ASSIFIED

. o

186

rmed Services Technical Information Agency

Reproduced by

DOCUMENT SERVICE CENTER |
KNOTT BUILDING, DAYTON, 2, 0HIO ,

This document is the property of the United States Government. I' .s furnished for the du-
ration of the contract and shall be returned when no longer required, or uponrecall by ASTIA
to the following address: Armed Services Technical Information Agency,
Document Service Center, Knott Building, Dayton 2, Ohio,

NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHER DATA
ARE USED FOR ANY PURPOSE OTHER THAN IN CONNECTION WITH A DEFINITELY RELATED
GOVERNMENT PROCUREMENT OPERATION, THE U. S. GOVERNMENT THEREBY INCURS
NO RESPONSIBILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE
GOVERNMENT MAY HAVE FORMULATED, FURNISHED, OR IN ANY WAY SUPPLIED THE
SAID DRAWINGS, SPECIFICATIONS, OR OTHER DATA IS NOT TO BE REGARDED BY
IMPLICATION OR OTHERWISE AS IN ANY MANNER LICENSING THE HOLDER OR ANY OTHER
PERSON OR CORPORATION, OR CONVEYING ANY RIGHTS OR PERMISSION TO MANUFACTURE,
USE OR SELL ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THERETO.

UNCLASSIFIED '




e

EA :@*Cf,"i'i M E

o

MORAN

. -
2L e i

. | RE

¥~ s i

# h . A

Vo

iy




U. S AIR FORCE

PROJECT RAND

RESEARCH MEMORANDUM

/

ON MULTI-STAGE GAMES WITH IMPRECISE PAYOFF

Richard Bellman

RM-1337

g September 1954

Assigned to k ey . S

Wq;{‘\ {?v?’ \

ot
This is a working paper. It may be expanded, modified, ¢ with-
drawn at any time. The views, conclusions, and recommendctions
expressed herein do not necessarily reflect the official views or
policies of the United States Air Force.

"

The DﬂnD&W

1700 MAIN ST, « SANTA MONICA « CALIFORNIA




Summary: It is shown that under certain
naEura¥ conditions the play of a multi-stage
game is to a great extent indeperdent of

the payoff function.

ON MULTI-STAGE GAMES WITH IMPRECISE PAYOFF
Richard Bellman

8§1. Introduction

There 1s a large class of situations of economic and mili-—
tary slgnificance which can be conslidered to be multi-stage games.
In many of these situations, the payoff function 1s easily deter-—
mined; in others, 1t 1s a matter of difficulty to determine
a sultable criterion.
The purpose of thls note 1s to show, in a heuristic fashion,
that in many cases the optimal play 18 independent of the preclse
form of the payoff, provided only that this payoff possesses cer— !
tain intuitive properties.

§2. Description of the Multi-stage Game

Let us consider a zero—sum multi-stage game where each play
1s determined by the game matrix A = (aij)' Let initially the
first player possess a quantity x of resources and the second
player a quantity y. Since the game 1s zero sum, the state of
the game at any time 1s described by x.

Defining a suitable criterion function, let f(x) represent

the value of the game to the first player.
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Then, f(x) satisfies the functicnal equation -
f(x) = Min Max E Pya; f (x + aig)
Qq p s
(2.1)

= Max Min ? pqu f(x + aiJ)
P q »

(see [1], [3]). The quantities py; and qy will, in general,

depend upon x.

§3. Assumptions Concerning f(x)
Let us now assume that x and y are large compared to aij'
In other words, the state of the system 1s only slightly disturbed
by any one play of the game. Furthermore, let us assume that the
value of the matrix A 1s zero, which 1s to say, it is on the aver—
age a falr game. Otherwlse, the play 1s relatively trivial.
Finally, we assume that it pays to start with a larger ini-

tial resource. Then

£1(x) >0 (3.1)

§4. Heuristic Conclusion

Under these assumptions, we wish to show plausibly but not
rigorously that the Py and Qg are approximately independent of

x and f(x). This means that, under these assumptions, on each

T«rﬂ
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play the players attempt to maximize the single-stage return, the
ordinary expected value.
Let us write
£(x + aid)‘y f(x) + aiJf'(x) (4.1)
Then, from (2.1),
A~
f(x) = Min Max E P1dy Ce(x) + auf'(x)] (4.2)
q p ’
or
& ~ ; ? '
f(x) = £(x) P;ay + Min Max f£'(x) 84 4P19y (4.3)
’ a P ’
0 whence, since f'(x) ¢ 0,
0 = Min Max a,,pPq
13717
q P ’
(4.%)
o
= Max Min ; a, sP4q
P q ’ 1 J
’5. Nonzero-sum Games
Let us consider a two—person, multli-stage, nonzero-—sum game
where the first and second players have, respectively, the game
matrices
; A = (aij)’ B = (bij) (5'1)




and 1nitially the amounts x and y, respectively.
Let f(x,y) be some criterion function, such as probabillity

of survival, assumed to satisfy the conditions

fx >0, f,<0 (5.2)

and assume that

; aiJPiQJJ g binqu <0 (5'3)

a game of attrition.

Then f(x,y) satisfies the functional equation

Max Min {:_S_ Pyay f(x+aij, y+b1J)], X, ¥y > 0
P (o] ’

Min Max[ s e s J

q p

=1, x>0, y<o (5.4)
= 0, X<O, y>0

£(x,y)

=1/2, x =y =0 (for the sake of completeness)

Assume as above that X and y are large compared to a and b, ..

13 13
Then

f(x+a1J, y+b1J):'f(x,y) + a“fx + bier (5.5)

Sy
e
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Equation (5.4) then yields

=Min Max [ . . . 7]

q p
or

f a, ,PsqQ
—=— ¥ Min Max 2 1717 ] (5.7)

y P q

EZ: bijpiqj

E a, Ps4

Y Max Min 13717 J
p q

EE: bijpiqj

This shows that the single-stage play 1is approximately governed

by the criterion function

Z 24 4P19y
Z by 4P49y

K(p’Q) - (5-8)

That min-max = max—min in (5.7) is a result due to von Neumann.
An elegant short proof based on the usual min-max theorem will
be found in [4].

We thus have a ratlonale for the play of large classes of

two—person nonzero—sum games,
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