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S l n - I  C h e n g *  

N o v e a b e r,  1 9 5 3  

R e p o r t  N o.  2 U o  

* A s 8 i a t & n t  P r o f e s s o r ,  A e r o.  E n g.  D e p a r t m e n t,  P r i n c e t o n  U n i v e r s i t y .  T hi s  
v o r k  v a s  s u p p o r t e d  b y  t h e  B u r e a u  o f  A e r o n a u t i c s ,  U.  8.  N a v y,  u n d e r  

C o n t r a c t  N o.  N O a s  5 3 - 3 i 7 - c *  
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L I S T .  O F  S Y M B O L S  

■  c h a r a c t e r i s t i c  t i m e  «  t i m e  r e q u i r e d  f o r  a  s o u n d  w a v e  t o  t r a v e l  
t h e  e n t i r e  l e n g t h  L  o f  t h e  c o m b u s t i o n  c h a m b e r  f i l l e d  w i t h  
s t a g n a n t  b u r n e d  g a s  

*  d i m e n s i o n l e s s  t i m e  

■  d i m e n s i o n l e s s  l e n g t h  

■  v e l o c i t y  o f  t h e  g a s  i n  u n s t e a d y  a n d  s t e a d y  s t a t e  o p e r a t i o n  
n o n d i m e n s l o n a l i z e d  b y  t h e  s t a g n a t i o n  s p e e d  o f  s o u n d  

■  M a c h  n u m b e r  o f  t h e  g a s  f l o w  

*  i n s t a n t a n e o u s  v a l u e s  o f  p r e s s u r e ,  d e n s i t y ,  a n d  t e m p e r a t u r e  n o n -  
d i m e n s i o n o l i z e d  b y  d i v i d i n g  w i t h  t h e i r  r e s p e c t i v e  s t a g n a t i o n  v a l u e  

«  d i m e n s i o n l e s s  s t e a d y  s t a t e  v a l u e s  o f  , Ç a n d  " f  • 

m d i m e n s i o n l e s s  I n s t a n t a n e o u s  p e r t u r b a t i o n s  o v e r  t h e i r  r e s p e c t i v e  
s t e a d y  s t a t e  v a l u e s  

"  p e r t u r L ûI t ^ o n s p e n < î e n t  p a r t s  o f  P o s e u r e ,  d e n s i t y  a n d  v e l o c i t y  

*  d i m e n s i o n l e s s  I n s t a n t a n e o u s  v a l u e  o f  t h e  t i m e  l a g  r e d u c e d  b y  t h e  
c h a r a c t e r i s t i c  t i m e  ( g )  / 2  

.  + T  

a  d i m e n s i o n l e s s  v a l u e  o f  t h e  p a r t  o f  t h e  t o t a l  t i m e  l a g  w h i c h  I s  
I n s e n s i t i v e  t o  o s c i l l a t i o n s  i n  c o m b u s t i o n  c h a m b e r  

-  d i m e n s i o n l e s s  s t e a d y  s t a t e  v a l u e  a n d  i n s t a n t a n e o u s  v a l u e  o f  t h e  
o t h e r  p a r t  o f  t h e  t o t a l  t i m e  l a g  w h i c h  i s  s e n s i t i v e  t o  
o s c i l l a t i o n s  i n  c o m b u s t i o n  c h a m b e r  

»  a r i t h r o a t i c  m e a n  v a l u e  o f  t h e  m a x i m u m  a n d  t h e  m i n i m u m  v a l u e s  o f  t h e  
. s e n s i t i v e  t i m e  l a g s  o f  a  g r o u p  o f  p r o p e l l a n t  e l e m e n t ®  

-  f r a c t i o n a l  e x t e n t  o f  t h e  s p r e a d  o f  t h e  s e n s i t i v e  t i m e  l a g  

»  e f f e c t i v e  s e n s i t i v e  t i m e  l a g  o f  a  g r o u p  o f  p r o p e l l a n t  e l e m e n t s  

*» m a g n i f i c a t i o n ,  f a c t o r s  o f  t h e  e f f e c t  o f  t h e  s p r e a d  o f  e e n s i t i v e  
t i m e  l o g s  d e f i n e d ,  i n  a q u a t i o n  ( 2 . I 3 )  

>a d i m e n s i o n l e s s  d i s t a n c e  o f  t h e  c o n c e n t r a t e d  c o m b u s t i o n  f r o n t  f r o m  
t h e  i n j e c t o r  e n d  e x p r e s s e d  a s  a  f r a c t i o n  o f  t h e  c h a r a c t e r i s t i c  
l e n g t h  L  

•1 
t i 
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*  i n s e n s i t i v e  s p a c e  l a g  »  d i s t a n c e  t r a v e l l e d  b y  p r o p e l l a n t  e l e m e n t  
d u r i n g  i n s e n s i t i v e  t i m e  l a g  

a  e x p o n e n t  i n  t h e  p r e s s u r e  d e p e n d e n c e  o f  the time  l a g  »  i n t e r a c t i o n  
i n d e x  

»  m i n i m u m  v a l u e  o f  i n t e *  a c t i o n  i n d e x  c o m p a t i b l e  v l t h  a n y  u n s t a b l e  
o s c i l l a t i o n s  i n  a  s y s t e m  

«  r a t e  o f  i n j e c t i o n  o f  t h e  p r o p e l l a n t  p e r  u n i t  c r o s s  s e c t i o n a l  
a r e a  o f  t h e  c o m b u s t i o n  c h a m b e r  

«  r a t e  o f  t h e  g e n e r a t i o n  o f  t h e  h o t  g a a  f r o m  t h e  c o m b u s t i ó n  o f  t h e  
p r o p e l l a n t  p e r  u n i t  c r o s a  s e c t i o n a l  a r e a  o f  t h e  c o a b u s t i o n  c h a m b e r  

-  r o o t  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  w i t h  t h e  d i m e n s i o n l e s s  t i m e  
a s  t h e  i n d e p e n d e n t  v a r i a b l e  

«  d i m e n s i o n l e s s  a m p l i f i c a t i o n  c o e f f i c i e n t  

•  d i m e n s i o n l e s s  a n g u l a r  f r e q u e n c y  

■  a d i a b a t i c  i n d e x  o f  t h e  c o m b u s t i o n  g a s  «  

■  r e d u c e d  a n g u l a r  f r e q u e n c y  o f  t h e  o s c i l l a t i o n  

-  t h e  s p e c i f i c  a c o u s t i c a l  a d m i t t a n c e  r a t i o  o f  n o z z l e  
■  t h e  r a t i o  o f  f r a c t i o n a l  v a r i a t i o n  o f  v e l o c i t y  t o  f r a c t i o n a l  
v a r i a t i o n  o f  d e n s i t y  a t  c o m b u s t i o n  c h a m b e r  e x i t  o r  e n t r a n c e  t o  
n o z z l e  

■  r e a l  a n d  i m a g i n a r y  p a r t s  o f  I  ( ß  ( ) . 

*  i n t e g e r s  c h a r a c t e r i z i n g  d i s c r e t e  u n s t a b l e  r a n g e  o f  t h e  v a l u e s  o f  
s e n s i t i v e  t i m e  l a g  f o r  a  g i v e n  m o d e  

•  i n t e g e r s  c h a r a c t e r i z i n g  t h e  m o d e s  o f  t h e  o s c i l l a t i o n  



L e g e n d  of  gl g ur e a  

Fi g »  1  S p e cifi c  a d mitt a n c e  r ati o  1 ( / 3 ,  U)  of  a  n o z sl e  wit h  li n e a r st e a d y  
st at e  v el o cit y  i n s u b s o ni c  p orti o n.  

Fi g.  2  T h e  m a g nifi c ati o n  f a ct o r  of  t h e e f f e ct  of  ti m e l e g s pr e a d:  C,  , 
li n e a r di st ri b uti o n;  t x  , c o si n e  di st ri b uti o n.  

Fi g.  3 a  T h e  r e al  p a rt  X  of  t h e e x pr e s si o n  d efi n e d  i n e q u ati o n  ( 3 »l ).  

Fi g-  3 ¾ T h e  i m a gi n ar y p a rt  Y  of  t h e e x pr e s si o n  d efi n e d  i n e q u ati o n  (3 .I ).  

Fi g.  4  C riti c al  v al u e s  of  i nt e r a cti o n i n d e x n  f o r  n e ut r al  o s cill ati o n s  o f  
r e d u c e d fr e q u e n c y ß  , F or  s yst e ms  wit h  s m all  ti m e l a g s pr e a d  
c orr e s p o n di n g  t o c  »  0 .9 . 
a.  F u n d a m e nt al,  m o ds  
b.  S e c o n d  m o de  

Fi g.  5  Crlti c c d  v al u e  of  e f f e cti v e  s e n siti v e  ti m e l a g f o r  n e ut r al  o s cill ati o n «  
of  r e d u c e d fr e q u e n c y/ 3 f o r  s yst e ms  wit h  s m all  ti m e l a g s pr e a d  
c orr e s p o n di n g  t o c  »  0 .9 . 
a * F u n d a m e nt al  m o de  
b.  S e c o n d  m o de  

Fi g.  6  St a bilit y  di a gr a m  f or  s y st e m s  wit h  s m all  ti m e l a g s pr e a d  
c orr e s p o n di n g  t o c  =  O. 9 , n  «  1 .0 0 , u  «  O. 2 1 3 , a n d  ï  -  1. 2 0  pl ott e d  
wit h  e f f e cti v e  s e n siti v e  ti m e l a g T ^ v e.  p o siti o n  £  of  
c o n c e ntr at e d  c o m b usti o n  f r o nt.  

Fi g.  7  Mi ni m u m  v al u e s  of  i nt e r a cti o n i n d e x n  c o m p ati bl e  wit h  a n y  u n st a bl e  
o s cill ati o n s  v s.  t h e m a g nifi c ati o n  f a ct o r  c of  t h e ti m e l a g s pr e a d.  

Fi g.  8  Di a gr a ms  f or  gr a p hi c al  d et er mi n ati o n  of  st a bilit y  b o u n d ar y  f o r  
s yst e ms  wit h  si g ni fi c a nt  a m o u nt  of  ti m e l a g s pr e a d  b a s e d  u p o n  
e q u ati o n  ( 4. 1) 

Fi g.  9  C riti c al  v al u e s  of  i nt e r a cti o n i n d e x n  f o r  n e ut r al  o s cill ati o n s  o f  
r e d u c e d fr e q u e n c y ß  of  t h e F u n d a m e nt al  m o de  wit h  f r a cti o n al  e xt e nt  
of  ti m e l a g s pr e a d  gi v e n  a s  
( a) * «  1  ( b).  V  3A  ( c ),  £  ( d ).  

Fi g.  1 0  C riti c al  v al u e s  of  e f f e cti v e  s e n siti v e  ti m e l a g T c  f o r  n e ut r al  
o s cill ati o n s  of  r e d u c e d fr e q u e n c y / 3 of  t h e f u n d a m e nt ei m o de  wit h  
f r a cti o n al  e xt e nt  of  ti m e l a g s pr e a d  £0  gi v e n  a s  

é ®“ 1  O 3) *  £. =  S A  ( c ).  ( d ).  £ * » 1 . 

Fi g.  1 1  St a bilit y  di a gr a m  T ¿  v s.  £  f or  f u n cl a a er.t al  m o de  a  »  1. 0 0,  h  ®  0,  
y '3  1. 2 0  f o r  s yst e ms  wit h  c o si n e  t y p e ti m e l a g s pr e a d  o f  di f f e r e nt  
f r a cti o n al  e xt e nt  €<, . 

Fi g.  1 2  Mi ni m u m  v al u e  of  i nt e r a cti o n i n d e x n  c o m p ati bl e  wit h  a n y  u ns  t a bl e 
o s cill ati o n s  v s.  f r a cti o n al  e xt e nt  € a of  ti m e l a g s pr e a d.  



F i g .  1 3  M i n i m u m  v a l u e  o f  i n t e r a c t i o n  i n d e x  n  c o m p a t i b l e  w i t h  a n y  u n s t a b l e  
o s c i l l a t i o n s  v s »  p o s i t i o n  o f  t h e  c o n c e n t r a t e d  c o m b u s t i o n  f r o n t  
f o r  s y s t e r o s  w i t h  d i f f é r e n t  s e n s i t i v e  s p a c e  l a g  f  - 1  • . 
F u n d s m e n t a l ,  m o d e ,  n o  t i m e  l a g  s p r e a d  tuid 1 , 2 0 .  *  

F i g .  1 4  M i n i m u m  v a l u e  o f  i n t e r a c t i o n  i n d e x  a  c o m p a t i b l e  w i t h  a n y  u n s t a b l e  
o s c i l l a t i o n s  v s .  p o s i t i o n  £  o f  t h e  c o n c e n t r a t e d  c o m b u s t i o n  f r o n t  
f o r  s y s t e m s  w i t h  d i f f e r e n t  s e n s i t i v e  s p a c e  l a g  |  
F u n d a m e n t a l  m o d e  w i t h  s m a l l  t i m e  l a g  s p r e a d  c o r r e s p o n d i n g  t o  c  «  0 .  
a n d  *  1 . 2 0 .  

F i g .  1 5 -  U n s t a b l e  r a n g e s  o f  t h e  p o s i t i o n  o f  c o n c e n t r a t e d  c o m b u s t i o n  f r o n t  
a s  d e f i n e d  b y  t h e  v a l u e s  o f  f o r  s y s t e m s  w i t h  a n d  w i t h o u t  t i m e  
l a g  s p r e a d  n  »  1 . 0 0 .  F u n d a m e n t a l  m o d e .  



1.  I ntr o d u cti o n 

1. 

ï h e s U bilitj r  of  hi g h  fr e q u e n c y s m all  l o n git u di n al di st ur b a n c e s  s u p er p o s e d  

o n  «. c cr e b us t í »,  s yst e m i n a  li q ui d pr o p ell a nt  r o c k et o p er ati n g  at  n o n a al  o r  

st e a d y  st at e  h as  b e e n  i n v e sti g at e d o n  a  li n e a ri z e d b a si s  i n r ef er e n c e s 1,  2,  a n d  

3.  I t  i s f o u n d t h at t h e c o nfi g ur ati o n  of  t h e c o m b usti o n  s yst e m  e s p e ci all y  

c o n c er ni n g  t h e s p a c e wi s e  a n d  t h e ti m e wi s e di st ri b uti o n  of  c o m b usti o n  el e m e nt s  i s  

of  c o n si d er a bl e  i m p ort a n c e i n d et er mi ni n g  t h e st a bilit y  of  t h e a me1 1  di st ur b a n c e s »  

It  h as  b e e n  p oi nt e d  o ut  i n r ef er e n c e Í4 t h at u n d er  t h e a s s u m pti o n  of  I n st a nt a n e o u s 

c o m b usti o n,  t h e c o nfi g ur ati o n  of  t h e c o m b usti o n  s y st e m  c a n  b e  s c h e m ati c all y  

c h ar a ct eri z e d  b y  t w o di st ri b uti o n  f u n cti o n s d efi ni n g  t h e “ s e n siti v e ti m e l a g “ 

a n d  t h e "t ot al  s p a c e  l a g " of  pr o p ell a nt  el e m e nt s  w h e n  t h e r o c k et i s i n st e a d y  

st at e  o p er ati cri.  T he  ti m e l a g i s a  s c al a r  q u a ntit y  w hil e  t h e s p a c e  l a g i s a  

v e ct or  i n g e n er al »  I n t h e si m plifi e d  c a s e  of  l o n git u di n al o s cill ati o n s,  t h e 

s p a c e  l a g i s al s o  a  s c al a r  w hi c h  i s si m pl y  t h e di st a n c e  fr o m t h e i nj e ct o r e n d  

of  t h e p o siti o n  w h er e  a  pr o p ell a nt  el e m e nt  i s tr a n sf or m e d i nt o g a s e o u s  e m b u stí  o n  

pr o d u ct s *  O wi n g  t o t h e c o m pl e xiti e s  of  t h e m at h e m ati c al  f or m ul ati o n of  t h e 

pr o bl e m,  pr e vi o u s  tr e at m e nt s ar e  o nl y  d e ali n g  wit h  p a rti c ul a r  c o nfi g ur ati o n s.  

I n r ef er e n c e s 1  a n d  2  all  t h e pr o p ell a nt  el e m e nt s  ar e  ass u m e d  t o h a v e  t h e s a m e 

s e n siti v e  ti m e l a g a n d  t h e sa me t ot al s p a c e  .l a g i n st e a d y  st at e  o p er ati o n  s o  

t h at a  c o n c e ntr at e d  or  di s c o nti n u o u s  c o m b usti o n  f r o nt  i s f or m e d i n t h e 

c o m b usti o n  c h a m b er  i n b ot h  st e a d y  a n d  u n st e a d y  st at e  o p er ati o n.  I n r ef er e n c e 3 »  

t h e ti m e l a g s of  all  t h e pr o p ell a nt  el e m e nt s  ar e  s t i l l  ass u m e d  t o b e  t h e s a m e 

I n st e a d y  st at e  a n d  t h e pr o bl e m  b a a  b e e n  f or m ul at e d f o r  a r bit r a r y  s p a c e  l a g 

di st ri b uti o n  w hil e  s ol uti o n  of  t h e pr o bl e m  h a s  b e e n  o bt ai n e d  o nl y  f o r  t h e 

si m pl e st  e xtr e m e  c a s e  of  u nif or ml y  di at ri b ut a d  s p a c e  l a g s * 



2 *  

4  

Tîie  pr « 3 « nt  i n v e sti g Eti o n i s i nt e n d e d t o l o o k i nt o t h e ot h er  e xtr e m e  c a s e  

w h er e  all  t h e pr o p ell a nt  el e m e nt s  ar e  ass u m e d  t o h a v e  t h e s a m e t ot al s p a c e  l a g 

b ut  h a v e  a r bit r a r y  di st ri b uti o n  of  t h e s e n siti v e  ti m e l a g i n st e a d y  st at e.  I n 

ot n er  w or d s,  we  i nt e n d t o c o n si d er  a  c o m b usti o n  s y st e m  wit h  c o n c e ntr at e d  

c o m b usti o n  f r o nt  w h er e  t h e pr o p ell a nt  el e m e nt s  t h at b u m  at  t h e c o n c e ntr at e d  

c o m b usti ó n  f r o nt  at  t h e i n st a nt t  b e c a m e  s e n siti v e  at  di f f e r e nt  i n st e nt s t  -  T  

a n d  i n g e n er al  at  di f f e r e nt  di st a n c e s  fr o m t h e i nj e ct o r e n d.  T he  e f f e ct  of  

s pr e a di n g  t h e s e n siti v e  ti m e l a g o n  t h e st a bilit y  of  l e w fr e q u e n c y di st ur b a n c e s  

v a s  s h o w n ( 1) t o b e  al w a ys  st a bili zi n g.  T he  r e s ult  of  t h e pr e s e nt  i n v e sti g ati o n 

s h o ws t h at t h e q u alit ati v e  tr e n d of  t h e e f f e ct  of  s pr e a di n g  t h e s e n siti v e  ti m e 

l a g o n  t h e st a bilit y  of  hi g h  fr e q u e n c y di st ur b a n c e s  i n a  gi v e n  s yst e m i s al s o  

st a bili zi n g  as  c o m p ar e d  t o t h e c orr e s p o n di n g  s yst e m wit h o ut  ti m e l a g s pr e a d.  

Ki e  st a bili zi n g  e f f o rt  of  a  gi v e n  e xt e nt  of  ti m e l a g s pr e a d  i s m or e  si g ni fi c a nt  

t o w ar ds hi g h er  a r  >8 of  o s cill ati o n s  a n d  t h e st a bili zi n g  e f f e ct  o n  a  gi v e n  m o de  

of  o s cill ati o n  i s l a r g e r i f  t h e e xt e nt  of  s pr e a d  i s l a r g e r. 

a n al y si s  of  r ef er e n c e 2  f o r  t h e s yst e ms  wit h  c o n c e ntr at e d  c o m b usti o n  

fi o nt  i s ma de  o n  t h e ass u m pti o n  t h at t h e s e n siti v e  ti m e l a g i s of  t h e or d er  of  

u nit y  s o  t h at all  pr o p ell a nt  el e m e nt s  s e n s e  t h e v ari ati o n s  of  t h e t h e n « o d y n a mi c 

st at e s  of  t h e b ur n e d  g as  o nl y  i n t h e i m m e di at e n ei g h b or h o o d  of  t h e c o m b usti o n  

f r o nt.  W he n  t h e s e n siti v e  ti m e l a g of  a n  el e m e nt  i s v er y  l a r g e, t b s el e m e nt  

will  s e n s e  t h e c h a m b er  o s cill ati o n s  d uri n g  it s t r a v el t hr o u g h a  d e fi nit e  s p ati al  

r a n g e J  ~  i m m e di at el y u p str e a m  of  t h e c o m b usti o n  f r o nt.  T he  e f f e ct  of  s u c h  

v er y  l ar g e s e n siti v e  ti m e l a g a n d  t h e e f f e ct  of  t h e s pr e a d  of  s u c h l ar g e 

s e n siti v ®  tf c a e l a g ar e  al s o  tr e at e d b ri e fl y  i n t h e pr e s e nt  p a p er.  
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2 «  F or m ul ati o n  a n d  G e n er al  Di s c u s si o n  

I t  i s  a s s u w e a  i n p r e vi o u s  i n v e sti g ati o n s t h at t h e p r o p ell a nt  el e m e nt s  b e f o r e  

b ei n g  tr a n sf or m e d i nt o h ot  b ur n e d  gs ^s  o c c u p y  l i t t l e  v ol u m e  a n d.  h e n c e  d o  n ot  

c o nt ri b ut e  t o t h e c o m b u sti o n  c h a m b er  p r e s s u r e  o f  t h e w h ol e  s y st e m.  T h e  fl o w  o f  

t h e b ur n e d  g a s  i n st e a d y  st at e  o n  b ot h  si d e s  of  t h e c o n c e nt r at e d  c e m b us t i e n 

f r o nt  a r e  n ot  a f f e ct e d  b y  t h e f a ct  t h at t h e s e n siti v e  ti m e l a g of  di f f e r e nt  

p r o p ell a nt  el e m e nt s  ar e  di f f e r e nt,  pr o vi d e d  t h at t h o r at e  of  b ur n e d  g a s  

g e n e r ati o n  at.  t h e c o n c e nt r at e d  c o m b u sti o n  T r e nt  i n st e a d y  st at e  i s t h e s a m e « 

T h e  d e s c ri pti o n  of  t h e p r o p a g ati o n  of  M ali  di st u r b a n c e s  u p str e a m  ( r e gi o n  X)  a n d  

t h at d o w n str e a m  (r e gi o n  2 }  o f  t h e c o n c e nt r at e d  c o m b u sti o n  f r o nt  a r e  i d e nti c al wit h  

t h o s e t r e at e d i n S e cti o n  2  o f  r e f e r e n c e  2.  T h e  o nl y  di f f e r e n c e  b et w e e n  t h e 

p r e s e nt  t r e at m e nt a n d  t h at i n r e f e r e n c e  2  i s  t h e b o u n d ar y  c o n diti o n  at  t h e 

c o n c e nt r at e d  c o m b u sti o n  f r o nt  x  *  w h er e  t h e s ol uti o n s  i n r e gi o n  ( 1) a n d  

r e gi o n  ( 2 } a r e  j oi n e d t o g et h e r. Wit h  t h e s a m e n ot ati o n  a s  was  u s e d  i n 

r e f e r e n c e  2,  t h e s ol uti o n s  i n r e gi o n  1  a n d  r e gi o n  2  a r e  gi v e n  b y  e q u ati o n s  

( 2. 5. 2 )  a n d  ( 2. 5. 6 )  i n r e f e r e n c e  2  a s  

(2 .1 ) 

(2 . ? ) 

f o r  r e gi o n  ( 1) a n d  r e gi o n  ( 2) r e s p e cti v el y.  H er e  j J i s  t h e v el o cit y  p e rt u r b ati o n  

n o n di m e n si o n ali z e d  b y  st a g n ati o n  s o u n d  s p e e d  i n t h e b ur n e d  g a s  a n d  $  i s  t h e 
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d e n sit y  p e rt u r b ati o n  n o n di m e n sl c n al H e d  b y  st a g n ati o n  d e n sit y  o f  t h e b ur n e d  g s a *  

R e  c o n st a nt  B  i s d e fi n e d  b y  

ß  =  

/ -ti Cfi,  H - )  Û-  
/ - T  C L  

( 2. 3 )  

wit h  I  st a n di n g  f o r  t h e s p e ci fi c  a c o u sti c al  a d mitt a n c e  r ati o  of  o s cill ati n g  g a s  

fl o w t hr o u g h a  d e L a v al  n o z zl e.  R e  s p e ci fi c  a c o u sti c al  a d mitt a n c e  r ati o  i s  t h e 

r ati o  of  t h a f r a cti o n al  v el o cit y  v a ri ati o n  t o t h e f r a cti o n al  d e n sit y  v a ri ati o n  o f  

t h e g a s  e nt e ri n g  t h e n o z zl e.  T hi s  a d mitt a n c e  r ati o  d e p e n d s  o n  t h e r e d u c e d 

fr e q u e n c y p  of  t h e o s cill ati o n,  t h e st e a d y  st at e  g a s  v el o cit y  e nt e ri n g  t h e 

n o z zl e  a n d  t h e g e o m etr y  of  t h e s u b s o ni c  p o rti e r,  o f  t h e n o z zl e.  R e  v al u e s  of  

1  (fi , Ü)  f o r  a  n o z zl e  wit h  li n e a r st e a d y  st at e  v el o cit y  i n s u b s o ni c  p a rt  ar e  

r e pr o d u c e d fr o m ( 5) a s  fi g.  1.  F or  t hi s p a rti c ul a r  n o z zl e,  t h e r e d u c e d 

fr e q u e n c y / 3 i e e q u al  t o t h e r ati o  of  t h e a n g ul a r  fr e q u e n c y  of  o s cill ati o n  e n d  

t h e st e a d y  st at e  v el o cit y  g r a di e nt  i n. t h e n o z zl e.  

R e  f i r s t  p a rt  of  t h e b o u n d ar y  c o n diti o n  at  t h e c o n c e nt r at e d  c o m b u sti o n  

f r o nt  i s  s t i l l  t h e c o nti n uit y  of  t h e p r e s s u r e  a n d  t h e d e n sit y  p e rt u r b ati o n s  

a c r o s s  t h e c o m b u sti o n  f r o nt  at  a n y  i n st a nt. R e  c h a r a ct e ri sti c  c o n st a nt  

" K »  A  +  ^  u > i s t h e r e f o r e al s o  c o nti n u o u s.  T h e  s e c o n d  p a rt  of  t h e b o u n d ar y-  

c o n diti o n  Bt  X  - p  c o n c er n s  wit h  t h e di s c o nti n uit y  a c r o s s  t h e c o m b u sti o n  f r o nt  

of  t h e v el o cit y  p e rt u r b ati o n  t h at i e p r e s c ri b e d  b y  t h e v a ri ati o n  of  t h e l o c al 

b ur ni n g  r at e  d u e  t o t h e v a ri ati o n  of  t h e s e n siti v e  ti m e l a g s of  t h e p r o p ell a nt  

el e m e nt s.  Si n c e  t h e s e n siti v e  ti m e l a g s of  di f f e r e nt  p r o p ell a nt  el e m e nt s,  

u nli k e  t h e c a s e  t r e at e d i n r e f e r e n c e  ?,  a r e  di f f e r e nt,  we  e x p e ct  t h at t h e v al u e  

of  TÍ *  - v] i n t h e p r e s e nt  pr o bl e m  i s di f f e r e nt  fr o m a s  gi v e n  b y  

e q u ati o n  ( 2.l *. 2) of  r e f e r e n c e  2.  T h e  di st ri b uti o n  of  t h e a m o u nt  of  p r o p ell a nt  

el e m e nt s  h a vi n g  di f f e r e nt  T  will  e nt e r  i nt o t h e e x p r e s si o n  of  V  ~ v  

- -  
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5.  

î h e i n st a nt a n e o u s v al u e  of  t h e s e n siti v e  ti m e l a g r  of  a  gi v e n  pr o p ell e nt  

el e m e nt  i s r el at e d t o i t s  st e a d y  st at e  v al u e  T.  i n t er m s of  t h e l o c al g a a  

pr e s s ur e  at  t h e p o siti o n  x *  at  t h e i n st a nt t'  b y  t h e f oll o wi n g i nt e g r al 

r el ati o n  a s  d efi n e d  b y  Cr o c c o  ( 1 ).  

[”x  ei£ = Ctr\ *,f o. nt'  

¿.f  P  n ] \  C-t)  ■ ^  f * ” t  
• t  t . t , r* ^  sr 

( 2. Î 4 )  

H er e  t h e i nt e gr a n d r e pr e s e nt s t h e l o c al a n d  i n st a nt a n e o u s r at a  of  a cti v ati o n  a n d  

t h e c o n st a nt  v al u e  of  t h e i nt e g r al r e pr e s e nt s t h e t ot al a m o u nt  of  a cti v ati o n  

e n er g y  t n at i s r e q uir e d f or t h e gi v e n  el e m e nt  t o st a rt  t h e I n st a nt a n e o u s 

c o m b usti o n «  

l h e l o c al r at e of  a cti v ati o n  pr o c e s s e s  d e p e n d  o n  a  n u m b er  of  p h y si c al  

q u a ntiti e s  s u c h  as  t h e pr e s s ur e,  t e m p er at ur e, r el ati v e  v el o cit y  of  t h e 

s urr o u n di n g  b ur n e d  g as  a n d  s c  f o rt h.  F or  s m all  o s cill ati o n s,  all  t h e s e p h y si c al  

q u a ntiti e s  ma y  b e  c orr el at e d  a n d  t h e l o c al r at e  of  a cti v ati o n  c a n  b e  e x pr e s s e d  

i n t er m s of  a n y  o n e  of  t h e s e p h y si c al  q u a ntiti e s.  F oll o wi n g  Cr o c c o,  t h e g as  

pr e s s ur e  a cti n g  o n  t h e u n b ur n e d  el e m e nt  i s s el e ct e d  a s  s h o w n i n e q u ati o n  

Hie  i nt er a cti o n .i n d e x n  t h er ef or e r e pr e s e nt s a n a v er a g e  i n d e x of  t h e e xt e nt  of  

i nt e r a cti o n b et w e e n  t h e c o n b u sti o n  pr o c e s s e s  a n d  t h e di f f e r e nt  o s cill ati o n s  of  

t h e s e p h y si c al  q u a ntiti e s  e xi sti n g  i n t h e c o m b usti o n  c h a m b er.  

T he  t ot al a m o u nt  of  a cti v ati o n  e n er g y  t h at e a c h  pr o p ell a nt  el e m e nt  w o ul d  

a b s or b  b ef or e  it s c o m b usti o n  d e p e n ds  al s o  o n  a  n u m b er  of  f a ct o r s  a n d  i n p a rti c ul a r  

t h e mi xt ur e  r ati o  oí  t hi s p a rti c ul a r  el e m e nt.  O wi n g  t o t h e n o n u ni f o r mit y  of  t h e 

at o mi z ati o n  a n d  t h e mi xi n g  pr o c e s s e s  a n d  s o  f ort h,  t h e t ot al a m o u nt  of  

a cti v ati o n  e n er g y  a s  r e pr e s e nt e d b y  t h e c o n st a nt  of  t h e i nt e g r al w o ul d  b e  

di f f e r e nt  f o r  di f f e r e nt  pr o p ell a nt  el e m e nt s.  I n t h e c a s e s  of  c o n v e nti o n al  

. ‘ » My. 
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.li q ui d r o c k et  e n gi n e s  e x c e pt  f o r  t h e t h r c &tl e s s m ot or,  t h e c h a m b er  p r e s s u r e  

i n st e a d y  st at e  c a n  b e  c o n si d er e d  a s  u nif or m  e v er y w h er e  i n t h e c o m b u sti o n  

c h a m b er.  T h us  t h e c o n st a nt  v al u e  of  t h e i nt e g r al c a n  b e  a p pr o xi m at el y  e v al u at e d  

t o b e  j b ' C a s  s h o w n i n e q u ati o n  ( 2, 1 *) T h at  t hi s c o n st a nt  v al u e  o f  t h e i nt e g r al 

v a ri e s  wit h  di f f e r e nt  p r o p ell a nt  el e m e nt a  m e a ns  t h at t h e st e a d y  st at e  v al u e  

of  t h e s e n siti v e  ti m e l a g v a ri e s  wit h  di f f e r e nt  p r o p ell a nt  el e m e nt s o  't h e s e n siti v e  

ti m e l a g s of  di f f e r e nt  p r o p ell a nt  el e m e nt s  a r e  t h e r e f o r e e x p e ct e d  t o s c att e r  o r  

s pr e a d  i n a  c e rt ai n  r e gi o n  i n t h e n el g ht b cr h o o d  of  t h e m e a n  v al u e.  T h e  e xt e nt  

of  s pr e a d  i s li k el y t o b e  l a r g e r f o r  bi p r o p ell a nt.  s y st e m s  a s  c o m p ar e d  t o t h at 

f o r  m o n o pr o p ell a nt  s y st e m s.  

L et  2 € 0  b e  t h e f r ati o n al  t o t a l  e xt e nt  o f  t h e s pr e a d  of  t h e s e n siti v e  ti m e 

l a g s of  t h e p r o p ell a nt  el e m e nt s;  i . e .  9 - 2 * *  ^  wit h  

t ' v «a, x +  ^ )  Z * 2' « L et  f  ( c  ) b e  t h e a m o u nt  of  t h e p r o p ell a nt  

el e m e nt s  h a vi n g  s e n siti v e  ti m e l a g s l yi n g b et w e e n  Ci v -  6  )  ^  

' C' a s  a  f r a cti o n  o f  t h e t ot al  a m o u nt  of  t h e t y pi c al s a m pl e.  

T h us  f  ( i ß  } »  1  a n d  f  ( -  6 0  ) «  0.  T hi s  d e fi niti o n  of  f  c oi n ci d e s  wit h  t h e 

d e fi niti o n  o f  t h e di st ri b uti o n  p ar a m et er  f  d e fi n e d  i n r e f e r e n c e  1  i n t h e t r e at m e nt 

of  t h e c h u g gi n g  or  l o w fr e q u e n c y  c a s e.  Si n c e  we  a r e  c o n si d e ri n g  o nl y  i n st a bilit y  

of  t h e i nt ri n si c t y p e w h er e  t h e r at e  o f  i nj e cti o n a n d  t h e p att e r n  of  di st ri b uti o n  

of  p r o p ell a nt  el e m e nt s  a r e  i n d e p e n d e nt o r  I n s e n siti v e  t o t h e o s cill ati o n s  i n t h e 

c o m b u sti o n  c h a m b er,  f  ( £  ) i s i n d e p e n d e nt of  ti m e. Hi e  f r a cti o n al  a m o u nt  o f  

p r o p ell a nt  el e m e nt s  h a vi n g  s e n siti v e  ti m e l a g l yi n g b et w e e n  a n d  ^  -r i s  

T h e  r at e  at  w hi c h  p r o p ell a nt  el e m e nt s  of  t hi s c at e g o r y  i s b ei n g  t r a n s f o n n e d i nt o 

b u nt e d  g a s  i s  gi v e n  a s  
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2he total rate of burned gas generation ia obtained by integrating , d ^ 

over the complete range of f7. 

a ■^bf ^7, r ** 
'W\,h 

. f,r* jL£ ( 1-4½) J(- 
u I áé <-'«(* -1 

t* £• 

Ibe fractional variation of the rate of burned gas generation from the steady 

state value 1¾ * á ^ m mÃ, f8 hence 

™ k - V* 
* J, . 7T [í'-Tí-)-'JWT.j 

Win ~6. (2.6) 

Differentiating equation (?.h) with respect to t to obtain substituting 

this into equation (2.6) and replacing the instantaneous quantities by the sun of 

mean quantities and their respective perturbations of the exponential type, one 

obtains for equation (2.6) the following expression of the fractional burning rate 

perturbation 

- ”V 
■Yie 

■ini n 

a f up-fíh«-’)];*!« 

»tar« f is replaced by J- 5 under the aceumptlcn of isentroplc S!n^l oscillation and 

equaticn (2.5) has been introduced to obtain the last expression. Both and 

L * (t + e) and the integraîid are functions of £ » if $ ( *\ doee not 
vanish. 

equation (2.7) can be rewritten as 

yr'h_1Z±- - i r s \ f 
<rn ft if) I W\ /- C 

0< t, 

J (2.8) 
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with 

-oCfi , f (#) i&*Jîzî±L e - 
3 w-- íí;.) (2.9) 

where c and re are real quantities. 

Equating the expression of fractional increase of burning rate to the 

fractional increase of the difference of the mass flow rates across the con¬ 

centrated combustion front, and introducing the exponential form of the small 

perturbations, one obtains 

'll t- u- ) t- CL ÿt, S, ’ c *■*(> [-<<*'] (2.10) 

which prescribes the discontinuity of the velocity perturbatien ~ V across Ä- I 

the concentrated combustion front. 

If the concentrated combustion front is vary close to the Injector end where 

both the mean velocity and the velocity perturbation must vanish, the velocity 

perturbation v'. Immediately upstream of the combustion front must be much smaller 

than the velocity perturbation ^ immediately downstream of the combustion front; 

l.e. H/« I T>J . In this particular case equation (2,10) becomes after 

dropping the subscripta 1 & 2 

2 (i - ÿ») 4" + u yr, S c ^^C] = Ö (2,11} 

By substituting equations (2,1) and (2,2) into equation (2,10) and replacing 

&h. fcy 2 under the approximation that ü V < 1, we obtain the following 

characteristic equation 

1 i -h ÿ eaj» * )7 ~ ^ Ej: [(‘-f») + ¿Tn C eKf>(~ °< ) j ( p.i?) 

for the determination of the characteristic constant ot - X * >u ^ of a system 

with concentrated combustion at the position . Equation (2,12) is closely 

— 
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analogous to equation (k.lel) In reference (2)* The only difference between the 

two is that the expression 1,1 equation (li.l.l) is replaced by 

C tup ^c ] in the present case. 

For the determination of the stability boundary or the neutral curves with 

o< • c is the modulus and u>t?c is the effective phase angle cf the complex, 

integral of equation (2.9). Hence c represents the magnification cr contraction 

factor of the effect of the time lag spread and represents the effective time 

lag that enters into the stability calculation of the combustion system with the 

particular distribution function f (6 ) in question. Both c and 'Ce. in general 

depend on the type of the distribution function f (€), the extent cf spread 

60 » the position ^ of the concentrated combustion front and the frequency*** 

of the particular mode of neutral oscillation. Once the dependence of c' and 'C <» 

on these parameters have been found for a particular distribution of time leg, 

the determination of the stability boundary and the frequency of the neutral 

oscillation will follow in a manner closely analogous to the procedure given in 

reference 2. 

Since during the sensitive time lag, the propellant elements ore upstream of 

the combustion front, that is, in region (1), the value of g ( and § (^-) 

should be evaluated using equation (2,1). In general, ^ is different from ^ , 

" then the expression (2.9) would encounter sane singularity when $( ^.) - 0 

which does occur when the combustion front is located at the node of the pressure 

oscillation in the combustion chamber. This is only introduced by the division 

by £ ( ^: ) which is not at all necessary except for the purpose of convenience 

and comparison with those in reference (2). The case with £•. < ^ will be 

treated j.n the last section of the present paper® 

We shall first consider the case where the value of the pressure sensitive 

time lag 7 is of the order of unity as was treated in reference 2, Since the 

velocity of the unturned propellant elements approaching the combustion front Is 



amall as compared to the small quantity ü which is the velocity of the burned gas 

downstream oi the fronts we shall adopt the assumption, following reference (2) 

Equation (2.9) then becomes simply 

Ce - J J6 * JS (2.13) 

'¿o 

where oC is replaced by-^wfor the case of neutral oscillation. Then the only 

complex quantity involved in the integral of equation (2.13) is e'^^^whose 

modulus is unity. From equation (2.1) we see that the integral of the modulus of 

the complex integrand is unity, therefore we conclude that for neutral oscillations, 

and for completely arbitrary distribution of T # W8 niUSt have 

C ^ ! 
(2.1ii) 

If we write the integral of equation (2.13) as* 

C e r C, 

. s, o> Cm 

cíe e 
* r ¢. 

JitI 
O of f £ 

-] 
- e 

-A 1Û f ' 

[ »“ 'J äi e 

? * ^ )j e -h 1¡í i 6 ' £] d a 

Thus if (-e)* (e) , that is, if -^e {^ ) ia a symmetric or even function 

of 6 , the last integral for the case of neutral oscillatioi <* » i f ia 

In this case, 

* t Vv^ 

J lie ( e ) CöS ^ r»», 6) (2.15)* 

Even function of -ji Í £ ) corresponds to odd function cf f ( <£■} i,eK 

antisymmetric distribution of f (¾) with respect to Tm as va5 assuaed ^ 

reference (1) while dealing with the low frequency case and S^was used in the 

neß8tive> C should taken « the ab °lute value oí the integral and tc is not equal to ? but - ^ 
88¾ CO ^ 



place of Xe for such antisymmetric f (^). The simplest examples of such 

symmetric -f-p ( £ ) are 

L S/'n ^ *y. 
• jt ê, ® constant with a u' 6 a 

77- 77" £ . ^ fo 

" vT; cos a t: , (2*i6) 
Tr¬ 

as are given in reference (1). For arbitrary symmetric function {<£ }, the 

integral in equation (2.15) can be carried out analytically by expanding into 

Fourier series and integrating term by term. The coefficients of the Fourier 

expansion should of course be properly normalized so that equation (2.5) is 

satisfied. 

It is important to note that, for particular type of distribution function, 

the value of c depends not oily on the manner of distribution f ( £ ) but also on 

the angular displacement OJV ^ £Q of the neutral oscillation during the time 

interval of half the extent of time lag spread. In other words, c depends on the 

ratio of the total extent of time lag spread to the period of the 

oscillation T. The magnitude of c remains leas than unity and approaches unity 

when approaches zero as it should be. Furthermore the factor c could vanish 

for particular values of the time lag spread as compared to period of oscillation 

for each type of distribution. In equatien (2.1ó) the value of c,for type (i) 

distribution vanishes when the total extent of time lag spread equals the 

period of oscillation or any integral multiples of the period; and c2 for type 

(ii) distribution vanishes when 2 equals any odd integral multiples of half 

period not less than three half of the period. Since is approximately integral 

multiples ofir and &0 is only subjected to the restriction that i? é £ 

the situation that C *> o is not impossible* 

Die magnitude of c ia of considerable importance In the stability behavior 

of a given system as can bo seen iron the follouing qualitative consideration, ft 

the case of intrinsic instability, the only excitation agent la the variation of 

U) -rfT 

(Ü) # 
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the specific rate of burned gas generation which is produced by the variation of 

the sensitive time lag« Equation (2.7) shows that this variation of gas generation 

rate can be divided into two parts, the first part is due to the pressure 

variation at the end of the time lag which is the same for all propellant elements 

burning simultaneously at the same location. îhe second part is 'due to the 

pressure variation that each element sensed in the beginning of its sensitive time 

lag. The contribution of the second part is different for different elements 

having different time lags even if they burn together. With optimum timing, the 

sum of the exciting contribution of the second part is added to that of the first 

part in stimulating instability. The modulus c .^ esents the maximum amount of 

exciting contribution with optimum timing of the second part that is available 

to augment the excitation of the first part. Therefore, Intuitively, we see 

that smaller values of c means a more stable system with optimum timing. The 

fact that c is in general less than unity (equation 2.1h) when there is a 

spread of time lag indicates that the effect of the spread of time lag is always 

stabilising so far as the unconditional stability is concerned. The stabilizing 

effect is maximized when c * o, that is when the increase of burning rate due to 

the pressure variations that a group of elements sensed in the beginning of their 

sensitive time logs is just balanced by the decrease of the burning rate due to 

that of another group of propellant elements. The qualitative result that a 

smaller value of c means a more stable system as obtained from the previous 

physical arguments is clearly verified by the calculated results given in later 

sections of the present paper. 

Both Cj and C.^ are plotted as shown in figure 2. From these two curves 

or from equation '(2.16) directly we see thatt is a damped oscillating 

function of ^ e6 and the magnitude of C is rather small compared to unity 

when is bigger than the first zero of the function C } for example Tr 

Í 1 
Í 

I 

! i 
I ■ 
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for ex Bxi<L'"~¿¡jr' for eg. This eltuation cari arise either when ta* is larga for 

higher modes of oscillation or when the total extent of the spread of time lag 

2<CHifi0 la sufficiently large as compared to the period of oscillation. Therefore 

for a given fractional extent of spread *=a , unstable ranges of the values of “Cg 

or 'ÏF^ corresponding to larger integral values of h for a given mode of oscillation 

is less likely. Also for given extent of time lag spread60 , it is less 

likely that higher modes of oscillation corresponding to larger integral values of 

k coaid become unstable. 



3« Systems with Small Time Lag Spread 

1Í*. 

Because of the dependence of C- cn co and V the determination of stability 

boundary with time lag spread is slightly more complicated than that in reference 

2, Hovrever if the tptal extent of the spread of the time lag 2^^ is 

sufficiently small compared to the period T of oscillation so that «o'?, is 

a small quantity for the fundamental or the first few higher inodes, the value of c 

is nearly constant for each mode of oscillation end is close to but slightly less 

than unity. For such cases the determination of the stability boundary is 

considerably simplified with the approximation c » constant for all possible 

values of w*. of the neutral oscillations of a given mode. The small variation 

of c due to the small variation of co# of the order of M can be neglected as 

higher order small quantity. In this section we shall first consider systems 

with small time lag apread. 

For the determination of stability boundary, we put m in equation 

(2.12) where» is the frequency of neutral oscillation, call the complex quantity- 

on the left hand side of equation (2.12) /- , 

, r /-a ftApfjw C t- f)J , , . r 1 
X ^ Y - ir 77;—r “—r,—tRt - H 1 u L l¿3 exf> la* b> Ci -p)j J 

(3.1) 

where B is given by equation (2,3) which is a function of the neutral frequency » , 

the burned gas velocity ü and the geometry of the nozzle. For given nozzle 

geometry and u, the complex quantity ^ 4* -1 Y is a function of w and ^ only, 

independent of the values of C and Te which characterize the time lag spread* 

Therefore both X and Y can be calculated for a series of values of and» and 

plotted as shown in fig. ), which can be used for the determination of stability 

boundary for arbitrary values of C and Ve 0 

Equation (2,12) can be rewritten as the fallowing two real equations 

C CoS »-Ct = n. ~ Cl-X ) 

yn C sin u>xc * - Y 
(3.2) 

! 

% 



lhe critical values of the index n of interaction and of the effective sensitive 

tisne lag corresponding to neutral oscillations of frequency ù) are obtained as 

where the arc sine is taken in the gradrant consistent with the sign of cos íu£c 

as given in equations (3*2). 

If n is of the order of unity, equations (3.?) show that / T/must be of the 

°rder of unity because C is less than unity. An investigation of equation (3,1) 

leads to the conclusion similar to the case without time lag spread that sin « 

must be of the order of M, so that the dimensionless frequencies of unstable 

oscillations, if my, will be close to integral multiples of TT with deviation 

of the order of M. In the present dimensionless scheme, oscillations with 

frequency equal to integral multiples ofTrcorrespond to organ pipe modes of 

pure acoustical oscillation in the combustion chamber. Since n must be real, 

the range of possible values of the frequencies of neutral oscillations is 

further restricted by equation (3.3) that 

l or a given system with given type of time lag distribution and the extent of 

its spread, C is a function of w only. is aiso a function of . 

Equation (3.5) then sets up both an upper and a lower limit of ù) . When C. 

vanishes the frequency « 0f neutral oscillation is restricted to a single value 

Where ^ ] vanii>hes* When C equals unity for systems without time lag 

spread, no such limits exist. Both these limits depend on the nature of the 

time lag spread and the configuration of the combustion distribution and of the 

nozzle. 

Lii._--------I. 1.11.,,.. i,..,li' ij Fi n 111111 t i. iniinmi I 
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As noted before, the factor ¢. for given tyje of time lag spread with fixed 

•¿TÊ and £0 depends not only on the frequency of neutral oscillation but also 

¿/•f 
on ^ m which is the same as “T^ for synmetric « Therefore, equations 

(3*3) and (3 ,it) do not give explicit solutions of n and ^ in general. But if 

the extent of tirae lag spread is sufficiently small so that ^o/17'2 ~p— 

is relatively small as compared to unity, and the variation of £ for ecch node of 

oscillation due to the small variation of ^ is neglected, C can be assumed to be 

constant for a given mode of oscillation, and equations (3*3) and (3*it) give 

directly the critical values of n and “C ¢. corresponding to different values of £*> 

in the neighborhood of certain integral multiple of TT~• Since C is close to 

unity equation (3»3) can be expanded into a power series of 1-C as 

, JL. I-X 
h “ y i+c. 

f /*e y* r, JL IzCT y2 ; '+--rr ctj? ['+<< Ie õòfT +—JJ a.6) 
/•• % y 

which reduces to n « HTy + JTyZJ^X) whenC • 1 for the case of no timo 

lag spread as is given in (2). Equation (3.6) shows that the critical value of n 

with time lag spread ( c< X) is always larger than the critical value of n 

without time lag spread corresponding to the same frequency of neutral oscillation. 

For given value of C. , the minimum value of n is given by? 

/~X (u6 ) 
" )r O O 

where is determined by 

'f ( W0 ) r. Û 

/~X ((£¢, ) 
Tiiis minimum value is always bigger than which is the minimum 

value of n without time lag spread, '.typical computed results with 6i » ^7r*& H * 

0,213 forC * 0,90 and several values of ^ corresponding to different positions of 

concentrated combustion front is shown in figures h and p. The unstable ranges 
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for the eifect.lv© time lag for systems with n » 1 are shown in figure 6 versus1 

^ where the dotted curves indicate the stability boundary for the case with no 

time lag spread. It is clearly seen that the unstable regions of £ v.s, ^ for 

the case with time lag spread C • 0.9 lie entirely inside the unstable regions 

for the case without time lag spread C * 1.0. The effect of spreading the 

sensitive time lag is thus found to be stabilizing in every respect. From 

figure 2 , we see that for fundamental mode of oscillation half extent of the 

time lag spread, ^ m ^ 0 » is approximately 1/3 and ^ at C » 0.9 for the 

sinusoidal and for the linear distribution respectively. Thus, the total extent 

2 € e 'C <l oi time l«g spread is nearly two third to one half of the wave 

propagatiai time in the combustion chamber. The stabilizing effect with C. • 0.9 

as seen from figures h and 6 is not very important. The stabilizing effect will 

of course increase as ÇL decreases when the extent of time lag spread increases 

slightly from the small value. The minimum value of n compatible with unstable 

oscillations with combustion concentrated at injector end for different values 

of C- are given in figure 7 with nmin shown to be increasing steadily as C 

decreases. The curve is shown dotted when e is considerably less than unity, 

because the assumption of constant C is not valid in the solution of the 

characteristic value problem. 
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li. Systems with Significant Amount of Time Lag Spread 

When the extent of time lag spread is not very small compared to the period 

of oscillation, the variation of c due to the small variation of in the solution 

of the characteristic problem is no longer negligible. The critical values of n 

and corresponding to neutral oscillations of frequency W must be solved 

simultaneously from equations (3.2) and the equation defining c for given type of 

time lag distribution. Let us consider the symmetric sinusoidal distribution 

where c is given as ¢2 in equation (2.16). Then, for a given frequency ^ of 

neutral oscillation, the critical value of e. is given by 

si„ = ( C", - “5 "*1 ) * /-X (mi) 

viith 

C03 

(2.16) 

The right hand side of equation (lui), -Y/ox), is determined only by w for 

given position of concentrated combustion, and the left hand side of equation (lui) 

is a function of ¿ot? e and €Q only. Thus both sides of equation (iul) can be 

plotted independently of each other as shown in figure 8. A graphical solution of 

the characteristic value problem based on equation (lui) and figure 8 Is found very 

convenient. For neutral oscillation of frequency with given value of ^ , the 

value of -Y /( 1-X) is read fron the left hand aide curve. Then carry this 

ordinate to the right hand side curve for the selected value é ß and read the 

critical value of from the abscissa. When is determined, the critical 

values of 'C*; is immediately obtained by division and the critical value of n is 

obtained from 

- Y / - * 

yc $m yC/-C.c-os (3.8) 
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ïÿpical computea results ss given in figures 9 «là 10 for systems with a 

nozzle having a steady state dimensionless velocity gradient ux 'TT an its 

subsonic portion so thata> * Thus integral values of p indicate frequencies 

-of pure acoustical oscillations« In figures 9 a, b, and c the critical values of 

n correspond: ig to neutral oscillations of different reduced frequency parameter 

ft ere given for systems with combustion concentrated at different positions ^ 

and with different fractional extent ca of time lag spread. In figure 10, the 

critical values of corresponding to neutral oscillations of different 

reduced frequency parameterß are given. All those curves are of similar shape 

as the corresponding curves without time lag spread given in figures 7 and 8 in 

reference 2 except that the curves with time lag spread are in general displaced 

toward larger values of n and smaller ranges of p * This obviously indicates 

the stabilizing effect of the time lag spread as compared to corresponding systems 

without time lag spread. In figure 11, the unstable regions of ^ c and ^ for the 

fundamental mode of oscillation k * 1 and h « 0 with n «* 1 are shown for different 

values of the fractional extent £0 of time lag spread of the sinusoidal type. 

The stabilizing effect of increasing in reducing the unstable regions of the 

time lag-tg and the position of the concentrated combustion front is clearly 

illustrated. This is due to the decrease of c with increasing extent of time 

lag spread 'Ct ,, In figure 12, the minimum values of n for systems with 

combustion concentrated at the Injector end are shewn to be increasing with 

increasing fractional extent of time lag spread of a given type. All these 

results confirm the stabilizing effect of the spread of the sensitive time lag* 

Besides this stabilizing effect, there are also several other interesting 

aspects of the effect of the spread of time lag that are worth mentioning. In 

figure 9a with £0 “l, the value of n increases very fast from the minimum value, 

njnj^, when p is smalle; than ‘77"* tan M.S (<w ) which corresponds approximately to 

n^j^. The range of the frequencies of unstaole oscillations does not extend very 
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far belo« the value of TT"- tan H*S ( 6* ) even when n is considerably larger than 

^in* figures 9b and 9c with £0 « 3/ii and ^ respectively, the same situation 

can be observed, but less significantly. That these must occur can be seen 

clearly from figure 8 that sin wíc/ (-¿ „ cos <*■•£) will not. be raore negötive 

than certain value which corresponds to the smallest possible frequency of 

neutral oscillation oi that mede» vjhen ¿q decreases corresponding to mailer 

fractional extent of time lag spread, the minimum value of sin - C03 *»"5 

extends further negatively. This results in a smaller frequency limit, '„'hen 

there is no time lag spread.no such limits exist, the unstable oscillations with 

frequency much lover than the corresponding acoustical frequency could occur if 

the value of n of the propellant is sufficiently large. The existence of such a 

lover limit of the frequency of unstable oscillation has also been indicates in 

equation (3.5) where the limit is not very restrictive because of the small extent 

of time log spi'ead. Therefore, when the extent of time lag spread is comparable 

with the period of oscillation, the frequency of the unstable oscillation will not 

. deviate significantly, from kTT- 91 no matter how large the value of n may be. 

The increasing stabilising effect of larger extent of time lag spread of a 

given type leads to another interesting result that for a given value of n, and 

a given fractional extent 6 0f time lag spread, the unstable range of -¾ e for 

a given mode of oscillation at large integral values cf h cannot exist, and that 

nmin ^creases with increasing h. Results of previous analysis with no time lag 

spread - 0, show that for a given mode of oscillation to become unstable, the 

pressure sensitive time lag can lie In any of the discrete ranges of values in 

the neighborhood of 2h + X where h takes successive larger integra values. The 

nmin of a given mode is independent of the value of h. When there is a given 

fractional extent ^ of time lag spread critical values of ï c corresponding to 

successive larger values of h for a given mode lead to successive larger values 
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of Ä>C€ €0 as veil as co'ë’e » Thus as a general trend, the increase of 6»^^ 

1¾suits in the decrease in c (except for the oscillations of the values of C 

with decreasing amplitude). Therefore, when h takes larger integral values, the 

minjjnurn value of n compatible with unstable oscillation of that mode is increased 

and the unstable region off,, around 2h + 1 is reduced. For example, with <£0 " 1 

and n * 1, there is an unstable range of around 1 when ^ 

there is no unstable ranges of ^ e. around \ 2h * l when h w t- c. 

The results as given In figures 11 and 1?, and that in figure 7 for the case 

of small extent of time lag spread of any type, show rather conclusively that 

increasing extent of time lag spread stabrxüwos the combustion system primoiily 

due to the decrease of c with increasing £0 or /T. Since the 

magnitudes of c for the two types of time lag distribution depend only on the 

to f’e. G a. 
parameter — “ , it can be easily inferred without 

further demonstration that, for a given extent of time lag spread, the stabilizing 

effect is larger for higher modes of oscillation, that is for oscillations of 

smaller period. This larger stabilizing effect of time lag spread toward higher 

modes of oscillations, like the larger stabilizing effect of the nozzle, helps 

in eliminating the unstable oscillations of higher modes. 

Also in figure 12, the values of nmin are given for both the linear type 

arid the sinusoidal, type of time lag distribution. It is seen that 1½^ for 

linear type distribution is consistently larger than that for sinusoidal type. 

Since linear type distribution means that equal fractional amount of propellant 

elements are distributed in equal time lag interval, while the symmetric 

sinusoidal or the cosine type distribution indicates that more propellant elements 

are distributed near the mean value of the time lag, the result as shown in 

figure 12, therefore, indicates that a more uniform distribution is likely to 

have greater stabilizing effect. This last inference is, however, not 

conclusive since only two specific types of distribution have been investigated* 



5« Systems with Large Pressure Sensitive Time Lag 

It has been assumed in sections ) and L that the sensitive time lag'C is 

of the order of unity s' that the insensitive space lag ^ is practically the 

same as the total space lag and the definition of C6 with ^ * i. ^ is 

given by equation (?.13) instead of equation (?*9). If new the sensitive time lag 

H is large, then is in general slightly smaller than ^ and 5 v E^, ), which 

is the time independent part of the density variation of burned gas at 'p ¿ upstream 

of the concentrated combustion front is not the same as § ( ^. ) at the front. The 

acoustical solution as given by equation (2*1) with x » ^ ^ should be used in 

evaluating £(^). The quantity £ - is the dimensionless distance travelled 

by the unbumed propellent element during its sensitive time lag. The velocity 

of the unburned elements relative to the surrounding burned gas will be assumed 

to have been sufficiently damped out during the insensitive time lag so that the 

velocity of the unburned elements is approximately given by the mean burned gas 

velocity upstream of the concentrated combustion front. With the schematic 

representation of a concentrated combustion front, the burned gas velocity 

upstream of the front is negligibly small as compared to the burned gas velocity 

downstream of the front which is itself a small quantity M. The sensitive time 

— ~L- 
lagí? should be, at least, of the order of /«? or larger in order that p ~ 

is not negligibly small compared to ^ , Therefore, If the total extent of the 

spread of the sensitive time lag of different elements is not very much bigger 

than unity, of all propellant elements can be considered as equal and 

equation (2,9) defining CÖ 
íK-C 

can be written as 

-a* in Ö. 
Ci e \ 

CE ) J SC£) 

M w 

d£ *■ 

'C CrJ 
(5*1) 

v 0 
where c? is the magnification factor of :e effect of the spread of sensitive time 

mseMSÁSxaKitiiiSA 
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lag with ? » y.ji not negligible, Tlie integral involved in equation (5.1) is the 

—À. CO 
same as that in equation (2,13) defining ce " for the case with pressure 

sensitive time lags of the order of unity i.e. , The effect of 

large pressure sensitive time lag appears as a multiplying correction factor 

S { $(t) > which is equal to cos w £ 1/ cos up for neutral oscillation 

of frequency w • This multiplying correction factor is a real quantity. 

Therefore, for a given type of time lag distribution, the effective 

sensitive time lag is related to and €0 in the same manner no matter 

whether the magnitude of the sensitive time lag is of the order of unity or very 

large provided that the total extent of time lag spread is not too large. It is 

only the magnification factor that is modified by the ratio S(^1,)/ $ (p) i.e, 

Cj * C 1¾6 characteristic equation (2,12) for the determination of 

the stability boundary remains unchanged with c, replacing c. The stability 

boundary can be determined in exactly the same manner as described in previous 

sections. From the results in previous sections, the larger the magnitude of 

c J is, the more unstable the system is. Therefore, the qualitative trend of the 

effect of large sensitive time lag on the unconditional intrinsic stability as 

expressed by the value of compatible with any unstable oscillations, may 

be either stabilizing or destabilizing* because &(p¿)/ S(p) can be either’ 

larger or smaller than unity depending upon the values of and p , 

If ail combustion is concentrated in the neighborhood of the injector, both 

£ and ^ ate approximately zero so that & (^¿)/ £ ( £ ) * remains 

unity for whatever values of the sensitive time leg. The stability behavior of 

such a system is not affected by the order of magnitude of the pressure sensitive 

time lag for a given type of distribution of the time lag. If combustion is 

concentrated in the neighborhood of any anti-node of a given mode other than 

injector end, then cos cop^J cos o>£ is always less than or at moat equal to unity. 

. i 

4 



?h* 

Thus the system with ^ 5- is more stable than the system with &j.m ^ * 

everything else being the same. If combustion is concentrated in the Immediate 

neighborhood of a node of a given mode, then cos oo ^¿/ cos becosnes very large 

when ^ while the limiting value of cos / cos ^ with Ç approaching 

'p is unity. Thus the system with combustion concentrated at s pressure node 

is greatly destabilized by the large sensitive time leg. It is thus clearly seen 

that the effect of large sensitive time lag with leas than p depends not 

only on the position of the concentrated combustion front, that is the total 

space lag of the combustion system, but also cn the different modes of oscillation 

that is being considered. 

To illustrate this qualitative discussion, let us consider the unconditional 

intrinsic stability of the fundamental mode in systems with combustion concentrated 

at different axial positions. Vie shall restrict the present calculation to the 

case where the total extent of time lag spread 2'Zrn€c> is sufficiently snail so 

that 

s ÍU) 
C, « 

s ( > ) 

can be considered as constant for given values of and p in the solution of 

the characteristic value problem. For this case the minimum value of n compatible 

with any unstable fundamental mode of oscillation is given by 

/-X (w.) 
Vi • -* 

with 

¿-Ch-c,) 

- f? i“« ) 

(i.J) 

CSS^K ja/l-t ) (5.3) 

and coa is obtained from Y { ) ■ 0 and can be determined from the following 

relation 

Co5 ( ~ £ ) oja / a ¿ï \ 3. v i 

Si» <*>0- - S/1 c^Tc'rfhC S /M CC5 h)4 ^ Cl~p (5.M 

f 
:îï* 
S 
•' i 
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: 

% 

I i 
a ! 



25* 

For the fundamental mode, <W0 is taken in the neighborhood of IT', and both R 

and S are functions;* and the geometry of the deLaval nozzle. The present 

calculation is based on the values of R (<*) and S (¿u) as given in figure 1 for 

a nosale with a linear steady state velocity profile of dimensionless slope T( 

in its subsonic portion and Mg is taken as 0.213* 

Computed results for the fundamental mode of oscillation are shovn in figures 

13 to 15, In figures 13, the values of niain are plotted versus tho position 

of the concentrated combustion front for several values of |T ~ when there is 

no spread of the time lag i.e. C - 1. In figure lh, the same is plotted when 

thore is a small spread of the time lag with C ■ 0.9. When combustion is 

concentrated at the injector end both 3110 ^ vanish and the minimum 

value of n is not affected by lai’ge pressure sensitive time lag. The system 

with copibustion concentrated at injector end is still the most unstable 

configuration that is the configuration with the smallest value of n^» When 

combustion is concentrated in the upstream half of the combustion chamber, }<i> 

the value of nnj^ is decreased by large time lag and when combustion is concentrated 

in the downstream half, the value of n,,^ is increased by large time lag. 

By observing equation {$.2) that ){ (&>0 ) is independent of ^ ^ and of time lag 

spread, we see that the value of is increased or decreased according as 

I £ (£^)/ £(£)/ ^ 1* Since jÍT,13 l°ss than the ratio/S( ^ )J 

is greater than unity when ^ | and the value of nm^n is expected to decrease 

as shown in figures 13 and lh. The presence of time lag spread does not 

complicate the situation. This qualitative statement concerning the magnitude of 

the ratio of j S ( ^ )/ § in determining the relative unconditional 

stability helps in understanding the effeot of large time leg on the stability of 

higher modes of oscillation especially when ^ comparable with the wave 

length of that mode. 
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In ligure l5> the critical values that define the regions of the positions 

jr of the concentrated combustion front where the fundamental mode is always stable 

when n ^ 1, are shown for different values of the pressure sensitive space lag 
« 

H- ^ . The stable region is seen to ce shifted downstream as compared to the 

stable region when ^ « ï. and the magnitude of the shift increases when the 

pressure sensitive space lag becomes larger. For higher modes of oscillations 

the qualitative pictures of n ^ v.s* ^ and the stable regions of ^ v.s. 

in a half wave length are expected to be similar to those given in figures 13 to 

15 for the fundamental mode provided that remains small compared with 

wave length. It should be noted, however, that so far as unconditional intrinsic 

stability of a system is concerned, the values of of higher modes than the 

fundamental and/or the second mode are relatively of little importance because 

they are expected to be larger due to the increasing stabilizing effect of the 

nor.nie toward i - aer modes of oscillations. 

By comparing the values of nrain for given position of the concentrated 

combustion front £ as given in figures (13) and (1U) for c « 1 and c •» 0.9 

respectively, we see that the values of with time lag spread (c« 0.9) is 

always the larger for any values of In figure (.15) the stable region for 

systems with C * 1, (without time lag spread) lies entirely inside the stable 

region for systems with c- 0.9, (with a small time lag spread). It is therefore 

concluded, that the stabilizing effect of distributing the time lag as compared 

to the corresponding system without time lag spread is not affected qualitatively 

by the order of magnitude of the sensitive time lag, be it of the order of unity, 

or of the order of or larger. 
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6» Sumary of Conclusions 

The stability of combustion in a liquid propellant rocket with combustion 

concentrated in a narrow region at distance ^ dc’.mstream of the injector end 

toward small high frequency disturbances are analyzed when the sensitive time lag 

of different propellant elements are distributed in a prescribed manner. Both 

the cases with dimensionless sensitive time lags of the order of unity and the 

cases with very large sensitive time lags of the order ofor larger are treated. 

The effect of distributing the sensitive time lag can be represented by a 

magnification factor C defined by the following complex integral 

i[ h (t-rit-tj 
e 

where c is the absolute magnitude of the complex quantity which represents the 

maximum possible amount of contribution in exciting instability due to the 

variation of burned gas pressure acting on different propellant elements at the 

beginning of their respective sensitive time lags. For e given geometrical 

configuration, the combustion is stabilized or destabilized by the spread of the 

time lag according as C ^ 1. For different specific instances, the following 

conclusions are obtained: 

1. When the sensitive time lag of the propellant ia of the same order of 

magnitude as the time required for the pressure wave to travel the length of 

the combustion chamber, i.e. (1), the sensitive space lag ^ ^ is 

negligibly smell. The magnification factor c is always less than or at most 

equal to unity when the sensitive time lags of different propellant elements 

are different. A system with time lags of different elements distributed in 

a certain region is more stable than the corresponding system with the same 

time lag for ail propellant elements in having a larger value for nrain and 

smaller unstable regions of the timo lag and the position of concentrated 



28. 

cwtfbusfcSeri iront for & given value of n of the propellant. ïhe following 

conclusions numbered 2 to 5 pertain to systems with dimensionless time lagV 

of the order of unity. 

2. When the extent of the time lag spread is considerably less than the period 

of oscillation of a given mode, the magnification factor C is only slightly 

less than unity and is nearly constant for a given type of time lag distribution 

and for a given mode of oscillation. When the extent of the time lag spread 

increases the magnitude of c decreases and the stabilizing effect increases 

even though the stabilizing effect remains small. 

3. When the extent of the time lag spread is considerably larger than the period 

of oscillation either due to the small period of the higher modes of oscillation 

or due to the large extent of time lag spread, the magnitude of c is 

considerably less than unity, and these modes of oscillations are strongly 

stabilized by the spread of time lags. Thus higher modes of oscillation whose 

period is significantly less than the extent of the time lag spread is not 

likely to become unstable. 

lu When the extent of the time lag spread is comparable to the period of 

oscillation, the stabilizing effect is quite significant and increases with 

increasing extent of time lag spread. The frequencies of unstable oscillation® 

remain in the neighborhood of the corresponding acoustical frequency and will 

not be much lower than kTT - 34 even when n is large. 

5. For given extent of time lag spread which is small compared to period of 

oscillation, a system with propellant elements uniformly distributed in the 

range of time lag spread is more stable than a system with elements 

distributed according to consine law where more elements have time lags in the 

neighborhood of the mean value. 



6, When the senaitive time lag of the propellant is much larger than the time 

required for the pressure w&ve to propagate the chamber length, i.e. ' 

X 0 (1) the qualitative stability behavior of the system is essentially 

similar to that of the corresponding system with • 0 (1), only that the 

stable regions about each node for given value of n are shifted downstream. 

For a given position i- of the concentrated combustion front, the system with 

very large sensitive time lag ie more stable or less stable than the 

corresponding system with sensitive time lag'E » 0 (1) according as 

sfpj/s (f)/ y I • The effect of spreading the pressure sensitive 

time lag on the stability of the system as compared to a corresponding system 

without time lag spread is in general stabilizing as described in items 1 to 

5 for the case when the dimensionless pressure sensitive time lag V is of 

the order of unity. 
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