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AN EXTHNSTION OF THE THEORY OF WATER HAMIIER

Iy k. Bkalak

NOI'ENCLATURE

The following nomenclature is used in the paper:

O
o

o N g O~ &° £ £ & 8 45 =H D 0 X

(o]

£LO

Velocity of sound in fluid
Joukowsky water hammer velocity (See eq, 1)

Bulk modulus of fluid

Radius of tube

Thickness of tube wall

Young's modulus of tube wall material
Pressure in fluid

Axial velocity of fluid

Distance axially along the tube

Time

Axial displacerent of tube

Radial deflection of tube wall (+ outward)
Initial density of fluid

Radial distance

Velocity potential

Mass of tube per unit surface area
Poisson's ratio for tube wall

[CEh___ Velocity of sound in tube wall
m{(-V?)

Force per unit area on tube wall
Transform variables

Integers

See eq. (23)

See eq. (2k)

Bessel functions

ST
See eq. (30)

See eq, (36)

See eq. (37)
See eq, (38)



c'ye Arbitrary constant velocities I, H Integrals, See eq. (53)

01,02 Phase velocities L L;nsth of wave front
c

z! See eq. (L8) R = -3

n Variable of integration ; a

@ &e eq‘ (50 A b— .%_

1, Introduction

The usual theory of water hammer which is used to compute the magnitude and
velocity of pressure waves in a pipe filled with an elastic fluid was given by
Joukowsky [8] in 1898, This theory predicts that pressure waves travel without
change of shape at a velocity Cyt

C
/‘ + 2Ka (1)
Eh

In the derivation of this formula it is assumed that the pressure is uniform
across any section of the pipe and that the deflection of the pipe is equal to the
static deflection due to the instantaneous pressure in the fluid, The first
assumption neglects, in effect, the inertial forces associated with radial motion
of the fluid, The second neglects the mass of the pipe wall and the longitudinal
and bending stresses in the pipe wall,

Ce=

For the case of an infinite train of sinusoidal pressure waves in a tube filled
with fluid, much work has been done without resorting to the above assumptions, In
1878 Korteweg [9] showed that the phase velocity of sinusoidal waves varies with
the wave-length when the radial inertia of the fluid and the mass of the pipe wall
are taken into account, Korteweg also gave the expression for Cq2 €Qe (1) as an
approximation of the phase velocity for long wave-lengths, The work of Korteweg
was extended in 1898 by Lamb [10] who considered the pipe as an elastic membrane
thus including the effect of longitudinal stresses in the pipe wall, Lamb showed
there are two finite phase velocities as the wave length approaches infinity,

One of these is very close to Korteweg's result Ce and the other is very nearly the
velocity of sound in the material of the tube wall, Recent papers by Jacobi [6]

and Thomson [1h] include the flexural stiffness of the pipe wall, The inclusion

of the bending stresses affects the phase velocities appreciably only for very short
wave=-lengths, 1t

uvhareg in orasckets refer to the Libliocraphy at the end
¢ the rarar,



In the present paper water hammer waves are considered without some of the ‘ j
simplifications made in the Joukowsky theory. The equations of motion for a | ‘
thin cylindrical tube are used, cf, Fliigge [11],

with one additional term for the effect of rotatory inertia. The fluid is assumed

to be elastic and inviscid but no assumptions are made regarding its motion except
that it is small,

Only the case where the velocity of sound in the material of the pipe wall is
greater than in the fluid will be considered, Much of the analysis would be valid
in the opposite case, but the relative speeds of the various waves would differ,

2. A Formal Solution by Integral Transforms

obtained in the form of a double integral.
In this section a formal solution of a typical water hammer problem is,
The solution is reduced to terms of single real integrals whose evaluation is
discussed in the next section,

The problem considered is to find the moticn of a thin cylindrical tube filled
with fluid starting from given initial conditions, The conditions, shown in Fig, 1,
are that for ¢ = O:

p=0, ves) forz>0
P=p, Vv=v, forz<0 (2)

us=0,w=0, for all 2

The velocity v is assumed to be related to the pressure P, by

Vo= \;:c (3)

This is the velocity that would exist behind a plane shoci wave of pressure P, in
an infinite body of fluid, Thus the initial conditions for the fluid correspond to
a step shock wave moving in the positive direction. An external pressure equal to
P, is assumed acting on the outside of the tuve for z < 0 to prevent any motion of
the tube at 2 = - oo , This external pressure is assumed to remain on the tube for
2 <0 for all t,

These initial conditions are intended to simulate the situation arising when
a pipe leading from a reservoir is filied with fluvid at rest below reservoir
pressure and a valve at the reservoir end is suddenly opened, The part of the tube
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left of the origin in Fig, 1 is a convenient device for supplying fluid and energy
in place of a reservoir., It is expected that the particular means of generating a
water hammer wave will not essentially affect its characteristics when the wave has
progressed far enough down the pipe,

The motion of the fluid will be described by a velocity potential which must
satisfy the equation:

| - & (L)
vie = ¢rr+?¢r+¢zi_—c—i¢

where the subscripts r and z denote derivatives,
The motion of the tube due to a radial force per unit area, q (z, t), is
governed by two equations:

. 2 2 2 2
w h™ .. ( h )W Vv N h %
S -3 Wi, U+ — | S+ —uU;+ W, ,,5— 2—Uu =
¢z j2cd T 12/ a* & "& 2 T1E2Z7 pq T 223 mc? ©)
0 v W2
YT A We T s Waa = O (6)
detailed °

A Aderivation of these equations is given in [12], They agree with the equations
given by Fliigge [11] except that the rotatory inertia term #,, has been added above,

The fact that the fluid and tube are expected to remain in contact is expressed
by:
o= — [_b_Q] (1)
or r=a

The pressure exerted on the tube wall by the fluid is:

[Pl = e[32),.. ®

This is the value of q to be used for z > 0 in eq. (5), For g < 0, the external
pressvre - p_ must be added,

It is convenient to consider the solution of the problem as the sum of two parts:



The first part is the shock wave that would be produced by the initial
conditions if the tube were rigid, The tube displacements Wiy Wy, for this part
are zero, The velocity and pressure Vys Py for the fluid are:

V, =V,

P|= po

V|=O

}for‘ 2 <ct 0 =0

} for 2> ct (9)

The second part is the response of the tube and fluid to a progressive load
pressure p 'equal to the pressure produced by the shock wave of the first part, This
load pressure acts on the tube wall radially outward, Its magnitude is P, for
0< z <ct and zero elsewhere,

Inasmuch as Wy Uyy Vo etc, are known, the problem reduces to finding the

the response Wys Uy Vo etc, of the tube and fluid to the load rressure Pge For
this second part of the solution the system is initially at rest and the governing
equations are (L), (5), (6), (7) with:

24
o(2= po [—S‘{] r=(1+ pS (10)

The solution is begun by transforming the governing equations and eliminating
the velocity potential q>2. The remaining transformed equations are solved simultane-
ously and the inversions of the transformations then yield the solution,

With respect to z a Fourier transform, cf. [15] p. 42, is used, Defining the
transform of a function g (z, t) with respect to z by:

[s o}

(5,0 = ﬁh(z,t)e‘“*dz (1)
then the inversion is: -
q(z,t) = Jg(f,t) c'“i*df (22)

With respect to time a Laplace transform is used, but the transform variable
adopted 1s-l==/~ 1 times the usual transform variable, This results in a certain
syrmetry with the first transform and convenience in later analysis, Defining the
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transform of a function g (f, t) with respect to t by:

‘@q,n):-i‘T—TSqq,t) e~ totyy (13)
then the inversion is: °
00—k
g (¢, = (?‘;(i,n)e‘mm (k)
-0~ L

The double transform of derivatives of g (z, t) may be expressed in terms of the
double transform of g (z, t) by the usual partial integration procedure, [13] p. 27.
Using the fact that initial velocities and displacements are zero, the transforms of
the derivatives involved are:

Ba:,, St° [q(z t)]" (" (Lay %(g a) (15)

Using q, as given by eq, (10), the doubis transformation of eqs, (L), (5), (6)
and (7) ylelds:

(26)
2 2 1 === 14’ 2
Q= 2.2 h = h\We v fhee 3 h e
= L.Q.-(—)"—?_[% +—p—5-;- an
mC° r=a mCo
2 2
n = i= L V= .3 Nn =
—"C_’f’“z"'§ L—tf g W, — 2aV2 = O (18)
0
X Wz = -— l:¢2r] rea (19)

The double transforms are functions of { and Q. only except for
¢>2 which is ¢»2 (§, 9, r)., From eq, (16) it is found that the r dependence “32
involves a Bessel function of the first kind, The function P, is known, Solving
eqs. (16), (17), (18), (19 for "2’ ua, ¢2 and inverting yieldax
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The evaluation of the radial deflection w, will be considered first, It is
typical of the quantities of interest, The inner or O integral of eq. (20) may be
evaluated by Cauchy's residue theorem applied in the complex <. plane, During this
process § is regarded as a constant real parameter since the outer integral involves
only real values of § .

The factor 0 - in the denominator of the integrand in eq, (20) produces a simple
pole at (. = 0 because (_(l 1) is finite at 0 = 0, There is no pole at (&0 § ) =0

because (-c—* t ) A is finite at this point, There are poles at the points for which
the remaining bracket is zero, i.e, s where:

[—p—“‘ia +ﬂ -0 (25)

2m



For any real f this equation has an infinite number of roots . . These roots

have an interesting physical significance, They are the circular frequencies of the

modes of free vibration of the tube and fluid system having a wave-length A\ = 2r

§ [ ]
Q
Alternatively the ratios =2 are the phase velocities Ch of progressive sinusoidal

§

waves of wave-length %ﬂ . These facts may be developed by considering the governing

equations (4), (5), (6) and (7) with q in eq. (5) equal to the fluid pressure only,
A solution is assumed of the form:

w.et(gt+n{) (26)
- UL. CL({% +ﬂ‘t)

RTGER ALY

c
\

o
H

where the prime quantities are constants and f(r) is an unknown function of r,
Substituting eqs, (26) in egs. (L), (5), (6) and (7) the constants and f(r) may be
eliminated, leading to exactly the transcendental eq, (25) relating § and O ,

For real values of { all the roots Q. o °F €de (25) are also real, If any of
the QL n ¥ere complex or imaginary the corresponding free vibration would grow or decay
indefinitely in time, Since the system has no means of dissipating or radiating energy,
this is not possible physically,

Fig. 2 shows the O vs { values for a typical case in which the velocity of sound
in the tube wall is greater than in the fluid, i,e., °o> 2, It is found that for any

value of § there is one root f1,, for which (.SC% - §2) is negative, This root corre-

sponds to a phase velocity less than ¢, the ve%ocity of sound in the fluid, There are
also an infinite number of roots for which (-‘(}3 - §2) is positive, These correspond
c

to phase velocities greater than ¢, Fig, 3 shows the same data as in Fig, 2 plotted as
phase velocity vs wave-length,

The fact that two sets of .Q.n curves pass through the origin in Fig, 2 shows that
there are two modes which have finite phase velocities as the wave length approaches
infinity and the frequency aprroaches zero, This was also shown by Lamb [10], p. 7.

It is mentioned here because in a recent paper [14], p., 933, it is erroneously stated
that thereis a cutoff frequency below which only one mode may be propagated,
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The above discussion shows that the poles of the integrand of eq., (20) are at

SL=0and O = O n? all on the r.al O axis, The path of integration is below

this axis and it will be closed in the usual manner by adding a semicircle of
infinite radius in the upper half of the . plane,

approaches zero as the radius approaches infinity,
QO.o=0 to Wy iss

The integral over the semicircle
The contribution of the pole at

po ( et§i d
2a” 2wim 2 2 2.2 2 2 g (27)
| Lo 2, by C¥h o _h__ci __h +
_J % a’ <|—V +|2a1)— 6’ f AT <| |2<L2>§

The contributions of the QS poles to w, may be expressed as:
o0

. tnt
W, = - \002 eszanX € —d¢ (28)
4T m (.0_ ) {P‘, A4 J
-0 N D.=D.n

The sum indicated is over the Q. roots for each value of §

The values of the
SL as functions of § are given by Fig, 2. Eq, (28) may be written in the form

_Po e(.(ii“"-n-‘t)
where _ _~3 & Po® LI Po L _J;
0. - B A*N]*“ T m[‘* S
2 2 4 2k ?.“T-{L) 2¢2
2 Cq v 2 h(\+a*§) M( Cs ( h?)
+ -7+ + LV +
/ 2 2L\ * 2
o't | (- ) G

[+]
The integral in eq, (29) covers all four quadrants of the _a o curves in Fig, 2,
but it may be expressed 2s an integral over the first quadrant values only because

Diseveninﬂandevenin% and the .

p curves are symmetric about both axes,
Thus: -
W, - P, ( \ rSLn(i%-.ﬂ.t) B sin(fz +at) d§ (
T m Q 3
ﬂm) P (%”EBD (T+€)D )

where the summation is over the (.

L curves in only tne first quadrant of Fig, 2,

This
concludes the fcermal solution for w,

The evaluation of the integrals remaining in
» (27)and (31) will be concidered in the next section,

instead of evaluating u, and & ,, certain quantities of interest which are
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derivatives of u, and ¢ 2 will be computed directly. These are:

b2

Pressure in the fluid: P= g—b-t—-
¢

Axial velocity of the fluid: Vo == s (32)
DU,

Longitudinal strain in the tube: Wz2= 353

Expressions for Py ¥, and u,, are derived from the double integrals for u, and ¢ 29

eqs, (21) and (22), through application of eq, (15). The inner integral in QN may
be evaluated in each case by using Cauchy's residue theorem as in the case of Wae
The results are:

p, [ eV Ps ]” sin(§2-04)  sin(fz+ai)
0, ;[ g4 e Z ~ - ¢ o)
2"_00 § Trmonn (- f)F (E=+§)F %
Po etf-ctl Po Z sin(§2-a1) . sin(§2+n1)
V, = 5=k 2 + 4
cobe SE ALl g o
9= ;P'“V ('+ }I‘ZEV') 6L§2 d-§+ R,V E Sin(fl"ﬂt) _ Sln(fl'H.(H) d.§ (35)
T™ma . Tm Y 0
) "maonn (=-f)8  (T+f)8
where:

F--2 [2 ¢ I o5 ) (36)

G= F’% (37)
2
D(&-+)
B =4+ 2 he (2 (38)
AEET

and £(t) stands for the denominator of the integrand in eq, (27).
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The solution of the problem originally posed at the beginning of this section
is given formally by:

WS W TV Eqs. (27) and (31) )

P"Py*+P, Eqs, (9) and (33) } (39)
vEv, +Y, Eqs, (9) and (34)

u, * v, Eq, (35) ),

3. Evaluation of the Solution for Large Values of |z| and t,

In the formal solution indicated by eqs. (39) the integrations with respect to §
would ve difficult to carry out in general because the (L n values are known as
functions of { only through the transcendental equation (25), However, some informa=
tion may be obtained by considering approximations of the integrals for large values
of |z| and t,

Consider the part of w given by eq. (31) and, in particular, values of s and ¢
such that:

z=c't (ko)
where ¢' is an arbitrarily selected velocity, Substituting in eq, (31):
(v o]
_ b 2 sin(§¢'-at  sin (fc' + o) 4 1)
2 Trmo T | (E-5)D (& +§)D
Tt is found by inspection of D, that the functions 1 and 1

(-‘-:- -{)D (-%— +£)D
are bounded for all of the (. p curves for all { except for the lowest two curves, QL
and QL ,, at the point { =0, The distinction between the lowest two and the
remaining p Curves arises because only the (1L 1 and O o curves pass through the
origin, A physical interpretation of this fact is that only these two lowest modes
have finite phase velocities as the wave-length increases indefinitely,

For the higher Q. branches, n > 2, the integral (41) may be approximated by
the method of stationary phase [7] p. 505, for large values of t, This method shows
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these integrals to be of the order of L o

Jt

The inteqrals over the (L 1 and L o curves will be broken into two parts; one
part from § =0 to { = € and a second part from € to o , where € is a small
positive number. By the stationary phase theorem the portions from € to o are again
0(2=). Collecting these results, eq, (Ll) becomes:

Jt ¢
. . t
W2b=£rgn“ Z sn}ffc'—_ﬂ)t _ StrlgC +.Q‘)t d§ +O(T|——> (42)
i =% 2L t
(- (FH)D

Since € may be chosen indefinitely small, the functions in the integrand may
be approximated by an appropriate number of terms of their expansions about E = 0,
Consider the first term of the integral with (L = . . which may be written:

€
_ R

I Tm

Xy
o

1

s (§C'— )t
TECER. w
gc
The denominator of the integrand approaches a constant times § as f approaches
gero, The constant is:

0

lim (22 ~1)D = (=)D,

ﬁ-.)o iC (!Jh)
where: . O,
=i (54 \
| 4o, ct 20 [ 52 2] ) 08)
D'=\l-:no (ﬂ.,t): ) C% 2 a?' C: 3 +"‘ '2/'24-‘%&—2'
f mca(—zi——l> (I—- CT) J

The constant ¢y is the phase velocity of the slowest waves for wave-lengths
approaching infinity, It is very close to the Joukowsky velocity Coe An expression
for 2N is derived in the appendix,

In the numerator of eq., (L43) Q 1 is replaced by the first two terms of its
expansion about § = Ot

o= Cf -4 (46)
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This expansion is developed in the appendix, It 1s necessary to use two terms
of the expansion because the first term alone would result in a vanishing numerator
for the case c' = ¢ -

Using eqs, (LL) and (46) in (43) yields:
(o

P, [sin(2+d,£1)
w._ = d (1)
torm($-)D, J § §
where 2'is defined by: °
2 =(c'-¢))t (48)

The new coordinate 2! is the location of any point relative to an origin moving at
velocity c,. In eq, (47) the upper limit has been changed from € to . The

integral thus added is o(—Jé-) by the stationary phase theorem, and is negligible
3

in the present approximation,

For z! = 0, the integral in eq, (47) has 2 constant value of % provided 4, is
positive which is the case here, For points where Iz" is large, the term
containing §3 may be neglected, Then the integral in eq, (47) becomes = -'2' for = z',
For points near z! = O it is convenient to change +he variable of integration from f
ton= {&'c Thens

_ P, sin(n+8n?)
W, = d
I “m(%__ l)D‘ J rl Yl (h9)
where: °
8 = iz".} (50)

From eq, (49) it may be seen that for wy constant @8 must be constant, say e 0®

Then:
. 3,——
1 - d‘t @0 (ﬂ)

This shows that points for which Wy is constant continually move away from the point
2' = 0, To summarize, wr is a wave having constant deflection at the point z! = 0
i.e., moving with velocity Cqe At points far ahead and far behind this wave front
point the deflection is also constant, but the wave front continually spreads out
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around the point z' = O, Fig, L shows the general shape of the wave,

If the same reasoning that has been used to evaluate Wy is applied to the
remaining terms of eq., (42) similar results are obtained, Thus for large t:

Wb= I”HI+12—H2 (52)
where: () ,
an — Po Sm(Z}’Cnti‘dnf t)% di n=1,2 (83)
n wm(—%’l e I) D, f 3
=}
The constants Cos D2, d2 w-ich appear in H2 and 12 are defined in the same

way a8 ¢,, D,, d; in eqs, (45) and {46) by changing all subscripts from 1 to 2 in

these equations, The velocity cy is very nearly the velocity of sound in the tube
wall, Cqe

The term I1 is the deflection Li discussed above, The Hl term is & wave of

the same velocity and shape as Wy but of smaller aAplitude and traveling in the
negative direction,

The Hz and 12 terms are also waves of the same shape as Wyy but traveling at
the velocity Cpe These precursor waves are found to be very small compared to the
main water hammer waves Il’ Hl which travel at velcecity Cqe

The complete deflection w is the sum of W, , eq. (52) and Woyr ©Qe (27)e The
deflection You is independent of time and its value for large values of |z| may be

approximated by the same kind of reasoning as used for Vop, for large values of t,
The result is:

X .
\3‘ for t 2 (L)
12 a’(l-V‘)]

W = t
e 2Eh[l+

The term —-2-(——-—7) will be neglected compared to unity since only thin-
12a°(1 -

walled tubes are considered, Thua:
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aZ
W0 = t——goeh for ¥ 2 (55)

The proceduresused to evaluate w may also be used to obtain approximations of
P, v and u, for large |z| and t starting with the general expressions, eqs. (39).
The results are:

W=t%+1|‘H\+Iz"HZ for * & \
P, 2p,¢c 20,C2
= ——ra = (L-H)-—=F (I~
p 2 a[_c_z_l]( \ ) a[c_’%_‘] (z z) (56)
¢ c
Ve=_Po _ Zia (I‘+Hl)____2_2£1_(12+ Hz)
20,C 0[%..] a[%_‘]

Vv a
u, =% §°Eh + - c—}.{ (I,—H|) +;—Z{z—— (IQ—HZ) for 17:}
& &

These equations lead to four wave fronts in each case as discussed for w,
Numerical results for a typical case of water in a thin steel tube are shown in
Fige 5¢ In the present approximation for large t, the pressure and fluid velocity
are again independent of r, i.e,, they are constant across any section,

Tn order to estimate the length over which a given wave front extends, the
slope v, will be computed at the points which move with constant welocity ¢ or ¢,
The difference in w before and after a wave front divided by the slope at the wave
front point will be indicative of the length of a wave front,

The double integral for w, is derived from w, eq. (20). The first integral may
be evaluated and the result folded by the same proced--es used for w. For a point
moving so that z = 2N t:

P, w§C°5§C.t L P Z feos(C,§-n)t  feos(Cf+n)t
W} T om f(“ ™m L (%—E)D (% +i)D ' (57)

o 0 n
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_
The function ~rre)” is bounded for &ll §{ and the first integral in eq. (57)
is 0 (£) by the Iliemann-Lebesgue lemmas [16] p. 172,

In the seconi integral the integrand is also bounded, This integral may be
approximated by the method of stationary phase, The dominant part of the integral
will come from the vicinity of stationary phase points which are defined by:

d . da _ _
.Z_E_(ﬁcltﬂ) = Q0 Le. —d—g— = “'CI (58)
In general such points give a contribution which is 0 (_7}-; ), but if:
d’ . a0

then the contribution to the integral from the vicinity of this point is O ( 3 )

ORI
(5] p. 4O. Eqs. (58) and (59) are both satisfied on the 0., curve at § = O,

Hence this contribution will predominate over all others for large values of t,

To evaluate the dominant term, the expression for 0 ,, eq. (46), is substituted in
eq. (57). Hence for large t:

_ P cos(d‘gat\
T e

D\
Changing the varisble of integrazion to = §(3/ a t) :

§ (60)

po 0 3
W= cos nld (61)
i Wm(c‘ --l)D| 3 dt J T

This integral (61) is known, [5] p. 41l. Hence:

p r( )Stn (62)
3mTm (—Sl- ) 3\/——

Now the change of w from a location far behind the point 2 = ¢, t to a location
of the point 1

far ahead, z = ¢, t 1s by eq. (LS):




AW = m(c‘ (63)

Defining the "nominal length" 1‘1 of the wave front to be aAw divided by LA

L - 314X
=

. (64)
r(i) sin -?3-

Computation of the 'nominal length', L2, of the wave fronts moving at velocity cy

results in the same formula with dl replaced by d2'

Some numerical values of Ll and L2 are given in Table 1., It may be noted that
although the length of the wave front is long compared to the diameter of the pipe
it is short compared to the distance from the origin that the wave has traveled,

The above computations of the lengths of wave fronts hold also for p, v and
u, because they are described by the same integrals, I, Hl’ 12, H2.

L, An Extension of Joukowsky's Method

Some of the results derived by use of integral tranaforms may also be derived
by a much simpler procedure which is an extension of Joukowsky's method., The
extension consists of taking into account the longitudinal stresses and longitudinal
inertia of the pipe wall, This makes possible the precursor type wave which is
essentially a tension wave in the pipe wall,

The following derivation follows the general plan of Joukowsky's paper (8],
The pressure and axial velocity of the fluid are assumed to be uniform over any
cross-gection of the pipe, The fluid is assumed compressible, its bulk modulus
being K. The equation of continuity may then be written in the form:

_ L2 2 dw
-2 = +2 (65)
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The equations of motion of the fluid reduce to:
o2V - _oP (66)

Vot dE

So far, these are the equations usually used, The new element is the use of the
equations of motion of the tube considered as an elastic membrame instead of a ring
of no mass, These equations are derived frum egs, (5) and (6) by dropping all terms
arising from bending stiffness and rotatory inertia and substituting p for q:

w ., v _ P

AT ‘67’
[}

u v

= ~Uyg— Wy = 0 (68)

In eq, (67) the term ¥ has been omitted because the effect of radial inertia of the
tube and of the fluid is neglected as in the Joukowsky theory,

No attempt will be made to solve the equations (65), (66), (67) and (68) in
general, It is sufficient for the purpose at hand to show that the system permits
solutions which are waves of arbitrary shape moving at either of the velocities ¢, or
¢, without dispersion, A solution is assumed of the form:

w=w'f(z +Tt)
p=p flz+Tt)
v =V f(z+Tt)
uz= u . f(z+cH
u, = u f(zrcd)

(69)

t
where the primed quantities are constants and ¢ is an unknown constant velocity, The

constants u}, u! and ¢ are related by the requirement:

d d-

— U, = —Uu

dt t dz t (70)
Substituting the assumed form (69) into egs., (65), (66), (67), (68) and (70), there
resuit five linear homogeneous equations involving the five primed constants. In order
that these equations have a solution different from zero it is necessary for the

determinant of the coefficients to be zero, This condition yields an equation
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involving ¢ which can be satisfied only if c takes on the values : c, or : c,e Thus
the velocities at which waves mav travel without dispersion in the present considera-
tion are the same as the principal velocities derived in the integral transform
method,

A further point of interest is that the ratio of the change in w to the change
in p across a wave front is the same in the extended Joukowsky theory and the
transform solution, The same is true of any two of the quantities w, p, v, U, etc,
This is shown by solving for the ratios of interest in each theory with c = e, orc,
as the case may be,

These results are of interest because they indicate the significance of the
assumptions made in the Joukowsky theory., It shows that ¢, differs from c_ because
longitudinal 1 "of the pipe.
the Joukowsky theory neglects longitudinal stresses and ine tia e It a.lso shows
that the dispersion predicted by the transform method is due to the effects of the
bending stiffness and of the radial inertia of the pipe and fluid, The effect of
radial inertia is much more important, After the wave disperses somewhat, bending

effects are negligible,
5. Other Initial Conditions

The integral transform method may be applied to certain other initial conditions
beside those assumed in Sections 2 and 3. The problem and results shown in Fig, 6
illustrate a second example, The initial conditions are:

v-rvoforz<0 v:-voforz>o

p'u'w=ut-wt-r0forallz.
Under these conditions each half of the pipe simulates the water hammer problem in
which an established flow is suddenly cut off by an instantaneous valve closure,

Since by symmetry no fluid crosses the plane z = 0, each half of the pipe acts as
a closed valve as far as the other half is concerned,

The magnitudes and velocities of the waves may also be established on the basis
of the simoulified procedure of Section 4. 1In general, this will be the simpler
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method, It does not predict dispersion, but it may be assumed that the dispersion
characteristics are the same in any case,

6., Conclusions

The theory developed herein shows the following results which are not contained
in the usual theory:

1, If the initial conditions specify a sharp wave front of pressure, this front
will gradually disperse over a finite length as it proceeds, This
dispersion continues indefinitely so that no steady wave shape is ever
reached,

2, Two waves will be generated in general; one which is similar to the
Joukowsky result and one which is essentially a tension wave in the pipe
wall, The pressure change due to this precursor is very amall,

3. Lfter:sufficiently long time has elapsed since the generation of a wave
there will be one point in each wave front which has a constant deflection
and fluid pressure and moves at a constant velocity, This velocity is
very close to the Joukowsky velocity for the main-pressure wave, For the
precursor this velocity is slightly less than the veiocity of sound in
the pipe wall,

L, The bending stresses in the pipe wall have very little effect on the
characteristic velocities and the rates of dispersion after a sufficient
time has elapsed. Such stresses can only be significant in the early
stages of the motion in regions where the wave front is sharp so that the
variation of pressure and deflection is very rapid along the length of
the pipe,

5. The relations between fluid velocity, pressure and hoop stress given by the
Joukowsky theory are substantially correct, but there are also longitudinal
stresses in the pipe not predicted by the usual theory,



(1)

(2)

(3)

(L)

(5)

(6)

(M)

(8)

(%)

(2]

6. Available experimental data is in very close agreement with the pgedictiona
of the Joukowsky theory as to the pressure rise and velocity of the main
pressure wave, Inasmuch as the analysis presented in this paper gives
essentially the same results as the Joukowsky theory for these items, it is
confirmed experimentally, However, there is no experimental data available
on the precursor wave or the rate of dispersion predicted herein,
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APPENDIX

Expansion of © , and Q. , About {- 0

The values o ,, -, are defined as the lowest two roots of eq. (25). From
the numerical results represented by Fig, 2, it is expected that both (L 1 and &

approach zero as § approaches zero, Hence, (0 1 and QO 5 have. an expansion of
the form:

2

a=c{-d+.... (72)

where only odd powers occur because the <L |, are odd functions of £ « The values
of ¢ and d are determined by substituting this expansion in eq. (25) and equating
the coefficient of each power of g appearing to zero,

The terms % and A in the transcendental equation (25) are given in full by

eqs, (23) and (24). Expanding the Bessel functions, &
may be written in the forms

A c* 64+ \ C (72)
= % a% 2 a2/t 1) ot /at 2\2 o
?(‘?“U{"%‘(‘ﬁ“i 107l 8) J
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In order to be able to clear eq, (25) of fractions, the quotient of the two
infinite series in eq., (72) is written as a single series:

b= M["%;(%:‘iz)"g(%—ﬁz* ' ] (73)

4 \(C*

Using this value the transcendental eq, (25) may be put in the form:

- SR ) e ]
+ %"ﬂ(’% - ﬂ[“ - MTE_“} N (1h)
.&.-1 9}_.?'_‘.‘12:[_‘__ ":[.4..
A %.X—E’f E) 12 ¢++§
(B é
+ (& [“ Gl sz 3 ThF ] =0

Now the assumed expansion given by eq. (71) is substituted above for . . The
result is a series of the form:

b‘§++b,_§6+b3§8+~--- =0 (75)

Each coefficient b of this series must be zero since the value .gl is a root
of the transcendental eq, (25), Equating b, to zerc and neglecting -5 compared

to unity yields an equation involving ¢ but not d. This is interpreted as an
equation on the yet unknown c¢. The roots are:

c..c, = C|: 2AR + R+RY (- T J[2AR+ R+ R (-7 Y]* - 4R? (1-7 ) 2A4R) | (96

2(2A+?\)
where e o.a
=< A= (77)

Equating b, to zero yields an equation involving both ¢ and d. This equation
is considered to determine two values of d, one for ¢ = ¢y and one for ¢ = Coe
The solution of the equation b2 = 0 for d yields:

d = ca? (A+4\,[(_‘%)5— (%\3(”‘2)4,(—%\12] - (%\’ '\b’;cii (|+2Rzy)‘]

(78)
| —\6(%\,2(2A+R)+ gR(2A+) +8R*(V-V?)
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Fig. 4 Form of T\,pico.\ Wave Front
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