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LIST .OF SYMBOLS

characteristic time = time required for a sound wave to travel
the entire length L of the combustion chamber filled with
stagnant burned gas

dimeneionlese time
diﬁenaionless length

velocity of the gas in unsteady and steady state operation
nondimensionalized by the stegnation speed of sound

Mach number of the gas flow

instantaneocus values of pressure, density, and temperature non-
dimensionalized by dividing with their respective stagnation value

dimensionless steady state values of r, r and T .

dimensionless instantanecus perturbations over their respective
gteady state valuea

It);g;tﬁriggt}gggpendent parts of pressure, density end velocity

dimensionless inastanteneous value 01" the time lez reduced by the
characteristic time @ /2

t‘; + T

dimensionless value of the part of the total time lag vhich is
ingsensitive to oscillations in ccmbusticn chamber

dimensionless steady state value and instantaneous veluc of the
other part of the total time lag which is sensitive to
oscillations in combustion chamber

arithmatic mean velue of the moximus snd the minimum values of the

.sensitive time lags of a grovgs of propellant elements

fractional extent of the spread of the sensitive time lag

sffective sensitive time leg of a group of propellant e¢lements

= mognification factors of the effest of the epread of sersitive

time legs defined in equation (2.13)

dimensionlese distance of the concentrated combustion froat from
the Injector end expressed as & fraction of the characteristic
length L

. - By T 1 g



F o = ineensitive space lag = distance travelled by propellsnt element
during insensitive time lsg

I n = exponent in the pressure dependence of the time lag = interaction
m index

" “M.‘“ = minioum value of intesaction index compatible vith any wastable
b oscillations in a syatex

.L ' ’vﬁ; » rate of injection of the propellant per unit cross sectional

area of the combustion chember

v'nb w vate of the generation of the hot gas from the combustion of the
propellaat per unit crces sectional -aree of ths combustion chamber

w )\-u.w = root of the characteristic equation with the dimensionlses time
: as the independent variable

a ')\ = dimensionless amplification coefficient '
?F o = dimensionless angular frequency
3
& r = adiabetic index of the combustion gas = €, /e,
g = reduced angular frequency of the oscillation
53 ' T G)v oJ/c] = the specific acoustical admittance ratio of nozzle .
E @ [5 = the ratio of fractional varistion of velocity to fractional
Bt variation of density at combustion chamber exit or entrance to
i nozzle
5‘ R)S = real and imaginary parts of I (g,&‘.)'.
| B
| }‘ = integers characterizing discrete unsteble range of the values of

s

sensitive time lag for a given mode

« integers characterizing the modes of the cscillation
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fig. 2

Fig. 3a
Fig. 3b

Fig. 4

Pig. 5

Fig. 6

Fig. 7

Fig. 8

Fig. 9

Fig. 10

Fig. 11

. Fig. 12

legerd of Fipures

Specific admi‘tance ratio I (A , ) of a nozzle with linsar steady
state velocity in sudsonic portion.

The magnification factor of the offect of time leg svread: Sy
linesr distribution; ¢, , cosine distribution.

The real part X of the expression defined In equation (3.1).
The imeginary part Y of the expression defined in equetion (3.1).

Critical values of interactlon index n for neutral oscilletions of
reduced frequency # . For systems with small time lag spread
corresponding to ¢ = 0.9.

2. Fundemental node

b. Second mode

Criticel value of effective sensitive time lag for neutrel gscillstions
of reduced frequencyf for systems with small time lag epresd
corresponding to ¢ = 0.9,

&. Fundamental mode

b. Second mode

Stability diagrem for systems with small time lag spread
corresponding to ¢ = 0.9, n = 1.00, u » 0,213, and Y = 1.20 plotted
with effective sensitive time lag Tove. position f of
concentrated combustion front.

Minimum values of interaction index n compatible with any unstable
oscillations vs. the megnification factor ¢ of the time lag spreed.

Diagrams for graphical determination of stability boundery for
systems with significant amount of time leg spread based upon
equation (&.1)

Critical velues of interaction index n for neutral oscillations of
reduced frequency f of the Fundsmental mode with fractional extent
of time lag spread €, given as

(a). e, =1 (o). €=3/M (). ¢, & (a). € wb.

Critical values of effective sensitive time lag Te¢ for neutral
oscillations of reduced frequency S of the fundamentel mods with
fractional extent of time lag spread €, given as -

(a). €=l (b). €= 3/4 (c). &=} (). ¢=b,
Stebility diegram Te ve. § for fundamentsl mode n = 1.00, h = 0,

¥ = 1.20 for systems with cosine type time lag spreed of different
fractional extent €, .

Minimum value of interaction index n compatible with any unntable
oscillations vs. fractional extent €, of time lag spread.
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Fig. 13

Fig. 14

Fig. 15.

Minimum value of interection index n compatible with any unstable
oscillations vs. position ; of the concentrated combustion front
for systems with différent sensitive space lag Bk, .
Fundementel mode, no time lag spread and ¥ = 1.20.

Minimum value of interaction index n compatible with any unstable
oscillations vs. position & of the concentrated combustion front
for systems with different censitive space lag - o
Fundsmental mode with smell time lag spread corresponding to ¢ = 0.9
md. (. 1»20. i

Unsteble ranges of the position of concentrated combustion front
8s defined by the values of £, for systems vith and withcut time
lag spread n = 1.00, Fundamental mode,
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1.
1. Introductim

Tnhe stsbility of high frequency small longitudinal disturbances superposed
on & cowbustion system in a liquid propellant rocket opersting at normal or
steady state has been investigated cn & lineari:e.d basis in references 1, 2, and °
3, It is found that the configuration of the combustion system especially
concerning the spacewise and the timewise distribution of combustion elements is
of considerable importence in detorﬁining the stability of the snall disturbances,
Tt has been pointed out in reference & that under the assumption of instantemeous
combustion, the configuraticn of the combustion system can be achematically
characterized by two distributian functime defining the"sensitive time lag*
snd the "total space lag" of propellent elements when the rocket is in steady
state operation, The time lag 13 a scalar quentity while the space lag is &
vector in general. In the simplified case of longitudinel cseillations, the
space lag 1s also a scalar which is simply the distance from the injector end
of the positicn where a propellsnt element 1a transformed into gaseous cambustion
products. Owing to the complexities of the mathematical formulation of the
probiem, previous treatments are only dealing with perticular configurations,

In references 1 and 2 all the propellant elements are assumed to have the same
sensitive time leag and the same total space leg in steady state operation go

that & concentrated or discontinuous ocmbustion front is formed in the

- combustion chamber in both steady and unsteady state operation. In reference 3,

the time lags of ell the propellant elements are still assumed to be the same
in steady state end the problem has Leen formulsted for arbitrary space lag
distribution while solution of the ,i-oblem has been obtained only for the

simplest extreme case of uniformly distributed space lags.
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The present investigntion is intended to look into the other extreme case
where all the propellant elements ere assumed to have the same total space lag
but have arbitrary distribution of the sensitive time lag in steady state. In
other words » we intend to consider a combustion system with concentrated
combustion front where the propellant elements that burn at the concentrated
combusticn front at the instent t became sensitive at different instents t = o
and in gereral at different distances fram the injector end. The effect of
Cpreading the sensitive time lag on the stability of lew frequency disturbances
was shown (1) to be always stabilizing. The result of the present investigation
shows that the qualitative trend of the effect cof spreading the sensitive time
lag on the stability of high frequency disturbances in a given system is aiso
stabilizing as compared to the corresponding system without time lag spread,
The stabilizing effort of a given extent of time lag spresd is more significsnt
towards higher n~ :s of oscillations and the stabilizing effect on a given mods
of oscillation ia larger if the extent of spread is larger,

The analysis of reference 2 for the systems with concentrated combustion
front is mede on the assumption that the sensitive time lag is of the order of
unity so thst all propellent elements sense the variaticns of the thermodynamic
states of the burned gas only in the immediate neighberhood of the cm.nbuatim
front. When the sensitive time lag of an element is very large, ths element
will senss the chamber oscillatione during its travel through a definite spatial
range 'ﬁ ~ ; 4 immediately upstream of the combustion front., The effect of auch
very large sensitive tims lag and the effect of the spread of such large

senaltive time lag are also treatsd briefly in the present paper..
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2. Formulation and Genersl Discussion

It is assumed in previcus gnvestigations that the propellant slements before
being trensformed into hot burned gas occcupy little volume and hencs do not
cantribute to the combustion chamber pressure of the whole system. The flow of
the bumed gas in steedy state on both sides of the concentrated combnstien
front are not affected by the fact that the sensitive time lag of different
propellant elemsnts are different, provided that ths rate of burned gasy
generation at the concentrated ;:ombustion front in steady state is the ssmma.

The deccription of the prop;agatim of small disturbancas upstreain (region 1} end
that downstream (region 2) of the concentrated combustion front are identiesl with
these treated in Sectim 2 of reference 2, The mly &ﬁference between the
present treaiment and that in reference 2 is ths boundary condition at the
concentrated combustion front x = ; where the solutions in regiom (1) and

region (2) are joined together. With the same notation as was used in

reference 2, the solutions in region 1 and region 2 are given by equaticas

(2.5.2) and {2.5.6) in refsrence 2 as

) )= tg exp (_.{o.sx)[-uf [—-a((ﬂn,-‘-s)l}]

S,(x}a-c,, tip ("‘(‘“s X){"C*‘f' {:d(“n'as )X}] ‘ (2.1)

’ﬂ:&): i'."._l cxp ('“("s x)[;- B exp [a{ (f:‘tnwzi Y G-x )}Y '

5: Or )= —-CSA Cﬂf(_‘f’cﬂ-s x) [J+8¢-&f [0( {‘an -a.s)(;..x )\{, ]
A (2.2)

for region (1) and region (2) respectively, Here is the velocity perturbatim

nondinensionalized by stagnation sound speed in the burned grs and § 18 the
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density perturbation nendimensicnalized by stagnation density of the burned gas.
The constant B is defined by
1+2(p,0)m

{ BC JE"J:' ~T i ) W
p f et ' (2.3)

with I standing for the specific acoustical admittance ratio of osciliating gas
flow'through a delaval nozzle. The specific acoustical admittance ratio is the
ratio of the fractional velocity variation to the fractional density variation of
the gas entering the nozzle, This zdmittance ratio depends on the peduced
frequency ﬁ of the oscillation, the steady state gas velocity entering the
nozzle and the geometry of the subsonic portion of the nozzle. The values of

1 B U} for a nozzle with linear steady state velocity in subsonic part are

2 nmm g Sl
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reproduced from (5) &s fig. 1. For this particular nozzle, ths reduced

{requency 8 18 equal to the ratio of the angular frequency of oscillation snd

] the steady state velocity gradient in the nozzle,

The first part of the boundery condition at the concentrsted combustion

i e i | e

frent is still the continuity of the pressure and the density perturbatione
across the combustion front at any instant, The characteristic constant

) r Aw hsiw s therefore also continucus, The second part of the boundary
condition at x = }' concerns with the discontinuity scross the combustioa front

of the velocity perturbation that is prescribed by the veriation of the local

burning rate due to the variation of the sensitive time lsgs of the propellant

elements. Since the sensitive time lags of different propellant elements,
unlike the case ireated in reforence 2, are different, we expect that the value

of '!)3 “")a in the present problem is different from "};. - 'z)l es given by

equation (2.4,2) of reference 2, The distribution of the amount of propellant

alemants having different T will enter intc the expression of 7,.’; - 2), .
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The instantanecus value of the sensitive time lagT of a given propellsnt
element is related o its steady state value T in terms of the local gas

pressure P at the position x' at the instent t' by the following incegral

relation as defined by Crocco (1)
) P ey, '] it 2 Comstant
; e )r] = ConsTan

" .
o jt-f‘ f;n [’xl (_t,} ‘ t']fct'ﬁ! F“ -i"\ (2.}4)

Here the integrand represents the local and instentaneous rate of activation and

* the constant valuec of the integral represents the total amount of activation

energy that is required for the given elemunt to stzri the instantancous

combustion,

The local rate of activation processes depend on a number of physical

quantities such as the pressure, temperature, relative velocity of the

surrounding burned gas and sc forth. For small oscillations, all these physical

quantities may be correlated and the local rate of activation can be expressed
in terms of any one of these physical quantities. Following Crocco, the pas

pressure acting on the unburned element is selected as shown in equation (2.k)e
The interaction index n therefore represents an aversge index of the extent of
interaction between the cambustion processes and the different oscillations of

these physical quantities existing in the combustion chamber,

- The total amount of activation emergy that each propellant element would

absorb before its conbustion depends also on a number of factors and in particular

the mixture ratio of this particular element. Owing to the nonuniformity of the

atomization and toe mixing processes and so forth, the total amount of

activation energy as represented by the cconstant of the integral would he

different for different propellant clements. In the cases of conventional
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liquid recket engines except for the throatless motor, the chamber pressure
in steady state can be considered ss uniform everywhere in the combustion
chamber. Thus the constant value of the integral cen be epproximately evaluated
to be P" T as showm in equaticn (2.L) Thet this constant value of the integral
varies with different prepellant elements means that the steady siste velue
of the sensitive tire lag varies with different propellant elements., Ihe sonsitive
time lags of different propellant elements are therefore expected to scatter or
spread in a certain region ir the neightberhood of the meen value. The extent
of spread is likely to be larger for bipropellant syste:r'ns as compared to that
for monopropellsnt systems.

Let 2€, be the frational total extent of the spread of the sensitive time
lags of the propellant elements; i.e. '5,,,,,,‘ > ’3,,.,,'" 226, T, with
C o ¥ Pt i ) /.z « Let f (€) be the amount of the propellant
elements having sensitive time lags lying between T T w S+ E ) and
T
Thus £ (€, ) =1 and f (=« €_ ) =0, This definition of f coincides wilh the

i =T, (i-¢ ,) 8 afraction of the total amount of the typical sample.
definition of the distribution parameter f defined in reference 1 in the treatment
of the chugging or low frequency cese. Since we are considering only instability
of the intrinsic type where the rate of injection and th'a pattern of distributiem
of propellant, elements are independent or insensitive to the oscillations in the
combustion chanber, £ ( € ) is independent of time. The fractional mmount of

propellant elements having sensitive time lag lying between T end T + 4T g
-%; T » {;}:-f‘ od € yith

'Em ¥ rCy
/ “df d7 =/ jﬁ‘ et (2.5)

/T . aT Js
el &

The rate at which propellant elements of this category is being transformed into

burmed gas is given as






















































































































































