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A GENERALIZED BALLISTIC ¥ORCE SYSTEM

ABSTRACT
The dependence of the aerodynamic force and moment acting on a

missile in free flight on the past history of the missile's motion has
been omitted from the Ballistic Theory and only partly considered in
the Aerodynamic Theory. In this study the linear terms arising from

a consideration of the forces and moments due to acceleration eifects
are added to the theory of motion. The resulting equations of motion
and. their solutione yield a more physically complete system, useful to
both ballisticians and aerodynamicists in understanding the free flight
performance of symmetrical missiles, The expansion of the transverse
force and moment for a missile possessing a plane of mirror symmetry is
given in an appendix.

#Bureau of Ordnance, Department of the Mavy.
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' INTRODUCTION

The aerodynamic force and moment which act on a missile in free .
flight are assumed to depend on the attitude of the missile with respect
to its air velocity vector and on the motion of the missile, For this
reason the uswel coordinate systems with axes numbered 1, 2, 3 are located
on the missile so that their l-axes coincide with the missile's axis of
rotational symmetry. If & = {w, o, @) and= (13,05, {f);) -are the

angular velocities of the missile and of the coordinate system with
respect to an inertia system then wy ={l, and w3 =0 3o The coordinate

system can then be completely determined by the specification of..ﬂ,‘
and an initial orientation of the 2-axis. There are at least three
different choices which are at present in use. They ares

1. Missile-fixed coordina,’ces1 (:(11 - a;l) which are used by

aerodynamicists for the specification of the force system and for studies
of the implications of symmetry on the aerodynamic force and moment;

2. Kelley=McShane or non-rolling coordina.tes2 (). = 0 and 2 axis
initially orientated in the horizontal plane) which aré used in their
tb@or" of the yawing motion of symmebric wmissiles; and

3. Fixed-plane coordinates (2 axis initially in the horizontal
plane and.ﬂ.l so selected that it stays there) which are convenient for
free flight spark range work.*

It is uswally assumed for small yaws that the aerodynamc force
and moment, which are funct:.ons of the linear velocity W = / Uy, Ug, u-)

and the angular velocity co = (col, Y j) of the missile; are linear
functions of their cross components, Uy, Uy, O and w,., Since the

ballistician mainly deals with missiles possessing rotational symmetry
this symmetry is exploited by the use of complex variables. The cross
velocity and crosg ?_lrigular velocity my(gg yr%t% in nondimensional

2 3 3
and P 2 e
Y U
missile's diameter, For missiles having mirror symetry_and trigonal
or greater rotationsl symmetry, the afrogynﬁmic force, F, and moment, M,
are given by the following equations H

where d is the

formas A =

* ()., for these coordinates differs from zero by quantities containing
the sguare of the yaw and is zerc for plamar yawing motion. A
correction for spark range measurements is given in Ref. 3.

#% A missile possesses trigonal rotational symmetry if it possesses an
angle of rotational symmetry equal to g% .
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F) = = od" ¥y Kpy, _ (1)
2 2
F, + iF3 = pd” Uy {E ~Ky+1 vKF) A4 (VKXF +‘iKS)%} (2)
M = - pd3 .u‘iv K, (3)
2 .
M, + iM3 = pd3 uy (-vKT - iKM) A+ (- Ky + iVKXT);J (L)
vhere p is the air density

mid
Vo is dimensionless spin and the K's are ballistic

b

colf9i01ents defined Yy the above equations., Note that since Egqs. (2)

and (4) are relations between two-dimensional vectors the equations are
xndependent of the selection of 4 01 and thus are valid for the three coordi-
nate systems.

Although this ballistic force system has seemed perfectly satisfactory

to the ballistician, the aerodynamicist 5, 6 has worked for some time with
terms involving the time derivative of A as well as terms in A and y.
These additional derivative terms are measures of the past history of the
the missile’s motion or lags in the flow development abcut the missile.

As we shall show; the inclusion of these new terms and the requirement of
consistent center of mass transformation require the introduction of ad-
ditional terms in the time derivative of p. These terms in the derivative
of p also appear quite naturally in Ref. 8 and 9§ where slender body values
for all non-Magnus coefficients are calculated.

In this report we shall introduce two new variables which are related
to the cross acceleration and cross angular acceleration and investigate
their effect on the yawing motion, the swerving motiocn, and the center of
mass transformation. Since this generalized ballistic force system has a
one-to-one correspondence to the complete aerodynimic system, the rélations
between them as well as the slender body values for the nén-Magnus coef-
ficients can and will be stated.

THE NEW VARIABLES

The linear acceleration vector,'?' and angular acceleration vector,

®, can be expressed.ihtermsof the linear and angular velocity vectors by

the relations:

e pu—

“o_] [~ 1 p—

°

él Uy _n1 ul—-1 Uy + @uy - w3u2
32 - 1‘;_2 4'- a)z X u2 = + ® ul nlu (5)
aq uy g ﬁ3 ug +11122
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Gyl =@ *| o] Xiap| = 10y %o ey | (g)
a3 Lm3 | co3 o;3 !Loo3 +ﬂla)2 - m2m1

The dimensionless cross linear and cross angular acgeleration vectors can
be written as

(ap + 1a5)d (u, + dug)d .ﬂld
2 = 2 -lp*d u S
Uy , Uy 1
u! ﬂld
=)\“*‘-l-i— X—iu*lul A (7
(o * iaB)dz (o, + i£3)d2 0,4
b b
\ usl Q.4
- = [ g P T A
Sl e (8)

whers primes indicate derivatives with respect to non-dimensionzl arc length
oy

p = bl dto
[ 3

Our first choice foir the new variables would be the dimensionless
cross linear and cross angular accelerations. But an examinmation of Egs.
(7 - 8) shows a basic handicap in this selection. If we did take these
to be our additional variables in the force and moment expansions, oz
first step in deriving the equations of motion would be tc make use of
Eqs. (7 - 8) to obtain equations of motion in A, w, A', and u'. But
then coefficients of A and p would be unnecessarily cemplicated by
contributions from the coefficients of the new variablesi’

Since we would prefer to retain the convenient form of Egqs. (1 - L),
an important feature of any selection for new variables should be that
they be two dimensional vectors. In order to insure this property, a
closer examination of owr idea of a vector is in order. By a vector we
mean a quantity for which certain operations are defined (multiplication
by scalar, addition and subtraction, vector and scalar productsg and which
is represented in a coordinate system by a sét of numbers which transform
in a prescribed manner under a coordinate system transformation. In
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perticular, ir( 2>snd< 2) are two representations of the same two=dimensional
)
3 *3

vector in Cartesian coordinate systems which differ by a rotation through
the angle 9, :

3?2 cos 0 '=sin 9><x2) )
=, (9)
'5?3 gin & cos @ Xq
In our complex form this can be written as

Zz = zeie, (10)

where /z\ =3\:2 + ﬁB and z = X, + ix.* are different representations of the
same vector quantity.

In Egs. (7) and (8) we see that the yuantities A and p.' ‘appear.
These yuantities are complex numbers whose real and imaginary parts are
the derivatives of the components of two dimensional vectors. A natural
question to ask is whether these complex numbers also represent two
dimensional vectors. If we differentiate BEd. {10) and remember that
is net necessarily constant,

2 = (2" 416’ 2)eld (1)
Thus we see that X' and p.' do not:in general represent vectors,

A possible objection to the above statexixent might be based on the
observation that by means of Eqs. (7 - 8), A and y can be written as
linear combinations of vectors and, therefore, they must represent vectors

~ themselves. Now a linear conbination of vectors is a summation of

vectors multiplied by scalars where scalars are quantities which are
represented in a courdinate system by a number which is invariant undsr
coordinate system c¢ransformations,. , which appears in Hgs. (7 - 8),
is defined to be the axial component of the angular velocity with
respect to an inertia system of the cordinate system in which thess
equations are expressed, and, hence, can change under a coordinate
system transformation. (Note that the only coordinate transformations
which are allowed are given by Eq. (10). ) Thus we see that \' and '
are not really equal to linear combinations of vectors.

If we rearrange Eqs. (7) and (8),

d "+ ja.)d

A e i{.)%_ A= i :3) + ip -ik (12)
1 u:L Y

Cod (e, + dag)d Cup

n -ﬁi—l—--p.- i 2ﬂ3 *(iv-;—l—)u (13) -
Y Uy 1

AN
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Here the quantities on the left sides of Egs. (12 - 13) are vectors
because they are equal to linear combinations of vectors. We also notice
that these quantities reduce to A and u respectively in non-rolling
coordinates which are equivalent to the fixed-plane coordinates for small
yaw (411 = 0). For this reason we will call them fixed-plane derivatives,

The aerodynamicist who usually deals with configurations without rotational
symeetry prefers to make use of the missile-fixed coordinates, and,
therefcre, makes use of derivatives in those coordinates. If we subtract
ivA and ivy from both sides of Eqs. (12) and (13) respectively we would

have these missile-fixed derivativess
1]

z 1(’0'1d A .-_._T.__(az * 1834 (ul 1v)) (12)
+ i(== = V)A = % - (== + iv)A
Y uy B ul
2 T
. d (32 + iaj)d Uy
bt A= sVt e s (13)
1 uy 1

In the table we show how these two sets of variables, fixed-plane and
missile-fixed derivatives, appear in these two coordinate systems.

TABLE T |
Fixed-Plane Missile-Fixed
ggfrdinates Coordinates
M0 e
? ﬂld ] J . .
Aos i A A A+ dva fixed-plane
4 derivatives
' . ! f .
B+ de— 3 B+ 1wy
1
Nqd '
A e i - VA L)Y »
h missile-fixed
4 derivatives
' ’ﬂi ! . '
n o+ 1(-35 - v)p A [

The first observation oune can make from this table is that for the
usual cases with which with aerodynamicist deals, namely where the spin
is small '(v¢<1l), the differences between the two definitions are small
terms of second order and can be neglected. For rapid spin the case is
quite different. Since the treatment of rapidly spinning models which
do not possess rotational symmetry is very difficult and as farras the’
authors know has not as yet been completely considered, we will restrict

NS = ——— - PN . - b, - e - e e e amma

e A

—




ourgelves to missiles possessing trigonal or greater symmetry. This is
the case in which the ballistician is most interested snd for this case
the fixed-plane derivatives possess two advantages:

1. Almost all aerodynamic force and moment measurements made in
elther wind tunnels or free flight ranges are essentially made in fixed-
plane coordinates. As can be seen from the table if we made use of
missile-fixed derivatives, the non-derivative coefficients would be
modified and unnecessarily complicated by contributions from the coef-
ficients of these new terms., This objection is quite similar to the one
we raised against the use of thé cross linear and cross arngular acceler-
ations,

e e et e s———— o

2. In a theoretical calculation of the aerodynamic coefficients
for a body of revolution the assumption of no viscosity is usvally made.
Since in this case the air has no way of knowing whether the missile is
spinning or not, the expansion of the force and moment in a coordinate
system which is not rotating with respect to the air (fixed-plane '
coordinates) should not contain spin dependent terms. If we consider,
for example, the expansion in fixed-plane coordinates of the cross force
in terms of A and its missile-fixed deriwvative, then

. . = . . - y
Fp + iF3 = Gy A+ Cp(M) 0 i rived (1)
From Table I it follows that ;
Fp + iFy = CyA + Gy(M = 1WA) =(Gy = 1vGy) A + Gyt (1i41) o

. 4 .

where Cq and 02 are coemplex functions of the aerddynamic coefficients.
We know from the above considerations that (Cl - ivcz) and 02 can not be
functions of spin and, hence, C1 must vary linearly with spin. Similar '

observations apply to the transverse components of the moment and to the |
coefficients of y and its missile-fixed derivative. But ‘this means that

a theoretical development for a body of revolution based on the assumption
of no viscosity will contain non-zero Magnus~l;ke coefficients! The
fixed-plane derivatives avoid this difficulty.

Jxl d

We, therefore, select A' + i—= X and u' + i~— p to be our new vari-
‘ 1

.d
ol
ables in the linear expansion of the aerodynamic force and moment. In §

order to consider implications of symmetry, we have to express the force
and moment expansion in the missile-fixed coordinates®¥*

Jlld
5 )

i
1 !
* In Ref. 8 Sacks used missile-fixed coordinates in which to calculate ,
I
i

glender body coefficients but specifically defines e as a fixed-plen
derivative. Strangely enough hg does takg g to be g missilefgixgd y

derivative and, therefore, obtains non-zero values of Gqu and anq

for bodies of revolution.

. In-the Appendix we develop the expansion of transverse force and moment
for a missile with a plane of mirror symmetry but no rotational symmetry.

10
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In the missile~fixed coordinate system these variables become k' + ivAa

and u' + ivu. Now A' 4 ivh and p' + ivp both transform under the

symmetry transformation exactly as A and p respectively and hence the

form of the dependence of the force and moment on the new variables shonld

- be the same as that of A and 1. We need only write the generalized form

of Eqs. (2) and (4) and will use the subscript A for acceleration:
F, ¢« iF, = d2 2 ( - Ky + iVKLIN + (VE, . + iK.)
2t H3 =Pt N F wr + iKgdw
J\id d (15)
o (= Kyy * Kgy) (M + gy M+ (Vgpy ¢ 3Kgy) (! # i )

M, + iM3 * pd3 u]:2 E— VKp = iKM)X + (= Ky + iva.r)u.
_ﬂld .d (16)
+ (" VKTA - i,KMA) ()\' + i—Tl" X) + (‘KHA + iVKXTA) (u.' + iTl ‘i)‘J

The dependence of the force and moment on ay and ay is absorbed by the K's.

For the dynamic equations derived in this report we will work in the non-
¥olling coordinate system (JLl = 0) and Ege, {15) ang@ {16) will become less

complicated. As has been wentioned before our ¥fixed-plane derivatives®
are actually non-rolling derivatives and are only equal to fixed-plane
derivatives for small yawing motion., Eqs. (17 = 20). of the next section’
are exactly true for any size of yaw when they are considered to be in the
non-rolling system. We make uae of the *fixed-plane coordinates®* in this
report mainly because they are easier to visualize.

EQUATIONS OF YAWING MOTION
For an arbitrary force system the equations of yawing motion for

/L= 0 may be written in the form 2, 10 .

Yo yuKk-gay | Py d

- 4 = +d 17)
b1 2 mu. < g (
1
. ui ] (F2 + iFB)d .
)\+T1_7\-=1u=—mT—-—— +Jg)‘+Y (18)
1 mu:L
v -2
v' + Bl Vv = Eé;——gl (19)
Yy muy
" K2, + iMy)
' 2 2 3

( 25)

11
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where m = mass
g,d
Jg = -1'1:-2
1
( + ig.)d
Y= --—-5——-——3 - J
T 1 g

(gl, o5 g3) vector of acceleration due to gravity
k] axial radius of gyration in calibers
k2 transverse radius of gyration in calibers

2

k

ad

V=

v
k

0N 0

and X, {t are complex conjugates of A\ and u.

t

u .

1

Tl_]-__.:-JD+J

v' = (D-J )v
a g - k2

where D JD kl JA .

defining KL - K

Ky = Xps
A (1+JNA-1vJ )+A(J -1VJ)+p.(-v

i l;(» VJXF-i(1+JS)]-Y=' 0
!
A k2 (\JJ,I.A + iJMA) + N{ (vJT + i..IM) +u [:1+k2 (Jga= 1v;&,m)]
+ E{a J’H-JD+Jg-1v(1+kl XT)] =0
In order to eliminate yu and u', we now operate on Eq. (23) with

-2 d =2 p—— -2 |
Emkz (JHA iva,mﬂ T + k2 JH D + Jg - iv(1l + kl JXT) s

- iJ

XFA SA)

12

A

B Y

e S A R e a4 A= B 0 B an B et

. d .
If we introduce the usual definition Ji-%-n- K, , assume that Kpn # 5
where KD is the trajectory drag coefficlent, and neglect the second order
term (uX - uA) in Eq. (17), Eqs. (17) and (19) can be written in the form

(21)

(22)

Substituting Eqs. (15), (16), and (21) in Eqs. (18) and (20), with.ﬂl- 0 and

(23)

(2b)
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d
on Eg. (24) with [ w * iJSA]:a— + [JXF + 11+ g ii} , and add.

Assuming that derivatives of coeffieients can be neglectéd and using (18)
to eliminate v', the result reduces to

Y -
(H, = 15 XN« [ﬁ+Jg—1vx]x"+ [—ﬁ-iv’f:lx

=% + %D - J)E (25a)

V= (D - Jg)V (25b)
where the eight new symbols are defined in Table II.

The upper case letters with the exception of & and E are selected
in order to identify the moment coefficient which is the principal constit-
uent. The quite formidable expressions above may be simplified by certain
quite reasonable size assumptions. We assume that

Fi410 h, iJ ILB x 10 -3 otherwise, 141410 k12410 k 42
' 3
|vl4ﬂ, and | |‘<.2. Since 9%— is usually about 5 x 10 5, this restricts

L.y magnitude of KF to less than 2 and that of the other Ki's to less than

60. The requirement for the special case of Jg reduces to {:11/24'.(10-2 u)

where d is in feet and u is ft/sec. From Eq. (23), it can be seen that p
is comparable with = iA', p' with - i)'’ and hence the second term on the
right side of Eq. (25) can be neglected. HA and X reduce to unity and

similar approximations apply to the other terms¥

.0. k'ﬂ + (?I\"‘ J - i—‘;)}\'" + (- M - v T)K = G (26)

A -2 -2 2 2
where H = H k5~ (Jy, +vk1 A) Iy, = Ip + ks (dg = dy = Vg FA)

A - ‘

M-M=k2(J +vk1 Jn)

A -

T=T=J_-k‘ Iy

T=0=~ [(J {-Jg)’fﬁ'r

and H, M, T, & are quantities def;ned in the yaw equation in Ref. 10 based
on the unmodified ballistic force system.

¥ 1T we muItiplyi(2Sa) by (H + 1VX ), we see that X %, can be neglected

where ever it appears. The solutlon of Eq. (26) can be easily stated
for the case of constant ¥V and neglected gravity. It is a linear com-
bination of two complex exponentials with exponents

1/2 [_ﬁ iV + /m?- 32 4+ #2 & 215(2r - ’ﬁ)] p
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If we neglect the small Magnus term in H, we see that .the only

effect of the generalized force system is.the addition of 'k;?‘JMA .
to the real part of the coefficient of A'. Since, in spark range work,

k;z Jy is determined from this coefficient, we see that k52 (Jg = dgp)
is.the quantity actually measured. J,, appears by itself only in G

H R
which gives rise to a very small component of the yaw of repose, and
for this reason no inconsistency has been noticed in spark range firings.

Two importaﬁt cases where the above assumptions do not apply are-
those of the airship and of the torpedo. In both of these cases

g%— is of order unity.* If the effects of drag and gravity are neglected

L

and spin is taken to be zero, Jy = Jy, and -Egs. (25) reduces to
A .
MU HA =MA=0 : (27

Hy

-2 -2
where B, = 1+ k,™2 .\ + gy + K, ENA Tua = Is Jm]

A -2 I ) )
H o=Jdy+k ]_JH‘JMA‘* Ina JH+JNJHA-JSAJM-JSJM{]

9&(1 + JS) - JNJH] o

Since JH and JN are positive(and JS is usually negative and less than

A -2
Mo=M =k

one, ¥ we see that M can be negative even when Ky is positive. For the
case when HA and H are positive we see that a statically unstable configu-
ration can be dynamically stable without spin. An explicit example of this
for the airship is given on pages 110 - 112 of Ref. 11.

THE SWERVING MOTION

By the swerving motion of a missile we will mean the displacement of
the center of mass due to the action of the aerodynamic- force normal to
the missile’s axis. If we denote this non-dimensional complex

m : .
Actually'ig, where M is mass of displaced fluid, is of order unity.

e i
g%- is approximately'% where v is the volune in cubic calibers(usually’

34v «16)

*¥* These statements may be verified by considering the slender body values
of these coefficients given on page 26.
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displacement by S

_ 4 b4 ,
§ == f/’ (F, + iF;) dt dt
oo
‘, ' b P T 3 ' 3 1 ]
2 ol (= a0 + (e 0 + (= Ty * P A
" oo : - -

+ (va + iJs_A_)P('] dpdp\

Since the right side of Eq. (18) are essentially J terms and smalli, a
good approximation for p is = iA!

. .5 -i J‘Z ]:( -yt ivJI%)X + [(Js - ‘.INA) + f1u(~ JxF + JFA):I xj

(29)

1
i

1t
+ (JSA - iva)X :l dp dp

An examination of Eq. (26) shows that the h'' is approximately x mulbiplied
by a J term and A! is at most A multiplied by a J1/2 term. As .yet no good
measurement has been made of the coefficient of A and hence any deter-
mination of the coefficient of A'! is very unlikely. If the coefficient

of A! ever is measured, it is importanf: to note that it is (JS - KA)

+iv (- Jyp * Jpy) and ot Jg - ivixp o5 would be expected under the
=1 unmodified theory. .

CENTER OF MASS TRANSFORMATIONS
An important aspect of the definitions of the aerodynamic force

| and moment is the dependence of the coefficients on the location of the
[l center of mass. Although the aerodynamic force itself is independent
|

of the lccation of the center of mass, the yaw A which appears in its
definition is defined in terms of the velocity of thes center of mss.
The dependence of the moment coefficients is more complex since they
relate to the aerodynamic moment about the center of mass and are
assoclated with A, .

We will first consider the effect on the unmodified force system
of moving the center of mass a distance of g calibers along the missile
axis. (Positive' q will denote a movement toward the nose of the missile).
‘ All quantities relating to the missile with the new center of mass will
f be marked by an asterisk. . B
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Now if corresponding points of two models of the same configuration
possess the same motion, the total aerodynamic force on each model is
the same and the total aerodynamic_mo; ntlgrhe
geometric points will be the same %-; 9y I
of the new c.m. with respect to the old is

or u* =
1 1?2

A% = A = iqp.

_ml_ T; d-
o | x 0 =
5] [0

n computed about corresponding
For this motion the velocity

—

111

u24-

o

w,

3

u3 - % ad

qd

i

(30),

(31)
(32)

Since the angular velocity vector and the total aerodynamic force are
independent of the location of the c.m,,

vk =y
pE =
Fi# = Fy

F2* + iFB* - F2 + 1F3

For the moment we have

Ml*

M# | o= M
My* | ¥ ]

or Ml* = Ml

7 ~ -
qd F1 ‘
0 X i.,.F2
0 i _FBJ

Mpk 4 ilgk = M, + iMy - i(F, + ira)(qd‘):_ :
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Inserting the force system définitions for the unmodified system
in Egs. (35 - 39) and mking use of Eqs. (31 - 3h),

-

xm* = Kp, Ky# = Ky (Lo)
K=K - (i)
k?* - K | .(ha)
Ke* = Kg - qky (L3)
Kpp* = Kpp - oKp ‘ (L)
KM& = Ky - oKy (L3)
f.c,r* - Kp - kg | (46)
K = Ky - a(Kg + Ky) + QK ()
g = g - e + B + oy a8)

If we differentiate Eqs. (32) and (34), we can obtain the following
transformation relations for our new variables.

od » N4 1 .4 -

! 1 ' 1
[X*i = x] -[x *1“1 A -iq[u +i;;1-—u]
(49)

e o Ala
‘.u "'i-——p. N (50)
Y 1

Since Eqs. (L9} and (50) are of the same form as Egs. (32) and (3k),
we see that the transformation relations for the eight new ballistic
eoefficients should be formally the same as Eqs. (L1 - he).
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Ku® = ¥y (51)
| Kpn* = Xy | (52)
Kq¥ = Kgy = a Ky ' (53)
\ Krm* = Kxm = 9 Epy (5L)
K = K -2 Ky 6B
Kpp¥ = i‘m -4 km (56)
Kgp* = Ky - @ (g * Kyg) + 0 Xy (57)
Kypn® = Kypp = @ (K + Kpg) + q? Kon (58)

If the cross angular acéelera.tion terms. were neglécted (KSA 2 Ky = KB&
= Kemi = 0), then the cross linear acceleration terms would have.to be

identically zero in order to preserve the consistency of the center of
mass transformations, i.e. Eqs. %7 4 58). Thus we see the necessity
? .

for these terms involving p + 1 = o

Finally it should be recalled that - the only spark range technigyue
for obtaining Kﬁ’ which has been used; is based on the measurement of
values of "KH“ Tor two c.m. positions from the yawing motion and the

use of-Eq. (47). Since we now see that what is sctually obtained from
the yawing motions is K%y- K., we add Egs. (47) and (59) in order
to find how this quantity varies with c.m., location:

[ - -] o [ ) oy 8 )

Hence that which is actually calculated by this spark range technique
is KS - KNA and not ng

CORRESPONDENCE WITH AERODYNAMIC CCEFFICIENTS

In this section we will define aerodynamic. coefficients in two
coordinate systems, the standard missile-~fixed and the fixed-plane,
and derive the relations bétween them and those of our generalized
ballistic coefficients.* The missile-fixed coordinates 14,17 will have
force components (X, Y, 2) and moment components (L, M, N). In the
fixed-plane coordinates we will designate the force components as
(X, ¥, 2) and the moment components as (L, M, N). The axial components
for both systems are the same and are defined as

¥t showlid be emphasized that a simple linear expansion of force and moment
in the fixed-plane coordinates:is only possible for a symmetric missile.
This can be seen from an examination of Eqs. (48-9) of the sppendix.
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X= (1/2)p‘VZSC é‘--(%)pvzscn (60)
L = (1/2)pV SI( )c[ ' (61)

where V is the total velocity
S is a reference area
{ is a reference length
p is axial component of angular velocity (.°. p-ml)

If we limit ourselves to small yaw where V = u,, we see from comparing
Eqs. (60 - 61) with Eqs. (1) and (3) that

%A"l/?%zcx*l/zjsi?cn (62)
.oy S8
KA : 1/L Er C(p (63)

For convenience in comparing the aerodynamic coefficients with the
ballistic, we will expand the transverse force and moment in complex form.
Since it can be shown that for a missile posséssing trigonal or greater
rotational symmetry, pairs of aerodynamic coefficients are related, we will
exp" icltlv indicate suci‘ equivalent sets in this expansion by the symbols
\\_.!, x Z) and (C s ) which stand for either one of the quantities in-
side. TFur example, since = C and = ~ C , the symbols ({ )

R4 CY Zop’ YB Za
and (CI P C,z ) will be used to stand for either one of the two equivalent
o
quantities in the parentheses. With this in mind the transverse force and
moment# acting on a symmetric missile may be written ass ’

1 2 . I
Y+ iZ = (x) oVS ( ,C)"'l( )(C y = GC )] (B + ia)
3/ P [Yﬁ ’2*5 pa Zo ¢

ot ' T - (q + ir)f
+ )\C s Cp ) = i(Cy , - C D =
[ Tog' % Oy, _l (6L)

r

+ '(Cvé, CZ,) - i(%)(c’{ 5= Gy, ; )] (B + :uz)
Q.. “pa . p
p( ¢ -4 o y| 4+ i)
B, 00y ) - oy, Z;l):l _TT_L .

\Y

¥* In Figure 1}which is based on Figure 2 of Reference 17, the various
forces, moments, angles, and angular velocities are shown.
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. 1, .2 o .
M+ iN = (-2-) oV S[{E%) _(Cmpa, Cnpa)-l(Cma, - CnB)] (B + ia)

v - ' (g 4 ir)f
. (cmq, Cnr)-l(g—é)((}mpr, - C“pq)] : i)

——

(B0 ., o d-i(c., -c..)
* [_?é ma’ s ms ng

(8 + i&)( (65)

— , . vy g2
I . T (q + ir)g
+ (Cmc'l, Cnﬁ) 1('2‘\7)(Cmpi'" C%(’;) "

vwhere @, B are angles of attack and sideslip in missile~fixed coordinates
g, r are transverse components of angular velocity in the missile-{ixed
coordinates.

In the fixed-plane coordinates the expansion of Y+iZand ¥ + iN would
be exactly that of Egs. (6L - 65) with the tilde superscripts inserted.
If we setdl; = @ in Egs. (15 - 16) and compare with Egs. (64 - 65)

and neglect the small ﬁji, we obtain the following relations for the
1
missile fixed aerodynamic coefficients.
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(- Ky - \:‘QI{R‘A")d2

_ 2 3
- (" KS -y KnyA)d

Gsc, = Hse, -
7 YB 5) Zy

bsco, = -hs o,
r q

(f{)s cYé = (é)s cz; = - Ky PE;

(éi)s Cye = = (g)s cz& - -
. T

.- - (- 3
{g) S CYpa (ﬁ)s Czp,; (- K + KNA?d

'(gi)sc =(§)sc = (Kyw = KoVt
. T Zon o - e

- - s -k,
(gf-)s CYp(.z (g)s Czpp Kpp
lg)sc .-q%)sc e Ky

bsc, --dse, O, = Uy + i)
(gi)q c = (gi)s c
(,ﬁf)s cm. = - ({-2-)3 cn. = Ky b

(g—)sc.-(lg—)sc.h &
(éf)s " ({i)s AR Ky )
({; o *° € s Cnpq - (- Km. . K_H“)d
gy = oy, - om &
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= (- Ky - szm.)dh

et Al oty o e i 4 s e mnmre s st b = .- [
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In order to connect cur ballistic coefficienis to the aerodynamic
coefficients in the fixed plane coordinates we need only esqua‘l:,e\().1
t0 zero in Egs. (15 - 16), insert the tilde superscript in Eqs.
(6l - 65) and compare. Doing this and solving for the ballistic

coefficients,
= - oy - -3 Epog, K, = @ oy =< (?;§>cHls
Kg = () (§§)°§ - @ (ﬁé)czq Ky = - () (%{éi)cﬁ; -- @) (i-éf)cﬁ;
Ky = - (%;)(%)é% - - <§>(-§§>c§1 Ky = ) <§§2-)c;n—. = - @) (%ﬁf)cgé
Ky = - &) (iﬁ)cg. = @) <§§3>c§. Ky = - ) E 1;+)C~° =- @ (%Bmﬁé
K= - @ <§§)o§: - (-§>c~ Kp = - (&)(f}cﬁpﬁ; - @ (igf)cgpa(é?)
. _@%v - 3 (;é)cf« o = - @ <-*'{3)c~ - (%,)(%3%
= - ‘5’%"0”- ‘gﬂ-ﬁ/-z')" s -- & -éxg,. ;" <g> (-Z-)c~ .

A" &?‘;‘g")"fp& - <f3<;l§->°'z; : Kypa = - kE) (§§-xc~ .= (Is> (-{im .

Finally we combine Eqs. (66) and (67) to obtain the relations between
the two different sets of aerodynamic coefficients.¢

L4

¥ The suggested aeroballistic C,.'s of Refs 15 and 16 are the same as
CE'S while the aeroballistic CM"s are the same as Cvﬁ‘s.

#% It is interesting to note that Ref. 15 makes the implicit assumption
that coefficients in missile-fixed and fixed-plane coordinates are
equal,. Since the aeroballistic C,'s and C_'s of that report are
actually in the fixed-plane coordinates, i¥%s results are unaffected.,

2k

PO et = - R - [T PO

ot m—n e o -



A — Aot St o b bt ame o n mhno eyt —

2 ) 2
oy =g + B oy ¢, =Gy - BH? oy .
Yp CYB Yp& mc T, mpp
2 2
C, =Cy = (k)¢ CY ., C. =0Cv + (gé) Cn ,
Y Y Eé prq mq 9 n
c . = MO C a = cNG
YP CYﬁ ma @
Gy = CF. C,. = Cx.
r r
=CY - Cy. C. =Cr + Co ‘
cxpa pa CYB o8 Mp  Ta (68)
C. =G~ + G C  =Cv -Cwm
[ pa e e T4
c ™ =g o c + ™= C'V .
cYpa cYpa "op  "pp

“zp&‘ci“pé

RS

A similar set of relations apply to the % and N components. The only
difference is that those equations with pairs of coefficients on the
right side would have the sign between changed.

At this point we should indicate a third possible choice of coordinate
system for aercdynamic coefficients. This would be a missile-fixed
coordinate system where fixed~plane derivatives are used in {he expansion,
The definitigns for these coordinates could be obtained if (B + i) were
replaced,by § + i + ip(B +ia) in Egs. (6L-65) and 4 + ir were replaced
by § + ir + ip(q + ir} in the same two equations. It can easily be shown
that the resulting ccefficients are equal to the fixed-plane coefficients®
and hence, have a one-to-one correspondence with our generalized ballistic.
K;ts, o

i . A}

SLENDER BODY VAIUES

In Ref. 8 values of all nen-Magnus coefficients of slender bodies with
arbitrary cross-section are given and in Ref. 9 .the results for bodies of
revolution are derived by a simple technijue. Since one of the valuable

features of our generalized ballistic system is its one-to-one correspondence

with the force system which arises from theoretical flow calculations, we

state the results of Hef. 9 in terms of our generalized ballistic coefficients

(11
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#jhs is only true, however, for the small angles where the non-rolliing coordinarbesf.T

are the same as the fixed-plane coordinate. The above definitions actually
correspond to non-rolling derivatives and are.exactly equivalent to our
selection for new ballistic variables,
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Ky =5, VKM=°~BbJ/C\+V 2;
i
A {
] Ks=-sb£‘ KH'SbIJ}z""V(&\"xc) 5
4 A
| K, =v Kp= - v& - X) (69)
B NA, M ¢
A : . A2 A A -2
KSA=-V(§-XC) Km=VE2'v(x "2xcx"'kb) i
‘; where

Sy is area of base in calibers sguared

N . .
X is distance from base to c.m. in calibers
v is volume in calibers cubed

A . ey . .
xc is distance from base to centroid in calibers

k is transverse radius of gyration of a homogeneous model about the
c.m, in calibers

i Eb is transverse radius of gyration of a homogeneous model about the
base in calibers

By use of Eqs. (69) we can estimate all of the coefficients which appear
in the equaticn of-yawing motion for an airship (Eq. 27).

SUMMARY

\

1. The Ballistic Theory of Motion has been extended to include all linear
terms arising from the linear and angular acceleration of the missile,

2. The Aerodynamic Theory of Motion has been extended and the original
inconsistencies have been corrected.

I 1

3. A unique correspondence between ballistic and aerodynamic coefficients ‘ j
has been made and the differences between force expansions for symmetric
missiles in missile-fixed and fixed-plane coordinates have been obtained.

L. Important results of this anmalysis are a better interpretation of free
flight measurements and an oppartunity to compare theoretical computations
of coefficients with free flight values.

|
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APPENDIX A

Expansion of Transverse Force and Moment
For Missile With Only Mirror Symmetry

The usuai linear force assumption for a missile with no specified symme-
try is the assumption that in missile-fixed coordinates the aerodynamic force
and moment are linear functions of

These components are then replaced by combinations of A, A, u and y, and the
assumption of trigonal or greater rotational symmetry requlres that the coef-
ficients of A and i vanish. This plus mirror symmetry provides us with the
simple definitions given by Eqs. (1 - L4). (See Refs. 1, 2, L.)

In this appendix we will obtain the vector expansion of the éeneralized
transverse force and moment for a missile posse351ng only mirror 3{mmetry.

This means that we will have terms in X, w, A' - 1L = X and ! - 1 R
%1

This necessity for stating our expansion with respect to the missile-fixed
coordinates, however, does not conflict with our preference for taking deriva-
tives in the non—rolllng system. We will consider in detail the yaw term in
the expansion of the transverse force and apply our restlts to the genenal ’
expansion of both force and moment.*

The contribution of the yaw to the dimensionless transverse force can be
written in the following form in missile-fixed coordinates:

f2m + ime = bo + blxm + bzkm - (A1)

where bo, bi, b2 are complex functions of Mach number, axial spin, missile
shape znd fluid properties.

In order to obtain the dependence of~ these coefficients o1 spin, we con-
sider the implications of mirror symmetry.  If we locate the 1-2 plane in
the plane of mirror symmetry, then a missile possessing mirror symmetry will
be invariant under a reversal of the 3 axis. Hence the functional dependence
of the force and moment on the dynamic variables measured in the new coordi-

nate system will be the same. Therefore f2* + if3* are measured in the

transformed coordinate system

fom + 1f3% = by (V¥) + by (V)NK 4 b, (v¥)RE (A2)

The reasoning for the non-geperalized force system is given inc detail in
Ref. k.
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But we know that
) . _ _
Lom + Afgp = fop = iy = fap + 1f3y (3)
INEEREN
n n

V*"--V

"o ba(= V) # ba(= ¥) A+ by(= V)N
0 1 m 2 m (L)

= bo(v) + by(VIA, + bz(v)Xm
or
EO(V) = bo(- V)
El(v) = b, (- v)
by(V) = by(~ v)

Thus we see that the real parts of bO’ bl’ and b2 are even functions of

v and the imaginary parts are’odd functions of v. With this in mind
we can make the following definition:

. . A AN
fom * ime = (-KNO + 1vKF0) + (-KN + 1va9Am + (-KN + iyKF)km (AS)

where all the Ki's are even functions of v.

We now obtain the vector form of Eq. (A5). If 6 is the angle between
the 2-axis in the missile-fixed systen and an arbitrary 2-axis,*

. ie
£, ¢ 1f3 = (fop *+ 1f3m) e (46)
" i
A Xme
T _ 5 ~i6
A= Xme
S £, 4 if. = (<K, + ivK, )e'® 4 (=K, + 1vK)A
ettt N, Fy N 124
N A =
+ (=Ky + ivKF)Xe‘?ie (A7)

¥since the missile-fixed 2 axis is in the plane -of mirror symmetry, 6
is angle between this plane and the arbitrary 2 axis.
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From this discussion we can make these observations:

(1) sSince 1 and A transform similarly under reversal of the 3
axis, the coefficient of 1, which is the constant term, and the coef-
ficient of A have the same mirror symmetry properties.

(2) Since a variable and its conjugate transform alike under the
mirror transformation, their coefficients have the same properties.

(3) 1In the vector expansion of force or moment, the coefficient of 1

should have an ele factor and the coefficient of a conjugate variable

2ie

should have a e factor.

With these points in mind we can now write the expansion of transverse
aerodynamic force and moment for a .missile pogsessing a .plane of mirror
symmetry.® From an examination of Egs. (15) and (16) it follows thats

2 2
F2 + iF3 (pd uy ) {E ..KN0 + ivKFO)e + {E -KN + ivKF)X

. \ 8
(vKXF + iKS)u + (= Kya + ivKFA)(X' + 11-51 A)

+

+

(Kypy *+ 1K A)(u. + i W 51

A (48)
Ef KN + ivKF)X + (vKXF + iKS)p

+

+

A N . 'Q d N\ A - “d.' -—
(- Ky + VK (F'- i% T+ (VEygy+ 1K) (i -{fl}q u)] eaie}

S 2 |
M2 + 1M3 od3u1 {f- VKT - IKW )e * [ﬁ'VKT - iK )k + (- Kﬁ-ﬁviXT)u

+

d '"1d
(- vK - 1KMA)(X' + i—-— A) + (-KHA + ivKXmA)(u +i——; ui]
1 d
E- VK - iR)T ¢ (K, + ivKM.)p, + (= Yy - Ry V(X - i— X)

+ (" KHA + iVKXTA)(En - ‘J 219} (A9)

vwhere all Ki's are even functions of v. Finally if we want to drop the

condition of mirror symmetry, we need only say that the non-Magnus coefficients
KN’ KS, etc. and the products of Magnus coefficients by v, vKF, VKXF’ ete,

-}

are arbitrary functions of spin.**

*In Ref. 15, all coefficients of conjugates and the Magnus term. K and KTO

are neglected and the resultlng equations of moticn are solved, In the
xxSymbols of Ref. 18, Kyo = =Kyhe and Kyg = -K}%%Ewhere Xéls the asymmetry angle.

In Ref. 19, Hazeltine develops the dynamic theory for a missile with ro-
tational symmetry but lacking mirror symmetry.
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