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II.

SUMMARY

A simplified air battle model has been constructed in statistical terms,
based upon the assumption that continuows close conirol of esach intercep-
tor can be maintained throughout the battle. The bhomber end interceptor
losses resulting from this analysis are believed to represent practical
upper limits to the attriticn rates for air battle.

INTRODUCTION

Simplified statistical air battle models for use in attrition studies can
be developed from several basic homber survivel probability expressions,
depending upon the assumptions made regarding the distribution of inter-
ceptor attacks per bomber. The distribution assumed herein represents that
obtainable through very effective and continuous close control of each in-
terceptor. Close control implies directing the interceptor through the re-
quired flight pattern to bring it into approximate firing position, leaving
to the pilot only the responsibility for meking final aiming corrections.
Upon completion of firing, the interceptor is directed into the approach
pattern for a new attack upon a bomber preselected by the alr combat con-
troller. This preselection enables the interceptor attacks to be uniformiy
spread over the bomber formation, tlms obtalning very effective interceptor
utilizetion. For example, if A7 interceptors ars deployed against 32 bombers,
this model pictures two interceptors directed against each of 15 bombers and
one each against the remaining 17.

This uniform distribution obtalned by closs control is in contrast to the
more random distribution resulting from broadcast contirol, whereby each in-
terceptor is provided with frequent bomber stream location plots, from which
ne must seek out & target and determine his own attack pattern. Consequently,
under broadcast control, some bombers may bear the brunt of the attacks while
others in the formation may get throug: unmolested. Other factors being
equal, it is believed the picture of close controlled interception presented
nare represents the optimum interceptor effectiveness and provides an upper
limit to the bomber attrition rate for air battle.

Other factors, for which insufficient information presently exists to enable
their implicit inclusion in this preliminary model, include:

() The effect of bomber formation in overall survival proba-
bilities.

(b) The effect of bomber location in the formation upon in-
dividual survival probabilities.-

(c) The effact of interceptor tactics upon both the probable
bomber end interceptor losses. (For example, fewer inter-
ceptor loases should be expected if they atteck simul-
tansously rather than singly).




(d) Difficulty interceptors might have in penetrating a tight
bomber formation to attack interior bombers.

(b) Arrival rate of interceptors into combat, which will affect
the intercepter~bomber ratio.

(f) Reduction of effectiveness of close control in interceptor
attack allocation per bomber because of finite time lag in
the assessment of bomber damage.

(g) Effect of cumulative damage from successive attacks upon
kill probebility.

As & mathematical simplification of the problem, full use will be made
of the stage or attack wave concept of the air battle as imtroduced in
D-627. This concept considers successive attacks by each interceptor
as occurring in successive stages, each stage of combat being carried
out by the survivors of the previous stage. The number of stages or

attack waves is smell, being limited by the fuel or ammunition supply
of the interceptors.

III. NOTATION

M = initial number of bombers
N = initiel number of interceptors encountered
Mj = number of bombers surviving i th stage

Ny = number of interceptors surviving i th stage

Ry = Nl/Mi = interceptor/bomber ratio surviving i th stage
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[Ri] = grestest Integer in Ri

8 = probability (constant) that a bomber will survive an attack
by one interceptor

Py = probability that a bomber will survive i th stage of inter-
ceptor attacks

J~ = probability (constent) that a bomber will survive an attack
long enough to launch its allocated ammunition against the
attacking interceptor.

8 = probability (constant) that an interceptor will survive an
attack long enough to launch its allocated ammunition against
the bomber

p = probability {constsnt) that an interceptor will survive an
attack

¢ = probability that an attack will not fail due to personnel
or equipmen® errors, RCM, etc.




:

IV.

Case A - Interceptor Losses Neglected

The simplest verslon to analyze occurs when the interceptor losses are
neglected. For coastant bomber survival probabllity per attack (S), the
optimum distribution of interceptors for tne first stage follows the sche-
dules

R + 1 interceptors attacking each of N-MR bombers
R interceptors attacking each of M + MR=N bombers

Because of finite time lag in the assessment or bomber damage, particu-
larly under all weather operation, these R of ® + 1 attacks upon a certain
bomber must be consldered as cccurring simltanecusly. In this sense, si-
mulianeocus attacks imply multiple attecks on the same bomber which overlap
in timp such that & second attack is launched before the bomber damege from
the first attack can be ascertained. The combined probability that a given
bomber will survive R simultaneous attacks is then the product of the sur-
vival probabilities for each attack. Consequently, with no interceptor
losses, the expected number of btombers surviving the first stage or attack
veve is given by the expression

— pa—

— L+ -
- s Tt e meE-n) S 5. (1)

while the mean probability that a bomber will survive this first stage is
represented by .

M - R
] +(L+T-R) S Ty. (2)

PlE -ﬁ-—- =(R-§)S

When R<1, so that R= 0, the survival probability can be qlmplified to tiie
form

Pp=R8+1-R=1-R (1 - 3) . (3)

In the event R ls an integer, so that R - R = 0, the expression reduces to

Cuse B ~ Interceptor Losses Considered

The Inclugsion of interceptor losses in the esnalysis nas the effect of re-
ducing the effective number of attacks per bomber. _The probebility that
R - n attacks will be cerried to completion out of R attocks launched
againat a given bomber is
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Eq. (5)

The joint probability that R - n attacks will be completed cut of R
launched and the bomber survives a1l these is given by

_ Foa(F) @- '
g (R, n) = SR n(n) s i (1-3g)" Tg. (6)

The probability that the bomber survives tlie R attacks launched is

_ R R B =
h(R) =~ (n) (ss) 1-9)"

n=o

1

{1 -8 (1- 3)} § Bq. (7)

The expected number of bonberg surviving all attacks in the first stage
considerin- Interceptor loases becomes

Ml-—"‘(Mﬁ‘Mfi:N){l-s(lm’s)}ﬁwk(m-:.{ﬁ) {l»s(l~3)}§+l B

The correspending mpan aurvival probability for a bomber is

_ R _ ‘ R+1
Pl::(l--i-R—R){l-s(l-S)}+(R-H){1"§(1“5,’} B

in the attack before it can launch itg allocated defensive ammunition,
therehy improving the interceptors survival probability. Neglecting at
this time the second order effect of homber firepover dilution during over.

lapping attacks, the expected nunber of interceptors swviving the first
stage of combat is given by

ho=a{1-ca-p) By, (10)

In like manner, the expected survivors of the second stage of combat be-
cone

o

(8)

(9)

R = SR+ 1
: My =¥ (1+F1~R1){l-s(1-8)}114«?41 (PvluFl){l-s(l~Sz}q1+
Ba. (11)




VI.

nem (1o @ep) = afieo ] Ba. (12)

This stepwlse manner of determining survivorgs from each stage is con-
tinued for as many stages as the interceptors can enter before with-
drawing for lack of fuel or ammmition.

Case C - Interceptor Errors Considered

Allowsnces can also be made in this air combat picture for incompleted
attdcks dus to personnel errors, radar countermeasures or other causes
which do not result in degtruction of the interceptor. The interceptors
failing an attack in this manner are stlll aveilable to sugage ian the
next attack stage and arz not lost to the defense. It 1s assumed that
complete equipment fallure rendering an interceptor useless for combat
will be discovered prior to the first attack stage, consequently these
interceptors will bs deleted from the available interceptor force and
given no consideration in the battle picture. The probability that

R - n attacks will be completed out of R launched and that the bomber
survives is

ama

R _
§ @ ny o) =(n) o)t T Lo syt gRoD Bg. (13)

The probability that s bomber survives all attacks completed out of R
launched is given by

R /R R -
K (R, ¢) = & (n) (s sc)R 8 (1 - gc)?
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Eq. (14)

The expected number of bombers surviving the first attack stage is ex—
pressed by

_ R . T+l
M- (MR- W) [1-se (1= 8} # (-1 {1~ sc (1 - 9
1 B

'

The mean survival probability for theé¢ bombers can be written as

—

P, - (.l+§~R){l~‘ sc (1ms)§R+(R~§){1-SC (l-S)E

R+ 1

Eq. (16)




The expected number of interceptors surviving the first stage is the
sum of those completing the attack without being destroyed and those
making an incomplete attack due to errors or RCM, as given by the form

Ny = Ne {].-0‘(1 - 2}+ N(l-c¢c)=H 1-co(l-p) Eq. (17)

Continuing, the aircraft surviving the second attack arc obtained from

:
a
2
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= 7R = R, +
My =My (1-F, -R1) 31 - se (L - 3)] My, (p - R1)£1 ~sc (1 - S}R’ .
Eq. (18)

t

Ny =1y {‘l - co-(l - p)} = N {_l - co(l - p~)}2 Eq. (18)
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VII. Case D - Approximation to Case C for R>1

For the occasions when R> 1 (i.e., more interceptors than bombers), approxi- ;
mations to Eqs. (15) and (16) can be given as '

R
My = M {l - gc (1 - Sji £q. (20)

Pp=f1-sc(l- s)}R g, (21)

: These expressions have no physical interpretation except in the rare cases
{ where R is an integer; essentially they represent the exponential approxi-
mations to the polygonal curves of mean survival probability as a function
of R. In most cases, gurvivors predicted by Bq. (20) are reasonably close
to those given by the more rigorous form expressed in Ig. (15). A further
i approximation leads to an expression for the expected survivors of the i th
stage of combat:

, iR
M, = ?{i;l -~ sc (1 - Si? Eq. (22)

The corresponding interceptor survivors can be found from the extension of
Fa. (19)

- i
Ny = Nél -co (1 - p)} By, (23)
VIIT. HNumcrical Zxample

To illustrate the effects of the various varameters involved, a typical

J exanple is presented in Table Y for the [ollowing agsumed gusntities:
M = 100 S = 0.6 s = 0.4
N = 340 o= 0.7 p=0.3
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