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ASYMPTOTIC FORMULAE FOR THE DISTRIBUTION OF

HOTELLING'S GENERALIZED Tg STATISTIC

By Koichi Ito
University of North Carolina

l. Summary.
In this paper the asymptotic expansion of a percentage point of Hotelling's

generalized Tg distribution is derived in terms of the corresponding percentage

point of a Xe distribution. Our result generalizes Hotelling's and Frankel's asymp-

totic expansion for the generalized Student T /72 7, /73 7. The technique used in

this paper for obtaining the asymptotic expansion of T(2) is an extension of the pre-

vious methods of Welch /77 / and of James /4 ], /75 ], who used them t5 solve the

distribution problem of various statistics in connection with the Behrens-Fisher pro- | .
blem. an asymptotic formula for the cumulative distribution function {(c.d.f ; of

Tg is also given together with an upper bound for the error committed when ail but l
the first few terms are omitted in the series. This formula is a sort of multivari-

ate analogue of Hartley's formula of "Studentization" J_/_'l_?.

2. Introductior.

In the multivariate analysis of variance we use the following canonical proba-

bility law:
_ i, & l ] ] .l (]
(2.1) P(X, X,) = consc. exp [ 3tr A (X, - €)X, - &) -3tr A XXo _]dXOXm,

)
where X1 and XO are pxm and pxn matrices respectively, and % Xle =5 1 is the sample

1 1
"between" dispersion matrix and = XOXO = 5, is the sample "within" dispersion matrix,

the prime denoting the transpose of a matrix. £ is a p x m matrix, i 13 §' being the
population "between" dispersion matrix, and /| is a p x p symmetric positive defi-
nite matrix. It is assumed that m may be > p or < p, but n > p. To test the null
5 lWork at Chapel Hill sponsored by the Office of Naval Research under Contract

NR Ok2 031. Reproduction in whole or in part is permitted for any purpose of
the United States government.
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hypotinesis Ho: £ = 0, H telling [-2_7 proposed a test based on the statistic:

2 -
(2.2) T, = mtr 5,8,

1

and derived the exact distribution of this statistic when p = 2 and ¢ = 0. For gen-

2

0 is not available at present, even

eral values of p the exact distribution of T

in the null case § = O.

3. Derivation of asymptotic formula of Tg.

For general values of p it is known that the statistic

(3.1) X2 = mtr S1 A

2
has a X distribution with m p degrees of freedom. That is to say, we have

(3.2) , Pr {m tr 8, A < 20) = G (o) ,

where 26 denotes the tabled value of X2 for a particular level of significance,

p = mp/2, and
'9
(3.3) Gp(e) = 'r'(pl7'l j tPL et g,

0

Hence, if N\ is known, the statistic X2 given by (3.1) may be used to test Ho €X-

actly, and if /1 is unknown but if S0 is based on a large number of degrees of

freedom, i.e., if n is large, we may use as an approximation the result:
1

{ - \L = 3
(3.4) Pr Lm tr 8,57 <26 ; p(g).

This suggests that in the general case we try to find a function h(SO) of the ele-

ments of So such that

\

-1 o |
(3.5) Pr{m tr 8,55" < 2h(Sp) ! =G (e) .
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when n 1is large, 2h(SO) will approach 20 = X2, and we now expect to write

2h(SO) as a series with X2 as its first term and successive terms of decreasing

order of magnitude.

Now

A}
-1 Y f J -1 i
(3.6) Pr {m tr slso < 2n(so)j = Pr {m tr slso < Eh(so)|50) Pr { d So} ,
R

where the first expression on the right denotes the conditional probability of the
relation indicated for fixed values of the elements of SO, and the second denotes
the probability element of SO, which has a Wishart distribution

with n degrees of freedom, and the domain of integration R 1is over all possible

values of the elements of SO' Now we may expand Prim tr Slsal < 2h(SO)|SO} about
an origin (cll’ Ospr v=es Opp’ O1ps +oes op-l,p) in a Taylor series, where
/ ll 012 LI J Glp
r"
N | %21 %2 v %
/\ = \ L]
\ L] * - - /
\ o e o
pl p2 PP

Thus,

/ -] \
\ { S
(3.7) pPr o tr 8,55 < 2h(SO)|oOJ

P )
{exp[‘ L (SoiJ-OiJ) WO._._ _7} Pr {m tr Sl/\ < 2n( /\_1)}
i<=1 o ’

iexpl—tr(so - /\'1)3_7} Pr{m tr 5,/ < 2h(/\ ”1{} ,

where so. is the i-th row, j-th .column element of SO’ and J denotes the matrix of

i)

derivatlve operators:




1
; 2 o e e 2
Boll Qo a0

9 :) )
d = [ 39, 3o, 7 25"21:
\

(5.8) 1
\1 ) 1 9 o)
a a LI Eo
3 pl 3 p2 PP
d

» wWhere Si is the Kronecker delta.

. L - o1
its typical element being 513 (1 + Sij) duij 3

Whether uniformly convergent or not, the right hand side of (3.7) is an asymptotic

representation of Pr {m tr Slsal < 2h(SO)|SO% s, for sufficienty large values of n.

Hence, substitution of (5.7) into (3.6) and term by term integration which may be

done legitimately, yields:

- -1 ' -1y, !
(3.9) G (e) =///,exP1 tr(Sg- AT P fmtr 5 A < 2(ATD) P (a8
R
= (=) Pr lm tr 5. N\ <2h(/\-l)( ’
1 R $
where

- S . )
@ = /// exp[ tr(So - A l)8__] Pr {d SO? .
R

Since S has a Wishart distribution with n degrees of freedom, we have
n . n-p-1
= -1 e 2 = n
@ = exp [T-tr AT7d_J-const| N\ | J/VISO| exp/ tr (8, d - = /\‘SO)~7 48,

R
" nop-l
exp L'-tr,A-la_7° consi. l/\l2 f/lsol 2 exp/ - % tr( A - S 5)30_7 d S,
R

n

exp /- tr ATH 37 IAIZ IA- 23

o &
2

n
exp [Ttr AT T7 - 1 -2 AL B,

n

i
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where I is the p x p identity matcix. Now using ['5_J,

(3.10) - log |[I - Y| =tr Y+ tr ¥+ -,ls-tr v + ceey
~e obtain

- -1 z .=l
(3.11) = =exp [T- tr A\ a-%logll-a-/\alj

exp /- tr /\-lB +

ol

_ Lt e
(e Aropger G % G T

exp [ 2 tr(ATR)7 4 ;’ig tr (AT LT
n

1, e
1z er( AT % 5l ste( AT 5 (ATT))

& ‘ + O(n-i) .
n A

J

)

3

It is to be noted h.re that in (3.11) the operator J does not act on /\"l present in

@ itself, and it is more useful for our purpose to write (3.11) in suffix form:

1l .
(3.12) @ =1+=xo o 9. 98
1 .. 1
* F {31' Or'sc’tuo‘«'w,aast‘.auvawr * 22 Orsotucvwcxyastaurawxayvj
+ o(n™),

where L denotes the summation over all suffixes r, s, ... each of which ranges from
1l to p.

Now we represent h(So) as
(3.13) h(sy) = 8+ h,(S)) + b (S5)) + ...,
hB(SO) being of order n”°, i.e., we write h(So) as an asymptotic series such that
|a® \n(sy) - @ - By(Sg) - -.. - hS(SO)} |

is made arbitrarily small for sufficiently large values of n. Then (3.13) may be

-1,.
substituted into Pr ’Lm tr Sl A < 2n( A )} , and by Taylor's expansion we have:




(3.14) Pr im tr sl/\ < 2h( /\"l)}L

exp/” § b (AT + my(A™) Ly T Prdmer 5 A S 20

2
[+ {hl(/\-l) + By (ATH) +... jo+ 2 {hl(/\’l)+h2(/\"'1)+... D%... T

xPr{mtrSl/\SEG} ,

vhere D = B% . By substituting (3.12) and (3.14) into (3.9) we obtain

- /71 4+ L 4 s
(5.15) Gp(g) B Z & n z c,rsc’clxatst.al,m * n2 iﬁz Orsc’tuc,vwas*t;amva'«'r

+ .:EZ, o g d ., 0 9O 9 + O(n-j)_7

2 %rs%tu vwcxy st ur wx yv}
x /71 b (ATHD + [ (AT 0+ 2B(ATH DT+ o) 7
xPr{m tr Sl FAY 529}.

By eq..ting terms of successive order in (3.15) we obtain

-1 1 N
(3.16) Slhl( AT+ Zho o 3 3 P mtr S A< ee} = o,

{h(st,ur) (/\-1) D

-1 12, ,-1,.2 1
(3.17) [h2(/\ )D + -éhl(/\ YD +'6)“ o 1

rs tu

(st) -1 -1
M ehls (A7) aurD * hl(/\ ) astaurD}

PR S 1 .
+ PR
Bné c,rs':Ttuvaastul.wa‘rzr + 2n§ = crsctuovwnyastaura"xayvj

xPrim tr §) A < 29} = 0,

and so on, where h_.(LSt)( /\-l) = asthl( /\-l) and h:(LSt’ ur) (/\'1) = aurast hl( /\-l).
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It now remains to carry out the operations O and D indicated in (3.16) and
(3.17)in order to obtain hl(/\'l), h2( /\-l) and hence hl(SO), he(SO). These opera-
tors will operate on Pr{m tr Sl/‘\ < 29} which is & p x m fold integral, and the
operations may be thought of as differentiations, with respect to the boundary only,
of the integral of the probability density function of the Xl throughout a region in

’ 1
the space of X,. The method used to evaluate 9,9, Pr {m tr S,A <20, ,

astauvawr Pr {m tr 5, /\ < .;9} , se+; 15 to change the boundary slightly, expand the

integral in powers of the quantities specifying this change, aad obtain the deriva-

tives by comparison with Taylor's expansion. We consider

-1

(5.18) J=Pratr sl(/\'l+ o t<eel,

where € is a p x p symmetric matrix. Then by Taylor expansion we have

- ; 1
(3.19) Jd = {l + L ersars + 21 = €rset;uaz‘sa‘t:u

1l . 1 o
+ e Y e 2,
3¢ € rs€ tu warsatuavw * ] € rsttu€ e xyarsatuavwaxy

X f
+ ...J‘s Prlm tr Sl/\SQQ} .

On the other hand, J is, by definition, written as

m
2
(3.20) J = —IA!— / exp /[~ - % tr A Xy Xi_] Xm B

where Xlxi = mSl, and domain of integration R' ranges over all possible values of

|
4

the elements of X, such that m tr Sl(/\'l + €) < 28. It is now easy to show

that integration of (3.20) yields

g

{1-D_E|

(3.21) 3= (1o ) G,(®),
n
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where Dfl is a diagonal matrix which satisfies
(3.22) X,(p xm) = r(p x p) 2(p x m),
' -1 -1 &
AR P - 1),
and ip A I = I(p) =D
2 n’
T being a non-singular matrix, and E is an operator such that
E = a
G,(e) Gy p(©)

Now letting A =E - 1 and using (».22) we have

j1-D_g] |1-D_-D a|
u\ 1

=D -D
b nl b ol

I%"r"/\ r- {%‘r'(/\' +e)7'r - IrA rlal

|'2'1'"/\ r|
A-{(A o™ o A)a
=| { | e] ol = |1- {/\'1(/\'1+e)'1-1}A|
N
I G N |

where X = /\'l( /\'l+ e)"l -~ I. Hence (3.21) becomes

noiB

(3.23) J=|I -X AI- Gp(e)

Now using (3.10)again, we rewrite (3.23) as

(3.24) J

exp ‘\.- % log | I - XAI} Gp(e)

n
°n% % tr XOAO+ % tr Xt + .

1t

exp{% tr XA + % tr X

} G (o)
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2 2 3 .
= /[T1+ Ztr Xa + {%tr x2 + T (tr x)2} A% + g% tr x54-%-(tr X)(tr x2)+%8(tr x)-,ﬁ} ad

m b om? 5 m° 2,2
+ {B tr X +75(tr X)(tr X7) + Z(tr x0°)

b) 4
+ %(tr X)a(tr x?) + %gx;(tr X)h} Auw.._.]c;p(e),

X can be represented as

-1 -1
(3.25) x = AHA O™ = ATH A 2 AT 1 s (meze A AN T

= Ze (AZZ A vEe e (ATTANATIAN-E € € (ATEANATLANATEA)

rs tu ré tu vw

(Ag AVAGE ANABZANAGADY = we s

€ € € ¢
rs tu vw xy
where /\;:‘ is a p x p matrix obtained by operating ars onA, i.e., /‘\;i' has its i-th

row, Jj-th column element, %(6 5 .+ 8 ). Writing

ri“sj sisr,j

tr(ATIA) = (rs),
tr(AZSAYAA) = (rsltu),

tr(AZEANA TR ANATIA) = (rs ftu|w),

(A LG A VAT AAGANA G A) = (s ltalw xy),

and substituting (3.25) into (3.24), we obtain

m,2 m2, 2
{ (rsltu)(mﬁhaa )T(rs)(tu)[_\ }

(3.26) J = ['1+Zr.rs ‘l-%(rs )A} +%T Zersetu
, 5
3T gy | (P8 10 1) (mae3ma%omn” )+ (rs) (tu fw) (20702200 2) B (ve) (4u) (vw)a

1l o « }
T e S Cvu Sy | (O ltu [vw Ixy) (L2mat 18ma % 120804 3ma )

+{rs)(tu fvw xy) ( 6m2A2+ 6m2A5+ EmzAu) + (rsltu)(vwixy) (5m2A2+ '5m2A3+%n2Ah)
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L
+ (re) (tu) (v bey) (Bn2a%eadn®) + (xe) (b)) (xy) Fg ¥} + ... T G (0).

Then term by term comparison between two expansions for J, (3.19) and (3.26), gives

\ ., but in 4
arsPr}_m trsl/\seo},arsatupr{mtr S;A <20, etc., but in doimg sc we must

take such a care that, for example,

X €

ai,jk eiejek = LbiJk eiejk

implies a =b if both a and bi are completely symmetrical in their suf-

ik ijk 1k Jk
fices, With this in mind and using the relation

A GO(G) = - E gp(e),

where gp(@) =D Gp(O), we obtain

(3.27) ars Pr {m tr Sl/\ < 29} = %(rs) Egp(c),
2
(3.28) 3 9, Pr {m tr s, A< 20} = - {%(rs | tu) (ES+ EW E‘r(rs)(tu)(EZ_E)} g,(6)

2
(3.29) 9_ 9. 9  Pr {m tr 5, A < 29} m(rs {tu|vw) (E +E2+E)+-IPE— L (rs) (tufvw)

rs_tu vw = {
5 ) m 3 ey L
+ (tu)(rslw)+(vw)(rsltu)_7 (B7-E)+ —B-(rs)(tu)(w)(E -2E +E)j

¢ Sp(g):

(3.30) 3,3 3 3 PrimtrSA<26)=- {m[(rs|tu|w|xy)+(rs|w|xyltu)

2
+(rs |xy [eu )7 (84755 E)e B/ (re) (tu lvw fxy)+ (xy) (tu [w frs)

2
+(vw)(tu|xy|rs)+(tu)(vwIxylrs)] (Eu-E) + %—L'(rsltu)(wlxy)
3
+(rs|vw)(tu|xy)+(rs lxy)(tu|vw)_7(Eh+E3-E2-E)+ 28- /" (rs)(tu) (v |xy)

o0 (Bulxy)* (rs) Gey) (tu v )+ (tu) (vw) (s |xy )+ (tu) (xy) (rs [vw)

i
f(ve) xy) (rs |tu)_7(E“-E3-E2+E)+%(rs)(tu)(w)(xy)(E“-555+5E2—E)} g,(©).
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Upon substituting (3.28) into (3.16) we obtain

hl(/\'l) = %&- £ o o [2m(stlur) 5 :fl’ + §}+ m°(st) (ur) {F(r%-z_l_) - g} 7.
Now (st} = t”“;%/\ B % ? j (BgiPey * 8tiasJ)UJi = %(°ts + = o
and also,
(stlur) = tr (AZPANATIA) = 3(07%a™ + o®¥tT) |

Hence we have

1
%, = =
Ursotu(StIur) 2p(p+l)

and

(st)(ur) =

rs tu

We also note that 2¢ = X2, p = mp/2. Therefore we finally obtain, after some simpli-

fication,
(5.31) n (ATh) = L IBEL G L ) K

In a similar way we substitute (3.29), (3.370) and (3.31) into (3.17) to evaluate
b A™Y). We note here that since hl(/\-l) given by (53.31) is independent of A-l,

(St)(/\'l

the terms involving h) (St’ur)(/\-l

) and hl

it can be easily shown that

(stjuv|wr) = B p(p +5p+h), Lo o (st)(uvlwr)

o
rs tu vw rs tu vw

0o Tgu Oy (V) (stlur) = £ 0o, o (wr)(stluv) = 3p(p+1),

(st)(uv)(ur) = (st |ur wx |yv)

g o
rs tu v rs tu v xy

(stlwxlyviur) = § p(pr1)?,

o
rs tu vw xy

} in (3.17) do not appear. As before,




and

(3.32) ny(A~

- 12 -

Lo 0 o 0 (st[yvlurlwx) -Kp(p*5) Lo s"tuawf’xy(“)(m‘l“xl)"’)

rs tu w X

- =% 0_0 wx) (ur st)
=%Lag o 0 xy(yv)(ur [wx|st) (wx) (urjyv|

=% (ur)(wx |yvilst) = %P(P*l),

rs tu vw xy

12 2
z % 6% u%vu xy(stlur)(\'.'xlyv) 5P (prl)-, & 96 %u v xy(stlwx)(urlyv)

2 %8 %tuvw xy(stlyv)(urlwx) 2p(p+l),

L 0,000 Oy (30 () (x|yv) = 2 0 o o o, (wx) (y) (st lur) = 2p°(p*1),

(st)(wx)(ur|yv) = £ O s %y Oy xy(st)(yv)(urlwx)

™M

g
rs tu vw xy

= L LA A xy(ur)(wx)(st]yv) =% 0 s 0O ‘(y(ur)(yv)(st|wx)

Z 0 %% x (st) (ur)(wx)(yv) =

Using these results we obtain from (3.17), after some simplification,

y o A -6(p-1)(pte)(m-1)(mt2) 8
48n° (mp+2) Z(mp+4) (mp+ 6)

ump5+2(3m9‘+ 3m+10)p2+ 2(2::15+ 3m2+ 1 Tot 18)p+h(5m2+9m+ 2) X6
(mp+2)° (mpr)

+

2 2
- ! o
+ Lp ;f:g lim +7 % {7p2+(-1am12)p+(7m°-1am1)} X 7,

which is independent of AL Just as h( A

(52

+

+

Now we substitute (3.31) and (5.32) into (3.13) to obtain

33) Tg = 2n(S,) = 20+ 2h (s )+2h2(SO)+O(u-j) = X% 2rz{mp+2 X+ (pomr1) %)
1 r6(p-l)(p+2)(m-1)(m+2) 8, kmp3+2g 2m +3m+10)p +2(2m + 3m +l7m+18)pﬂ+()m +9m+°)
2n° \ (mpr2)© (mp+b) (mpr6) (mpr2)©  (mp+h)

2 .
LI ﬁ;félln fi X" 4 [T (=1 12)p + (Tnt-1l2mel) 7X2\‘ + o™,
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2
which is the asymptotic expression of a percentage point of the To distriburion in

2
terms of the corresponding percentage point of the X~ distribution with mp cjegrees

of freedom.

If we put m = 1 in (3.33), we have

(3.34) ™ = X%+ %n' {xu + pxe} + -ﬁ {hxé + (13p - 2) X 4+ (7P?’*) Xe} + O(U-B),
n

vwhich is the asymptotic expression of a percentage point of the generalized Student

T distribution. This result (3.34) was previously obtained by Hotelling ard Fran-
kel /72 7, /73 7.

L, Asymptotic formuls for the c.d.f. of Tg.

Let F(20)) be the c.d.f. of Tg, i.e.,

-1
(4.1) F(2e)) = Primtrssii<oe | .

Then, as (3.6), we can write

1 [ 1

(4.2) Pr{mtrs;8° < 291} =/ Pr {m tr 5,577 < 2e | so} Pr {dso}
R

170

=@errlntrs A <28 |,

vhere (& 1is given by (3.12). Upon substituting (3.28), (%*.29) and (3.30) into

(b.2) we obtain, after some simplification,

1 lZ(pH'rd-l)Qi \
(4.3) F(20) = 6 (0;) - & | —om—L + (p-wl)e, | & (e))
Lo mp >+ 2(m 4 ) p%% (m + 205+ 21m+ 20) pr B+ 20w+ 20 } ell‘
" 48n2 (apr 2) (mp+ ) (mp+ 6)

b { 3mp-2(3u°- 3m-4)p°-3( 37+ 2% 11m-b) p-bOm" - 36m-b } &
¥ @D 2) (apr k)
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: 2 2
2 {3mp§+2(3m2+5m-l+)p2-5(3m3-2m2-5m+‘*)p-8m +1amu} o]
mpt+2

- {3mp7-2(3m% 3w+ 4 )p% 3(”- 2 Sm-b ) p-Bu 12me b} 0 T (8)) + 0(n™7)

e
Y |
-4 p=-1
where Gp(Ol) = [T (p)_] t e
o]

-t d
dt, gp(el) = 351 Gp(Ol), and p = mp/2.

(4.3) is a sort of multivariate analogue of Hartley's formula of “Studentization.”

In fact it can be shown that when p = 1, (4.3) coincides with Hartley's formula

for the c.d.f. of tke univariate analysis of variance F statistic. (See equation

(28), p. 178, /71 ].)

5. Discussion of the error and remarks.

In view of the methods used in sections 3 and h, it is rather difficult to set
a bound for the error committed by omitting all terms after the first few terms in
the asymptotic formula for Tg (3.33) or in the asymptotic formula for the c.d.f.
cf Tg (4.3). There is, however, a method to find lower and upper bounds to the
c.d.f. of Tg which 1is fairly good for large values of n, and they can be used to

- 2
set a bound for O(n 5), say, in the asymptotic expansion of the c.d.f. of T,.

We shall first obtain lower and upper bounds for the c.d.f. of Tg; It is well

known (e.g. see /76 /) that the joint probability law of the characteristic rocts

-1
b
€15 €5y eesy € of mtr SlSO under the null hypothesis HO is givem by
s t-s-1 o m+n e
(5.1) Pley, e,y vvp ) = C(s:t,p,n) BI¢ e, 2 (1+ —51- 2dei DL (e~ eJ),
i=l i< j=1
where 0 < e <e_ < ...<e <o, s=onin (p,m), t = max (p,m) and
S 1
= = F{3(net-pri) ]
Os,t,p,m) = <5 ( I T 1
2 = r{z(t-sr1)f TiZ(n-pr1)] T(3)
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The statistic Tg is expressed as
8
2 -1
(5.2) TO = m tr SlSo = L e
i=1l
and the c.d.f. of Tg is given by
o t-s-1 & - m+n %il
2 i 2
(5.3) F(Eel) = C(s,t,p,n) /I... /{ ;ZE e (+ 1;) de, 1<J=l(e1'ej)’
R =

1

where Rl is the domain of integration such that O < e < es1 < eee < e, < oo and

s
0< X e Now for any non-negative values of e, and n, the following

i=]

<20

i 1° 1

inequality holds:

e e
1 i
log (1 + -—n) < =

for 1 =1, ..., 8, where equality holds when ey = O or n —> oo. Hence we have
. _mn .mn g
1=1 n -

Therefore the probability law (5.1) is bounded from below as follows:

(5.4) Pl(el,...,es) < P(el,...,es)
where
tes5=l
( ) =C(s,t,p,n) e, ° a ["’"‘g 7%1( )
P.(e yeee,e = 8,t,p,n e e, exp/ - — e. e,-¢e,).
171 ] 1=1 i i 2n 4=1 1 1<)=1 i J

It must be noted here thet Pl(el""’es) is not a probability law although it is
non-negative for all ey such that 0 < e < ese £ <y < 00. Now integrating both

sides of (5.4) in R, ve obtain

(5.5) Fi(20) < F(2e)) ,




- 16 -

where s

- mn
Fl(ael) = C(s,t,p,n) Jj.. Jrial 1 dei exp[ - == E ey 7 7T (ei-ed)’

i=1 igy=1

and also integrating both sides of (5.4) in R, where 0 < e < ... <e, <oo and

8
201 < L ey < 00 and subtracting each from 1, we have
i=1
(5.6) F(20,) < Fy(2e,),
where tog-1
S 2 - mn 2
FQ(EGl) = 1L (s,t,p,n) J’... j DI¢ e, dei exp/ - B Ze 7 TT (ei- eJ).
i=1 i=l 1<J=1
R
2
In order to evaluate Fl(eol) and F2(291), we observe that as n tends to oo, Tg
s 2
= X e has a X~ distribution with st degrees of freedom in the limit, i.e., we have
i=1
6 tesel - 1 sl
(5.7) K(s,t,p) .J... f W e, de, exp/ - 3 Z ei_/ DI¢ (ei-eJ) = Gp (61),
R i=1 i= i<j=1 1l
1
where 5
n2 1
K(B,t,p) = 1im C(s,t,p,n) = st 5
B S S 5 (T |3(t-er1) ) I(3)
2 {E R 2

[y
L}
=

and p, = st/2., Hence integration of (5.5) yields

)

(5.8) F,(26;) = L(s,t,p,n) Gpl(¥ Y

where

st st rﬂt-Ei
L(s,t,p,n) = Ks:,t,Pin (:&n ) o (mi-n) 12](_ r(gﬂj_' )
2

Similarly we obtain from (5.6)

(5.9) Fo(26)) = 1 - L(s,t,p,n) ‘Ll -G 1(3‘;1—“- el)} .
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Now if we write (4.3) as
8y 8,
(5.10) F(QQl) = 8.0+—h- +n7 + R} P

where R5 is the error committed by omitting all terms except the first three terms

in the asymptotic series of F(2@l), the absolute value of R5 has the following

upper bound:

& a a a
172 1 2
(5.11) lRBI < max {lFl(eol) -ay == - X l, 1P (20)) - ay - = - ;§|}» ,

vhere F1(2Gl) and F2(201) are given by (5.8) and (5.9), respectively.

The actual manner in which (3.33) converges to the true value Tg or (4.3) to
the true value F(261), is nov ..own, but it 1s hoped that the use of the first few
corrective terms may result in a test which is more accurate than the Xa approxima-
tion, at any rate for moderately large values of n. In the case of the asymptotic
formula for the c.d.f. of Tg (4.3) we may Jjudge the magnitude of the errcr involved
in using the first few terms of the series by (5.11), which turns out to be rather
small numerically when n 1is sufficiently large.

The author wishes to express his indebtedness to Professor Harold Hotelling for

suggesting this problem and for his guidance in the preparation of this paper.
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