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Concernios the StahiUty of Shçck Waves 

S. P. D'íakov 

Investigating the question of the stability of shock vaves 

in arbitrary oedia. 

We shaU examine a plane stationary shock wave of arbitrary aaqpli- 

tude which is not a permanent property of the medium. We shall assume 

only the fulfillœnt of the following neceasary conditions: 

s>5o; Vo > Coi v<c. w 

In all fairness, we shall noi need, generally speaking, the theorems of 

fsemplena; our investigation will in this way also include weak shock, 

vaves of rc.refaction. 

We shall direct the y axis normal to the wave; let the direction 

of the velocity be in the positive direction of the y axis. 

For a study of the question of stability, we shall assume that the 

surface of the discontinuity undergoes a weak perturbation, so that the 

equation of tae perturbation Of the surface has the following form: 

~7/0eMl'at>. (2) 
i 

This "ripple': a" tho surface of the discontinuity causes a perturbation 

of the flow for y 0(the flow in the region y > 0 does not undergo 

a perturbation on the strength of the condition Tf0 > 6 0 ) • denote 

by $Sj f SV r $V 3mal], changea of entropy, pressure 
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velocity, and of tlie spécifie volume for a perturbation. Substitutinß 

into the hydrodynamics! equations the perturbed values of the ^uantiti.-a 

and arrangine by means of a linear approximation through small pertur¬ 

ba Liens, ue get the following systei of e¿uations: 

, ,., SSS (3) 
~W + ^ ~W ~° 

(ei- of entropy) 

+v^:+vvsp=o (M 
(e-i. of Euler), 

jip . nf , Pcä div Sv - O (5) 9t ' ay 
(e¿ of continuity). 

Vie seek o solution of this system, un which all ohs .uantities are 

proportional to a multiple of the sort exp. -(j (Kx.+/y )} 

Then fron CiS. 3*5 get ^ 

{'Vl - W)Ss ~ 0; (6) 

{vl -6o)S2^t -f VA'Sp - 0 ; 
(pOOCNOTE 1. Hei-e una everywhere in the future by the, Quantities 

(7) 

I Cc C\i 
U» V 

etc. vre shall use only the coefficients for the pertur¬ 

be omitted. J Station} the exponen 1.-.-. ’ : luit? plier til.¡ be uccu ml uo 

(Vi - (¿fàVy -fV/Sp— O5 (9) 

(a))Í¡ ' ; -:- r 'V 19) 
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On the buo is of e'i. (6) we conclude that two types of solution arc 

possible (all ^uontitics pertaining to the solutions of these two types 

will be designated by indices 1 and 2). The solution of the first typ- 

corresponds to /7//1 - 0) = 0 anii 18 diiTeront fr0n 

zero. Ther. froui (7) and (8) we get —0 from (9) 

4 no) 

The quantity 1c in addition different froa zero and con¬ 

di c, ,«')_/W) r.jn 
necteu with by ¿aeans of the relation oV 

This solution, an "entropy vortex" wave is, evidently, simply the trans¬ 

fer by the moving gases of tue perturbed entropy and of tlx: rotational 

velocity. 

In the solution of the second type according to (6) ï 0 

anu 8SÍ2> = 0 . Multiplying c . <7) by K > e'i- (3) bi' ¿i 

adding theui and eli:ainaUug iV™ So/f ^ residtine 

equation céans of (9), ve get t!ie following relation bet*.-ieon (t and 

60 ^ 

(11) (CO "■Viif ~ o U< 

To relate the iuantity SV^ with the desired two o^s. are 

chosen fron e^s. (7) * ' 9) f0i' instance, 

('(fit - uòftiíx +VK'SpÍL);= 0] (12) 

Moreov 

(Vi? “ CO)bVy ' +V¿£Sp' 0. 

■: > S *1 10 

8p's,= - (cl/Vl)SV 
(2) 

Ú3) 

(14) 

, ve have, 
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This is a solution of the type of a sound wave and the relation 

(n) has to relate the frequencies with the wave vector by means of 

a calculation of the Doppler effect. Tte general solution of the 

equation ic given by a linear corjbination of both types of solutions. 

The necessary combination of the solutions has to satisfy the boundary 

conditions at the discontinuity, which are obtained by an analysis of 

the conditions at the disturbed shock wave. We shall write out here 

the relations at the disturbo! discontinuity and ve shall use then for 

satisfaction (of the boundary conditions). V.’e shçül introduce ortho¬ 

gonal vectors by the tangent 1 and the nor.nl H to the perturbed 

discontinuity; it is easily seen that the components of these vectors 
- § r y» . 

to a just approximation equal "t ((> l Klj.) \) 

The condition of equality of the tangential component of the velocity 

at the perturbed discontinuity har. the foirr 

Vet — (V 4 k 

where 8V = SV -+- 8 V 

With accuracy up tc the first order 

rewritten in the foDoviny way; 

'..•f! the desired combination 

of :.vign.l tucle this condition is 

O' 8vx o vT ---= tk {'Vo - v)ij. (15) 

In an analogous way conaition for the Jump of the normal 

velocity in 

after analysis by a g c II pertu 

-v-tt.) 

< ! fi 

It takes the foir: 

\iv V j 
(ini 
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Formulafl (10), (12) - (l8) give a systeni of eight equations in eight 

unto«,* Sp“1, %r\ SV1*', Svlt J to . 
Having eliminated all of the hydrodynamical variable, it in poosible 

to obtain the characteristic equation for the fre luency u) the in¬ 

vestigation of which penaits denoting the criterion of stability of 

the shock wave. If we eliminate B V "V *6 V . . frocl 

eq. (13) with the help of (1?); vc shall have 

Sp 
.(2) r 

P-P0 

I + 1 ) 

1 j8 Whj 

— ( l£ \ 7) (19) 

: _ l¿o _ 

J Vo V 
is the flo\; of the substance across wliere 

tlie shock. 

Further, eq. (l6), after a preliminary elii.iination of 8V( +SV 
by naans of eq. (1Ö) we multiply by , and (15) by K ^ ’ 

un the strength of (10), (12) and (13) '«a shall have 

(nr -i;.)(k2+ )« -= V(k% (20) 
\ u 't 0 ' 

Having multiplied eqs. (19) and (20) ve get 

, w / «i +1(5.Vu - + ¡V—1 ] (21) 
~0 lk Tv~ ) w0 H K J íí;L J 

This is the characteristic equation of frequencies; it is necessary to 

understand /_ liera as a function oi ij which is de terri no d by eq. (llj. 

2. The reStigat on oi’ the 3tol'3 it,y cdiock>’avga. 

In the future it is convenient to transform eq. (2l). Hamely, we 

shall introduce the. angle Q between the wave vecior( K > U ) 

the non il to the discou•.•• nu. by. >. 

a /, = -- cos 0, r'v c J 

il « sin 0 (22) 
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vhere il fea* vbich the relation 

^ = Cl(K*+ÍÍ), (23) 

evidently hold« 1. not the .e» a. the tr.iu.ncy of .ound In • .yntan of 

coordinate, moving tocother vlth the a nie tance hehlnd the tóoch uave. 

Further, according to ey,. (li) we have 

UnaÄ + Tr/h = ^0+-¾1 cose) 

Substituting (2a) and (2¾) Into (a), « get a quadratic eq. vlth regard 

to COB© J/T— ^ ^ — || COSa0 «t 
• cMJVOV/ap)^1 ^ j, 

nnrr Z + CvVc') ilr^c aj. Æl&ïiâ-(\ + X2k) = ü. (25) * c L>-tWv/Spk r &6 Hj^v/3P;H -cV u’ 
the investigation of vhlch in considerably eaa'er than that of the 

original equation vlth the additional condition (11). 

The quantities and U are expressed in terms of oca S 

by the equationsï 

, , „ t / ( + CjwWcwi.'i 
It ■= kctg 0, u=ck^ sm e J (26) 

The Uuoal condition cf inatoblUty is contained in the exiatence 

of a solution grovlng exponentially with time, vhereupon the sise of 

the jerturbation exponentially decays at infinity as y -v a> I 

for tbie imaginary part, generally speaBng, the complex oxpreseion. for 

the frequency W atd the y-emponent of the vave vector (¡_ 

muat bo positive, i.e. 

Im (co) >0 3 ImCU)>0. 

The non-fulfillment of even only one of these conditions implies the 

etability of the discontinuity. Wo note that by tbie the lUsnUties 

0 and ft are complex and coo 6 is coaplox or real ac¬ 

cordingly as the absolute value is larger than unity. 



For the future, ve shall convince ourselves that besides the ex¬ 

ponential growth and exponential decay with tine of the solution the 

system permits in certain caaes solutions with real 6) and » 

ve shall discuss the meaning of such solutions below and immediately 

proceed to examine the case of complex <0 and / 2 satisfying 

the conditions (27). We shall introduce the quantity2 

£ = f>e* = Ctg (.%). W 

Then, a» 1» eoelly seen Jm/£ =KImótgâ = |;(P + ^-)!>i,r'^j 

The firet condition ce (2T) Implies tin <p >0 , l.e. 0<<A<Or (30) 

the second condition gives 

p* > I - (v/c)-. (31) 
I + Wcj 

In ei. (25) it is expedient to replace the variable cooÖ by another 

variable 

/H-coseV' 
K \ i - coseA \ - wic)J 

after which the equation takeo the formt 

/. -u^r zci-kv/od (r,Y'-^^-1- 

,/ -vKr 20-Wd)) i-i_0 
+ 0 'j • 

(32) 

Coalition (31) then implies that % ¡oust be in absolute value larger 

than unity, and cos Q. is complex or real accordingly as the absolute 

2 The above œthod of investigation of the characteristic equations was 
pointed out by academician, L. 1). Landau. 
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value 1» larger than unity. 

It is known, that if Xx , and ar® e®8ential roots of 

tbs quadratic equation vith real coefficients 

axz + b% + c=-0, 
then at |a| > |C| j |b| < |0+ C| , |Xi| , l^l <1 5 

at ial<)clrfbl<la+cl, ia.il, ia2l>l} 

at laiilci, lbl>la+cl, la-iklJ^IX, 
whereupon in the last cose on the strergth of the reality of the coef¬ 

ficients# and X? be ^ Interesting case for us is when 

at least one of the roots of eq. (32) is in absolute value larger than 

unity, i.e., when the second or third of the conditions enumerated above 

occurs. It is easy to see that the second of these conditions can never 

be fulfilled. Actually, the condition |Q|¿.lc| for e^. (32) has 

the fora 

and the condition | b I ^ I Cl + C 1 

w. <-f i - vih J ~ j^V/apjjj , 
cf V 1 +j'(3(//3p)H 

evidently contradicts it. • 

In tills way onl^ one auu moreover the real root of e<i. (32) can lie 

•juteido the unî t circle of the piano for the cocplex transi onmticn 

But the fulfillaent of tue condition \X\^\ i® etiU insuffici¬ 

ent for instability; nni-O.y, it is necessary in addition to decand, ns 

it was pointed out above, that con Q van eoriplsx or real, accordingly 

ns \,he absolute value vun :• fh n n¡ity. A ^cniplex cos ¿3 not 

possible on the strength of tb. reality of X ; further, in the re- 

1 . - n rltl i '■ ;f* \ i I fo • ~ , 

. : . Lltiooal condition, guaranteeing 
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inatability, is included in the re^uirenent that one root of eq. (32) vos 

less than -1. Comparing signs of the quadratic polynomial (32) at 

the values %, = i I , 1. 00 it is easily found that the condition 

of instability in substance is 

Up to now we examined the case of complex £0 and ; now ve 

shall consider the case; of real (*) and ^ , when the solution 

describes actual sound, and entropy waves being propagated. A sound in 

a solution of such a type may be both "coming", i.e., incident on the 

discontinuity fiom without opposite to the flow, and "going", i.e., 

which is radiated by the discontinuity. The first type of solution, to 

which corresponds obvious, < 0 and cos 0 < Q , does not offer 

Interest and does not have any relation to the problem of stability¿ 

the tack in this or.se reduces to che finding oí such a connection bet¬ 

ween the frequency and the wave vector of the sound wave, incident from 

without and "catching up" to the shock wave, upon the fulfillment of 

which a reflected sound wave is rlsont. 

The case of spontaneous radiation of the sound by the discontinuity 

to which corresponds [ t > C und coe 9 > O arouses much interest. 

Employing the well known theory of Stum to eq. (29), it is easy to find 

the condition, for which the root cos<9 lies between zero and one. 

i " ' ' ' ^ . . 1 :•-) .-: 
v„/c* 

It it not entli »ly rhat imp . ¿ rc-.* .' •. .>• 

•peu u by the .. scontlauityj it is extremely 
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frobáble that this attaatc vary much to the Inetablllty of the discon¬ 

tinuity of the original type» 

It follows that the Investigation of stability In this case In the 

second approximation in principal should permit the clarification of the 

question, but the task in such a scheme encounters gross aathenatlcal 

difficulties. 

The results of the Investigation of the stability are sunoarlted in 

the table reproduced below 

_Table__ 

Condition Result 

im < - 4, absolute instability 
^p/H J* 

_±. <121) < -L 1+ ¿(vVcV-fyy./çV stabmty 
^pAl J' ’l+CWg/c*) 

Possibility of the 
spontaneous radiation 
of sound 

absolute Instability 

3. Discussion of the results 

Turning now to the discussion of the question concerning the possi¬ 

bility of the actual realization of instability ve shall not pretend to 

an exhaustive survey of tho types of Hugonlot adiabatics for vhich the 

condition of instability is fulfilled; we shall limit ourselves at most 

to an examination of the simple aspects of tbs adiabatics. Wo shall ex¬ 

amine initially the conditions of litoral instability (33) cod (3*0, for 

which a solution exists which increases exponentially with time. The 
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first condition, indicnting that the elope of the tangent to the Hugoniot 

adiabatic 1b negative and by coefficient iß smaller than the slope of 

Michel* son's line, is realized, perhaps only in the case when the deri¬ 

vative ia negative til the beginning portion of the adiabatic 

near the point p0 ^ ~\fo ^ passing through infinity, it changes s-gD 

to positive and then, passing through zero, becomes negative again. In 

Figs. 1 and 2 ve schematically represented the shape of the Hugoniot 

adiabaticE for waves of compróseion and expansion, respectively, for which 

tliia condition is perhaps fulfilled At the region Ob the con¬ 

dition ’f instability (33) io fulfilled. 

Condition (3J0, being lese rigid jo that it 3oes not demand the in- 

, era ion of (-^-) at zero ir fulfilled :wi the positive region for the 
V d\r yH 

aad e'em Is only that the slope of the adiabatic 
A\ derivative | 

may be- sufficiently snail. 

Ir. Figs 1 and 2 this condition is suiely fulfilled at the sections 

CO and bel > i'-oucdietcly -1.'. ’r.0 to Ob , and noticeably ex- , 

tends the region of insta- iiUy. ConditiM. r •K/ fulfilled 

for the adiabatios schematically shown in firfl. 3 and 4, for which a re- . 

gion of .the.type Ob is gercralJ.. ubae: for this it is only 

necessary that tlx» a lope y c so. c^.nrly g. cfU. un -ne v xciuity or the 

point of the bona (section Cd 

The examination of the f iflK*® v • 

. , — .. •. V. + . » -î. -i -î' in non— • ..y vitii cue m wiciit x »on » - ■ • .~ . -. . . - 

ruction with the j:. s• ■ ■ tro sec* -Ou, uy^ng at tLu 

point of tan.ency, Is . • r A • • -u slrongth of the 

. olatioi. • • J. ; t‘ i GOV. /■> \ 
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We shall now oxamine the case of the spontaneous radiation of 

sound, The condition for the poesibilit^ of the spontaneous radiation 

of sound (35) is less ricid than condition (3J0- The presence on tne 

adiabatic of a section of type cd , at which condition (3-0 ^ "ul- 

filled automatically guarantees the existence of sections adjoining 

^Cl on both sides ( £C and df on tte 112sfor uh'ch con" 

dition (35) is satisfied. Thus the condition for '.he spontaneous radi¬ 

ation of sound extends the region of staoility still lurcher. 

Condition (35) nay bo fulfilled at the bov (curve) of the adiabatic, 

and by the absence of a sect on 

of type cd (fi2- 5 and 6); furthermore, this condición is per* 

/ -ap \ 
hat« satisfied in principal n.su in tnc reg-on rherc ^ ■CO 

if at this (region) 

C1 < or Vo "•£ Vs- 

vhere > 0 > 

of the usual shape, v’nere the doriv h-ve J \\ 

Therefore, the point f on ?ign. 3 and 5 lies ir principal 

arbitrarily high or. the adiabatic, and the point 6 i so perhaps 

lower than that point of the au'ub'.tic, where the tangent vertical tC; 

it. Furtljenaore, a section of type Bf tiny exist on an auiabatic 

.'j j.s cverivhere 

negative. (Fige. 7, $)• 

It ï h vf .iterest - r: the . .on l*;0 pos43--0 

of experimental jbservation of tc it. ■ .t of shock waves. In ai 1 

probability, it is extreiK ■... ' '' - ^ s r r-:'- ”V1-'l 

arilabati.ve of the type .-00--: t . n i - .:. Co.ae îeracly a .c 

h' RVC-Ü. c u-eo re :n ■ - » ■ - -8 ^ 
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giv*n ln Figa. 3,5 must be observed in diatonic and polyatomic gases, 

dissociating in tbs presence of an elevation of temperature! an adia¬ 

batic of the type shown in Fig. 7 appears conventional. The numerical 

calculations for adiabática of these types, permitting on investigation 

of the possibility of fulfillment of the conditions of instability could 

be extremely useful. 
o 

Conclusions 

1. Tte problem of the stability ox shock waves in an arbitrary medium 

was examined. 

2. Conditions for the instability of shock waves are found which if 

satisfied result in an exponential tjrovth of the disturbances with 

tine. 

3. The original phenomenon which was discovered is the spontaneous radi¬ 

ation of sound by the shock wave and conditions which determined the 

poesibility of its occurrence . 

U. Exarçples are given of the saa^s oí Hugoniot adiabática in which it 

is possible for the conditions of instability and for the possibility 

of the spontaneous radiation of sound to be fulfilled. It was shown 

in which media the fulfillumt of these conditions is to be expected.. 

The author is extremely grateful to academician L. D. Landau for 

valuable* suggestions and for constant interest in the work. 
0 
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