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On the equations of the theory of plasticity 

V. V. Sokolovsky 
(Moscow) 

Abstract. The present paper deals with the 
formulation of the basic relationship between 
the components of the stress and the velocity 
strain for yield conditions of a general form, 
and does not involve the usual assumption of 
incompressibility of the material. A detailed 
investigation of the equations of plane plastic 
equilibrium is given, and different methods of 
transforming these equations are indicated. A 
comparatively simple method of solving these 
equations in the form of trigonometric series 
is presented. Certain forms of the yield 
condition arc considered, for which the equa¬ 
tions of plane plastic equilibrium have 
particularly simple coefficients. 

1. The basic equations* 

We consider the three dimensional problem and use the 

rectangular coordinates x,y,z. We denote the stress components 

by dx, dy, dz, TyZ, xzx, TXy and the components of the velocity 

strain by ex, ey, Yy2» Yzx> Yxy» the latter being related 

to the velocity components u,v,w by 

= ¿11, 
ax’ SY 

- 8w j. 3v 
yz " ay az’ 

e. = 
ay’ 2y zx 

an + 
az ax* 

e _ = to az» 2y, xy 
¿i + an. 
dx 3y 

Indicate the principal axes of stress and velocity 

strain by the subscripts 1, 2, 3 and denote the principal 

components of stresses and velocity strain by d-|_, c,¿} d^ and 

el» e2» S3» resPectively. 
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The mean normal stress ö and mean rate of extension e 

are defined by 

3d = <JX + dy + dz, 3e = ex + ey + ez 

and the intensities x and y of stress and velocity strain, 

respectively, by 

t2 = ¿[(dy - d,)2 + (d, * d,,)2 + (dX « dy)2]+ Xyz2+ Xzx2+ TXy2 

y2 = ¿[^ey “ ez^2 + (ez “ ex)2 + (ex " ey^2^+ Yyz + Yzx + Yxy ‘ 7 z' 

Following R. V. Mises [l], a general yield condition 

will be introduced in the form 

4>(d,T) = 0 or T = T(d) (1.1) 

and 4» will be taken as the plastic potential; thus one obtains 

the relations 

2Y, 2T, 

at- = af- = à- = = W* = ^ 
^ ^ ^ 

(1.2) 

which have recently been considered by D. Drucker and W. Prager 

[2]. 
The derivatives 94>/9öx, ... ) ^/^xy 111517 bc cxPressed 

in the form 

50 - 1 50 4 °x “ 0 _ - Txv 94> 
a(J “ 3 5d 2t ax» ’ ax" ^ ^ 
uux xy 

* Nuiiibers in square brackets refer to the bibliography at 
the end of the paper. 
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Hence (1.2) gives the equations 

ex - e “ Yyz “ ^ Tyz 

Ey - e = ^(öy - d), 
Y 

Y = T„ 17" 

£z " e T'-z 

ZX X zx 

= î(0z “ Y, =I " 

(1.3) 

>xy X xy 

and for the mean rate of extension one has the equation 

where x is a function of a and x. Since clearly 

W.tt = - dx > 0 
9<V9x > 

(1.4) 

dd 

the mean rate of extension e 2 0. It will be noted that in 

the particular case where (1.1) has the form x = const., equa¬ 

tion (1.4) yields e = 0. 

The problem of plane strain will now be considered in 

detail. The relevant stress components are dx, d^, xXy and 

dz, the components of the velocity strains are e„, e , yxv 
A y Ajr 

and ez. The principal axes 1 and 2 lie in the plane xy while 

the principal axis 3 is parallel to the z axis. 

It is convenient to use, in addition to d and x, the 

quantities s and t defined by 

s = o1 + «2) =|(<)x + y, 

t = i(ö, - ö9) = \/X(d - d)2 + x 2 ; 
2 1 2' y V x y xy ’ 
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similarly, in addition to e and Y> the quantities e and g will 

be used which are defined by (e^ 2 e2^ 

6 = 2(£1 + e2) = 2(ex + ey)f 

g e2) - V^(ex " + YXy 

It is easxly seen on the basis of (1#3) that 

f = i • 
In the case of plane strain, putting ez = Y s Yzx = 

one finds the mean rate of extension and the intensity of the 

velocity strain in the form 

£ = 3Ux + V =f *’ 
-2 = 4e 2 - e 6, + e,‘) + Yw' = 8 2' • 2 - 2 + le2. 

3'cx &x&y ' "y ' ' 'xy ° 3 

It follows from this and equation (1.3) and (1.4) that 

T2 - t2 = 3(d - s)2, s = d + ^ x^» t2 = ^(1 - J X2) 

which, on the basis of (1.1), enable us to write 

<Kd,T) = F(s,t) = 0. 

Note also, the differential relations 

= = e + 3 d¿ 
dd ds 3e 2 de ’ 

which follow from the above expressions. 

In the case of plane stress, assuming cz = TyZ = t:zx = 0, 
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ene finds for the mean normal stress and shear stress intensity 

0 = 3(ax + »y) = f 3» = }(«x2 - <,x0y + ay2) + = ‘2+ ^2- 

Hence, by (1.3) and (1.4), follow the relations 

Y* . g2 = 3(e - e)2, a=|s, *2 = t2+ls2 

which, as a consequence of (1.1), give 

¢(0,t) = F(s,t) - 0. 

The following differential relations should be noted, which 

follow from the preceding expressions: 

♦ lâil 2 ds 

Thus, for plane strain as well as for piano stress the 

general condition of plasticity takes the form 

F(s,t) = 0 or t = t(s) (1.5) 

and (1.2) becomes 

Ev E 2y 
-2L = JL = = Txy 
9F ÕF 9F 9F * 
aax a<,y 90 z ^xy 

(1.6) 

The derivatives 3F/ad , ... , 9F/9r may be expressed in the 

form 

„ 3F = 9F 4. dx ‘ S 9F ÔF _ Txv 9F 
20dx 9s T" 9t» » 9^ “ t 9t* 

Hence (1.6) gives 
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ex - e = f(0X - s)> 

£y ■ e = f(oy ' s*> Yxy = ? Txy 
(1.7) 

ez - e s f(a2 - s) 

and 

(1.8) 

where h is a known function of s and t. Clearly 

and hence 

|h| <1 for eie2 ^ for eiE2 ^ 0# 

It will be noted that the equations (1.7) may be easily 

obtained directly from (1.3). 

The known transformation formulae 

where 9 is the angle between the x axis and the direction of the 

principal stress d, reduce for the stress components to 

(1.9) 

and Tor the components of the velocity strain to 

n 

(1.10) 
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2. investigation of the hvnerbollc equations of the plane. 

The basic equations of the plane theory of plasticity 

will now be investigated by the usual methods. 

Introducing into the equilibrium equations 

9<jv « 

oy 

the expressions (1.9)» one finds 

+ Ü = 0 
ax ay 

£s + cos 2<p + Sin 29 ^ " 2t(sin 2<p - cos 2<p C 
ox ox ay 

í¿ + sin 2ç ât - cos 2Ç £ ♦ 2t(cos 2, f + sin 29 = 
Qy ÕX Oj 

Substituting in (1.10) the expressions 

_ au, _ 
ex " ax’ ey ay 2Txy = S + i xy ox 8y 

one has 

(2.2) 
2 sin 29 Ü - <h + cos 2<,,)(ta + = ° 

2 sin 29 |2 - (h - cos 29)(¾ + = 0 

The differential equations of the characteristics of the 

deduced system of equations (2.1) and (2.2) have the form 

d<p + ■ d In t = 0, 
2h 

- / 2 
dy - sin 2q + vl - h 
dx cos ¿¡9 - n 

dv - sin 2cp A 9+ - 
du ” cos 2<p + h 

(2.3) 

Hence it is clear that the basic system of equations belongs to 

the hyperbolic or the elliptic type depending on whether 
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|h| < 1 or |h| > 1. 

The equations of the characteristics will now be studied 

for the case |h| <1, i.e., when the basic system of equations 

is hyperbolic. Introduce the new variable defined by 

JÜ = - h = cos 2Ü), 
ds 

and the new function \ 

2dX = Jl - h2 = sin 2-1. =1^2* d te (2.4 

For plane strain in the particular case t = k, one has 

obviously . i 
t = k, h = 0, ^ = 4 n, 

whence apart from an arbitrary constant, has the form 

\ - s 

x - 5E * 

For plane stress, in the same case t = k, one has 

¿ + t2 = k2, h = ~ = - cos 2\|j 

whence follows 

s = Ml - ^k cos 2\b — , 

/l + 3h2 /l + 3 cos22\J» 

t = 
/l + 3h¿ /l + 3 cos22iJ) 

and hence apart from an arbitrary constant, may be written 

+ h 

3/2 
= - artan(cotJ4))» X = - artan 
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Here and later on artan refers to its principal value, lying 

between -n/2 and +n/2. 

The characteristics of the system of equations (2,1) and 

(2,2) fomtwo families and they arc determined by the equations 

fj r \0!>) - 9 = const, ^ =tan(9 - i|>), -tan(9 - ^), (2. 

Ç - \(\J)) + 9 = const, =tan(9 + iji), ¿U = -tan(9 + ^). (2,6; 

It is clear that the characteristics are inclined to the 

X axis by an angle 9 + the angle 2i|> between the characteris¬ 

tics in the plane x,y will, in general, differ from point to 

point. Since for each family 

& dv = _ n 
dx du 

the characteristics in the plane x,y are orthogonal to the 

corresponding characteristics in the plane u,v. 

Using different variables, the equations for the 

characteristics may be obtained in a more convenient form. 

Instead of x and y, introduce the coordinates 

X = —1— [x sin(9 + ij>) - y cos ( 9 + \1>) ], 
sin 2\J) 

y = —1*- [y cos(9 - 40 - x sin(9 - 4)) ], 
J sin 241 

and instead of the velocity components u and v the components 

u = ¿7-7 [u cos( 9 - 41) + v sin( 9 - 41) I? 
sin 24) 

v = [u cos( 9 + 4)) + v sin( 9 + 4))3. 

v
n
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Further, the nev; variables X, Y, U, V will be used which are 

defined by 

X/x = Y/y = y(t/k)sin 2\|i, U/u = V/v = \/(t/k)sin 2\1», 

where k is an arbitrary constant which has the dimension of a 

stress and which is chosen beforehand. 

Performing the above transformation and introducing 

the function 

pm = HÄ ’ 

we write the equations of the characteristics (2,5) and (2.6) 

in the form 

fj = \(^) _ cp = const, dY + XPdk = 0, dll = VPdX, (2.7) 

!• = \(tj)) + <p = const, DX + YPdX = 0, dV = UPdX. (2.8) 

From these equations one deduces readily the so-called canónica, 

systems of equations for the coordinates 

8I + EX = 0, ¿äUfY=0 <2*« 
5Ç 2 at) ¿ 

and the velocities 

au _ p V av - £ u. (2,10) 
ac " 2 ’ 9q 2 

There also exist particular solutions, corresponding to 

the variables Ç and q, vihich may be called integrals of the 

equations of plasticity. 

If Ç JÍ const, n = n0 = const, then q = \ - 9 = Ho and 

hence X and 9 are constant along the family of characteristics 

(2,8). Thus (2.8) gives 
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dX = 0, dV = 0. 

It is clear that X and V arc arbitrary functions of Ç : 

X - <p = ri0, X = X(0, V = V(0, (2.11) 

and the family of characteristics (2,8) consists of straight 

lines I; = const. 

The family of characteristics (2,7) in the plane xy and 

the quantity U are found by integrating the equations 
« 

If+ !x'°* iHv- 
If Ç = Ç0 = const, n t const, then Ç = X + = and 

hence along the family of characteristics (2,7) X. and 9 are 

constant. Therefore (2,7) gives 

dY = 0, dü = 0. 

Thus Y and V arc arbitrary functions of 

X ^ 9 = Ç0, Y = Y(t|), U = U(t)) (2.12) 

and the family of characteristics (2,7) in the plane x,y con¬ 

sists of straight lines q = const. The family of character¬ 

istics (2,8) and the quantity V are found by integration of 

the equations 
■& + £y = o, -jr = ?u. 
at] 2 dr\ 2 

Finally, if ^ = Ç0 = const, const, then 

ij) = and 9 = 90 are identical constants. In the plane x,y, 

the families of characteristics (2,7) and (2,8) represent two 
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systems of parallel straight lines 

Y = const, X = const, 

and U, V are arbitrary functions of Y and X 

U = U(Y), V = V(X). 

For plane strain, in the particular case x = k = const, 

one has t 
t = k, ^ ) P - 1 

and the preceding equations are greatly simplified* 

It will be noted that by replacing the velocity com¬ 

ponents u and V by the coordinates y and x and the components 

U and V by the coordinates Y and X^all the equations in terms of 

velocity components are transformed into the corresponding 

equations in terms of the coordinates* 

3. Transformation of the equations of the hyperbolic and 

elliptic types. 

Another method of transforming the equations of the 

characteristics will now be considered which applies when 

I h| < 1 and |h| > 1, l.e*, when the basic system is hyperbolic 

or elliptic. In the particular case x = k, this method was 

used by the author in his book [3]* 

Instead of the coordinates x and y, introduce the 

coordinates 

x = x cos cp + y sin cp, y = y cos 9 - x sin 9 

and instead of the components u and v the components 
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u = u cos cp + V sin 9, v = v cos 9 - u sin 9. 

Further, use will be made of the new variables X, Y and U, V, 

defined by 

where k is an arbitrary constant, having the dimension of a 

stress. 

The differential equations of the characteristics (2,3) 

take now the form 

r\ 

L-T-h exp (- JUjlIMU = 0 
1 + h . h dV + 
1 + h J h 

First, the transformation of the equations of the 

characteristics will be investigated for the case when |h| < 1 

and dY/dX, dV/dU, d9/dt are real. For this purpose functions 

L and \ will be introduced which are defined by 

The equations of the characteristics may then be rewritten 

T) = \ - 9 = const, dX + LdY = 0, dV - LdU = 0, (3.1) 

Ç = \ + 9 = const, dX - LdY = 0, dV + LdU = 0. (3.2) 

The canonical systems of equations for the coordinates and for 

the velocities are now easily deduced; 
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ax _ r ÔY ÔX = L 
aç " “ a^ an an 

M = L 32, |v = . L |2. 
aç dC an 9n 

(3.3) 

(3M 

Reverting in these equations from the variables Ç and 

T) to the earlier variables X and 9, one finds the systems of 

equations 

ax r öy dx - t 2X n ¢) 
8? ' - L 9X’ aK - - 11 *5' (3,5) 

M - T 3U 9V - L Ü2 . 
d9 " L ax* ax 89 

(3.6) 

It is also not difficult to obtain the particular 

solutions, corresponding to constant Ç and n which have already 

been found above in a different form* 

For plane strain, when x = k, it is obvious that 

t = k, h = 0, and hence L and X arc given by 

L = exp(2X), ^ = 2k 

where the latter is only determined apart from a constant. 

For plane stress, when x = k, one has 

¿L. + t2 = k2, h = 

whence 

s = m_, 
/l + 3b2 

t = 
)Jl + 3h¿ 

The functions L and X have now the form 

L = ft' exp[ Vi artan( /3h)], X = - artan W3 

3/2 
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where the expression for X is exact apart from a constant. 

Eliminating h, one finds 

L =(tan|\| )*^exp artan( J- " ^ )« 
1 + (tan X)2/3. 

As before, artan refers here to its principal value lying 

between -x/2 and +n/2. 

Next, a new method will be demonstrated of transforming 

the equations (3.5) for the coordinates and the equations (3.6) 

for the velocities* For the sake of definiteness, attention 

will be concentrated on the equations for the coordinates, 

since the equations for the velocities are quite analogous. 

Introduce the new variables 

by use of which (3*5) takes the form 

(3.7) 

where 

The first order system of equations (3.7) may be 

reduced to a single second order equation. Eliminating B or 

A, one finds 

¿4 - ¿a = Aa 3¾ = Bb 
2 2 ’ 2 2 

9\ 99 9\ ôç 

where the coefficients a and b are given by 

(3.8) 
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a = P2-& b = p2+& 

16 

Now, the transformation of the equations of the 

characteristics will be considered for the case where 

|h| >1 and dY/dX, dV/dU, d<p/dt are imaginary. For this 

purpose introduce the functions M and n _ 

H = /h-ri exp(- h 
¿V- -..)11. 

2h 
b - 1 d In t. 

Then the equations of the characteristics assume the form 

q = ip - 9 = r^nst, dX + iMdY = 0, dV - iMdU = 0, (3.9) 

Ç = ip + 9 = const, dX - iMdY = 0, dV + iMdU = 0. (3.10) 

The canonical system of the equations for the coordinates is 

now easily found: 

S5-»SÍ-»- (3.11) 

Similarly one has for the velocities 

9V au _ n ev . au _ n 
7T - 1M 7? - °> si + 1M ã; - °- (3.12) aç ” ac an ' ^ 

Reverting in these equations from the variables Ç and 

q to the variables p, and 9, using the formulae 

0 ox ax , ax p ax _ ax , , ax 
+ 27r = ““iã;:» “2ïïïï■'ã^ + iã^»••• a^ a9 ïïq a9 ap1 

and separating real and imaginary parts, one obtains the follow¬ 

ing canonical systems of equations for the coordinates and 

velocities: 
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ax = 
aç ■ 

av _ 
a<? “ 

Ôn 3ç 

av 
d(i “ M a<p* 

(3.13) 

(3.14) 

For plane stress, in the particular case t = k, one 

has again the earlier relations 

The functions M and p have the form 

M = exp[ /} artan( V^h)], x artanh 
»h + 1 

(M ..--1) 
h + 1 

3/2' 

v/here x = sign h and the last expression is exact apart from 

a constant term. Eliminating h one finds 

2/3 .., 
MX = (tanh|ji| i^exp |"\/3 artan( V5 J¿.)-) L 

L 2/^ J 
1 - (tanh p.) 

As before, artan refers to its principal value. 

Returning now to the equations (3.13) for the coordi¬ 

nates or (3.14) for the velocities, another method of trans¬ 

formation will be shown. For example, consider the equations 

for the coordinates. Introduce the new variables 

as a result of which (3.13) becomes 

õA+i® = .nA 9B _ SA = 
ö|i 9cp ’ 9|i 99 

(3.15) 

where 
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Q = 11 .k H =_1_( i + —1 - íüi), 
^ 2 7h2 - 1 2 /h - 1 ^ 

The first order system of equations (3*15) may be 

reduced to a single second order equation. Eliminating A 

B, one finds 

where 

¿A + = Aa, 
a92 

a = Q2 - dfi, 
w d^* 

O + O - Bb 

b = Q2 + ¿SI. H dn 

or 

(3.16) 

In the preceding study other substitutions could have 

been used. For example, it is convenient to introduce a func¬ 

tion u defined by [3] 

h = SSL“, 

Si 
5 
£ X corresponds 

to |h| <1, while 0^u<^x, £ n < u ¿ n refer to 

|h| >1, Alternatively one nay use the function \|» defined by 

h = - cos 2rji or h = + cosh 2\J> depending on whether |h| < 1 or 

|h| >1, Use of these functions make it possible to transform 

the coefficionts of the corresponding equations into a simpler 

form. 

having in mind that the interval 1 n < u < 

Solution of the equations by trigonometric series. 

A method of integration of the above equations will 

now be considered v/hich is based on the application of trigono¬ 

metric series, analogous to the series used by S. A. Chaplygin 

in the theory of plane gas flow. Only the reasoning applying 

to the equations for the coordinates will be given here, since 

the equations for the velocities are quite analogous. 
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First, the equations of the hyperbolic type (3.7) and 

(3«8)) when |h| <1, will be considered and particular solutions 

of these equations for different integral values of n will be 

sought in the form 

A = An(\)cos(n<? + Yn), B = Bn(\)sin(n9 + Yn), (4.1) 

whore Yn are constants and A^, depend only on X, Substitut¬ 

ing from (4.1) in (3.7), one obtain.» 

dAn dB 
dT + PAn = - nBn, - PBn = ni,,, (4.2) 

while substitution in (3.8) gives 

p 2 
d An o dB 
-jT = An(a - n ), Bn(b - nP). (4.3) 

It is now easy to construct the solution with period 

2k in the form of trigonometric series 

A- oo 

A + n=l An(X)cos(n',’+ V> 

B = B0 + 2 B (X)sin(n<p + Y,). (4.4) 
n=l 11 n 

It will be noted that the terms of both series satisfy equa¬ 

tions (3.7) and (3.8) for any n. Hence it is not difficult to 

deduce different solutions of the equations of plasticity. 

The preceding equations, for plane strain, when t; = k, 

were obtained by the author in his book [3]. 

Next consider the equations of the elliptic type (3.15) 

and (3.16) corresponding to |h| > 1, and, as before, look for 
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particular solutions of these equations in the form 

A = An(|i)cos(n<p + Yn)» ¿ = Bn(^)sin(n<p + Yn) (^5) 

where Yn are constants and Ajj, Bn are functions of |i only* 

Introducing (4.5) in (3*15)» one finds 

dA, 
gpü + QA» = - nV ÿ dH“ - «Bn = * (4.6) 

while (3»16) gives 

d2A 2 
—= An(a + n ), 
d|i 

d2B. 

d|i 
r = Bn(b + n2). (4.7) 

Solutions with period 2nmay now be easily constructed 

in the form 

A œ 
-2+ Z Acídeos(nq> + Yn)i 
Jit n=l n 

A = 0 

CD 
B = B v'ÍÍ + Z B (|i)sin(n9 + Yn)* (4.8) 

n=l n r ' ' ’n 

Since the terms in both series satisfy (3*15) and (3*16), 

different particular solutions of the equations of plasticity 

are easily found. 

Finally it will be noted that the difficulty of solving 

the equations (3.8), (4.3) or (3»16), (4.7), studied above, 

depends on 'die form of their coefficients. Hence, the question 

as to which of the conditions (1.5) corresponds to the simpler 

form of tho functions: a(\) and b(\) or a(p.) and b(p-), has a 

definite meaning. This question, in the case of a(\) and b(\) 

entering into tho equations (3.8) and (4.3), is resolved by 
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integrating the equations 

= 2^(1 - = 

(4.9) 

while for a(n) and b(ii) in (3«16) and (3»17) one has to 

integrate the equations 

s/h2 - kq/h2 - 1 - 1), á (B.Jt =. 
dn 

(4.10) 

Equations (4,9) and (4.10) may be simplified. This 

will only be done here for equation (4.9), since (4.10) is 

quite analogous. 

If a(X) is given, one may introduce the new variables 

a=-P. a = a + /1 - h 
al ^ 2 1 /1 + h 

which satisfy the Riccati equations 

da. 

cTT 
+ = a, 

da2 
+ a. = a - 1. (4.11) 

After determining and a2» the functions s = s(\) and 

t = t(\) which give the condition (1.5) in parametric form, 

are easily found from the equations 

d t = ( a - l)dX. ds = t(a + l)d\, a = a. - a1. (4.12) 
a a ¿ j- 

If b(X) is known, then one must take as new variables 
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?! = p. p2 = ?! - 

which likewise satisfy the Riccati equations 

(4,13) 

After obtaining and ß2, the functions s = s(\) and t = t(\), 

giving (1.5) in parametric fornij are easily found from 

d -in t = (ß - jfJdX, -ds = t(ß + l)d\, ß = ß2 - ß1. (4.14) 

It will be noted that replacement of b, ß and -s by a} ex and +s 

in equations (4.13) and (4.14) leads to (4.n) and (4.12). 

Now, examples of the functions a(\) and b(X) will be 

given which correspond to the simplest forms of the equations 

(3.8). As first example one may take a = const, or b = const, 

when one of the equations (3.8) reduces to the telegraph form. 

If a = const, the unknown functions and a2 are 

determined in closed form. The first and second Riccati equa¬ 

tions (4.11) have such solutions; 

for a = + c2 

^ = 0 coth [c(\ - >^)], 

^Vc2 - 1 coth [/c2 - i(X - \2)] (c > 1) 

for a = - c2 

al = c cot [c(\ - 
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where X1, Xg are arbitrary constants and c > 0. 

For c 0 and c —> 1 

u = t ^ ^ and a. = -—~_ 
1 ^ - Xx 2 X - X2’ 

while for |X^|--^aDand IX^I—^œ 

r* 

0^=10 and a2 = + \¡c2 - 1. 

If b - constj then and ß2 are determined by formulae 

following from the preceding expressions by replacing a and a 

by b and ß. 

Substituting a1 and a2 in (4.12) or ßx and in (4.14) 

£.nd finding the integrals, one obtains the classes of functions 

s = s(X) and t = t(X) which determine the condition (1*5) in 

parametric form. 

In the simplest particular case where 

' “l = a2 = cot ^o' c = SisV’ 
0 

equations (4.12) take the form 

d in t = 2 cot 2fdX, ds = 2t d\ 
0 1 sin 2\b To 

Solving these equations, one obtains t = k exp(2X cot 2t1» ), 

and at the same time the condition of plasticity 

t = k + s ecs 2^)0 

involving the constants t|)0 and k which was proposed by 

C, Coulomb. 
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b = n(n - 1)\ , where n is an integer) when one of the 

equations (3.8) reduces to an integrable form. 

If a = n(n - 1)\ , the functions and «2 likewise 

are determined in closed form. The first Riccati equation 

(4,11) has the solution 

n(VA-i ) ♦ n - 1 
ai  --—õ- 

X[(XA1)2n'1 - 1] 

which involves an arbitrary constant and the second Riccati 

equation (4,11) by help of the substitution 

taKes the form 

z 

(1 - 2n)$j + ¿ = - T1, N = 

and it will have a solution in quadratures, likewise containing 

an arbitrary constant \2. For n = 0 and n = 1 one finds 

ai= X - \ 
-» a2 = cot(\ - Xg) 

and for 

als 
„2 

If b - n(n • 1)X , tho functions and ß2 arc given 

by the formulae, following from the preceding ones by replacing 

a and a by b and ß. 

Substituting a1 and a2 in (4.12) or ßx and ß2 in (4.14) 

and finding tho integrals, on^ determines the classes of func¬ 

tions s = s(\) and t = t(X), giving (1.5) in parametric form. 
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In the simplest particular case, when = 0, a2 = cot X, 

equations (4.12) become 

d In t = 2 cot 2\d\y ds = dX* 

Solving these equations, one finds t = k sin 2X and at the 

same time the condition of plasticity 

8 « & 

t = k sin(—i—2) 
k 

involving the constants s0 and k which has already been con¬ 

sidered earlier by the author [3]* 

The above examples determine sufficiently wide the 

classes of conditions of plasticity (1*5) which may be used 

for the solution of different problems. 
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