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SUMMARY

An approximate method is presented for finding the
flight technique by which an airplane may reach a speci-
fied speed and altitude in the minimum time or with the
minimum fuel consumed, Both the case in which the dis-
tance covered is unrestricted and in which a specified
distance is covered are considered,

It is found, that if the final altitude is suf-
ficiently far above the initial, a large portion of the
optimum path is independent of the specified initial and
final speeds and altitudes, Simple equations are found
for this portion of the path, No equations are found
describing the transition from the initial speed and
altitude to this central portion of the path or from the
central portion to the final speed and altitude, However,
some information regarding the best transition technique
is found from a consideration of several arbitrarily’

selected transition paths,
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INTRODUCTION

The purpose of this report is to present methods for rapidly discovering
the flight technique by which an interceptor may climb from take-off to a
specified speed and altitude in the minimum time or with minimum fuel consumed,
Both the case in which a specified distance is covered and the case in which
the distance is not specified are considered, In each case techniques for
minimum time and minimum fuel are developed, All the cases have been inves-
tigated assuming that the throttle setting remains constant throughout the
flight, It is found that this procedure is optimum for all cases except that
of minimum fuel with a specified distance greater than the distance covered

in climb,

Two methods are used to discover these techniques, The first method

is to attempt a direct solution by means of the calculus of variations, It

is soon found that the resulting equations are too complicated to be used in
ordinary engineering work, Consequently, a trial and error method is used in
which arbitrary paths of speed vs, altitude are selected and the time and fuel
along them calculated, A study of the results of these calculations indicates
that if the final altitude is sufficiently far above the initial altitude, the
greater portion of the optimum flight path lies along a speed-altitude path
which is independent of the specified initial and final speeds and altitudes,
This path, which is characteristic of the airplane design, but does not depend
upon the initial and f{inal speeds and altitudes, will be referred to as the
"characteristic path", An optimum flight between specified speed - altitude
points consists cf a transition from the initial point to the chsracteristic
path, a climb up the characteristic path, and a transition from the charac-

teristic path to the final point,

After the existence of the characteristic path has been suggested ny the
trial and error method, it is found possible to develop simple formulas for
it by a mathematical approach, In addition to supolying a direct method of
discovering the characteristic path tor any airplane, these formulas show that
the characteristic path depends upon the specified distance covered in the
flight, the throttle setting used during the flight, and also on whether time
or fuel is to be minimized,

No simple equations for the transition paths are found, but some information
about them is discovered by the trial and error method,

The airplane selected for the calculations is a swept wing, single seat,
present day interceptor type equipped with a single jet engine and afterourner,
Calculations are made with tue afterburner both operative and inoperative, since
with the afterburner operating the climb performance is seriously limited by
compressibility, while with afterburner inoperative the Mach numbers encountered

in climb are below the drag divergence Mach number,
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FLIGHT PATH

The symbols used in this report are as follows:

distance along flight path

norizontal distance covered

D = drag

L = lift

T = thrust

W = weight

¢ = centrifugal force

o = angle of climb

R = radius of curvature
y = flight path velocity
g =

¢ = rate of climb

h = altitude

x =

Ro WW

-DN : \
Q}ﬂ”—‘ VY = energy available for climb and/or acceleration

per unit weight

n = %f » Joad factor

¢ = fuel used

Ww. = rate of fuel consumption

f

t = time

A prime denotes total differentiation with respect to h.

Thus V! = Q!
dh

etc,
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The equations of motion for two dimensional flight in a vertical plane are:

i ‘B . _ W dv
.} T-D-Wsin®8 g @ 2l
; L-Wcos@ =F 2,2
b Note that
| NI LI G T SRR W -
| g R g ds g dt g dt

de de

Making use of this expression for F, the definitions of Ro and n, and the

fact that V sin 9 = C, 2,1 and 2,2 may be written as

Ro
C e —m=—= 2108
1+=V
v
n =cos o + 1; 6 sin © 2.4

3, APPROACH THROUGH THE CALCULUS OF VARIATIONS

In this section the equations defining the path of least time between
specified initial and final speeds, altitudes, and angles of climb will be
presented, The method used for finding the minimizing path is a modification
of the method of Bolza and has been very completely described by M,R, Hestenes
in Reference 1, Consequently no description of the method will be given here,

The problem may be stated as follows: It is desired to find n and V as
functions of h such that the time

will be a minimum when the following relations between 6, V, n, x, h hold at
every point on the path (see equations 2,3 and 2,4).

e _ g (n - cos 8)

dn 2 sin ©

v
3.1
e Q‘Lnﬂ(_____no -
dh v V sin ©

—
L
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dX . .ot o (inclusion of this equation allows the distance
j‘ dh Lee
covered to be gpecified).
3.1

R, ® RO(V,h,n)

The procedure, a8 given in Reference 1 is 1o construct a function H such that

R
.. & (n-co®) £ |2 — -1 I -
Hopg 2 = sin® * Py |Tsine | TPt @ T {sin 6
L &
where the p's are unknown functions of h, It is shown in Reference 1 that, on
the minimizing path, the following relations must hold:
oo, g e _a Tv. o M.
dh ax * dh 38’ dh av ' dn
These relations lead to
dp ( ‘\
iR S L (1 - - o B - cos ©
TS — }pg > (L -~ n cos ) Py 3 RO cos @ - p ' Ty ‘
di gin” 6 | v i U
B R
Sy o1 g (n-cos8), _fﬂ_.._l___l_a_ﬂ e
dh VE I'pB ] sin © Py B \V sin @ sin 8 @ sin ©°
= o |
Py constant ]
GRO
Po * Py Fm -

|
The equations 7.1 and 3.2, together with the specified {pitial and final
values of V, X, ©, and h, vili determine the minimiz 7o P ¢} . Infortunately,
these equations are rather cm; Licated ani they do not or wide much physical

insight into the problem,

' I,, TRIAL AND ERROR_APPROACH

a number of arbitrary paths

In order to obtain some feeling for the problem,
The time required

were assumed and the time and fuel used along them calculated,
in the climb portion of the flight was determined {rom equation 2,3 a8

h

2
L)
t = et

& R
h o]
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If the flight involved acceleration at constant altitude, the time to accelerate
in level flight was calculated {rom equation 2,1 as

P

= {\ J dv
) Ee

1

The fuel was calculated as

i W, dt

and the horizontal distance covered was calculated from

The drag, thrust, weights, and fuel flows were taken from the airplane manu-
facturers! performance report, The weight is varied along the flight path to
allow approximately for the fuel used,

In making these calculations, Ro was evaluated by assuming n = 1 throughout

the flight, This approximation was checked by calculating the time along path

4, Fig, 1, using the correct values of n as obtained from equation 2,4, It was
found that the exact and approximate times differed by less than one percent,
since path 4 involves a more abrupt pull-up, and consequently a greater variation
of n, than any ot the other paths shown, it is felt that this check justified the
use of the approximation along the other paths, The exact values of n along path

4 are shown in Fig. 3.

The results of the calculations to find the flight technique for minimum time
with distance unrestricted are summarized in Figs, 1 and 2, Paths to res~h three
different speeds at 35,000 feet are shown with most desirable paths distinguished
by heavy lines, Two conclusions can be drawn from Figs, 1 and 2, The first is that
a large portion of the optimum path remains unchanged as the final velocity is
varied, This immediately suggests the existence of a characteristic path of the
type defined in section 1, The second conclusion is that reasonably large variations
can be made from the optimum path without severe penalties in time,

The paths investigated to determine the techniques for minimum fuel with
distance unrestricted are summarized in Fig, 4 where the most desirable paths
are distinguished by heavy lines, Again 1t is seen that a characteristic path
exists and that reasonably large variations from the optimum can be made without

severe penalties in fuel,
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The lower part of Fig, L shows the effect of engine operation on the fuel
required to reach 500 mph at 35,000 feet, The path for each throttle setting
is approximately that requiring the least fuel to reach the specified speed and
altitude with the given throttle setting. It can be seen that operation at
military power without &fterburning requires the least fuel,

EQUATIONs OF THE CHARACTERISTI. FAaTHo I Oh MINIYUM TIME

To find the equ.tions .f *he characteristic oaths, we note that the definition
of these paths implies that the cr.cacteri t.c p~tr nas ~he oruperty >0 minimizin,
the time between any two pints wnizh it co-necus, It fcl.ms that minute aevia-
tions from this nath mu:t not cause any ~n.nge in tbe: tim- req..red. Thus, it .s
seen that, alony the characterist.c peth the volu= of int -gral represent .ng ‘ne timne
used 13 indepenuent vi small Var.el.dws i. e .a.h shape, The integra. represent.uy
the ‘i» may be writtea as (see equstiom 2.3)

A

bV

We shall make use of the approximation that R_may be evaluated with n =1, 86
that Ro may be considered as a function of V 8nd h only, The condition that the

time integral be independent of the path is given by

3 (1\. 2 /)

RGN \

or
. 13 R
v o o .
T % - w - 5.1

Since for a particular airplane, Ro is a given function of V and h, equation
5.1 describes a path of V vs., h which is the characteristic path for minimum time
with distance unspecified,

The reasoning in f{inding the characteristic path for minimum time with dis-
tance specified is very similar, We wish to find the path along which the integral

hoV,
dh v
t o g, V4
y Ko gk,
hy» Yy

is independent of small variations in the path under tne condition that the
distance,

2?2
v Ve
x * ™ dh + — dV

n

‘{11 vy ° ik
CONFIDENTIAL




A ————————s e

CONFIDENT!AL 6
is constant, Since the only admissable variations are those tor which the dirtance
integral is independent of changes in the tatr, this problem is equivalent to finding

the path along which the integral
o 9 1

1
?l
L]:_;{__"_Y)_ dh + S_L_;_}L)_V av
o + 2o
- . llvl i
is independent of small variations in path, The A is a constant which deteéminea'

the distance covered along the characteristic path for a specified change in
altitude, The condition that this integral be independent of the path is

d §l*)\\_l_ﬂ__g_ _y_gl*xvz_]
g

av Ro oh Ro

—l“

— [

or AR

o =
il 0 5.2

This path has the property that the time between any two points on it is less
along the characteristic path than it is along any other path connecting the
given points and having the same value of the distance integral, The optimum
flight path for minimum time with a total distance specified will consist of a y
transition to one of the characteristic paths defined by 5.2, a climb up the
characteristic path, and a transition from the characteristic path to the final 3
speed and altitude, The value of A used to select the exact characteristic path [
must be determined so that the distance covered along the characteristic path :
will be equal to the specified distance minus the distance covered on the transi- P

tion paths,

The characteristic path involving the highest speeds is obtained by letting
A— o, in which case equation 5,2 becomes

E9.+-V—.GH_O...EEO.=O 53
V.og 3 oV ‘ o

This path has the property that it minimizes the distance covered in moving
between any two speed altitude points which it connects, Fig. 5 indicates that
when the specified distance is long enough to allow the airplane's maximum speed
in level tlight to be attained, the characteristic path closely approaches equa-
tion 5,3, It will be noted, however, that the characteristic path defined by
equation 5,1 may be used with only a very slight loss in time, Consequently. it
appears that it is not necessary to use great care in the selection of the proper

characteristic path from those defined by equation 5,2

Equation 5,2 will determine characteristic paths for use when the specified
distance is less then that covered along the path for minimum time with distance
unrestricted, These paths, however, are not of much practical value, since the
technique on such a flight would be to follow tne path for minimum time with
distance unrestricted and turn slowly during the flight to adjust the distance to

specitied value,

Kquations 5,1 aud 5,3 detine a band of speeds in which Lhe majority of climbing
should be done, This band is shown in kFig, 6 lor a typical modern interceptor
operating at military thrust and ot military thrust plus aitervurning, The effect
of compressibility is clearly evident in the narrowness of the band with arter-
burner operating compared to the band with afterburner inoperative, PRI Iy Tas
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EQUATIONS OF CHARACTERISTIC PATHS FOR MINIMUM FUEL

It was found in Section 4 that the best engine operation to obtain minimum
tuel with distance unrestricted is to use military thrust without afterburning
throughout the flight, The fact that a fixed throttle setting is used allows
Ro (for n = 1) and wf to be represented as functions of speed and altitude only,

Consequently, the characteristic path for minimum fuel with distance unrestricted
can be found in the same manner as that for minimum time, distance unrestricted,
The equation is found to be

/...._o EE‘\ ..n__f..______._-O 61
Kv 3V :

ah \

A similar equation can be obtained for the characteristic path for minimum
fuel, distance specified, provided that the entire tlight is made at a fixed throttle
setting, The equation is found to be

G M) (H vy B (_z__v_i’”_f\__“() .
R 3 2 oh v g oh . g

This equation is not of great practical use, however, since the best technique
for minimum fuel with a specified distance greater than the distance covered in
a military power climb involves operation at part throttle,

TRANSITION PATHS

No formulas have been developed to describe the transition paths, A series
of transition paths from take-off speed to the characteristic path for minimum
time with distance unrestricted is shown in Fig, 7. It can be seen that although
the difference in time between the better patns is small, some time can be saved
by diving during the transition, Ordinarily, it will not be possible to dive
immediately after take off, so that acceleration at constant altitude will be

the best transition path,

The best transition technique from the characteristic path to the final
speed and altitude depends on whether the final speed is greater or less than
the speed on the characteristic path at the final altitude, If it is less, the
best procedure 1s to leave Lhe characteristic path at an altitude below the final
altitude and zoom to the final speed, This technigque is illustirated by paths 4
and 6 in Fig, 1 and by path 11 in Fig, 2., 1If the final speed is greater than
that on the characteristic path at the final altitude, the curves of Iig, 7
indicate that the best technique is to climb above the final altitude and dive
to the final speed and altitude, Alchough the time saved by diving instead of
accelerating in level flight is small, there may be a considerable tactical

advantage in diving,

CONFIOENT 2y
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CONCLUSIONS

The conclusions may be summarized as fcllows:

1f the final altitude is sufficiently far above the initial, the greater
portion of the flight paths which minimize time or fuel will lie along

a speed=-altitude path which is independent of the specified intial and final
speeds and altitudes, This path is called the "characteristic path", The
optimum flight path consists of a transition from the initial speed and
altitude to the characteristic path, a climb along this path, and a transi-
tion from the characteristic path to the final speed and altitude,

The characteristic path depends on the specified distance to be covered in
the flight, the throttle setting used during the flight, and the design
of the airplane,

The characteristic paths for distance unrestricted and for large specified dis-
tances form a band of speeds in which the majority oi climbing should be

done,
Simple fermulas for calculating the characteristic paths which determine
the climbing bands are given in Secticns 5 and 6,

The best transition procedure involves diving if an increase in speed is
necessary and zooming if a decrease in speed is necessary, If diving is
impractical, very little time is lost by accelerating at constant altitude,

Reasonably large departures rrom the true minimizing paths may be made with
only smell losses in time or fuel,

The best engine operation for minimum fuel if distance is unrestricted is
to use military thrust without afterburning,
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