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SUMMARY

Tnis report presents che mathematlcal definition

and concept of a4 differential game.

It 18 an intermediate chapter on 118 subject.

It is to be preceded by a chapter discussing the
zeneral scope and applications of differential
games, and followed by chapters glving methods

of solutlon, examples, etc.
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DIFFERENTIAL GAMES:II:
THE DEFINITION AND FORMULATION

Rufus Isaacs

To bulld a theory of differential games, we need an accurate
mathematical definitlon. Because the fleld 1s young and we know
not all the applications that may still come to light, we wilsh to
keep this definltion flexible. DBelow we set down a canonical
form of a differential game, but we Intercalate discussion and
motivation, so that the reader wlll find hls way should modifi-

cation be necessary.

Throughout we deal with games of perfect information. That

1s at all times each player knows the valueg of the descriptive

variables (defined below).

1. The Kinematlc Situation

Qur theatre of operations is €, a reglon in Euclidean n—space
and its boundary. This boundary is to consist of pleces of certaln
*
surfaces (we mear by surface an (n—1)-dimensional manifold ). We

think of a particular point x = (xl,...,xn) to be in moticn in B, its

path beilng governed by what we shall call the kinematlc equations:

(1) %, = £ (caseesxpduy e Yoo @y ) (J=Leon)

or more briefly

(1) X = f(X,d‘,/-’Y)

* Supposed plecewlise smootn.
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The functlons f are given; we suppose them to be of a simple
character and in the sequel we shall ot heslitate to speak of any
partial derivative (of any order) of the fJ that we have occasion

to need. We term ¢ and % the navigation variables. They are at

all times one each under the control of a playér. Thus the motion
of X 18 to be thought of as influenced by the wilis of two individ-
uals. If they seek conflicting objectives — and only-such-casges
are of interest — the situatlon assumes something of the nature of
a game. As suggested by game theory, we will speak ¢f a particular

x in € as a position; we call the XiyeoesX, the descriptive variables

in that they describe this position; the two individuals are the
players.

The xJ are descriptlve in the followlng sense. If a play cf
a differential game is halted before completion, the values of the
XiyoeesXy at the time of interruption supply all the data needed to
reconstruct the finish of the play. We mean that if a new game
is commenced starting wlth these xJ, it will be tantamount to the

part of the origlnal that would hLave occurred after the interruption.

In particular, the values of xJ at the outset supply starting
data. Thus when we use the term game, we are not speaking of a

single game but of a collection. There 1is a dlstinct game emanatlng

from each point of E.

In general the ¢ and ¢ are (indlvidually) subject to certain

constraints which depend at most on x. The sets to which they are

constrained are closed and usually convex. It will always be under—

stocod that we are interested only in ¢ and @ which satlisfy the
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constralnts and expliclit mention of them in the future will be con—

sldered unnecessary.

With ¢ fixed and x fixed in &, the set of vectors fJ(x,¢;¢)

for all ¢ will be called a vectogram cr a ¢—vectogram (likewise

for a Y —vectogram). A full vectogram allows both ¢ and ¥ to take !

all values.

Presupposing the numerical payoffs to be introduced in Sectlon

3, we name the players:

P, controlling ¢ and minimizing.

E, controlling % and maximizing.

The names relate to the Pursuer and Evader of pursult games, an

important instance of the theory.

A player may have more or less control of his present and

future, but no cne can affect the past. Thus we interpret the

left side of (1) as a forward time derivative. At each irstant
during the course of a play, the players are faced with a full
vectogram. If we think of each as choosing a value of his navi-
gation variable, the cnoice results in the selection of a con-

stituent velocity vector along which x will travel in the immedlate

future. Thus what corresponds to the moves 1n a dlscrete game 1s

here a continuous and unrelenting choice of ¢ or % . The reader

may Justly protest that we are demanding of the players feats
beyond human ability. We will assuage him in Section 4. 1In the
meanwhile let us be content wlith the intuitive plcture of x moving

in &, the motion being under the partial control of the players.
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Certain parts of the boundary of & may have to be upheld by
special constraints. Suppose, for example, 1n a war game, X,
represents the supply of certain munition held by a player. The
equation (1) with J = 1 tells us how this supply increases or
diminishes in terms of some navigation variables, which may, for
example, be the rate at which the player himself exhausts or re-
plenisnes the munition or the rate at which hls opponent destroys
it. Plainly x. cannot be negative, a fact which imposes part of
the boundary of €. But possibly the first and natural formulation

of (1) will permit negative x,, and some readjustment 1s necessary.

In general, we may either make the constraints on the ¢1 and
N& speclal at such boundary points of £ to prevent x from golng
outside, or we must reformulate the fJ so that when, say, an Xy
has reached i1ts lowest allowed limit there can be no further de-
crease. But this matter is not likely to be a serlous obstruction

and we can leave its handling to individual cases.

2. Termination gg EEE Game

There 1s a portion of a surface e, called the terminal surface,

which 1s part of the boundary of E. When x reaches C, the game 1s8
over.

We take this form of terminatlion as part of the canonical

definition, but feel obllged to defend our motivation. Why a sur-

face? Why part of the boundary of E?

The termination of a purasult game usually 1is capture, which

at first glance, we mlght take to mean the coincidence of P, with
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E . If the Xy are the to“.’1ty of variables descriptive of the
positions of both P and E, the subset of E corresponding to cap—
ture will normally be of dimension < n-1. We reject this definition

of capture on two grounds.

First, 1t 1s unrealistic. In applications, the point P or E
will be some fixed spot on a misslle (aircraft, ship, torpedo, etc.)
of tangible bulk, intended to serve as an index of the missile's
location. On these grounds alone, P and E will never coincide; but
in tactical situations often all that 1s requlired for captures 1s
less even than phyasical contact -- Just a certain proximity. Thus
a more reasonable criterion of capture 1s, say, to specify a posltive
§ and capture occurs when the distance P to E 18 6. The set of all
capture positions is specified by one equation and thus constltutes

a surface in £.

The second ground applies generally. The technique we shall
use entalls differential equations. A surface provides Jnst the
number of dimensions needed for initial conditlions so as to obtain
unique solutions. A lesser dimenslonal manifold generally glves
rise to singular points of the solutions. (We are acquainted with

several examples of games which are pathologlical because of this

*# Simple pursult games involve the motion of two points, one pur-
sulng the other, as explained in the ensuing paragraph. We shall
use P and I for the names of these points as well as for the

nameg of the controllling players.
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dimensional defiziency.) Should we be presented with a game with
a terminal set (' of too small a dimension, we amend 1t by using the
boundary of a b-neighborhood of @' for a terminal surface. If de—

sirable, we can investigate the limiting situation as 5——0.

Suppose that, in the formulation of a game fresh from the

physical situation, the surface C 18 not on the boundary of &, but

i1s interior to €. Locally it separates E or, relatedly, C has two
"sides". Often we will wish to count as termination only the cases
where x reaches C from a particular side. For example, 1t us return
to the ahove pursult game, and suppose we started from a position
where the distance P to E ¢ 6. Clearly we would not want to consider
a subsequent occurrence of [ distance PE = § | as capture. What we do
here 18 to exclude all positions with {:distance PE < & ] from .

Then C will be part of the bcundary.

However, there may be cases where C is desirably in the interlor
of €. We will then distinguish between approaches of x to the two
sides of C. We can think of & as "s11t" along C and C itselfl as

two—-sheeted. Thus, 1n a sense, we have restcred to C its role of

boundary.

what shall we do 1f X never reaches G? A reasonable and quite
practical thing 183 to supply a stop rule. That is we select some
large value T of time and decree that the game 1s over should T
elapse. We can bring this sltuation into the canonical plicture by

introducing time as a new descriptive variable X4 We enlarge

(1) with
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and take for the new & the direct product of the old by [ O;T].
The new C 1s the direct product of the o¢ld by [ o;r] 83 well as the
part of x ., = T bounding the new E&. Ve only conslder plays cf

the enlerged game which start from an x with Xn4l = 0.

Dle The Paycff
We willl be concerned with two types.

n

a. Integral Peyoff: There is » ziven functlon G3(x,¢,¥)

defined for the same range of varlables as the fJ and of about

the gsame degree of complexity. The payoff 1s

(3) [ G(x,$,%)dt

the range of Integraticn being over the path traversed by x in

a play, extending from the starting point to the point where the

path meets C.

b. Terminal Payoff: There 13 gilven 8 function H of x de—

4iCa

fined on €. The payoff 1s the value of H at the point where

x meets C.

Of course we can also congider payoffs which sre combinatlons
of the above two types, but experience has shown that most cases

arising in practice fall under (a) or (b).

1t would not be difficult to amalgamate the sbove twe con—
cepts. Take G independent of ¢ and ¥ and zerc in all cf E except
for a thin layer nelghborlng . Then what we have 1s nearly =

terminal payoff. This approximation could be made exact through

the use of & Stleltjes integral in (3).

e s St
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If we have not imposed a stop rule, 1t will be necessary to
assign a numerlcal value to the payoff to apply when the play does

not terminate. We do not exclude & o as possibilities.

It 1s possible to derive from any game with integral payoff
an equivalent one with terminal payoff. We adjoin a new positional
variable Xos1 The new € and the new C conslst of the direct pro-
duct of the old by the entlre new axis. We take H to be the value

of x_,q on the new C. We enrich (1) by adjoining

(4) kn_',l = G(X»¢,U/)

After analysing the new game, we discard all starting poslitlons
save those with Xop1 = 0. It 1s easy to percelve the equivalence
to our origzinal game. Any path (that is, play) in the derived
game becomes one for the old by suppressing 1its Xnei component,

and the payoff 1s the integral (3) over the latter path*.

There are other types of payoffs subsumable in the above

categories.

Suppose € (time) effectively appears among the arguments of
the fJ, of G, or even of . In the latter case, the payoff is a

function of the time of termination as well as the place. Then

» It 18 thus possible to uniformize further by taking the ter-
minal payoff case as canonical. However integral payoffs arise
naturally in many applications and often they are more pleasant

to visuallize and handle.
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we adjoln Xn+l =1 to (1), take the new & and ® as the direct

products of the old by the full interval ((~m, +o00)) of K41

i G or H by Xpal When the re-

vised game has been analysed we discard all starting polnts ex—

and replace the argument t in f

cept those with Xopl = 0.

There are applications with payoffs

(5) /T 6(x,0,4)dt

Vv 0

where T 1s some prescribed positive value of the time (t = O means

the starting time). Such a T 1s essentlally a descriptive variable.

We adjoin to (1)
6) X = —1

and take the new I as the direct product of the old by [ C,cc).
For @ we take that part of the boundary of the new € where Xne1 = 0.
We play the revised game with an lntegral payoff wlth integrand G.

We utilize only starting points with Xne1 = s

Suppose we are given a functlion K(x) defined in € and the
payoff 1s to be the value of K(x) at the end of a prescribed time

T. We treat this case similerly to the preceding, but use a ter-

minal payoff.

Another type payoff which can be reduced to the standard form
not always, but at least in simple cases, 1s as follows. Let K(x)
be given in €. The payoff will be the minimum of K(x) which occurs

during the play. Example: 1In a pursult game, how close can the

pursuer get to the evader?




¢

wet € be that subset or € In whleh E can cause K(x) to ln—

crease whatever P may do. That is €, 15 the set of x for which

(7) Max Min 2 K

£ (x4.9) >0
B S B B

Let C be the boundary of €,. It is clear that if a minimum of K
cceurs at a.l, against optimal opposition from E, 1t will occur on

(8

the value cf K on C. The reader can easlly construct examples in

* %
Thus we may reduce matters to a terminal payoff with H belng

which P can achieve low minima only by causing x to enter &, and

leave 1t agaln; In such cases the above idea will present 1ts

alfficulties.

4, Games of Kind and Games of Degree

When we speak of a ganme of degree we will mean one with a

continuum of possible payoffs. A game of kind has finltely many,

usually only two, the outcome of the game depending on whether or
not one of the players can achleve some objective. For example,

in a pursult game the objective might be capture; in a battle game,

complete extermination of the opponent.

If a stop rule is imposed a game of kind becomes one with

terminal payoff for which H assumes only finltely many values. The

# Unspecified limits of summations will always be 1 and n.
** e are supposing all given functions continuous, differentiable,

etc. In general, €; will be open and C a surface. In fact &

will be defined by (7) with > replaced by = .

RM-1399
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gj game falls within our compass and no specisl treatment is required.
Nevertheless it 18 often possible eand desl.sble to ilmbed the game

of kind within one of degre: and deal with the latter.

[he solution to & game of kind may be tremendously indeterminate.

It results in the division of E into two (sometimes more ) allquot

o ek T il

subsets (some possibly null), one favorable to each player. If the

starting point lies in & player's set, then he can sttaln his ob--
Jective. Then usually any strategy 1s optimel for him ss long as

it lets him remain in his set, whlle any atrategy at all is optimsal

for his opponent.

‘ Let us take two specles of games of kind:

A). A pursult game with capture of the objective.

B). The same game with the objective cepture before & stipulated

g time T. Such would be the case, say, 1f P were an interceptor missile

| : with a 1imited fuel supply.

In both cases we would lose nothing and might gain much 1f the
time of .apture 18 mede the payoff, which 1s taken as wilf capture
| does not occur. We can then expect definlte optimal strategles Iin-
f stead of a sprawling class dellineated only by inequalities. In case
A, the strategy will not only instruct P as to how to capture, but
will show him how to do it as quickly as possible. Similarly, 1t
tells E how to delay it. If we have Case B, we need only look at
the value and see whether or not it exceeds T. We will hsve solved

@ Case B for all possible values of T at once.
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However we do not advocate complete abandonment of the'game
of kind. There are cases where the direct solution is much simpler
than the embedding procedure just suggested and supplementary information
of 1ittle value. Sometimes, too, a game of kind appears as a phase
of 8 game of degree. For example, &8 player may not be able to ter—
minate favorably unless he first surmounts some obstacle. The ques—
tion of whather this can or cannot be done may constitute a geme of

kind whose sclution is a pre.imlinary to that ¢f the whole game,

)0 Strategies

In the theory of dilscrete games, a strategy 1s defined as a
get of decisions for a player, one for eacn position that may arise.

If each player chooses e strategy, the ensulng play, and particularly

the payoff, is uniquely determined.

We recognize a somewhat analogous circumstance existing here.
The election of a decislion for each possible position amounts to a
player's choosing his navigation variables as functions of the des—
criptive variables. If the players each so select ¢(x) and ¥(x)
and these values are inserted in the kinematlc equations (1), the
latter become differential equations. Recelllng that the data of
a game must include a startlng value of x, ve see that thils value
plays the role of an initial condition. Thus, under reasonable
circumstances, we may expect the paths — and hence the payoff -~ to

be uniquely determined. Thls concept requlres some refinement

which will be supplied below,

In the definition of a discrete geme the declsions that each

player maey make are expressed in terms of moves. The concept of a
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strategy does not appear untlil we are done with the definition and
are ready for the analysis. With differential games things appear
otherwlse. In Section 1, we saw the difficulty entailed in defining

for differential games the analogue of a move. Hence we must promote

13—

strategles from the ranks of tools for analysils to a place in the rules

of the game.

An attempt to define strategles in the form (d(x), ¥ (x)) leads
Immediately to difficultles. First we require assurance that the
differential equations to which (1) are converted are integrable.

We recall that the left sides are to be construed as forward deriva—
tives. Now we have never seen 1n the literature an existence cri-
erion for forward differential equations. Certaini, It could be
much broader than for the usual variety. The difficulty of de-—
lineating the criterion sultably for our purpose will perhaps be

discovered in the two examples below.
X, (forward derivative) = fi(xi,XQ) (1 =1, 2)

where (f,, fa2)

= (1, 1) when x; < O

i
O

= (0, 2) when x,

= (-3,0) when x; > O

The reader will see that this system has exactly one solutlon
starting from each point 1in plane. Later we will find that func-—

tions of thls genre are wio strangers to the solutions of differen—

tlal games.

Now let wus take for [:
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(1, 1) when x; < 0O

(=3,0) when x, >0 .

We are frustrated should we start from or arrive at a polnt with

X1 = Q,

We will say that ¢(x) 1s playable ILf the forward differential

equations

x = £(x,4(x),c)

have a solution starting from each point of € for each constant c*;

correspondingly for %(x).

In the sequel we shall develop methods of sclution. The
results will include values of ¢, %, say ¢(x) and %(x) which in
general will be playable. But there remain a second difficulty.

An assertion that, say, ¢ 1s optimal entalls knowledge of 1ts per—
formance when opposed by a certain class of ¥. What class? It must
be such that the pair ¢, ¢ will always lead to an integrable (1) and

that all ¥ representative of an actual player's tactics are included.

Sam Karlin has advanced an idea which obvlates these troubles.
A strategy for P is defined as both the choice of a function ¢(x),
now subject to no restrictions (save the constraints) and a sequence

oy = {to=o,t1,t2,...}. of increasing values of time with lim tJ = .
(j

*  Of course, constants cutside the range of any % subject to the

constraints can be lgnored.
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Such will be called a K-strategy. In playlng 1it, suppose P at
time t, finds x to be at x(k) (x(o) 1s the starting position).
Then in the interlude [:tk, t,.1) P holds ¢ to the constant value

g(x{k)y,

Let a K-strategy, ¥{x) and OEn = {to‘ = 0, t,',...}. be also
defined for E. We subdivide time by both the tJ and the tj. In
each subinterval the equations (1) are obviously integrable. We
bulld the path, using as the initlal values for each later inter—

val the final x from the previous.

Thus for each starting polnt and palr of K-strategies, the
path of x and consequently the payoff 1s uniquely determined. We

define the value 1is usual way as the sup iInf (=inf sup) of the

payoff.

It 18 manifest that, in general, the K-strategles will not
yield optimal strategles but only € —optimal strategles; that is,
strategles wlll attaln wlthin € of the value (this being done by
increasing the fineness of the temporal subdivision). However we
can expect to be able to obtaln from a sequence of £ —strategles,
with the §—>0, say, for P a single §(x) which is a common part of

all of tnem. We will say that §(x) is an optimal tactic. In most

cages, 1t will turn out to be a playable function and can be viewed

in the same light as a few pages back when we dlscussed strategles

more primitively.

When employing K—strategies 1t 1s imperative that the game

be in a form in which the constralnts on the navligatlion variables

are independent of x. See (10) and (11) velow.

RM~1399
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It is clear that if we make changes of variable on the ¢ or 1,
the K-strategl+: will be effectively altered. Thus a definite
labelllng of the navigation variables must be fixed at the outset.
We have at our disposal some cholce. Often it 1s possible to ex—
ercise 1t so that an optimal tactic bears a constant numerical
value. Then the K-strategles will actually be optimal. See

Example 8 in Section 4.

We have now a well defined, self-contalned mathematical
situation and it is quite possible to stand pat on it. But the
reader may railse the following Jjustifiable question, stemming from
the fact that we have been forced to incorporate strategles into
the rules of a game. Suppose a player, say E, follows the dictates
cf a policy SE, not a strategy as we have defined 1t. For example,
S; may entall a % which 18 a function of XJ, other higher deriva-

tives of the x, (E somehow provides for cases where they don't

J
exist), past values of the xJ, integrals over such past values,
etc. If E plts SE against an optimal strategy SP for P, how do

we know he will not emerge with better than the value?

We wil1l endeavor to reply in two ways. The first is heuristic.

It 1s based on the fact that the descriptive varlables are truly

descriptive of the position in the sense discussed 1n Section 1.

To 1llustrate let us consider in part a pursult game in which
P 18 a point moving in a plane. Let x,, x, be hls coordinates.
First we will conslder a very simple kind of motlon: P 13 con—
strained only tc move with speed v. Then &Q = 1, and those of

the kinematic equations relating to P are

RM~1399
~16-~
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X, = v cos ¢y

).{;;'-"—‘V sin ¢1

We claim that the only rational policy for E 1s to base hls actions
on x; and xz alone. He might have them depend on, say, *Xi, X2, past
values of the xJ etc. as well, such as would be the case if he en-
deavored to extrapolate P's future positions. But P's velocities -
according to the way we have framed the problem — are at all times
subject to abrupt change without notice. It 1s impossible for E to

rely on any predictlon or indeed to derlve any constructlve know-—

ledge from anything other than x,; and xz.

Let us now make P's motion a bit more complicated (and more
realistic). We suppose that now he regulates the acceleration ¢,
¢2 (subject to some bounds that we won't mention). The kinematic

equations in part are now

Xy = Xa3
Xz = Xq
X3 = 41
g = g2 .

Now P can no longer abruptly switch velocitles and there are
sound grounds for z's basing hils pollcy upon them. DBut the veloclties
are Xa, X4 and appear among the descriptive variables. However, the
same argument as before shows that L could be misled il he based his

decisions on, say, Pfe acceleration.

We can proceed thus, creating a chain of more and more complex

types of motion for P and, in tact, can introduce many variants and




@

RM-1399
18-
offshoots along the way. In each case we single out those data of
the motion on which it appears, E can rationally rely when making
his decisions, and in each case they appear among the descriptive

variables.

- The second reply 18 mathematical. Suppose P plays SP and E
plgys Sg from some starting point. On the resuiting path we will
hdve the ¥ arising from S; defined as a function of t. We take
the liberty of supposing that this function 1s piecewlse continuous.
Then there wlill be a strategy Sb for E which will agree with S;
whenever a play results in this same path. Thus E wlll reap the

same yleld 1f he plays SE or SE as long as P adheres to SP' As

Sy 1s optimal, E cannot do better than the value.

From the standpoint of mathematical rigor, the llberty we
took above 1s.admittedly a weakness. But from the standpoint of
applications, 1t 18 hard to see how a human belng could devisge a
practicable scheme of playing which would result 1n a navligation

veriable being a more complicated function of time than plecewlse

continuous.

6. Transformations

By performing changes of variables on the navigation variables,
the descriptive variables, or the time, we can alter the format of a
differential game without changlng 1ts nature. There are egsentially

two desiderata for such transformations:

1). Bringing the game to a canonical form for the purpose of

obtaining general theorems.

PRI st
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2). Facilitating the solutlon of particular problems. The
applied mathematiclan does not need to be told of the dividends in

simplicity that at times result from an adrolt choice of a coordinate

system.

The two objectives need not coincide. Judgement is required
by the investigator 1in Case 2) and tolerance in Case 1), as the
youth of our sclence renders premature the adoption of too rigld

8 standard form.

We conslder the navigation varlables. For definlteness we
speak only of ?. First we may suppcse there are no redundancles;
we mean that to each member of a ¢-vectogram there corresponds exactly
one value of ¢. If the »riginal problem 18 not so framed, we may,
after a possible variable change on the di’ purge the superfluous
components. Then, for games with integral payoff we are assured

that

(8) Jf’(n: A(n-

For terminal payoffs, we see that only the directions and not the
magnitudes of vectors in a vectogram are significant. Thus in this

cagse we will have

(9) dp <n-1, A< n-l

We recall that ¢ suffers constraints which depend continuously
on x. We always suppose that the set to which ¢ 18 confined is

*
closed. We may also take 1t to be simply connected . Under

* See the convexity assumption in the next section.
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regsonable circumstances, it wlll also be bounded. 'Then we can

find a continuous, blunique mepping
(98) ‘bJ = §J(xl¢)3)
which takes the constraining set for each x into the hypercube

(lO) "1<‘b‘jsl . (J=1,...,J\0)

oo

Interpreting (9a) as a change of veriable, the constraints assume

the form (10), and we so take them for our cenonical model.

If the constraining set 1s not bounded, then there will be at

least a way, for some J. to attaln in place of (10)
(11) ¢J unbounded

or

(11') ¢>J_>_o .

This case 13 not likely to occur in practice. Unbounded ¢J which
cannct be mitigated by & varlable change 1lmply vectors of unbounded
magnitude 1n some vectograms. It may be that good strategles never
require P to utilize the very large vectors; then nothing ls lost

1f we curtall the recalcitrant ¢J at some large, synthetic bound.

In the contrary case, we can expec” to be confronted by a game with
no solution. Probably the physical circumstances to which 1t relates

are pathological or our mathematlcal model falsely describes them.

Redundancles may also appear among the descriptive varlables
when the formulation is fresh from the physical application. Conslder,

for example, a simple pursult geme in which P and E are two points on

LR T ER R
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Che same stralght line with x;, xg as thelr single coordinates.
The kinematics are inrdependent of positlon and, if the payoff 1s
integral, so 1s G. Then we need only one descriptive varilable,
namely Xx; — Xg. However if the payoff 1s terminal, we need two,

X1 and xj.

Another type may arise through the kinematic equations 1f
&P + A < n-1. From a flxed starting point, all paths may find
themselves confined to a subset ' of € with dimension < n. Then

we may use €' in place of €. We 1llustrate by

Example 1. let n = 3, d =1, A=0. The kinematic

equations are
(12) x = o¢(x)¢; + (3(x) (-1 <41 < 1)

with Y(x) = o X (3 # 0. Then, 1if

i
o

(13) Y  curl Y

a known result of classical analysls tells us that € is covered
by & family of surfaces such that everywhere the vectors o< and @
lie 1n the tangent plane. Then x must always remain in the same

one of these surfaces from which 1t started. We can use this sur—

face for €.

When the number of Xy has been made satisfactory, we can if
desired make transformations to attain such convenient ends as

having C 11e in the surface: x; = 0, etc.

If G = 1, in a game with integral payoff, the payoff 1s the

time until termination. We can always bring about something like

RM-1399
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this sltuation by a change of variable on t. We can cause (1) to

be replaced by

(14) £y (x,d,8)
S 16(x,4,9) |

with the payoff becoming

(15) S sen G(x,¢,4)dt .

When such 1s done, we will speak of a.time payoff. If always

G > 0, then the time payoff is time to termination.

For games with terminal payoff, we have already remarked that
only the directions of the members of a vectogram count. A change
ol' varlable on t, then, does not affect the game in any essential

way. We can bring about such convanlences 18 making the vectors in

RM~1399
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a ¢ vectogram all have the same length or making the fi linear in 3.

# The vanlshing of G is not drastic. If G = O everywhere, the
original game was trivial. If G vanishes only on certain sur-
faces (for all ¢ and %) these surfaces may well be singular,
as will appear in some later examples. If for each x, G
vanishes for a discrete set of ¢ or ¢ and these are used for
an interlude in the play, the resulting part of the path may
st111 exl1st as a curve (namely, the same curve as the path would
lie on before we made the transformaticn (14)). The "infinite

veloeities" on these arcs simply mean that for them (15) is O,

s O S
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7. Two Baslc Assumptions

For a vector u = (ul,...,un), write for short
Q = f ui fi (X,é,#’) .
Vital for our work is the

Minimax Assumption. For all u and all x in E, 1f the payoff

is terminsl

(16) min max Q = max min Q
CON

and 1f the payoff 1s integrsl

(17) min ﬂ;} (Q+G) = gﬁx min (Q+a) .

In 21l applications encountered up to the time of writing,

each f1 and G have been separable; that 1s, of the form: function
independent of % + function independent of $. In this case (16)

and (17) held.

We wlll say a vectogram 1s convex 1f, whenever Viseao,Vy
S, p— k s
= 1.

belong to it, so does £ ¢, v, where c, > O, Z ¢
= =1 i1 i< =1 i

Convexity Assumption (Integral Payoff). Wwhen the game has

#*
been reduced to time payoff , all b— and 4’—Nectograms gre convex.

Convexity Assumption (Terminal Payoff). All ¢— and Y -vectograms

are convex.

#* The reduction 18 unnecessary 1f G is independent of ¢ and ¥.

7
————
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Should this assumption be violated there may be no solution.*
We do not reject the game, but replace it oy another in which the
¢— and ¥ —vectograms sre the convex hulls of those of the old. If
the new game can be solved, 1ts solution will supply the essentlal

information about the old.

An example will clarify matters. The reader will see how to

apply 1ts idea generslly.

Example 2. In this game ¥ does not appear, so that it
reslly 18 & minimizing problem rather than a game. Here & is the
part of plane above the curve € or Figure 1. The vectograms are
the seme for all x; one is sketched. Let M be a high point of C;
P 1s to start from xo, directly above M, and reach C in the least
time. Clearly s solutlon will entall a zlgzag path arising from

gn alternate use of P's two extreme velocities., There will be

many solutions. X°

.' ’Q,«/L/ -

i
B
V4

pigure 1,

* The gsme may have a value, but one or both optimal tactics may

fall to exilst.
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Example 2'. Let L be & vertical line througzh M. We alter
matters by letting the vectograms preserve their form but letting
them decrease in magn: tude with the distance from L. Then clearly
P does the better with finer zlgzags which stay closer to L. There

#*
is now no solution,

Perform the alteration described sbove, replacing the vecto-
grams by thelr convex hulls. The game now has a solution: P traverses
L to M. We see in what sense this solution 18 approximated by those of

the ungsltered game.

In practice this assumption does not betoken much of an en--
cumbrance. Generally, a bit of reflection will show that 1t is
not sound policy for a player to employ & vector which 1s properly
interior to his vectogram. For example, seldom in a pursult or
maneuvering game will 1t profit & player to uze less than the top
speed allowed him by the rules, and any exceptions will have evi-
dent causes. Thus 1ln the examples to come later we shall ususlly
ighore the cofivexity sssumption in the literal formulation of the
mathematical model, but we should always keep in mind that we are

doing so and be rrepared to make modifications when required.

A possibly noteworthy exception occurs when we deal with
missiles (aircraft, torpedoes,etc.) with snap action controls.
For example, the guldence mechsnlsm may operate s two—position
rudder. In the mathemstical model 1t is best tc sllew interme--
diate positions, the situatlion being roughly similar to that of

Example 2.

# 1f we Lhink in terms cof K-strategles, the practlcal difficuliies

become sligznt.
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8. More About Strategles; Examples

In most quotidian applioations optimal tactlics can be used

directly as optimal strategias. This may mean that they furnlsh

practical instructions as how to navigate optimally or that the
equations (1) are integrable when ¢, ¥ are optimal tactics. We

will then speak of direct cptimal play and call the arising paths

direct optimal paths. However 1t happens so often that we can use

direct play instead of K-strategles, that we shall seldom make a
distinction. In fact, optimal strategles and optimal tactics are

generally 1nterchangeable terms. But the followlng example shows

that this need not always be the case.

We work in the plane: € s the xz—axia, € the
This is to

Examgle Dae
hal{-plane x; < O.

be a one—player game (or.E 1is inactive), and the payoff 1s to be

The payoff 1s time of termlnation.

the time to termination. Two typlcal ¢-vectograms

e

:{;. I.l..r"'“:
=
T
(.
\\:""“'x._?"*-a-._ ‘_ |
N I
| ¢ - | |
+ ‘1..1!\._* ‘ | j |
i | |
| A | |
- - x
——— ,.TI I | r | & !

Figure 2
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are sketched in Figure 2(a). They are always to be triangular in

shape with lengths of the vectors so chosen that the length of the greatest

horlzontal prcjectlon 1s unity. The inclinatien o of the center—
line 18 to be reasonably small and i1s a function of x;. We take
¢* = —1 for the lowermost vector and, +1 for the uppermost. (The
angle between these extreme vectors ig not critical for our pur-
poses.) It is clear that the optimal ¢ is —1 when o > O and +1

when o< < 0.

Let us take for o((x;) a function such as 1is graphed in
Flgure 2(b). For x; < -L, o¢ 1s to be zero; to the right of this
line o 1s to oscillate infinitely often. By diminishing the
amplitude of o¢ properly we can make f as smooth as we like at
xy = —-L. The get E;L < X5 < O] will be divided 1ﬁto infinitely
many strips in which the optimal ¢ wiil be'alternately +1. When
x1 < =L, the optimal ¢ is arbitrary. Two possibilities for

"optimal paths" are shown at (c) and (d), eilther being attainable

by a sultable spacing of the zeros of o¢.

We see that when x reaches [}1 = —la that we have a reasonably
playable situation in neither case. In case (¢c), a forward time

derivative exists and the path 1s a solution of (1). In case (d),

even thils 1s not so.

However the use of K—strategles eliminates these troubles

and, indeed, appear:c mandatory.

* In an example, when we encounter a vector wivh a single component,

we shall omit the subscript.

27—
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It 1s clear that the value 1s -Xi, the x, referring to the
starting point. The reader will see that a K—strategy based on
gueh an optimal ¢ as we have described and with the tk spaced with

suffizlent closenass will yield a payoff arbitrarily close to the

value.

Remark that, desplte the pathology of the strategies, the

value is a perfectly smoocth function of the starting position.

The next example 1llustrates how a K-strategy can be optimal

(that is, we can directly play the optimal tactic), but only after

a change of navigation variable has been made.

Example &,

. K. E.. %, = cos (d-xa)
%2 = sin (¢—xs)
}t3=—-1
C: xa = 0 , £ Xs > 0 H = X1

It is clear that P will Btrive to make %, a8 large as possible;

thus the optimal ¢ = xa. But this value will be constantly changing

on any path and play according to a K—strategy is not direct. Bub

let us make the replacement

¢! = ¢ ~ Xa
Then the optimal ¢' is always 0, and a K-strategy now achleves

the value of the game.

The next example introduces a new phenomenon.

-t b s et

* e shall use such obvious abbreviatlons 1in the future.
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Example %, b

C: x =1 and -1, Payoff = time
of termination, K.E.: % =d + v ¥ (

constant, 0 ¢ v < 1).

If the starting x = x 1is positive, P wlll push ¢ to 1, and E

will endeavor to retard him. Thus the optimald = 1, ¥ = -1. The

0

slgns reverse 1f x° < O.

What of the puzzllng situation ef x° = 0?7 Eacnh player will

wish his navigation variable to be of sign opposite that of his

crponent's. Neither player can obtaln the requisite information

until a small but positive tilme'has elapsed after starting.

The course 1s clear. The players will use mixed strategies.

No havoc 18 wreaked on our concepts as long as this mixing - as 18

nere the case — applies to one instant of the play only.




