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The views, conclusions, and recommendations
expressed herein do not necessarily reflect the
official views or policies of tha U. S. Air Force.
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JUMMARY

Unlens techniques are developed Lo solve tnipeclal
claspesn of linear programming problemsa, 1t s Likely that
onl, made'n Anvolving between 100 and QOO equations will
be succeanfully computed by general techniquens now avni e
able, Thie paper discunces the need to compute large
ncale systemn and polnts out some of' the common churacter—

istics of wany practical models whieh pronise to lead to

short cut procedures.
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STATUS OF SOLUTION OF LARGE SCALE
LINEAR PROGRAMMING PRONLEMS

Talk before
Institute of Management Sclencen
Pitteburgh, Pennaylvania
October 22, 1954
by
George 13. Dantzig

The purpose of my talk is to discuss with you the ponsibilitiese
for lolviég large scale linear programning provlems. I snhall sound
both an oﬁtimiltiﬂ and a pessimistic note. The pesoimistic note
goncerns ﬁhu abllity of the problem formulator, either smatceur or
proroluioﬂal, to develop models that are large scale. The possl-

mistic note also concerns the inability of the prob:lem eolver to

compute médcln by general techniques whan they are large ncale. Ir
this 18 8o, 28 not the great promine thet the linsar progranmning
approaoch yill solve schaduling and long range planning problemas with
aubetunti#l savings to the organizations adopting thess :athods but
an 111uni§n and a snare? Are the big problems going to be solved as
they huvoinlwnya heen solved — by a detalled aystem of on—-the-spot
somewhat natural set of priorities that resolve every posnihle
nlternati*- as 1t arinen?

Let us consider a modest planner who is concerned with the
expanaian;or motor produoction — let us say & opeclal type motor
that rmqu%roa & npecial type of steel and must use tools rabricated
frem this stesl and the tools which {abricate these tooln alego use

this steel. Tha tools that fabricate ntoel we will call wsteel
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capacity, those that fabricate tools — tool capacity, and thooe

that fabricate motors - motor capacity. The planner (s qults rmodest
because he is williing to conmolidate all of the multitudinous
activities and items into these eimple terms. He 1s interestaa in
developing a program over two years by quarters, that meets u [ J ol To R =8
fled schedule of liown seles and creates the largest atookplle of
motora for any future sules that may develop. The inltial laventory
must satisfy the Following relations 1in detached coveliiciont form

for first two time periodus,

Activitivs (Llat Periocd) Activities (2ma Perlod)

—a

otors 'm,nl Tool. Prod {Rxcesn lm;orJ Stesl 'Ponl Prod. Bxcess Onp.

y 848 OE
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Variablea : xUT}P s g ‘) 11 -%*ﬂ ’J‘F%T?ﬁxﬂ 10
Inttial Steel
Inventories Cap.w 1 1
Tool
Cap.= AW (v +1
Motor
Cap.=| 41 +1
Steel

Btocke =| =L (1 | At

Motor
Etocke = ) |41 !

I (sl o s 7Y PR NS N & e —
frrafecs = e

=== b =
Inventory 0= -1 -1, -1 1 +
Balance
(2nd Period) O = = -1 Mu vl
On «1 -1 =1 1+1 +1
Q -l <1 a <L L Aty
'd: *: =1 | =1 1+l
] B e ST




-

=)

€

RM--1379,
1213054
S

The pattern must be repested for elght time perlods. If we
denote Lhe upper and lower Llocks by A and B respectively, the model

has the form

10 x 8

e .
B A
B A
(1) s5x8 ¥
B A
D A
D A
B A

5 N

The resulting system of 40 equationa in U0 variarles with the
objective to maximize a stockpile of motors can be solved in a half
hour on a modern electronio computer. Let thia planner now decide
that his model is entirely too coarse and thzt he must plan by
months, distingulsh two typas of motors and wo types of steel and
our resultant system becomes 7 x 24, 14 x 74 op 16k x 336, At
this size the computation would require akLou: one week using one shift
per day. From the viewpoint of the computer the planner is no longer
modest. lowever, for those of you in the audience who have ever

engaged in programming, 1t is clear that the so—oalled "detniled"
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model above 18 at hest only usaful as an over—all type of guilde,
but hardly detailed in a realistic senne.
Let me cite an example from another area — tihis probiem of

routing cargo airoraft. Iet the variable ”1’u repreaent the

number of airoraf't of type k routed between city 1 and J.
Let us distirguish between uix types of atreraft, ten time periods,
and twenty citism. 1In a~dition, conmider u second sst of variables
le‘ whioh {a the tone of cargo shipped between city 1 and

on the way to £. Our equations become

(2)
Airoraft in = Aircraft out: o Jk™ 2 X4 ok (R'L.-qﬁ)(c“ly-yia)
1

Carge in = Cargo out! B g+ 7 Yoy = )y Yiet * Yoy (kﬂL..”?O)(onL..VQO)
J i
Tonage Cap. > Tonage Req.: N g%y g ® 3 Yygs (1=1..,20)(J=1...20)
k 4

Plane Moriths Avallable: 7 J My X4 e ™ Py
Loy

Ay we mee again asuch a aystem invoiving only a few citien, typw
aircoruft, and cargo destinations generate caslly a system in a 1000
equations in 10,000 unknowns. Suparficlally, a very Aiscouraging

situation.



KiM<=1 87"
e

For a number of years research has been going on, now centered
at RAND, mpecifically dlrected toward the solution of' large uoale
pyatems and my talk to you today is in u nature of a progress raport. .
AL RAND we have & simplex code which can muccessfully nolve & system
of 100 equations in any number of unkrowns in about five hours. Iy
successful I mean 1t bes done no on a pumber of occanions and hap
produced accurate usable results,

Teoretically the machine could do 200 aquations but it would
take so long that, witii machine fallures, restarts, etc., 1t does
not appear practical to do ma. We also have a tpecial code for a
special type of problem called the "machine procesning" model,
Mathematioally, this may be described as a slightly generalized typs
of transportation model. A transportation model as developed by

Hitohoock and later independently by T. C. Koopmuns 1s of the form

2 Xyq = 8y 1#1,2,...,m
J
Z
(3) ind"b" Jol. 85000 70
i

7 Xy4044 = Min

We can alightly generalize 1t by replacing the coceffictent of

xiJ in the [ivst equation by RlJ'
The special RAND code whioch only worke forr a particular chelce
of 013 nan work out solutions to a 300-equation system of this
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type in about an hour.

fasically, our approach has bLeen to ntudy a large number of
models as they arise in prastice to diacover if Lhey have any char-
acteristic that can Le taken edvantage of computeticnally, When we
have duveloped a theoreticel approach we often take a wate red—down
vorsion of the model that oan bhe solved direotly by the gensral ocode
and compare this with the new method. Often theme new methods are
powerful enough to do by hand what cannot be achieved by machine.

Of courme, situations of this sort are not new. A tranaportation
problem of the littchcoolk-Koopmans variety involving, nay, a hundred
rows and columne combined or one invelving 18 rows and hundreds of
columns can be nicely handled by olerks. Recently, Cooper and
Charnes and others have reported that they were successful in solving
certaln very leorge systeme Ly hand methods. All of this gives en—
cocuragement to believe that many large scale systems will be
aucocessfully solved in the future.

Except in nighly speclalized models of the transportation type
or others where unrusual oharacteristics oan be taken advantage of,
greater progress will be made by developinrg in the first phase
consolidated versiona of the model. There are several reasons for
this. In the first place thio effort results in a model which in
often very useful in itpell, Secondly, 1t provides an exuellent
dry run for methodelogy. In # word, it is better for adminintrative

Ard technical reasons to keep the model initially small.
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Inavitably the size of models doen increase, I wish to discuss
some devices that can greatly reduce the amount of computation. 1In
the first place there appears to be a number of important charaocter—
lotlcs commonly found in practiocal models.

(s) Matrix of coefficients ip coniponed nf blooke of zeron.
(b) Within non-zero blockn mout elements are zero.
(¢) Matrix is often block triangular.
(a) Many variables have simple upper bounds or satisfy
& syotam of mecondary constraints, most of which are
non-active in any given problem.

Blook triangularity is one of the most promising characterinstios
to exploit. The baeis in the simplax method oconmists in a melscted
subset of the columns of the coeffiolents. It is square, non—
singular matrix which from cne cycle to the next 1s mo2ified by one
column, Its inverse or equivalent is needed on each iteration. If
the basis is of thins form (1), and let us suppose the dlagonal
submatrices designated A (but not necensarily the same) are aquare
and non~aingular, t it has this property it will be referred to
a8 "mquare block triangular.” This form 1s ideal because it 1is
negessary only to have the inversen of the dlagonal submatricen.
Furthermore, from one iteratior to the next it becomesn only neces-
sary to modify one of these smeller inverses. S8triotiv spealiing
most bases taken from block trilergular aystems do not sonform to
this 14eal situstion butl are very clomse to being of the required
form. In this case, it 1o poasible by transforming the matrix

slightly to get into the required aquare hlook triangular form,
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when & matrix is composad largely of zercs where the zeros nre
in no ebvious puttern, it 18 often practicel to soclve directly for
the prices and the representationa of the vectors entering the baris
rather than te nolve for them by means of the inverses of Bucoonslve
bases. The transportation model i a oclannical case where this
approach has puid off.

When many variables have slmple upper bounda, it is no longar
necesuvary to add one more variable and equation for each such
restraint. Instead, i1t 1s possible to slightly modif'y the origiaal
simplex algorithm and apply it to the nystem exoluding the upper
bounds. Eesentially, one rep.acen a variable Ly X ® b — x  whers
b is an upper bound for x whenever i the simplex procese x reaches
its upper bound.

In many problems there are equations that may be considered
an forming « set of side conditiona; for example, conditions that:
capaocity of curtaln machines 15 neve:r exceeded or the chareacter—
lstics cf certain producta; e.g., 1itn visconsity 1s within
specifiocations, etc. In mwost problems only a small subset of these
“mecondary" constraints are llkely to be active, 1.e., at their
oeritical value-~—the others belng well within specifications or
capasities. In asuch cuses it 1is recommended that the linear
programning problem be first solved without regard to these mecondary
conatraints. 'Then the mystem 1o enlarged to inolude the senondary
conatraints and an Initial bania 1a obtained by augmenting the

final basis of the smallerpr preblem. This will result in a basins




AM--} %
101000y
=t e

in whioh not ala varlables ansooilnted with the recondary constra‘ints
are ponitive, However, 1n thia form the dual dimplex procedure ol
Lankea may be enployed. Often in practical caneg only a few 1ter—
ations nre needed to ¢lean up thae nngntive variablen and obtain an
optimum nolution,

Detaile of the three procedures outlined above nay be found
1n RAND"™Notew on Linearp Programning: papt, ViR, IX. T .~ Upper
Bounds, 3evondary Conutrutntu, and Blook Triangulurity in Linear

Prograuming," dated & October 1954,




