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The  purpo»»  of  my  talk  Is   to  dlnouiiB wltd  you   the  ponslbl 11 tl«B 

for »olvlng   Imrgtt  ■oal«  linear prograimnlng prollema.     I «hnll   Hound 

both |n optlmlBtln and a  penulral^tlc  not«.     Th« pefiolmlfltlc  not© 

oono^me  the  ability  of  the problem fonnuletor,  either amateur or 

profeeelonal,   to develop model»  that are  large ticale.    The pesol — 

raletlo not» also nonosm»  the  Inability  of  trie  problem eolver to 

compute model» by general  t»chnlqueB wlien  they or*»   large ncule.     If 

thi»   in  »o,   1B not  the great  promlne  thet  ttie   linear progratimiliig 

approach will  aolve  »chedullug and  long   range planning probieme with 

»vibatantial  aavlngs  to the organlzatIOMB adopting theaa :;^tl)Oda  but 

an  lllualon and a «nare?    Ar^e  the  big problemfl going to be  aolved as 

they have always been solved — by a detailed syetem of on-Uie—opot 

somewhat natural  set of priorities  that  resolve »very posHlble 

alternative as it arlBes? 

Let us conilder  a mod«Bt  planner who  la  eonfemed with   the 

eypnnBiun  of  motor production — let un   say  a  special  type  motor 

that   require»  a special   type  of  »t«**l  and must u»e  tool»  fabricated 

i  »teal  and   tne   toola  which   lubrioat©  ibeae   tooln  also  use 

this   Bt»el.     'I'h«   loolii   MiHt   faurlnaLe   ntyol   we  wl i L   call   tafsui 
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capacity,   tho«.   U.M   ftbrltat«   ,ooi. - tool   «at,ucUy.   tM   tuo.« 

thai   fHOrloat.  motora  -motor ca^city,     UM  pUgmw   iti  qultt ^^^ 

Ij.aaufl.  h,   la  wüUn«   to  confiolldat«  nil  of   U.«  multlludinou,. 

actlvm..  UHI   iUm   into   th.a,  Ptmpie   Unn«.     U«   1B   mt.r.aUd   in 

d.v.lopln« a  px^r.n, ovar  two year«   b,   qunrtara,   that m.atB . «p.ol- 

fl.d .oh.dula  of  Known  «ai.a and cr^ataa  thu  iarg.at  atookplla ul' 

MWi  Tor  any   rutur*  a«lwa   that  m.y  d.vlop.     Th,   Ir.ltlal   inv.nto^ 

«mat  .atl.fy   th.  Tollowlng  ^iationn  in d.t.oh.d  ooali iclant   lorn 

for flrat  two  tliw p«rlodut 
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Tht  pattern raiiat   b»   i^päBt.«d  Vor   «Iglt   klHM  p^rlodu.     If  w« 

dmnotm   If 9  upp.r   «id   J,ow»r  blocko  by  A  and  H  r«^p«otlv«l.y,   th»  nod« 1 

has   th«   form 

.« 

(1) I   *   H 

10 x B 

A 

B     A 

I     A 

B     A 

n   A 

B     A 

I     A 

,  *J 

Th«   r««uUlng ayßt«m of  40 «quatlon»   In  00 vnrlaM«» with  th« 

objtotlv«  to MUtaiM ■  ntockpll« of mo tor»  can b«  ■olv«d  In a  h«lf 

hour on a modern  «lactronto  comput«r.     Ut   this plannar now deuld« 

that hi» model   la «nil rely   too coarue and thuL  he must plAn  by 

month«.   fUotlnRulBh   two  type«  of motors  «nd   two  type«  of   ste«l  and 

our  raeultant  eystem becomei»    7  x Pk,     14 x  r'4    or    16M  x  VJo.     At 

this «Ize  the  oomputatlon  would  require  about one week usln,? one  shift 

per day.     From th« viewpoint of  the  computer u.«  planner  Is  no   longer 

modeat.     However,   for thoae of you   U,  the audience who hav«  ever 

engawHl  It,  pr-o^rnnunlng,   u   In  (-ie«r  that  the ao-oalled  "detailed" 
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mod«.l abov« 1a at b«»t. oril;y uaaful an an (^varv-^Ji type of guide, 

but hardly .letalleil In u realist jo eenae. 

Let me cite an example from «nothar ai'ea — t'ne pr-oblem of 

i'OutlnK «argo aircraft.  Let the varlabl«  r^ k  r^preaenl Lhe 

number of aircraft of type U routed between olty I and J. 

Let us distinguish between atx types of aircraft, ten time periods, 

and twenty cltlas.  In addition, consider a.  aeoond sat of variables 

ylji  ^l«!'' 1" the tons of uargo shipped between city 1 «nd J 

on the way to i.  Our equation« become 

(I) 
Alrorafl   In - Aircraft out:  J t%^ J xloU dc-l,. . ./J )(c-l,.. .^Oj 

J 1 

Cargo  in  -  Cargo out i     *Gi  * 1 yc ,k " I yla| + H.j   (H^L. •^•M««3L * «tO) 
J       J 1 

Tonage   Cap.  ^ Tonatfe  Req. :     J  ^j*^  - I f^ (l-l,. . .^0)( J-l;. . .^0) 

Plane  Months  Av*llablei     Z Z ^^ j;,<< -i   " Pi 

A« we  see again  auoh  a  aywtem Involving only a  few cities,   typw 

aircraft,  and uargo destinations ge.ierate easily a syatem in a   .1000 

equations   In   10,000 unknown».     Superficially,   a  very  dlsuuuraglng 

sltustlon. 



♦ Por a  nuniti«r of years  r»Bf»roti has   b«en «olng on,   now ü«nt«i,«d 

at   RAND,   ap«oirically dlrec;t«d  towai-d  t h*  aolutlon  oi'   Imrge  ,'iOftl« 

• yHttme  ftful my   talk   to  you  tod<i>   tu   In  u  natur'*  of  a  pr-oKr'esB  report, 

At   HAND w«   hav« u   Mlnipl^x   jotl«   whli'h  ' on   nut^cetuif ul ly   n")vo  u   fjyrt1,#m 

Of   10() «quulton»   In  any  numl)*r Of  unki uwnn   In  (»bout,  five»  hOUPii      !'y 

iuooeoorul   I  mean   1». 1 en  dune  no on  a  numlier of orcani.jJll  and haa 

produced  uocurnt«  uaulil«   reftultii. 

Theoi'etloally  the  machine  oould  do  ^OO equation.')   but.   It  would 

take ao  Ion«  that,  wlti   niacliltie  faliuren,   rcetnria,  etc..   It  does 

not appear praotlral  to do BO.     We also have a  tpeclal oode  Tor a 

special  type of problem called  the  "machine prouesalr.)// model. 

Mathematloally,   this may  be  described  as  a  slightly gmmrallaed  type 

of   transportation    model.     A   transportatt >n  model  as  developed  by 

Hltohoock and .later Independently by  T.   C.   Koopmuna  la of  ttie  form 

(5) 

I*,., •  a. 

f X1J  "  "J 

I xiJclJ  • Mln 

1-1,'.... ..m 

J-l ,1", . . . ,n 

We can slightly ganarelize  It by   replaolng the  coefficient of 

x. .     In   the  first  equation  by   h^.. 

The  special  RAKD code  wtiloh  only works   for a  particular choice 

of    c-.     oan work  out   solutions  to  a   50ö~aqviat Ion  syatfcm of  this 



typ«  In about an hour. 

fiafilcaJly,   our approach  haa  b«an   to  ntudy a   larga  numbar of 

models aa  thay arlsa   In praytlo«  to discover  If  thay hava any  ohan- 

actarlatl."   that can bt  takan advantnge  of computationally.     When  we 

htVt  developed a  thaoi'etlual approach  wa  often  take a  watarad-down 

voralon of  the  mode]   i,h«t  nan he  aolvad directly by  the general  code 

arid   oompai-e  tils  with   the  new method.     Often   these   now mathods ara 

powerful enough   to  do  by  hand what  cannot  be achieved  by maohlna. 

Of  course,   situations of  thla  sort nra not new.     A transportation 

problem of   the  Hltohcook-KoopmanH  variety  Involving,   say,  a hundred 

rows and columnn  combined or one  Invclvlng  10 rowa and hundreds of 

columns can be nloaly handled by olarks.     Haoently,   Cooper and 

Churn«» and others  have  reported  that  thay were  sucaessful  In  solving 

certain  very   Icrge  system»  by hand method».     All  of this give» en- 

couraKement   to   believe  that  many   large   scale  »ystems will  be 

suooeasfulJy   solved  In  th»   future. 

Except  In highly  speclallxed models of  the  transportation  type 

or others where  unusual  oharaoterletlc»  can  be  takan advantage of, 

greater prog res« will   be made by developing  In  the  flret phase 

oonoolldated  version»  of  the model.     There are  several   reasons  for 

thla.     In  the  first place   thlo effort  reeults  In a model  which  is 

often  v«ry useful  In  UMUI     Secondly,   It  provides an  ejcoellcnt 

dry  run for methodclogy.     In   i word.   It  la better for administrative 

and   tachnlnal   reasons   to keep  tho  model   Initially  small. 
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Innvltfil.ly   tho  Biz©  of modalB  (ioer*  Inoreao«.     I wiul»   to diltWIi 

uume  dövloor.   that  can groutly  rwuuoa   the  amount of  ccnuputatloo.     In 

tha   flrat  placa   thei-a  «ppaar«   to  bm a münbar of   Important  oharaotan- 

lotlco  oorranonly  found   In  practloal  modaln. 

((*)     Matrix  or  coefTlclantB  1B  coi/ipociad of blooke  of  z»voa, 

(b) Within non—zero  blockn mout  el «man tu  ara  tai'O. 

(c) Matrix   it  often  block  triangular. 

(d) Many   vu-lablas  havt  almpla  uppar bounds  or satisfy 

a  Byittam of  aauondary  oonatralnte,   moat  of  wtiloh ara 

non-actlva   In any glvan  problem, 

aiook  triangularity   lo  ona of  tha most promlalng ühax-aotarlstloa 

to axplolt.     UM  baals  In  tha  olmplax method  oonslsts  In a aelauted 

nubaet of  the columna of  the  oo«»fflolenta.     It  Is  aquare,  non- 

alngular matrix which  from .'>ne  cycle  to  the next  la morJlfled  by one 

column,      Ita  Inverse or equivalent   lb needed on each  Iteration.     If 

tha  basis  Is of  thla form  ( 1 ),  and  let  us  suppoae  the diagonal 

nubmatploeB  designated  A   (but not nocaaaarlly   thtf   Name)   are  aquare 

and non~elng\aar.     It  It hua  thla  property  It  will  be  referred  to 

«a  "square  block  triangular.'*    Thla form la   Ideal  because  It  is 

neoeasary  only  to have  the   Inverser, of  tha  diagonal   submatrlceB. 

F-urthermore,   from one  Iteration  to  the next  It  beuomeß  only neoea- 

aary  to modify one of  these  amelliir  InveE^aa^.     Strictly «peaking 

most baaes  taken  from block  trlÄrsguiar aystema  do not  conform to 

thlo   1di«al  situation  but   ar®   very   o lose   to being of   the  required 

form.     in   thl«  case.   It  1^   possible  by   Iranat'onnJng   th«  matrix 

slightly  to get  into  th«   jtfqul red   squar«  blosU   tftilMTliir form. 
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MMH  a  matrU   Is   oompop^d   iftrgoly of  Mrej  trM.re   tho   MPM  ar« 

In   t.o  o^louo  pHtter,.,    It   U   ...fUn  practloal   to  MGIV».   dD-ertly   for 

lilt  prlc.B  a/.d   feUi   r«p^aont«llor,y  »f   UM   ^ctor»  entering  tha   hflrie 

rather  thu,.   In  fiulve   Cor  thetn  by  mounu  of   t,)0   inv(,rHPÜ   of  „ueo,,^,^ 

baaaa.     Iha   trannpot-tutJon modal   1^  a  olunfflortl   cane  where   thla 

approach  httl  paid  ©ff, 

When  many   varlahJaa  hav«   alrnple   upper  houiuin.   It.   1«   M   1,., ,r.„r 

nacauafti«/  to add  OM  more   varxabh»  and  aqu«tlon  foi" aauh  such 

raatralnt.     Inutaad,   Jt   la  poaalhl«  to  nllghtly  modify   the orlfl^al 

almplax aigorltJun and apply   Jt   to  the   ryatem exoludli.K   the  upper 

bomida.     Kaaentlally,   one  rap.ace^ a  variable  by     x - b - x    whara 

b   I«  an  upper bound  for x  vrhanevur   In   the   nimplax  proooan  x   raachae 

It«  upper bound. 

In truiny  pn;blamü   ther-e  ur*   equi. Llona   that may   he  conalderad 

aa  romln« a  aat of aide  oond.Uiona;   for example,   condltlona   thai 

capanlty   of      c«rtaln machlnen  t|  never exceeded or tha  oharactar-- 

latlco of certain  producto;   a.«.,   ita  vlacoalty  1«  within 

apaclfloatlona,  ato.     In moat  probiama  only a  nmall   oubaat  of  thaaa 

"secondary"  conatralnt«  are   illcely   to  be  active.   I.e.,   at   thalr 

erltlcal   value—the  othern  belnR  well   within   opeclfIcatlona  or 

capaMtlea.     In  such   oaae»   it   la   recotrvnended   that   the   1'naar 

programming probJam be  flrct  „olved wiLhcmt  regard   to  tneaa  aacondary 

uonstralnt«.     Then   tha   aystam   In  anl/irged  to   Include   the   aacondary 

constraints and an   initial   ha„i„   iu  obtained  by  augmenting   the 

final  baBl« of  bne   srwUer problem.     'Phis  will   reault   In  a baaln 
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