mounted on a turntable supported by a carriages

hence, both translational and rotational motion are possible.

The pressure in the -sran hose is controlled as follows: Air from the

high-pressure air main is fed through a regulating valve into a rubber hose

which is terminated by a Y-type connector, one branch of which leads- to

the brass tube.-saran hose system. The other branch performs the function

of a vent opening to a water column in a gradauted glass. By adjusting the

regulating valve so as to cause slowly-forming bubbles to emerge from

this vent, the gas pressure of the system, measured in inches H 20, is

approximately equal to the height of the water column .above -the vent. The

gas pressure can thus be conveniently controlled by varying the -amount of

water in the graduated glass. During tests, the gaseous contents of the

system are constantly renewed by allowing the gas to escape through &

small exhaust vent in the terminating plug, thus causing the gas to flow

down the saran hose at a slow rate. This arrangement is actually intended

for tests where not pure air but an air-helium mixture is used, so as to

avoid a gradual change in the proportions of the two gases owing to helium's

greater ability to diffuse through the saran membrane.

Owing to the elastic character of the saran hose, the zero-order mode

phase velocity for waves travelling along the gas column is somewhat

smaller than the sound velocity in the surrounding space when pure air

is used in the tube-hose system (cf. Chap. IV). In order to raise the -

phase velocity to the value of, or somewhat above, the sound velocity

in air, it is necessary to introduce a small proportion of helium into the

air in the system. The desired ratio of the two gases is achieyed by feeding

each of them into a balloon, and by controlling their rate of flow (by means

of a rotometer) and the time interval of flow (by means of a stopwatch).

The gaseous mixture is then fed into the system by applying an appropriate

pressure to the balloon; the pressure in the system is again controlled by
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means of the water pressure above. the vent opening into the graduate.

Instrumentation

In the first test, the phase velocity ci and the -attenuation p are measured

by recording the axial pressure distribution of the standing.wave system in

the -saran hose. The sound pressure is measured by a small microphone

located at right angles and close to the saran hose (cf. Fig. .11. 2); during

the test the hose is made to travel at a steady rate past the microphone.

A record of sound pressure versus axial displacement is thus -obtained, from

which it is possible to calculate 1C and I.

The translational motion of the *&aran hose is brought about by causing
the ca rriage which carries the hose to travel along a track coinciding with

one axis of symmetry of the anechoic chamber (cf. Fig. III. 3). The

carriage is driven by a motor connected to one of the wheels by means of a
belt (cf, Fig. III. 1). This sketch also shows that the translational motion

of the carriage is related to the rotational motion of the turntable by means

of a wire causing the turntable to turn as the carriage moves. The rotation

of the table is fed into a synchro which correlates it with the signal from

the microphone. The carriage drive motor is controlled by a servo amnpli-

fier (cf. Fig. UM. 2).

The microphomn which is wrapped, like most other testing equipment,
in glass fiber to minimise sound reflection, receives the pressure signal

through a small probe extending to approximately 1/2 in. of the hose wall.

The microphone signal is amplified and processed by a UTC-4C. filter. It
then actuates a power level recorder which is linked to a synchro which

in turn is connected to the turntable synchro and to the servo-amplifier

(cf. Fig. II. Z). The recording system described traces a record of
sound intensity versus carriage (or turntable) position.

Directivity patterns of the end-fire source are obtained by rotating

the source and measuring the sound pressure by means of a stationary

microphone located at the far end of the track (cf Fig. 111. 4: in this
photograph the track is covered with a layer of glass fiber). The distance

from the source to the microphone is at least 120 wavelengths, thus
justifying the "far-field" assumption. Since the source, and hence the
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sound field. are symmetrical with respect to the cylindrical &*s, it is

sufficient to explore the sound field ia one, via., the horisontal plane..

Rotation of the saran hose is .achieved by mounting the loudspeo.kor and
brags tube at the hub of the turntable. The rotational position of the

table ti .correlated with the microphone -signal as -in the preceding test.

Observed Directivity PftterTs

Figures lI. 5 and 1I. 6 show directivity patterns for a sara$i bose filled
with pure -air; as motioned eaflier, the ratio cl/c0 is less than unity, in this

case. The values of p and ci given in these figures are experimental and

were .measured in the way described in the preceding .section. The value

of frequency (and hence of koa and n) was obtained by. comparing the lou4-

speaker input with a standard frequency signal. The smooth curves in

Figs. MI.5 and I1. 6 are directivity, patterns computed by means -of Eq.

(TI.l4 and using the observed .values of c€ and I. The -agreement of the

experimental and theoretical curves will be discussed in the nxt section.

The directivity of these patterns could have been improved by using A
value of cq/oc0 of exactly unity and & somewhat longer source.

Figures 111.7 -and MI. 8 show directivity patterns obtained when ci/c>ol,

i.e., when a small amount of helium is mixed with the air In the sarant hose.

The two prongs .in. the pattern may be interpreted a -the trace of the

approximately conical wave -produced by the source under these coaditions

(cf. Chap. I).

When the -sound waves travelling up the brats tube are allowed to radiate
directly into space, without the intermediary of the saran hose, the mouth

of the brass tube constitutes a sound source approximately equivalent to

a vibrating, circular, baffleless piston. The directivity patterns produced

in this fashion at the two test frequencies are shown in Fig. M..9. They are

almost completely nondirective, as was to be ejxpected from the small
values of k0a. Comparison of this figure with the four preceding ones

illustrates how a nondirective source can be made directive by.the simple

device of using it to drive an end-fire source, instead of allowing it to'
radiate -directly into space.
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Discussion of Zxperimental Results

Comparsion of the theoretical and -experimental patterns in Figs. In1.5 -

III. 8 shows good agreement in the region where the sound pressure is
highs i.e., in the on-beam region. The lack of agreement in the off-beam

region, where the sound pressure is low, is probably due to scattering from
the test. rig (i. e., to the insufficiently. anechoic behavior of the teot area)
and to other sources of Aoise. This is suggested by the AhashEWI.-keappearance

of the experimental pattern in this off-beam region. Owing to the very low

sound level prevailing there, this discrepancy between observed and theo-

retical values is of little importance.

A great difficulty in comparing theoretical and observed directivity
patterns is that the present experimental set-up yields only inaccurate
values of p . This is dAu*Athe fact that the system supporting the hose,

as well as the hose itself, tends to sway back and forth when the carriage
is set in motion. As a result, the distance between the hose wall and the
microphone probe varies, thus causing pressure variations not related with

the axial pressure distribution in the saran hose. These variations could
be minimized if it were possible to locate the probe at a greater distance
from the hose. However, this would introduce even greater diffculties
in that the sound field several inches away from the hose wall is not related
in a simple way to the axial pressure distribution in the hose, since all
elements of the hose contribute to it. When, accidentally, vibrations were

avoided over a significant portion of the total length of travel of the carriage,
the pressure recorded did approach the form of a hyperbolic cosine, as

stipulated by Eq. (11. 11) (cf. Fig. 1I. 10). Unfortunately, the record in
Fig. M1. 11 is far more typical. In a badly distorted record such as this
one, it is still possible to obtain accurate readings of wavelengths, i.e.,

of ci. This is illustrated in Fig. III. 12, where a number of readings of c.
are plotted as a function of the pressure in the saran hose for different values
of helium to air mass ratio r. (It is seen, by the way, that the pressure has
only an insignificant effect on ci.)

A record such as the one in Fig. III. 11 can be used to obtain a value of p
by analyzing the envelope of the curve in those sections where the pressure
record seems not to have been disturbed by vibration, i.e., in sections
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showing an approximately exponential decay. Figure 111. 13 indicates the

seriousness of the inconsistencies found in a typical set of data. Those
points show only a small fraction of the experimental data; in general,

no consistent variation of p& with pressure, mass ratio of helium to air.- or
even frequency within the 4000-6000 c/s range, could be detected. Owing

to this inconsistency in the observed values of IL, the following procedure

has been adopted: When the two or three values of 1L measured under test
conditions corresponding to those of the particular directivity pattern under
investigation show reasonable agreement, their average value is -used in

computing the theoretical directivity patterns. If, however, the data ai0
widely scattered, those points whose contribution to the average value of jI

would result in poor agreement between the experimental and theoretical
directivity patterns are omitted. This procedure is obviously purely
heuristic, but it may be Justified by the following considerations: (1) when
consistent values of IL are obtained, their average value does lead to a theo-
retical directivity pattern which is in good agreement with the experimental

pattern; (2) an inaccurate value of IL wi ll, in general alter the directivity

pattern less than a wrong value of ci/C0 ; (3) elimination of the difficulty
underlying the measurement of IL (i.e., vibration of the hose) requires
laborious and time-consuming changes in the whole test rig, such as
elimination of play between the carriage wheels and track, a gradual

starting up of the carriage, etc. The accuracy of these tests could be
improved by measuring the pressure along the cylindrical axis bý means

of a small movable probe supported by a sleeve at the center of the brass
plug which terminates the hose.

It is found that the pressure in the hose, and the axial tension applied
to the hose, have no consistent effect, provided they are sufficiently large
to insure that the hose wall is smooth and devoid of creases. When this is
not the case, the directivity pattemi observed is nondirective; when c Ici1 >1,

1 0
4.e., when the pattern (as in Fig. 111. 8) displays two prongs, the prongs are
blunt instead of slender. This condition indicates excessive attenuation,
probably caused by frictional effects in the creased saran wall.

Finally, it should be added that many directivity patterns were observed
which are not given here, and which were not checked against a computed
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pattern because of the great amount of labor involved in carrying out the

necessary calculations. These experimental patterns show good con-

sistency and were reproducible without difficulty.



TM34

Chapter IV

Design of an End&Fire Source for Use Under Water

Nature of the Design Jroblem

A practical design of a low-frequency end-fire source ior use under water

will now be discussed. Essentially the problem is to determine the most

convenient means of building a device endowed with physical parameters

having the values required for good directivity. It was found in Chapter II

that the conditions to be fulfilled are:

(1) c/c !Ll'i.e., cJL1.5 x 105 cm/sec (except for the source(I c/o 1

in the form of a battery of partly occluded cylindrical radiators,

where ci, 0.75 .x 105 cm/sec.

(2) n larger than a certain minimum value which varies inversely

as p (of the order of 15 to 35).

(3) a relatively small value of I (viz., of the order of 0.05 to 0.12)

Condition (3) is relatively easy to satisfy. It is simply a matter of not

allowing the energy in the source to escape too rapidly into the surrounding
medium. The factors determining p will be discussed later in this chapter.

The practical lower limit of IL is determined by the attenuation associated
with internal friction in the source. Obviously the attenuation owing to

radiation should be considerably larger than that caused by friction, if

the source is to be efficient. If the source is in the form of a solid elastic

cylinder this requirement may be quite difficult to satisfy.

Condition (2) can be complied with by using a sufficiently long source.

At low frequencies and when a very small value of IL is selected as as to
achieve high directivity, the source may be impracticably long. Otherwise,

this requirement does not present any difficulty.

In contrast, condition (1) ij quite difficult to satisfy. The difficulty is

two-fold: (a) few liquids have a sound velocity as high as that of water; it

is therefore difficult to achieve a fluid-filled elastic hose which will permit
waves to propagate in the zero-order mode with a sufficiently large phase

-30-
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velocity (higher modes of propagation are inconvenient for several reasons;

see below, for a discussion of the mechanism of propagation). (b) in order

to take .advantage of the fact that the directivity pattern does not depend

appreciably on frequency (or, more exactly, on k0 a) the phase velocity ci
should also be frequency-independent in the region of operation; this would

permit operating the device over a certain range of frequencies without a
change in the directivity pattern. Since the mechanism of wave propagation

in fluid-filled hoses, elastic rods, etc. is in general dispersive, a system

must be used whose dispersion curve is level in the desired range of

operating frequency.

Different systems will now be considered to determine to what extent

they lend themselves to our purpose.

Solid Cylindrical Rods

In view of the first difficulty mentioned, i.e., the large value of co

the first. though+ that comes to mind is to approximate a phase velocity ci
of the order of 1. 5 x l05 cm/sec by using elastic waves in a solid, elastic,

cylindrical rod or shell constructed of metal or of some synthetic substance.

In the case of solid cylinders, only longitudinal waves are appropriate

as flexural waves result in a dipole effect; torsional waves are not suited,
because the essentially tangential motions they generate do not cause sound
radiation. The propagation of longitudinal waves in cylinders has been the
subject of much research. Among the most recent investigations is the one
by Davies [ 8], which is analytical and experimental, and the one by Holden
[ 9], which is analytical. The general problem is summarized in Chapter

III of reference [ 3]. The effect of the surrounding medium on the wave
propagation has been analyzed by the author (to be published).

The dispersion curves of the first three longitudinal modes as given by
Davies [ 8] are reproduced in Fig. IV.I. The first mode appears to be better
suited for our purpose because it is nondispersive over a wide frequency
range and because its stress distribution is simpler than that of the higher
modes (it has at most one nodal circle, while the second mode has one or

two nodal circles, and so on). This mode is therefore easier to excite and
frictional losses may be expected to be smaller One of the two frequency
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ranges where the first mode has a fairly frequency-indendent phase!velocity
is approximately defined by the inequality (a/, i )> 0. 8. An additional in-

centive for working in this region is that the longitudinal wave is of the

nature of a R.ayleigh surface wave. The stresses accompanying such a

wave are actually restricted to the outer skin of the rod, i.e., to the

region which is instrumental in radiating to the surrounding medium.

.This situation is very desirable because the energy dissipation by friction

in the metal is kept at a minimum. The phase velocity in this frequency

region is also that of the Rayleigh wave (i. e., of the order of 0.6 c 4,

Since this phase velocity must be equal to 1. 5 x 10 cm/s, we can solve

for the "bar velocity" c B and note that this quantity must be of the order

of 2.5 x 10 cm/s. This leaves tin as the only suitable metal. Thore are,

of course, a great number of plastics which have the desired bar velocity.

From the condtion that (aY) > 0.8, we can solve for the rod diameter

D(=2a) as a function of the minimum desired operating frequency (i.e., the

frequency for which aA/i = 0.8). Taking Xi = 1.5 x 10 /f, the required
diameter in cm is found to be

=D = 2.4"t65 /f (IV. 1)

It is seen that even for a 1-it rod the minimum frequency would be 900.0 c/s.

Hence this &pproach is not practical if one wishes to operate at low frequency.

A further difficulty is that, for efficient operation, the rod must be

driven by a transducer approximately conforming to the Rayleigh wave

stress distribution, so as to avoid exciting the hiher modes to an appreciable

extent. This could be achieved by using a transducer in the form of an

annulus exciting only the peripheral region of the cylinder.

Inspection of the dispersion curves in Fig. IV. 1 suggests that a source

suitable for very low frequencies could be achieved by using the other

plateau displayed by the first mode curve in the region 0<aAi <0. 1. The

relation between the rod diameter in cm. and the maximum operating

frequency fmax (i.e., the frequency for which a/X i = 0. 1) is found to be

D 0 3 ...10 (IV. 2)

max
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It is seen that even if it is required that the end-fire source operate up

to 1000 c/o the diameter would not have to exceed 1 ft; in other words, the

restriction imposed by the condition a/Xi<O. 1 is in practice no restriction

at all in that it does not interfere with any practical design.

Having thus disposed of the restrictions on diameter and frequency range,

the designer must compare the materials having a "bar velocity" of the order

of 1.5 x 10 cm/s and determine if any of them are suitable. There are a

large number of plastic materials whose "bar velocity" has the desired

value. Unfortunately, most of these materials display a large amount of

internal friction. At the low operating frequencies that are considered,

the frictional effects are, in general, not too important; however, it must

be remembered that attenuations in excess of approximately 1-2 db/.i are

objectionable and that plastics are notoriously lossy. Not the least difficulty

is that the information on low-frequency attenuation in plastics, and in solids

in general, is exceedingly scanty.

A variant of this approach to this problem is to use a gelatin-like substance

enclosed in a thin hose. Some of these substances display low attenuations and

have the proper value of c . In a soese, this sort of a system is equivalent

to a fluid-filled hose, but avoids the basic pitfall of such a system in that the

cohesion of the material is inherent in the material itself, so that the

stiffness of the hose wall is not required to prevent the phase velocity

from dropping to very small values.

A tr.. -.aducer for driving such a rod should be designed to excite the

whole rod section in phase and with uniform amplitude. The radial dis-

placement at the surface is entirely caused by aPoisson-type effect which

varies linearly with frequency:

1L 2w Y± for small A/X. (IV. 3)I Li

This is a regrettable situation since the radial displacement component u

which is associated with sound radiation is relatively small in the lowest

frequency range. This drawback is somewhat attenuated in the case

of gelatin-like substances which have a Poisson ratio of nearly 1/2.

An advantage of operating near the low-frequency end of the dispersion
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curve is thatthe higher modes are non-propagating; the dynamic con-

figuration of the transducer need therefore not conform too closely to

that of the mode to be excited.

Cylindrical Shells

It would seem that the use of axially symmetrical flexural waves propa-

gating along the wall of a thin shell will circumvent some of the difficulties

presented by the use of longitudinal waves in a solid cylindrical rod: (1) the

volume of material stressed is small, so that the attenuation owing to frictional
loss is small compared to attenuation caused by radiation; in other words,

stress distribution is most desirable because the material under stress

lies entirely near the surface which is instrumental in radiating sound;

(2) the phase velocity of flexural vibrations is determined, at least in a

certain frequency range, by the ratio (h/a); hence, by selecting a sufficiently

thin-walled shell, even materials having an inherently high sound velocity,

such as steel, may be used.

There exist on wave propagation in shells a paper by Glebe and

Blechschrnidt C 101 presenting experimental results (together with an in-
adequate analytical study), and a recent theoretical analysis [ 11]. Fig. IV. 2,

which is taken from the latter paper, shows the dispersion curves for the

first two modes of propagation. The level region of the curve connected

with the first mode is defined by the inequality ka•> 1.1. This region

seems particularly attractive for two reasons: (1) It corresponds essentially
to a flexural mode producing mostly radial deformations [ 11], and therefore

lends itself to sound radiation; (2) the phase velocity in this region is

determined by the wall thickness as seen from the following approximate

expression

C = c b h/a kwa cbhw(I-V.4
z 3 / -v w [ ) 3(r1- V4)] " .

The designer is thus free to use a material having desirable characteristics

of strength, corrosion resistance, etc., and to obtain the d~ired phase

velocity ci = 1.5 x 105cm/s by selecting the proper value of (h/a). For
example, if steel is selected, one finds that the wall thicknessdiameter ratio
(=h/a) must be 0. 0385. This value is perfectly compatible with structural
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requirements.

As in the case of elastic rods, the diameter is related to the des4red

frequency range by the restriction imposed on the values of kwa (or a/i).

Inspection of Fig. IV. 2 shows that we must have kwa>l. 1, or (forv = 0.27)

C

D>0. 364 1mu (IV. 4(a))

For a one-foot steel shell, the minimum frequency is approximately 6000 c/s.

This quantity is somewhat smaller than the previously found minimum fre-

quency for the Rayleigh wave-type of mode in solid rods (thefiequeucylimit

can be reduced further by using a plastic instead of steel). If the designer

is interested in this medium frequency range, the shell is much preferable

to the rod: The quantity of material to be used is a small fraction of that

required for the rod. This reduces cost of manufacturing and installation;

it also reduces attenuation owing to internal losses. In addition, a flexural

mode of this type is easy to excite; a radially expanding transducer can be

used for this purpose. In summary, a thin metal shell constitutes a practical

solution for producing frequencies of the order of 6000 c/s. The merit of

this solutionfs, however, invalidated to some extent by the fact that the

corresponding k a is large enough so that even a comparable piston-type

source would be directive. However, the shell-type source still retains

two great advantages over the piston-type source: (1) the directivity

pattern is frequency independent over a large range; (2) the situation

with respect to cavitation is very favorable, even more so than for the

fluid-filled hose design since there is obviously no cavitation problem

connected with the transducer driving the cylinder.

The second mode, in Fig. IV. 2 is less desirable for the medium

frequency range than the first one because it excites mostly axial (i.e.,

nonradiating) displacement components.

In the preceding section, it was found that very low frequencies could

conveniently be excited by using the initial plateau of the zero-order mode

dispersion curve of the solid rod. The restrictions on the bar velocity of

the material are exactly as in the case of the solid rod, i.e., metals cannot

be used. The shell design also shares with the solid rod approach the in-

convenience that radial displacements are very small, the ratio of radial to
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axial displacement in the lowest frequency range being given again by

Eq. (IV. 3). The shell does, however, possess over the solid rod the

already mentioned advantages which go with a great reduction in weight.

As a result, plastics,which are not suitable for the solid rod because of

their large attenuations, would be acceptable for use in a thin shell. The

transducer driving such a shell would be in the form of an axially or

radially vibrating annulus. This is again a more desirable situation than

the one encountered in the solid rod design where a piston-type transducer

wastes much of its energy in exciting the inner core of the rod which is not

instrumental in radiating sound energy.

In connection with the rod it was mentioned in the preceding section

that a honse filled with gelatin seems a promising solution. This design

might be adapted to the case of the shell by filling with gelatin the annular

space between two concentric hoses.

The Stiffness -Controlled Hose or Tube

When attempting to realize a cylindrical surface suitable for the propa-

gation of axially symmetrical surface waves, the most obvious approach is

to use a fluid-filled tube, or a hose (the distinction drawn here between

these two structures is that a tube, like a plate, possesses flexural rigidity,

while a hose resembles a membrane in that it resists stretching but not

bending). It can be shown that a tube filled with a fluid remains stiffness-

controlled at all frequencies [ 11, 14]. A hose, however, becomes mass-

controlled above the natural frequency of the axially symmetrical , ex-

tensional mode of vibrations. * The low frequencies in which we are in-

terested lie below this frequency, unless a special attempt is made to re-

duce the latter. Thus, a fluid-filled tube or hose may be expected to be

stiffness-controlled under the conditions that interest us.

The propagation of a pressure pulse in an elastic tube is discussed by

Morse (reference 7, Sect. VII. 26). A more recent analysis expresses the

solution in terms of the constants of the tube [12]. Kuhl [ 13] gives ex-

periment al data which will be found useful in the next section. The effect

of a surrounding medium on the mechanism of propagation has also been

studied recently [ 14]. The dispersion curves of pressure waves propagating
* The words "tube" and "hose" are used interchangeably in this section,

while only the word "hose is used'in the next section.



TM34 -38-

sound velocity c5 . The use of water inside the tube is therefore excluded

in favor of liquids having higher sound velocities. The zero-order mode

phase velocity in the low-frequency region is related to the wall stiff-

ness approximately as follows:

ciro[l+ • ] (/2s

Sa( ) l-'v (kia)(

Z 4Pi cs4

The inertial term involving kaa is of little importance at low frequency. If

it is considered that few liquids have sound velocities c5 considerably in

excess of that of water, it is seen from Eq. (IV. 5) that the wall stiffness S

must be relatively large to prevent ci from dropping below the desired

value of 1.5 x l05 cm/s. It is sensed intuitively, and will be shown

rigorously below, that a large wall-stiffness does not permit efficient

radiation of sound energy from the fluid column to the surrounding medium.

The designer must therefore select the practically usable liquid with

the largest sound velocity so as to keep the wall stiffness down to a

reasonable value. Equation (IV. 5) has been plotted in Fig. IV.4 for

glycerine, a liquid which has the largest sound velocity of any common

liquid (c = 1.92 x 105 cm/s). Unfortunately, glycerine is objectionable

in practice because of its viscosity. It will, however, be used as a basis

for the evaluation of the operating range and design requirements. It will

be shown below that even for the large sound velocity of glycerine the wall

stiffness, as obtained from Fig. IV. 4, is objectionably large, i. e., that the

lowest operating frequency of this form of the end-fire source is not suf-

ficiently small for our purpose, even under optimal conditions. If the

effect of the surrounding medium is given consideration, the situation is

even more unfavorable, as the additional mass loading lovers the effective

stiffness.

A liquid, which has a larger sound velocity than glycerine (and, as a

matter of fact, the highest known sound velocity of any liquid), has been

studied recently: Sorbitol, a hexahydric alcohol, has a sound velocity of

the order of 2.1 x 105 cm/s when used in 83% solution [161 when pure, the

sound velocity is apparently of the order of 3 x 105 cm/s. These velocities
were measured at a frequency of I megacycle; owing to a relaxation effect,

L - .
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they would be somewhat smaller in the low-frequency region. The use of

such a liquid would appreciably lower the wall stiffness required to achieve

the condition c, a 1.5 x 105 cm/s; unfortunately, sorbitol is also very viscous.

The relation between the rate of sound radiation and the wall stiffness

will now be derived. It will then be possible to estimate the rate of sound

radiation which can be achieved for a given liquid. This rate is determined

essentially by the attenuation 1. In order to relate $L to the parameters of

the system, let us consider the axial energy flow through a given cross

section of the fluid-filled hose, identified by its point of intersection z with

the cylindrical axis. The total energy flowing through the cross section is

the sum of the fluid energy W(z) and of the potential energy of the deformed

hose wall V(z). In the approximate analysis the kinetic energy of the hose

wall may be neglected at low frequencies. The strain energy of a short

length of symmetrically deformed hose or shell is approximately:

dV(z) = U-Eu 2-(Z~z (IV. 6)
(1-Y1)a

This expression disregards flexural effects, shearing effects, etc. For a

more exact expression, one may consult one of the many analyses of

cylindrical shells. The stiffness S of the hose wall, defined as p/u, can

bederived from this expression in the usual way: From Castigliano's

theorem the force (=pdA) connected with the strain energy in Eq. (IV. 6) is
8V

equal to v-; hence

px (Zw adz) 4w Ehudz (IV.7)

(1-V Z )a

Solving for p/u(=S), one obtains

S : (IV. 8)
-7-.
(1-v )a

Substituting this parameter in Eq. (IV. 6), and using the boundary condition

Eq. (U. I), the average rate of strain energy flow through the tube cross sec-

tion at z is found to be

W a - Z-) " (IV. 9)SSaciy -X-I-
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The rate of fluid energy flow is (see, for example, reference 7, p. 274)

2 i~2
Wrlz) * w± 4 (s (IV.10)

2 Pici

This expression is only approximate, since the pressure is als~o a function

of the radius, except in the limiting case where the hose wall is infinitely

rigid. The radial velocity ai of the hose wall is, of course, equal to p/zw

where zw is the specific acoustic impedance presented by the hose wall
(and the surrounding medium) to radial motion. At very low frequencies,

and as a rough approximation, it can be assumedthat (Itz; 8) (A more

exact expression for sw is given in reference 14). The pressure p(s) in

Eq. (IV. 10) can now be written as -JSMO(/)Iw. Again making use of the

boundary condition Eq. (II. 1), the rate of fluid energy flow is finally ex-

pressed as follows:

w (Z- suexp 2 L (IV. 11)
2Pici

1

The total rate of flow through the cylindrical cross section located at

z is obtained by adding Eqs. (IV. 9) and (IV.ll). The total power Ea emitted

by the source is the difference of the rates of energy flow through the cross

section at z = 0 and the one at s = L:

a Z a SU2ci11 + Sa -Zn%)

2 pcPiCi

This function is plotted in Figs. IV. 5 (a) and (b) for different values of

wall stiffness and for two different values of k a.

The power E 9 lost by the source must be equal to the power radiated,

E'r" Since the analysis in Chapter II yields information on the dJ stant field

only, Er must be obtained by integrating the sound intensity over a large

sphere enclosing the sound source. The wave fronts may be considered'

approximately plane over a small surface element of such a sphere. The

sound intensity at the surface element located near the point (i,O) is there-

fore of the formIp(R,G) 17/2p 0 c 0 . The power radiated is obtained by in-

tegrating the intensity over the spherical surface:
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E~~ jIP(R 6) Ido-

0 PoCo a- (IV.13)

-fp(R,0) V sin 0 de

0O0 0

The quantity Ip 2 is proportional to U 2 /R 2 . The aý3,ve expression is there-

fore independent of RZ and proportional to U. The integral (IV. 13) has been

evaluated numerically for various values of IR; the corresponding values of

radiated power E r are plotted in Figs. IV. 5.

Before proceeding further in determining the relation between S and I&,

an attempt will be described to calculate iE r by an approximate method; if

found satisfactory, such a method would make the cumbersome numerical

integrations implied in Eq. (IV.13) unnecessary. The approach tried con-

sists in calculating the power E by assuming that the acous. resistancer

ratio is approximately the same for the case under consideration and for

an infinite cylinder whose dynamic configuration is in the form of un-

attenuated standing or travelling waves whose wavelength is equal to %i,

and which extends to infinity over the entire cylinder. The near field,

and, in particular, the field at (r=a) can, of course, be evaluated for this

system. The travelling- andstanding-wave cases are found to be equivalent

if the proper transformations are made. Using this approach, the average

power radiated by an element dz of the source is

dEr = 2w-a dz 4oo Ool( la) lI(z)I ' (IV.14)

In this expression, 0o0 is an acoustic resistance ratio defined as [1]

2k
e(a)0 (IV. 15)

01 1 ir k 2a JHMZ(k a) z

where
i/z

ko[1- I- ]
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Substituting Eq. (UL.1) in Eq. (IV.14), and integrating the latter over the

length of the source, an expression for the total radiated power is obtained.:

= 2 a2 IZ00
E r 0 0cc U i 0 1 (k1a)(1 - ) (IV.16)

Equation (IV.16) is also plotted in Fig. IV.5(a). Its magnitude is seen to

be approximately twice that of the more exact value obtained from Eq. (IV.13).

This discrepancy is due to end-effects in the finite-length source, and to the

peculiar behavior of the function 801 in the region ci=c 0 . In the case of the

infinite cylinder, as kI tends to zero along the real axis (i.e., as c. tends

to c0 from above),the function 601 rises steeply to a maximum value. When

k becomes imaginary (i.e., when ci< co), the function .01 vanishes; in other

words, a cut-off phenomenon takes place (for the infinite cylinder uniformly

excited only, of course). Hence, while the use of 601 is satisfactory when

ci>co, it leads to mediocre accuracy when ci _Uc 0 , and is entirely un-

usable when c•<%O.

This approach toward the evaluation of E will therefore be discarded inr

favor of another procedure, which makes use of the acoustic resistance

ratio O0 (koa) of an infinitely long, uniformly vibrating cylinder (i.e., a

cylinder having a configuration independent of z). To simulate the effect

of the sinusoidal i-dependence of boundary condition Eq. (11. 1), the amplitude

of vibration must be taken equal not to I u(z)l but to the root-mean-square

of that quantity, i.e., to

Ue""

The expression for radiated power then takes the form

2Er= aP acoc U 0o(k 0 0)(l - e" 2n (IV.17)

where [17]

o (k a) 2 (IV.18)
00 INa I.I (k 0a)
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The value of EZ thus computed is also plotted in Fig. IV.5. For the parameters

selected this approximate value of Er is seen to be only. slightly, larger than

the more exact value obtained from Eq. (IV. 13). For other conditions,

particularly for a shorter hose, a greater discrepancy may be expected.

However, this approximate method appears adequate for the present

purpose, particularly since the end-fire source must measure at least

15 to 30 wavelengths in length.

It is noted that both the approximate and exa~t values of E r decrease

with increasing jI. At first glance, one might expect the opposite. This

impression would be correct if the power furnished to the source were

constant. This, however, is not the case; it is the velocity amplitude U

at the driving end of the source which is kept constant. Equations (IV.13)

and (IV. 17) state nothing as to the power supplied to the source, and do

not contain any information as to the impedance presented by the cylin-

drical source to the driving unit.

The functional relation 1 = f(S) can now be determined from the following
line of reasoning: Since, in the absence of friction, the power E5 emitted by
the source must be equal to the power Er radiated, physically possibler

situations correspond to intersections of the curves representing as Eq.

(IV.l12) and of the curves representing kr, Eq. (IV.13) or (IV.l7). The
values of p and S corresponding to these intersections are plotted in

Figs .IV. 6.

An explicit expression for the functional relationr."Ip between ILVtnS
can be derived if the approximate expression for E a is used. Equalizing

Eqs. (IV. 12) and (IV.17), and solving for ji, one obtains

w P cowOo(koa)0.0 c 0+ . 0 (IV, 19)

S I+
Pici

Since the quantity ci is itself a function of the wall stiffness S, this ex-

pression becomes explicit only after introducing the relation between c.

and S which is expressed in Eq. (IV. 5). Neglecting the inertial term in

this expression and taking ci = 1.5 x 105 cm/s, the required S can be ex-

pressed as a function of the characteristic velocity of sound ca:
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2
8' ) 5 C.G.S. (IV. 9a)

When this expression is introduced in Eq. (IV. 19), and taking po0 co 1.535 x

105 C. G. S., an explicit relation between 1A and ca is obtained

wS (k a) a (l-v 2)(c - 2.25 x 101
p = l. 07 x 20"5 , C.G.S. (IV. 20)

2 ;Pi 's, [ + ]
G1-v )(cs - 2.25.10

For small values of kba (<0. 2) this can be simplified further by using the

asymptotic expression for 0 (koa) for small argument; i.e., 0 = w k a/Z.
00 0

The expression for the attenuation now becomes:

l.1Z x l0 1 0-W 2 a 2 (l-Vzc 2 .2.25 x 1010)
-- , C. G.S. (IV. 21)

Pci [1÷ z z ] 8 for small k0a
(i-v )(cs - 2.25x0 ISo

The useful frequency range of this design can now be determined. The

value.of I increases with frequency. Hence, since increasing the value of

c is seen, by Eq. (IV. 20), to correspond to an increase in 1&, liquids having

the largest values of c. are those whose frequency range can be extended

to the lowest values (while still maintaining a sufficiently large value of R).

What these lower limits of operating frequencies are can be determined

from Eq. (IV.19) by noting from Figs. LI. 7 that njL must be of the order

of two, if full advantage is to be taken of a large source length (vim., 30

wavelengths). In order to compensate for the small values of p resulting

from the large values of wall stiffness S which must be used (particularly

near the lower limit of the operating frequency range; cf., Eq. (IV. 20)),

it is desirable to use the longest possible source. If the greatest practical

length is 500m the total attentuation in decibels (=8.686 n14 can be calculated

as a function of frequency:

T. A. = 0.461wip, in db (IV.22)
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Substituting for IL, from expression (IV. 20) the total attenuation can be

written explicitly as a function of frequency, and of the parameters of the

hose and of the liquid it contains:

2 22 to
a04 -1 0 ko,)-(1-v )(cs - 2.25xl01

T.A. 0. 494 10 ,indb, and

z2U using C. G. S.
Pic + (I z 2.x101units

(1-v )(cs - 2.25 xl ~) (IV.ZZa)

This is plotted in Fig. IV. 7 for a hose filled with glycerine (0i = 1. 26,
c = 1.92 x 105 C.G.S.; the Poisson's ratio of the hose wall material is

taken to be 0. 3). The directivity index corresponding to these values of

I can, of course, also be plotted as a function of frequency. If, in a

particular design, it is decided that the directivity index corresponding

to a certain value of u, say W• = 1. 50 (which corresponds to a total

attenuation of 13 db), is acceptable, Equation (IV. 22a) can be solved for
the limiting frequency in terms of cS. The lowest operating frequency

for different liquids can thus be plotted as a function of co (cf. Fig. IV. 8).

The point corresponding to a sorbitol solution would give a limiting frequency

of the order of 600 c/s.

For a given liquid the value of wall stiffness required to achieve the
condition ci = 1. 5 x 105 cm/s (which is given in Eq. (IV. 19a),can be used

to compute the pressure P and radial displacement U of the hose wall at

the driving end of the source. This is illustrated in Fig. IV. 9 for a total

output of I kw at 1000 c/s for a hose filled with glycerine.

In summary, it appears doubtful whether a practical design based on

a stiffness-controlled hose can be used efficiently below 1000 c/s. How-
ever, one favorable aspect of the situation is that the small values -of IA

imposed by the liriitations of this design permit the achievement of very

high end-fire directivity (cf. Chap. IIj).

This design was studied very thoroughly in the Internal Reports of
16 February, 8 April, and 28 April,1953. The latters report contains an

analysis of the effect of frictional losses in the hose wall and in the liquid.
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The Mass -controlled Hose

Another approach, avoiding one of the worst drawbacks -of the stiffness-
controlled hose (which is that sea-water cannot be used to fill the hose),

is to drive the source above the natural frequency of the axially sym-

metrical (ring-type) mode of vibration of the hose. For our purpose,

this natural frequency should of course be as s~mall as possible; the hose

should therefore offer as little resistance to bending as possible, so that

it will not tend to remain stiffness-controlled, in the fashion of a tube

(cf., preceding section and reference 11). In the ideal case, when the

hose experiences only membrane stresses, the specific wall reactance

is of the form:

2PcW 1 22 2 V 2
x - [kk a + 1+ I

(IV. 23)

Neglecting the Poisson term, which is small, it is seen that Xw is positive,

i.e., that the hose is mass controlled, when k a'"'l, i.e., at frequencies

above the natural frequency of the axially symmetrical mode of vibration.,

Disregarding the effect of the surrounding medium (which is beneficial for

this purpose in that it increases the value of xw), the lower limit of the

frequency range of such a source is therefore found to be kwa = 1. In

order to extend this limit as far as possible, it is desirable to use large-

diameter hoses made of a material having a small value of cw, i.e.,

plastic, rubber, or the like.

The dispersion curve connected with the zero mode when x > 0 is
w

shown in Fig. IV.10. The larger the value of xw(i.e., the more mass-
controlled the hose wall), the smaller the cut-off frequency and .the lower the

limit of the region over which the phase velocityc C(or ci) is essentially

equal to the sound velocity c5 [15]. Since this region is the nondispersive

frequency range where the end-fire source would be operated, it is

possible to use sea water in the hose so that cz c= co. The major

drawback of the stiffness-controlled hose is thus eliminated.

The cross-sectional distribution of the zero mode conforms fairly
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well to the dynamic configuration of a piston-type transducer whose surface

elements move with equal amplitude and phase. (If the wall approaches

a pressure release condition, this is not true.) Since the higher modes

Kll display nodal circles, such a transducer would not ez•ite them

appreciably, even above their cut-off frequencies.

In practice, of course, xw is a functionof frequency. The dispersion

curves will therefore never be as illustrated in Fig. IV.10. In order to

determine the possible operating range for an actual hose material, these

curves were calculated for a soft rubber hose filled with sea-water (of.

Fig. IV.11). The lower frequency limit is approximately 7800 c/s for a

1-ft diameter hose. This frequency, of course, is too large to be acceptable.

As seen from Fig. IV.l0, it can be brought down to any desired value by in-

creasing the wall reactance xw; indeed, as the mass reactance approaches

infinity, the lower frequency limit tends to zero. By using a heavier

material for the hose wall, xw can be increased; the effective weight of

the wall can also be increased by attaching segments of metal rings to its

surface. In practice, however, this may not be necessary: The actual

limiting frequency will be considerably lower and the wall reactance xw

much larger, owing to the mass loading provided by the surrounding sea

water. In theory, the mass loading for the axially symmetrical mode of

vibration approaches infinity for an infinite cylinder [ 1], as ci tends to

c 0 . This, of course, does not hold for a finite cylinder. However, in a

cylinder 15 to 30 wavelengths long, the mass loading is still very large,

i.e., x w is much increased and, hence, the lower operating frequency limit

extended considerably beyond the value calculated by neglecting the action

of the surrounding medium. Unfortunately, the theory developed in

Chapter II does not give information on the near field. It is therefore

impossible to predict how far the lower frequency limit could be extended.

A qualitative idea of how short a cylinder can be and still experience con-

siderable mass loading from surrounding medium can be obtained by the

following reasoning: This phenomenon of infinite mass loading coincides

with a vanishing of the resistive impedance when ci < co. Both phenomena

also occur in the case of infinite rectangular surfaces. Goesele, who has

studied this problem [18], shows that even when the surface is only 3
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wavelengths long the energy radiated drops by approximately 10 db when

X/) oA is decreased from unity to about 0. 95. It is to be expected that

the reactive impedance similarly approaches its limiting value for the infinite case

when the radiating surface is still relatively small. Presumably, the same

holds true for cylindrical surfaces, as the two cases are mathematically

quite similar.

In developing a mass-controlled hose design, a practical procedure

would be to set the lower frequency limit equal to the natural frequency of

the hose in air, and to rely on the fluid reactance to provide the necessary

mass loading to push the dispersion curve down a good part of the way from

the (xw = 0) curve towards the (xw =omy curve in Fig. IV.10. The lower

frequency limit determined by this criterion is shown in Fig. IV. 1Z for

three different materials; however, the natural frequency is not the only

criterion by which to judge a potential hose material. If the material is

not sufficiently strong, the hose wall will have to be excessively thick to

support the desired pressure differential of 10 atmospheres which it is

desired to maintain in order to retard the onset of cavitation. A thick

hose wall is of course undesirable because of the increased frictional

losses, manufacturing cost, etc. The greater thickness also results in

increased flexural stresses, thus raising the natural frequency and in-

validating the curves in Fig. IV. 12 which are based on the assumption of

a purely membrane -type state of stress (cf. Eq. (IV. 23)). In view of

these considerations, the three materials in Fig. IV. 12 have been compared

as to their strength; a convenient way of doing this is to plot the inner pressures

causing a "hoop stress" equal to the respective yield and tensile strengths as

a function of the wall-thickness-to-radius ratio (= Zh/a)(cf. Fig. IV.13).

Materials such as soft rubber, which display a desirably low natural frequency

in Fig. IV.12, are revealed in Fig. IV.13 to be entirely unsuitable, as they do

*The properties of plastics and rubber vary, of course, considerably
with testing conditions, manufacturing process, etc. For soft rubber, the
physical properties from which Cw is calculated, and the yield strength,
were determined experimentally on the apparatus which is illustrated in
Fig. IV.15 and described below. The material labeled "polyethylene" was
not identified more specifically in the reference giving its physical properties.
The properties of "Mylar" were obtained from the manufacturers.
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not support the pressure differential necessary to avoid cavitation at the

transducer surface. The designer must therefore make a compromise and
select a material combining a reasonably small cw with sufficiently large

strength. This suggests a material such as "Mylar" (polyethylene

terephthalate) strong enough to permit the use of a very thin hose wall (of
the order of Zh = 0. 01) even for a pressure differential of 10 atmospheres.
Such a hose, with its low frictional losses, its smallbanding resistance, and
its resistance to mechanical wear, etc., would have very desirable all-around

characteristics. Only experiments will show how far down the lower frequency
limit can be pushed by means of the mass loading of the surrounding sea water.

If the initial tests show that the mass -loading of the surrounding fluid is
not sufficient to bring the frequency limit down to the desired value, the above-

mentioned remedy of attaching inertial elements in the form of circular metal
segments to the hose wall might be used. In this connection, it is interesting
to note that even a metal tube which, as mentioned above, is normally
stiffness -controlled at all frequencies can be endowed with a massive wall

reactance by machining grooves at regular intervals into the outer wall
surface [ 13]. The thick-walled segments then act as rigid masses and the
thin-walled ones as spring elements; the flexural resistance in these elastic
elements is not sufficient to maintain the tube wall stiffness -controlled.

The power with which such a source in the form of a fluid-filled hose
can be driven without running into cavitation is determined by the fact that

the pressure amplitude at the transducer must not exceed the sum of the
surrounding hydrostatic pressure and of the 10 atmospheres pressure
differential which the hose wall is designed to sustain. Assuming that the
transducer surface is relatively plane during motion,the maximum power
which can be injected into a hose filled with sea water is

-t (pigH'+ Apy)'. 2a

pi ci

S1.01Z x 10" 1 5 (1010 H + 1.013 x 107)2 a2 (IV. 24)

where H is the depth at which the source is located, Ap the pressure differ-

ential, and g the gravitational acceleration; H and a are in cm, and E in
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kw. The power furnished to the source is plotted in Fig. IV.14 as a

function of source diameter for two depths of immersion. It is aeen that

the amount of power is very large.

Finally, some experimental work in connection with the design of such

a hose should be mentioned. Some difficulty may be encountered in computing

xw as given by Eq. (IV. 21) if the hose wall is built of several layers of differ-

ant materials or simply of nonhomogeneous material such as fabric, since

the values of Young's modulus and Poisson's ratio are then not immediately

available. For this purpose a testing rig was designed (Fig. IV.15) from

which the change in volume of a certain hose length can be determined as a

function of pressure. The graduate and hose shown in the figure are filled

with water. Air pressure, throttled down to the desired value from the com-

pressed air main is then allowed to act on the interface in the graduate.

Expansion of the hose causes the water level to drop; a plot of volume change

vs. pressure is thus obtained. The desired elastic constants can be then

computed and xw determined. This rig can also be used to determine the

strength of the hose; for this purpose, the graduate is removed and the pressure

applied directly at one end of the water-filled hose.

Summary: Comparison of these Designs

The merits of the differen-t designs which have been described can now
be compared; all the designs listed satisfy the requirements that the phase

velocity be equal to the sound velocity in sea water and independent of

frequency within the operating range indicated:

(1) The mass-controlled hose seems to be most practical. Even though

it is not possible to compute the value of the lower frequency limit since

the preaent ýanalysis does not give information on the near field, i.e., on

mass-loading by the surrounding water, one might expect that the operating

range will extend to frequencies of the order of 1000,c/s and possibly of

100 c/s. In practice, there is no upper limit to the frequency range over

which this source can be used without significant change in directivity

pattern since the phase velocity is independerit of frequency above the

lower limit of the range of operating frequencies. If necessary, the frequency

limit can be lowered further by mass-loading the hose wall by means of metal
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ring segments attached to its outer wall surface. The design calls for a

strong, thin plastic hose, of a material such as "Mylar," filled with sea

water under considerable pressure to avoid cavitation. A pressure

differential of 10 atmospheres will permit power of the order oi 30 kw to

be injected at the driving.end without danger of cavitation on the transducer

surface;* such a hose might have a I ft. diameter and a wall thickness of

1/8 inch. The source could be driven by a conventional electromechanical

transducer. However, in view of the low operating frequencies, it appears

tempting to attempt to develop for this purpose a hydraulic transducer

making use of some phenomenon of hydrodynamic instability.

(2) For frequencies of the order of one or a few hundred cycles/aec

a thin plastic shell propagating longitudinal waves may be satisfactory; a

drawback of this approach is that the displacements are mostly axial.

(3) In the same very low-frequency region the end-fire source could be
in the form of a thin-walled hose filled with a gelatin-like substance. The

hose serves a purely protective purpose. The device differs from the liquid-

filled, stiffness-controlled hose in that the gelatin has sufficient cohesive

strength so that the action of the hose is not necessary to maintain the phase

velocity at the desired value. This device also suffers from the drawback

that the displacements are mostly axial.

(4) The stiffness -controlled hose can be used in the frequency range

above 2000 (and, possibly, 1000 c/s). In addition to the drawback of a

relatively high lower-frequency limit, it possesses the undesirable feature

that sea water cannot be used to fill the hose.

(5) In the frequency range above 6000 c/s a thin metal tube undergoing

flexural vibrations would perform adequately.

*There in, of course, the possibility of cavitation on the outer wall surface
near the driving end. If this occurs the segment of the source nearest the
driving end does not radiate sound as it is shielded from the surrounding
medium by a layer of cavitation bubbles. This essentially amounts to a re-
duction of the effective length of the source. This situation can be prevented
by increasing the wall reactance.
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APPENDIX

Analysis of the End-Fire Source Problem

by Means of the Green' s Function

Statement of the Problem:

In Chapter II, the mathematical analysis of this problem was presented

in greatly condensed form. Certain aspects of the analy-,i., will be expanded

here; in particular, the derivation of the Green's function and the evaluation

of the Fourier integrals which express the Green's function and the distant

field are discussed in detail. As mentioned in Chapter fl, the expression

for the distant field was obtained by Laird and Cohen (4) without the use of

the Green's function. The manipulation which leads to Eq. (A. 12) was pre-

sented by Levin and Schwinger (5).

The problem is to determine a velocity potential ' (r,6,s) (or 0 (R),

where R is a space vector) satisfying the wave equation

W 2 + k• *2 • -- (A. 1)
0

and Neumann boundary conditions

(r, -=0 forz<o, >L

r=a

Ir " lr=a =-•i(kz) for O<z<L (A.2)

The cylindrical surface extends to infinity, but the boundary condition is

seen to be homogeneous in the regions - oo<z< 0 and L< z<+ co. The

validitry of this assumption was discussed in Chapter II.

Derivation of the Green's Function

The Green's function satisfies, by definition, the following conditions
22

(2 + k )G(LR') = -6(1-1t)
(V 0

GIR,R') -- 53-0 aa ---. 0 (A.3)
-53-
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where 6(A -ft) is the Dirac delta-function. In addition, 0 must be continuous

at A AlA and its first derivative at that point must have a discontinuity com-

patible with the unit source condition.

Green's theorfm applied to iý and G states that

J [G(A', ft)(7 k0)() 0 ~)V +ZGf~A]
V

On, anv' + J(.v 4

wheie n' is the ou~ward normal to the boundary of the region of integration,

i.e , the n=. mal pointing toward the cylindrical axis. The volume integral

includes all space except the cylinder of radius a. The surface integral

covers the cylindrical surface and a sphere of infinite radius, as well as the

two adjoining surfaces linking the cylinder and the sphere (cf. Fig. A. 1).

By virtue of the radiation condition stated in the second of Eqs. (A. 3), the
surface integral over the infinite sphere is negligible. Since 40(Al') satisfies

the homogeneous Helmholtz equation (A. 1). the first term of the volume in-

tegral is zero. Taking the above remarks into account, and substituting the

first of Eqs. (A. 3) in the integrand of the volume integral, Green's theorem

now becomes

44A(ft6(•' - A )dV1 = a [-G(Al.,Rfi 8 " I) +

V

+ k' 8G' ,) d•'dz' (A.5)
SrT7 rI=a

The volume integral integrates to *(R). Turning to the surface integral,

it is noted that [ J] is given, Eq. (A. 2) while [ 4(R')] r* =a is not

known. It is therefore tonvenient to select a Green's function whose de-
rivative vanishes on the cylindrical surface, thus eliminating from the surface

integral in Eq. (A. 5) the product involving the unknown boundary value of the

potential, i.e., 1(t')],=a. Hence, the Green's function sought must satisfy
not only Eqs. (A. 3) but also the boundary condition

[G(R,,' a = 0 (A. 6)
@ r'=a



Ru oo

br br
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0 0 a

Fig. A.1. Path of Integration of the surface Integral in the
statement of Green's theorem In Tq. A. 5. The value of the integral

is negligible over the infinlte sphere, by virtue of the radiation

corition; it is zero over the unshaded portions of the cylinder

vhere the integrand vanishes by virtue of the homogeneous bounder7

conditions prevailing In this region; the two integrals over the

two neighboring surfaces linking the sphere to the cylinder are of

opposlte sign , and therefore cancel.
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Turning to Fig. A. 1 , it is seen that the surface integral vanishes (1) over

tke sphere of infinite radius, from the radiation condition; (2) over the ad-

joining surfaces linking the cylinder to the sphere, because the respective

contributions to the integral are of opposite sign; and (3) over that portion

of the cylindrical surface where homogeneous boundary conditions prevail.

Hence, Green's theorem finally becomes, after substitution of the boundary

condition Eq. (A.2), and making use of the definition of the Dirac delta func-

tion to evaluate the volume integral:

S(A) = a fJ• fG(Rl)rI=a h(O z) dO' az' (A.7)

0 0

This integral represents the formal solution of the problem.

Turning now to the actual derivation of the Green's function, the first

of Eqs. (A.3) is written more explicitly in terms of cylindrical coordLIates.

I &j (rh) V -Z +1 0 + a2 +2 k °. z')=

= -(r-r') Tz-)T(A S
r

Multiplying both sides of this equation by ej ez, and integrating over all
values of z, this becomes

1 + +1k 2 -'2] G(r~ r= 6 r
r o"

(A.9)

where

7 7. G(r,r',6-4'z)ejizdz (A.10)

is the Fourier transform of the Green's function. This transform is now

expanded in a Fourier series in 0:

G(r,r', 4-6',C) 1- e-Jm(O-6')Gm(rr#,4) (A.l 1)
m= -
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+jm6
Substituting this expression in Eq. (,t-.9), multiplying both sides by e
and integrating with respect to J frown 0 to 2w, the differential equationfinally

becomes

["I d .(r d -) + k2 - 4 - nz Gm(r, r~' 6(r-r') (A1)
rr3F V 0l-7) r

When r 0 r', G satisfies Bessel's equation. To represent outgoing waves,

Gm must be a combination of Hankel and Bessel functions (5). A particular

combination of these functions which satisfies Eq. (A.6) and, of course,

Eqs. (A.3), is of the form

- T2 (~ r.~ J(ý/k?2 a)] (A. 13)

where r>, r< denote the larger and nmaller of the coordinates r,r' re-

spectively. The coefficient Am is derter-mined from the condition that G

must represent a unit source. Gm(r',rl,) satisfies Eq. (A. 12) which is of

the standard form: *

r~drd"'p(r)r "q.(r)] Gm =-6(r-r') (A.14)

where in the present case, p(r) = r. TMie corresponding unit source condition

is dG r=r+
dm - 1

-=- - PC7 (A.15)
r-r'-o

The two values of the derivative which appear in thi s difference are ob-

tained from Eq. (A.13.):

VA o k2 k•2 ( ())' H ( Ja)m()o(. .
""Ir'- 0/• " H(j7) (•o '' " K"r 74 H1

2)(1702 ' r 02" a), for r =r>=r0 +

;For a discussion of this equation and of Green's functions see, for example,
reference 19.

4 - . . . . ... .. . . .
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son m kH () (70'- H(2)'(,; k2-CZ a)J.(,r2 7e I 2

H ( 2)(, /k2-' r') 'a)], for rzr• ) = r, "

(A.16)

Substituting these values in Eq. (A. 15), and setting p(r) = r', the unit source

condition can be stated as follows:

dm rr '+ 1 0m k2 . H•(2-(fko2. -&' a) ['H(Z•) (fkyo- •2r,)Jmn(IkoZ -:&-r,)
Sr=r'-0

Ir~r')-o'0 Ym•oZ . m

i(n ko-j r') - •jk r,) = 4, • (A.17)

After substitution of the identity

S I (X) m (x)- - (Al8)

Equation (A.17) can be solved for Am:

"A = (A. 19)Am=ZH~2)(Jkor - 4a)

This determines the transform Gm, and hence G(R,R'). Combining Eqs. (A.10),

(A.11) and (A.19) the Green's function can be written in the form of inverse

Fourier transforms:
Go H(2) K -- 2

e- H(2)'-oa) a)

H(m2) o 2- 'r<)Jm(noý -4 'a)] e'J•(z'zI)d4 (A.20)

Specializing this expression for the cylindrical surface (rI = a), we can set

r' =r( a and r>= r. When the term in brackets is rewritten by means of
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the relation in Eq. (A. 18), the Green's function [G(RR' 1)rl =-a can be stated as

1'z -j(6 a_10 ___2_-_ H(2)(Vk/Wr)

(A.21)

This Fourier integral can be readily evaluated in the distant field only, i.e.

for large values of IR. Using the asymptotic expression for the Hankel

function of large argument,

I { ZF~ o - r) •, jm e J • f -e -jakOT T ,rH(2 k2 2 FW.r1Hr ~~~ko :,k r)) -- ,0 3easa r G o,

(k 0  ~(A.22)

the expression for the Green's function now becomes:

G(•.A. -)1) MJ exp f-j[ 4( -- z1,+[kZ r ]•

G(AAI~)I Lr /2"~ -jm(-') .m ___________

=a =- 4-•a wr -00m( m, (k 2  )42H(2)j-•a)

(A.23)

In studying the distant field it is expedient to switch to spherical coordinates.

Hence

r = RsinG,

z-z' =RcosQ, (A.24)

where Rt is measured from the point (z = 0, r = 0), and where it is assumed

that the length of the source is negligible compared to R. When the se

transformations are substituted in Eq. (A.23) the expression for the Green's

function finally becomes:

IT

G(RA', 2 o-m(-1
4w a

exp[ -JR( CCs 9 a) dg. (A.25)

"OD -( )rOH(2)•Tf•o- a)
Zn
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The integral in this expression is of the form

-w
0.f (pe"-J 6' CrV) d• (A.26)

This type can be readily evaluated by the method of stationary phase which

will be applied here without discussing its implications (for further details

of reference 20). Comparing Eqs. (A.25) and (26), it is seen that

* (k. -[/kk! - '4a2(/)]-

SC4R) = R(x4co 0 s+ikn + Gzr.i ) (A.Z)

The phase angle 0 (&,R) takes on a stationary value when its derivative

sInR[ ~oo. 0 -C(ko• 2 z 2 o i ] (A.28)
vanishes, i.e. when

C(R) =fR) = k. cos 0. (A.Z9)

This stationary value 0 [g(R), R] of the phase angle, which will be

designated by S(R), is obtained by substituting g(R) in the latter of the two

functions in Eq. (A.27):

S(R) = Rko (A.30)

The corresponding value of the amplitude # (C) of the integrand is

*(•)=(ko sin 0)'[ H(ll'lkoa sin 0)]-1 (A.31)

An integral of the type given in Eq. (A.26) can be proved to be approximately

equivalent to the complexquantity

I[R,T(R)] = ej', I (A)ejS) (A.32)

where the function T(R) is defined as
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For our integral, this is found to be, after some manipulation,

RT(R) = , , z (A.34)
k sin 0

Substituting this quantity, as well as I (e and S(R), in equation (A.32), the

integral becomes

• Jk°R

I[R,T(R)] = e inG (A. 35)
an km H((k a sing)

When this expression is substituted in Eq. (A.25), an explicit and quite simple

expression for the Green's function in the distant field is finally obtained:

.Iem+ I e'oKfor large
)Ila k 0a o ing HM'(k a sing) I

(A.36)

It can be verified that this function satisfies Eqs. (A.3).

Evaluation of the Distant Field

In order to evaluate the distant field, Eq. (A.21) for the Green's function

is substituted in the formal expression, Eq. (A.7), of the distant field:

ii'(6' ,z) • -jm(6--') .

00

H(Z)d,_2
m o d6' dz' d4 . (A.37)

The function u(6',z') is now expanded as a Fourier series in 6':

(o(t',z') = •Iam jm 1- a 1(z') (A.38)

The integration with respect to 6' in Eq. (A.37) can now readily be performed

by using the relation
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Iw at(6',zle Jno, d•' = 2vam~mzlZ) (A.39)

0

The integration with respect to z' is performed by noting that the Fourier

transform &m(zl) is given by the integral

OD

ii(4') = f iam(zt)eJCZ' dz' (A.40)

The expression (A.37) for the distant field is now reduced to a simple

Fourier integral:

GeO "j m o

Zjam e~ dti(A.41)

Using, as above, the asymptotic expression for the Hankel functions and
spherical, instead of cylindrical, coordinates, the expression for the

distant field finally becomes:

i(1•) eJi/4 =1 G_ "m jm6

k'-~in -, i 0(.2

exp LJR[4cos9 +/1i in] di:, for large IJR j(.

This integral is again of the form (A.26). The only difference

between the integral in Eq. (A.42) and the one in Eq. (A.25) is that in the

former the amplitude of the integrand is multiplied by Am{i}. It is seen

from Eq. (A.32) that the value of the integral must be the same as that

of the integral in Eq. (A.25), except for the fact that it is multiplied by
•m(K} = Um(ko cos 0). Substituting this expression for the integral in

Eq. (A.42), the value of the distant field is then finally found to be:

-jk OR 00jma e-mA(kocos 0)
" J e ... ., for large IRIWo sin 9 72ZB

Hm (koa sing) (A.43)



TM34 -62-

This potential function in related to the sound pressure as follows:

P(Q a j wpo 441) (A.44)

The pressure field can now be computed for the proper radial velocity

distribution on the cylindrical surface.
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