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SUMMARY

This papér presents the results of a series
of experiments on the traveling-salesman problem,
The purpose of these experiments was to investigate
th§ efficiency of the linear-programming technique
in solving this type of problem.
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SOME EXPERIMENTS ON THE TRAVELING-SALESMAN PROBLEM

by
J. T. Robacker

1. INTRODUCTION AND DISCUSSION OF RESULTS

s\*

RM-1521

7—28—?5

During the early part of 1954, Dantzig, Fulkerson, and

Johnson formulated a linear-programming technique for the

solution of the traveling-—salesman problem [1]. The methods

employed by these authors quickly generated optimal tours

when a good tour was known. The question naturally arose

concerning the efficiency of the technique when a random

tour was chosen as the starting point. Dr. I, Heller con-—

Jectured that it might be efficient and proposed that experi-—

ments be made as one means tc investigate this question and

to gain a greater degree of insight into the dynamics of the

technique itself,

A series of 10 nine—city traveling—salesman problems

was considered. In each case the distances between cities

were chosen from a table of two-digit random numbers.

starting tour was then chosen to be in the order of the

The

natural numbers {with the cities numbered 1 through 9 at

the outset). In the last problem, the technique was applied

first to find the maximal tour and then to proceed from 1t

to the minimal tour.
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Tables 1 to 10 are the distance tables for the 10
problems. An element aij(aij = aJi) in the distance table
representes the distance from the i—th city to the J—th city.
It 1s to be noted that since these distances were chosen
from a table of random numbers, they cannot be construed
necessarily to represent straight—line distances in Euclidean
space. At the foot of each distance table is a table listing
the tours obtained at the end of each iteration* (the last
entry being the optimal tour). Table 11 lists the tours
obtained by starting with the maximal tour associated with
Table 10 and proceeding to the minimal tour.

o o AT

The largest number of iterations needed was 8ix, while
the average was only & little under four. The average *ime
to work one of the problems was about > hours. Since for
a nine—city problem there are gi » 20,160 possible tours,
it is apparent that the simplex method which was employed
was extremely efficient. In addition, it is noteworthy that
the only secondary constraints introduced in the solution of
these problems were upper bounds. .

In connection with these experiments, A. W. Boldyreff

suggested an approximation procedure, the merit of which

#One iteration 1s defined to be the process of going from
one tour to another tour of the same or shortar length,
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lies in its inherent simplicity and in the rapidity with
which 1t may be applied. An application of this approximation
method to the 49—city problem of [1] gawe a tour of 851 units
as compared with the optimal of 699 units, an error of 21%.

2. BRIEF REVIEW OF THE TECHNIQUE OF SOLUTION

The mathematical technique found in [1] will briefly
be reviewed here, and will then be illustrated by way of an
example.

The factors LI referred to as "potentials,"™ are com—

puted from the formula
(1) AT —ay, - (o] for all (1,J) in the basis,

i.e., for all {1,3) corresponding to column vectors in the
basis.

Computationally, this means first finding a loop with
an odd number of 1links which correspond to vectors in the
baeis; then starting at a city k of the loop, adding and sub-
tracting the lengths of the links alternately; the resulting
number is then 21k. Having T, We can then compute all the

T, from (1).
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Figure 1

We next choose the 1link (k,#) such that

(2) rk+r‘—ak‘-max(1r1+rj—a“)>0

and allow the value of the cerresponding variable X8 to beequalto O.

The values of the basic variables must now be corrected so
that the sum of the values of link variables around any city
must equal 2. For this purpose we try to find an even loop

containing (k,l). For example, suppose the starting tour
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is illustrated as 1. Figure 1 along with the potentials and
links corresponding to basic variables. The numbers on the
1inks are the lengths of those links as chosen from Table 1.
It is seen that the greatest value which (6,2) may have is
O since the value of each link in the basis is bounded above
by 1. Consequently, we put a bar on (9,1), indicating that
i1t has attained its upper bound and is replaced 1n the basis
by (6,2). Since (9,1) is no longer in the basis, we must
recompute the prices according to (1).

Pigures 1 — 5 illustrate the steps necessary to complete
the first iteration. The solid lines are those 1in the tour.
In Pigure 5 a new tour is achieved. By repeating the process
we ultimately reach the optimal tour when

(3) LI

IN

J - aiJ o fOI‘ all 1’J - 1,2’-0.,9-
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3. AN APPROXIMATION TECHNIQUE

The following approximation procedure has been suggested
by A. W. Boldyreff.
Start with the first three cities. There 18 then only

one tour of these, namely, 123. We now set
(u4) F(1,3;4) = a;y + 8y, — 24y 1,3 = 1,2,3 .
Let k and # be the cities such that

(5) F(k,8;4) = min F(1,3;4) .
1,J=1,2,>
Then our tour of the first four cities replaces the link
(k,8) in the tour of the first three cities by the two links
(x,4) and (4,8). We repeat this process, adding one city
at a time, until we have a tour of all the cities.
To illustrate let us consider Table 1 and tabulate the

procedure as follows.

e ap——a—; -Mr?h,
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1l 2 3 1l city
& 46 98 length of link
26 3T ¥ 26 a4,

e 3 ] 1 ocity
A 46 W 26 length of link .
84 50 95 54 84 a5

1 2 5 3 § 1 city
B 50 95 M 26 length of 1link
70 19 T9 46 96 70 8,6

1 2 5 6 3 1 1 ecity
k¥ 50 T9 M #6 26 length of 1link
19 77T 88 66 T5 26 19 849

1 2 5 6 3 & T 1 city
¥ 50 T9 46 86 26 19 length of link
7% 98 16 62 36 76 55 Th a,g

1 2 5 8 6 3 ) T 1 city
y 50 16 62 U6 46 26 19 length of 1link
2 69 57 80 90 82 61 29 2 l19

1l 2 5 8 6 3 L 7 9 1 final tour
b 50 16 62 46 A6 26 29 2 length of link

At each stage the X marks the link which 1is replaced.
In this example the final tour has a length of 281 while the
optimal tour has a length of 232. The error 18 21%. In most
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cases considered here the error 1
seen from the comparison 4n the tables of 8

There are many ways 1in which the accuracy of th

ection 5.

AN

mM--1521
7-28-55

s less than this, as can be

18 tech—

nique may be improved, but i1t is felt that the resulting

complexity would probably resul

in accuracy.

t in a relatively small increase
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1l
2 L
3 98 k6
4y |26 | 37 | 86
>
25 |84 |50 |95 |54
'3
6 |70 |19 |46 |96 |79
7 |19 |77 |75 |26 |88 |66
8 |74 |98 |36 |76 |16 |62 |55
9 2 |69 |82 |61 |57 |90 |29 |80
1 2 3 4 5 6 T 8 9
City
Iteration Tour Length of Tour
0 1 2 3 4 5 6 7 8 9 432
1 1 2 6 3 & 5 8 7 3 271
2 1 2 6 3 8 5 4 7 9 232
pproximation -
echnique 1 2586 3 79 281

Table 1
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1l
2| 96
3119 | 49
4 50 58 22
™
25 | 70| 53 |56 |43
(4]
6 {59 | 89 82 | 62
7 |22 | 62 | 24 7 312
g8 |40 | 35 |75 | 72 | 46 | 24 | 69
9 | 89 8 | 49 | 65 | B4 | 62 | 41 9
1 2 3 b 5 6 7 9
City
Iteration Tour Length of Tour
0 1 2 3 & 5 6 7.8 9 459
1 1 2 3 4 5 6 7 9 8 382
2 1 3 4 5 2 6 7 9 8 336
3 1 3 4 7 6 5 2 9 8 2ho
4 1 3 &% 7 6 8 9 2 5 232
5 1 3 4 5 2 9 8 6 7 220
6 1 3 4 7 5 2 9 8 6 204
ppproxmitionl i ¥ 7 52 9 8 6 1 225

Table 2
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2 | 12
3113 |93
4 1 85 1 | 86
25|30 |3 |21]68
Q
6 | 10 | 19 1 {98 |98
7 138 {99 |18 |71 |72 |21
8 | 22 {25 8 |30 |87 |28 | 70
9 | &2 |58 4 |84 |59 |30 | 4% |33
1 2 3 & s 6 7 8 9
City
Iteration Tour Length of Tour
o) 1 2 3 & 5 6 7 8 9 523
1 1 2 4 3 5 6 7 8 9 384
2 1 2 4 89 5 3 17 6 205
3 1 2 4 8 9 6 7 3 5 196
4 1 2 4 8 9 7 6 3 5 193
5 1 2 4 8 6 7 9 3 5 191
6 1 6 7.3 9 8 % 2 5 178
PRhorimaiie, 8 2 ¥ 5 3 9 7 6 216

Table 3

)T
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City
n

95 T| 2 | 72

6| 55| 49| 20| 86 | 75

T | 79| 32

3

57T | 23 | 53

City
Iteration Tour Length of Tour
0 1 2 3 4 5 6 7 8 9 495
| 1 4 5 2 3 7T 6 8 9 283
2 1 4 3 2 5 7 6 8 9 24k
3 1 4 8 6 3 2 5 7 9 185
poroximetion; 4 7 9 5 2 3 6 8 192

Table 4
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2 |u7

3 1%

4 33 | 66

>

Fe3

o5 |20 |69 38 |62

6 8 |26 |86 |28 |82

7 113 |90 |20 |71 |12 (22

8 |35 |55 |99 2 |65 |52 |27

9 g |21 |12 |52 |52 y2 197 |55
;. 2 3 &% 5 6 7 8 9

City

Iteration Tour Length of Tour
0 1 2 3 % 5 6 789 383
1 1 5 6 7 8 y 3 2 9 262
2 1 5 4 8 7 6 2 3 9 193
3 1 5 7 8 % 6 2 3 9 150

pproxtmation)| , ¢ 4 8 2 9 3 7 5 179

Table 6
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1
2 | 15
3|76 | 10

97 | 66 | 75 | A

City
(v

7|15 |97 | 56 B9 | 75 | ¥

City
Iteration Tour Length of Tour
o 1 2 3 & 5 6 7T 8 9 259
1 1 7 98 3 &5 62 189
2 1 7 9 & 3 g8 5 6 2 168
ppro o
kochniquc 1 2 38 9 7 6 5 & 190
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\ 1
i 2| 69
3| 73 14
b | 55 | 38 | 16
P
5550695533
{ 6|53 | T3 g6 | 51 | 25
T | 37 25 | 48 | 14 88
(
| g |a1 |99 | 9|75 |57 33|23
95339787159649337
123#56739
City
Iteration Tour Length of Tour
0 3 & 5 6 7 8 9 363
1 78923#56 279
2 y 3 2 9 8 7 5 6 266
pproximition PN
echnique o 81723 y 5 6 2%

Table 9
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73

52

9 | 99
9% | Sh

15

32

1

36

93

87

76

51

93

51

37

5T

82

sh | 59| #9

36| 99| 8

TO

16

65

£370

6

City

Length of Tour

Iteration

2|2|8|%|2|S
995535
Eaiilg
T‘.G-_H_.__.J._.J
,,b___...,..___._.gnfﬁf
MEETEA‘.‘.
.LT&..JQ..B
mlealn = |0 o
229555
111111
01.___"...__......__.4

chnique

pproximation

Table 10



Distance Table same &8 in Table 10
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Iteration Tour Iangth of Tour
o 1 78 6 9 %5 23 40
1 1 6 8 4% 9 5 2 3 T 477
2 and 3 1 6 8 % 3 7 2 9 5 300
b 1 6 5 9 2 7 3 4 8 236
Table 11
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