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An Application  of the  Duality Theorem of 

Linear  Prc&rarming to  Testing KTpotheses 

by Howard Raiffa 

Columbia  University 

Suranary:       The  problem  of testing a   compos it-) 'lypthesia 

versus   a  composite  alternative   is   ccnaidercd fr \-i  the 

Iloyman-Pearson  viewpoint where   the   pjrameter  space  and 

s.implr   space  are both finite.     The   probier,  is   shov..\  to 

be   a   linear  pro^ra; .icin^  problem and  the   duality  theevcu 

i;3   invoked  to  obtain results  concerning   least  favorab_© 

a  priori  weighting  functions  and   their  use   in   obtaining 

optimal   teats. 
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1.   Introduction;  In this paper we discuss some specialized 

aspects of the Neyiaan-Pearson problem in testing hypotheses. 

In particular, w e are concerned with the method of weight 

functions which are introduced to reduce a composite hypothesis 

to a simple hypothesis» a composite alternative to a simple 

alternative.  It has been pointed out by Wald 191• pages 199 to 20? 

Lehmann [7], pages 2-9 to 2~l5t   and others that if one has a 

testing hypotheses problem and one collapses it to a simple 

hypothesis versus a single alternative In such a manner that an 

oc0   -most powerful test for the auxiliary problem has a power 

curve that satisfies certain properties» then this test Is 

^o-optimal for the origlaal problem.  That this collapsing can 

be achieved follows In special cases from the interrelationships 

in decision theory involving Bayes solutions and the admissible 

class.  These results in decision theory, in turn, stem from 

some basic theorems on the theory of convex bodies or simple 

consequences of these theorems involving the theory of games. 

Furthermore, the theory of games is intimately relate, to the 

theory of linear programming (eg., the fundamental theorem in 

both cases is a direct consequence of the theorem that non-inter- 

secting convex sets can be separated by a hyperplane).  We wish 

to point out that for some simple problems of the Neyman-Pearson 

testing hypotheses variety the theory of linear programming seems 

Ideally suited and that from a single technique many important 

results Immediately follow. 

• 
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2,     Sunrnary of   the  duality theorem of linear pro^raramlna-: 

For   completeness   sake,  we  first  suriinarize  soxae  necesaarv 

results   frcm  the  theory of linear pro^raianing.     For  self- 

contained references  to proofs  of the  results  of  this   section 

sea  the papers Döitzig Clj,   Sale  [3]»   Gerstenhaber  [53» and 

Gale, Kuhn,  Tucker  C/|.J, As datura, of the problem let 

us be t-lven an  a^ray  of reals numbers      a. .     ,  i =; l,2>...m| 

j = l929..^i;  and r-c  1 numbers b.. jbg».»«.»b^and c1,Cp,...^J   . 

Problem 2.1;  Let 

P = ] x =   (XT JX0, .. . ,J:  );     r.    } 0  for  j = li,29 . .. ,n and 

•J fi ..  x. 4  c    for i = l,29...,m Jf   ; 

to find x^0^ £  P such-that x^-'  la a maxJ&Izer of HZ ~t> ,x 
J j J 

(I.e., such that ZI b x < 27^ x/0j  all x 6 P). 

ProDiem 2.2; Let 

H = [£ = {71»72»'"»7m)i     7^ > 0 for  1 = l,2,..ja  and 

2^ 1 7i aij ^ bJ  for ^ = 1'2»'- °*n }   ' 

to  find Y       <■   H such the.t T        is a minimlzer of X C7, 
A!_ — «• 111 

(i.e.,   such tiiat ^1
ti17± >    ^lJ.ciy1'

0'!     all x ^ 3)« 

_ 
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Theorem 1; 

a) There exists a solution to Problem 2.1 if and only if 

there exists a solution of Problem 2.2. 

b) If x €. F and 2 <£ H then 21 ,b x ^ 21. CT. 
-J  .1  J J-  --  A 

c) If xP'and ^^ are solutions of Problems 2,1 and 2,2 

respectively« then ZH^b.x. 
j J j 

(0) 

(1) (1) 

i 

1) 

ci7l 
(0) 

(1) d)  If x^ e P, zK^ $   H and 21 b^x.^1 > ^i0!^ 

then X^ ' and x   are solutions to Problem 2.1 and 

2.2 respectively. 

Problems 2.1 and 2,2 are said to be dual to each other. 

Note that these problems are simultaneously solved if we can 

satisfy the hypothesis of part d) of the theorem which does 

not require a minimization or maximization feature.  This 

dombined version is called the symnetric form of the problem.» 
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3.  Simple hypothesis vs. single alternative: 

We apply the results of section 2 to prove a sirapiLG case 

of the well-known NeTrnan-Poaraon Lerana.  Our interest is not 

in the result of the theorem but in the techniques of the proof 

which will be utilized in sections ij. and 5« 

Let aj Q and <ij>, be two states of nature; let S be the 

sample space with a finite set of points x^jXgj.-.tX and let 

P^XJ-I^Q] * fi and P[ xil w l] = si  fo:r 1 = 1.2,...tn. 

Let gf = (.^T »^2»'* * »^n^ ^ ^e ranci021ize<i decision rule which 

assesta that if x, is observed we should accept co      and C>J 

with probabilities 1-0. and 0, respectively (naturally 

0 4 0j4 1 for 1 = 1,2,.. .^1).  Eötch decision rule ^ is 

appraised by its error vector («M^), ß (^)) where 

o^ (^) = 2Z. **p±   (tbe probability of the error of type I) 

and ß(^) = 1 ~^-464^1 •til9 Probability of the error of type 

II).  The Neytnan-Pearson problem is to find ^   such that for 

a preassit^ned «< 0, (the significance level) ^   '   is a 

minimizer of ß(£) among the class of £ such that 0^ (]£) ^ c< .. 

We restate this problem as follows: 

Problem 3.1: Let P be the set of all £ = (^j...,^ ) such that n 

% 
1)  ^ > 0,  1 * 1,2,....n 

(3.1)  ii)  ^4 4, 1,  i = 1,2,..., n 

iii)  M^) = ^f i J^ < <<0,   ^o<of0<.0% 

./ 



to find ^'0'' 6 P wiiich is a maximlzer of 

(3-2)   1 - ß(£) = ^ ß1 01  . 

The dual problem Is then 

Problem 3.2t Let H be the set of all n+1-tuple« 

( 5-L» 52»«'«» Sn»/
0) such that 

i)  5 ., > 0»  i = 1,2,...,n and ^ > C, 

(3.3)  3^3,5  5 i + ^ r j^ > g^^,  1 = l,2....fn; 

to find (^ 1^0^,..., $n^0)9^0)) €  n which is a rainimlzer of 

(3.If)       ^Ij^   ^ i  -i-  KQ^ • 

- 
V/lthout any loss of generality we can label the sample 

points Xn,^2*****x such that A ^ X    ^ .. u ^ ^X where 

Aj^ = 8l/-^ 1 (i^ Si = f jL = 0 we merely exclude x^ from the 

sample space),  i = 1,2,...,n; furthermore, we can assume that 

f u > o for 1 = 2,3,. •> ,n« 

V 

./ 
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Theorem 2;  Let € be a real number where 0 ^ 6 ^ 1 and let 

u be a non-negative interger such that 

(3.5)        f,   + f^ + ... + f^,   +e   fa 
=o^o• 

a) If  {£ '0)   t...,§^ 0  t/O®)    is  defined as  follows: 

1) /^ = Au. (/^^oo since cc0> 0 ) 

(3.6)      ii)§>;   +/>^^     .g..    l^u-, 

111) §.  « 0 for 1 ^-u, 

then It Is a solution of Problem 3.2. 

b) If £(6)     Is such that 

#1 J     =1 f or 1 < u 

s 6  for 1 a U 

■ 0  for 1 > u 

then It Is a solution of Problem 3.1. 

Proof:  To see that (^^ ,...,*>       tf^e   H we note the 

following: Au.^ 0; since A^^ for i<4 u -I  it follows that 

A^-fi. < g^ and £j.  ^0 for all 1; since ^^-^i   for i^-u 

It follows that ^u.■fy^'8•  for i ^ u and therefore 

§. (&> +/> ^i > g^, all i.  By 

./ 
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fche definition of the pair (6 ,u) it also follows th^.t 

£^0^£ P.  Now from 3.6 ii) and 3.5 

i^^o/^^i* g2  + » - •+ 
g^»| + ^ Stu 

:lS,A(0) - 1 - e(£0,K 

and from Theorem I, part d). Theorem 2 follows. 

A ^eoraetrical interpretation for Problem 3.2 is rather 

interesting.  We illustrate it in Pi^ure 1 below for n = 2. 

The generalization to arbitrary (finite) n is obvious.  Leu 

us consider the points (^ ,»f p)» (gnjgp) ancl the displaced 

positive orthant with vertex at (gn.gp)- We assert that 

Problem 3.2 is equivalent to the 

(1.0) 

Figure 1 

problem of finding the minimum distance from the origin to the 

displaced positive orthant where the distance is taken under the 

1 
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constraint that one can only move parallel to the coordinate 

axes or along a ray vlth direction numbers (f, , f 2_); further- 

more the unit of measurement along this ray is such that the 

distance from (0,0) to (f , f^) is oc^.  Thus for a given 

configuration the minimum path depends on the OCQ   (the 

smaller the o(0 the move JOOCQ  units one should travel along 

the ray).  If oc^ <    f^  then one should not move along ^ • , 

(1 « 1,2) but rather along the ray. 



1^..  The composite hypothesis veraua the single alternative. 

Now suppose that  oo n is a ccxnposite hypothesis with 

atomic states ^Q^^ 02'• "y^Qj.   '     Let f i j = P 1 Xi lO0jland 

again lot ^  = P^i loJ 1.  Let £ = (fif. 0^...,^  )  a.^ain be 

the randordzed decision which accepts CJQ  and co  v;ith 

probabilities 1-0. and 0 , respectivelys if x la observed. 

Problem ij..l;  Let P be the set of all £ such that 

1) &! >/ 0,     1 = 1,2,. .,,n , 

(^.1)  11) 0! 4 1.  i = l,2,...,n, 

ill) «< (0) = ^ f
ij ^ < o<0 fw  j = 1,2,....Pj 

to find £    ' €   P v;tiich is  a maximizer of 

^.2)    i - P(0) =^:lSi0t , 

The dual problem is  them 

Problem U..Z:  Let  H be  the   set of all  n+r -     tuples 

( 5 ,»•••» 5   »   /^n » • • • » /^    )   suc!l thafc 
1 n    '   x '    v 

1)      5^   > 0»   ^ -> 0»     1  = 1,2,...,n    and  j  = lt2,...,r, 
(^.3) i j 

11)      Si + ^Ij   A   'ij >8l9    1 - 1,2,....n; 



c/^» 

«10 = 

to  find  ( 5 ^0),....  |^0l ^0'>...,   J0') €   H which is  a ninimizer of 
1 n     ' 1 fv 

^i   51  +   ^0     SIj   /^     ' 

Let/>=    ^   ^  and    %~   ^ *-"'/**) vjhere 

/O       =    Z0//»      for  j  = l,2,...,r.     Thex^e nii^ht be  scrae  difficulty 

if Z'= 0.     We assvoae /^^ 0 since  the  case where /<'= 0 is 

trivial and can be  cleaned up at  the  end.     Note   that tL is 
-it- 'tt- 

a probability vector (i.e., f0      -^0, "2_ Z0,  =1).  Let 

f.(Vl,)"5l4f*</
0 •  w® can no1, rewrite Problem q..2 as 

follows: 

Problem It.^1; Let n» be the set of all elements ( §.,»•..^5 */**  !). ) 

such that 

(luS>     i)  5i > 0, i = lf2,....n, ^ ^ 0 9  and   v^ 

is a probability vector with r components. 

U*..5)    :.i)  i ^^ + ^of^^CYl) ^ glS  i = l92,...,n°, 

to find (5^°,..., 5 ^^.^^^tl^M^ H' which is a minimiser of 

It is easily checked that Zl f j^jfc.) = 1 and ^3.(11) ^ 0» 

i = 1,2,.. Ji for all probability vectors ^l .  For an arbitrary 
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but fixed JO v;e oan define the dual of Problem l^.S* which 

in turn has the following auxiliary statistical problem 

associated with it:  teat the sinple hypothesis a/ (JL) 

against ai    where 

(^7)  Pl^iho^)] = f^^.) andP^xJ^J =sif 

If we let ^ (Yl)  ^e ^e raost powerful size <<  test for 

the auxiliary problem (i.e.» araonti those J2[ for w.iich 

*,(£) =^L tl^tL^i  < o<0 let £ ( n ) be a minlmizer of 

ß(^) =1-21, S, &*)  then the results of Section 3 Indicate 

that for the f ixed 1Q. the element ( i.^-.-.-ti-»/^3) which 

satisfies (ij-.S i) and ii)} and minimizea (if.6) yields a 

minimum value 1 - ß (^( IQ. ) ) = 1 - SÜ .g.^. ( IJL ).  Consequently, 

we obtain a solution of Problem if.2* by choosing YL to 

minimize 1 - ß [ J2f(JQ )J or equivalently to maximize p(^(Ü. ))» 

Let Q.    be a maximizer of PL ^.(12 )]  taken over all probability 

vectors.  (The existence of such an il ^0' follows trivially 

from a compactness argument invoked on Problem if. 1 and thus 

by Theorem la) a solution exists for Problem if.2 and thus for 

Problem if^')«  The element h ^ ' is then said to be a least 

favorable a priori wei^htin^ over oj 0 relative to the significance 

level o^_. 

rn 
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Let ^ be a solution of Problem I4..I.  Then from Theorem 

1 c) vie have 

2:A(0VwU(^<0))J • 
Since ^.(jtf   )$ <<   for  J = l,2,...,r,  ^(0) is a most 

powerful size "KQ test of the auxiliary problem aj (Q_' ') 

ajainst ä> .  We thus conclude that $}®'  must be included 
1  

amonjst the class of most powerful size K     - tests of 

^QCIQ.   ) against CJ  . 

We summarize by means of the following theorem. 

Theorem 3:  If £  ' is a solution of Problem l^.l then g}0' 

is a most powerful  »C - test for co^CO   ) against «w 
( .   0 0 i- 1 

(cf. l\..f)  where Q.    is a least favorable a priori weighting 

over co_ relative to significance level 0^_- 

Corollary;  For a given a priori weighting, say n'U, let 

^(n ^1') be a most pov^rful «K  - t< st for <iJ (Q.' ') against 

60^     If Qin^ye   P (cf. Problem ij.. I) then ^( ÜL(:L))is a 

solution of Problem ij.-l and 11,' ' is a least favorable a 

priori weighting over cj     relative to significance level 0^n- 

Proof of Corollary;  The proof is an immediate consequence of 

Theorem 1 (part d) as applied to Problems l\..l  and l+.Z*. 

The fact that a least favcrable a priori weighting over 

öJQ relative to a significance level K    may indeed depend 

on "^ n may be illustrated by the following simple example. 
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Exargple k.l s P(xi 1 o01) P( xl 1 "    ) 1     02J P( Xi'      1; 

xl .0$ .10 .6 

x2 .li> .05 .2 

X- .8 .85 .2 

In the above ex-nple tlie least favorable a priori weightings 

over CJ ~ =: $ 6j     t   <X)Ä1  relative to significance levels 0  I  01   02 ^ 
^O = .1 and .2 are n  (o^(.i) = (0,1) and r2_(0)(.2) = (1,0) 

respectively.  These assertions are easily verified by 

invoking the corollary to Theorem 3- 

Theorem 3 does not assort that every most powerful ^_ - 

test of ^0(12 ^) against «w (v;he^e 2. ^0^ is a least favorable 

weighting over cc     relative to a significance level ^ ) is 

a solution to Problem I4.. 1.  Example ij..2 illustrates this point. 

Example k.2 S       P^ I ÄJoi)   p(x1^02)   P(x1'
<:0i) 

X!        28/^8      -.36/14.8        1/3 

x2 ll|AÖ 2AÖ 1/3 

x3 6A8 10A8 1/3 

For the above example, the least favorable weighting over 

GO  relative to a significance level of .01 la ( 1/2,l/2) which 

yields an auxiliary problem: 

S.        P(xil^0(l/2»l/2)) p{Xi\cOi) 

2/3    ~     1/3 

1/6 1/3 

x1 2/3 1/3 

x3 1/6 1/3 

7 
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For  this auxiliary problem, £  m  (0,,03, .03} Is a most 

powerful .01-test but ^   ^ P; however, J^   « (0, .015, «Ol^S) 

is a most powerful .01-test and Jjf ' 6  P.  Consequently, ^ 

is a solution of the problem and (l/2,l/2) is the laaat favorable a 

priori weighting over COQ   relative to the significance level .01, 

The geometric interpretation of Problem !{..2* is similar to 

that of Problem 3.2 which was discussed in Section 3.  To this 

end, consider the r+1 points in E •' space, vizi ,f ^ = ff.. ,. .. »f^ •), 

J ss l,2,...,r, and g, « (gj »g^»»»-»S^K  !••* v\£   represent 

the convex hull of the points f J , J a 1,2,... 9r and let P+g 

represent the closed positive orthant displaced by the vector 

jg.  To each a priori weighting 0- we can associate the point 

f(!l) » (fj (^....»^(J.) )€ Vjf ^ , and conversely each point of 

Vjf -1  is associated with at least one a priori weighting h • 

Problem 4.2' is equivalent to the problem of finding the mi pj ""T»» 

distance from the origin to the displaced orthant P+g where the 

distance is taken under the constraints that one- can only move 

parallel to the coordinate axes or along a single ray from the 

origin through some point of Vjf J ; furthermore, the unit of 

measurement along this ray is such that the distance from the 

origin to the convex set V| f J^ is cCo 7 Stated slightly differently 

we are constrained to move parallel to the coordinate axes or along 

a single ray of the convex polyhedral cone which is the sum cone 

of the vectors f ^ , J s l,2,...,r.  The ray of the cone associated 

with the path yielding the minimum distance is associated with 

some element of Vj f J  and thus with some ^1  •  This element 

-£   is a least favorable a priori weighting over OJQ  relative 

to the significance level o< ^ c 
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5»  Composite hypothesis versus composite alternative. 

In this section we assume that <\> = i<-L, ».•.» CJ \ 
0       v- 01 0r<' 

6ind<^l =\^^l9 ^12" "»^la^ •     Let fij = ?{ ^Woji  and 

Slk = [xj.!" ijc}    where 1 =  l,2,...,n;   j =  l,2,...9r| 

k = l,2,..,,s.     The  randomized  strategy j£ =  (^-.»•••»gf  ) 

accepts 6JQ and OJL   with probabilities  1-0^  and 0^,  respectively, 

if 30   is observed. 

Problem 5«1:    Let F be  the  set of all £ auch, that: 

1) 0^  >s 0,     i = l,2t...,n, 

(S-l)      11)^^1,     i = l92,...fn, 

lil) Kj^) = 2^ f ij ^^ «<0      for  j = l,2f...,r; 

to find £ 6 P which is a maximlzer of 

(5.2)   mink [l - ß^g)] = mink[5: ^  slk ^i 

(i.e., to find ^0'6 P waich maxlmiaes the minimum power over 

the elements ofO,). 

Note that if instead of 5-2 we wished to maximizo, say: 

where 3"k ^.0, 21k ^k = 1 then the altered Problem 5.2 would 

boil down to Problem l^.l by simply collapsing the composite 

./ 
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alternative to a sir.ipla alternative according to the weijtita 

V7e alter Problom 5,1 3li.j:htly to yield; 

Problem j?, 1^;  Let F* be the set of all ^ such that ^ satisfies 

conditions (5. 1)   :. in addition 

(5-M i P.-, ■   -  51.   Sik ^ 4M A'        iC       =•"        .'.,   t'. ;.,,..   3   J 

to  find tiie raarciraivri LI for wlilch F6   ^ 0   Cempty  tet). 

Expreüsion   (5.1|.)     is  equivalent  to 

(5.5) u i £ik ^1 ^ 0        for k = 1.2,...,a. 

Finally w«  adjust  Problen 5.1*   to  yields 

Problem 5-A8!r  Ije1' ^,''   b9  fcJ:iG  £ct  o;£' al-i- P&irE   ^M» £)   such 

that U  ia  non-negative, ^ satisfies  conditions   (b.J.}   and 

(M,  £)   satisfies   (5-5)     5   to  find   (i.1^ ,_£^0) ) ^   P"   which is 

a raa3:imiz<3r  of      M. 

The  dual of Problem 5»1"   can   then be put  in the  form: 

Prob 1 en 5-2:       Let II be  the  set of elements   (3-, > S 2»*" • »^n* 

(5.6)        i): 

a) fej^ o,     1 = 1^2,... jixj 

b)/>^o  and^=   (^ ..•.»yr)   where£.j^ «  £,  ^J> o  for   j 

cO/^^o and|..  (^j....,^)  whereZ^» i^^f 0 ror k 1.2, 

>r. 

»m3 

i 
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liix 
$,   +/<*fi<|j> ^    gj^Cj.) where 

for  i - l,a»...,n; 

to  find  (ä:(0),...     |r
(0V(0)'2.(0)^(0).   ^0H€   H«hlc 

a jnlnimizer  of 

n is 

(5 7) 
-i 5, - Ko/f 

It is clear timt J*  ^0^ =1.  Per a ^iven i 0 , 5-) ^e 

inventiga'iJQ how '^e should minimise {5.7)  subjecv to the 

constraints (S.^j).  Since this restricted probj.Qin (for the 

specific 'i,'^ ) pair) can be identified with Problem 3.2, 

we are led tc ehe following statistical problem corresponding 

to the dual of this restricted problem:  Test <SJ OQi against 
0 "t 

0^(5.) where P^ ^(^(^J = f^)  and ?[ ^^(^^ - ^{^ 

foi* i ~ 1,,2,... .tn.  Let ^(0 t 5.) be a most powerful ^-test 

for this auxi-iar-j)- prcbien, and let the power for this test 

be ß 1^(0 » 5 ) I •  ^c™ Section 3 we conclude that the solution 

of Problem >.2 (for e.  fixed0 , 5.) yields a minimum value fox' 

(3.7) equal to 1 - (3 f.^ (J2 »S ) J •  Hence to solve Problem 5.2 

we raust f-.nd (JZ, 
v 

. 0) =. (0): 
) which is a maximlzer oi" ß 1 ^[l'9 J ^.) ! - 

Kote that exiutenco questions follow readily Elnco (H , ^) 

can or.l-r take en valves in a compact set.  The oair (0.  / «•  / 
T 
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Is said to be a least favorable _a priori weighting over (uJutuX) 

relative to the slpinifloance level o^.. 

Let £  be a solution of Problem 3.1.  Then from Theorem 1 c) 

we have 

(5.8)    mlnk [^i^
(0>  Slk]  =l-ß   ^(^0).^ )] . 

Since £(0) £ P, c(j(£
(o) ) =2^ ^/i^^c^ for 

(0) 
J s 1,2,...Br, we can conclude from (5.8) that £   la a most 

powerful ex -test for cj (^/0') against t0 (^ ^0' ),  We summarize 

by means of the following theorem: 

Theorem hi     If £    ' Is a solution of Problem 5.1 then jg[ ' is a 

most powerful oC-test for ^(-^  ) against ^^^(^ ' ) where 

0.   *L       '  ia a least favorable a priori weighting over U^tJ.) 

relative to significance level or. 

Corollary:  For a given a priori weighting, say (^   »5   ) over t^,»^) 

let ^Q(l) ,J  ) be a most powerful O^-test for CJQ{) ^)   against 

0,( J ^0) yielding a ß-value of ß{MC^ .5 ^ )3 m  p^ , say.  If 

[l-ß0> ,&{10)  ,S(';)1 6 P" then a) M0)  .5 ^ ) ia a solution of Problem 

5.1;  b) (7.  ,$   ) is a least favorable a priori weighting over 

(cO»,cJ.) relative to the significance levelOfT-j and c)/3^'   = min>v' 

max. ßi-C^) where min^ is taken over all of P. 

7 
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In particular, [l-ß01 »^(j/^ ,£ (' )] t P" If and only if: 

1) ^[^(J0^ »1^ )] ^-^o for J = lt2f...tr (condition 5.1, ill) 

and 

ü) Pk^!i''
;.S6;)] 4 ß^  for k = 1.2,....a  (condition 3-5) 

Proof of Corollary;  The proof is an iimnediat© consequence of 

of Theorem 1 (part d) as applied /to Problems S»!1' and 3.2. 

The geometric Interpretation of Problem 5.2 is as follows: 

Let jj   ■ ^8lk»* * * *sn3c^ for ^ ^ 1»2»*«'»s and iet tl:le convex 
(k) hull of these points be denoted by Vjj£x  .  Problem 3.2 is equi- 

valent to finding the minimum distance from the origin to some 

di (ki 
splaced orthant P + £, where ^ £ Vk£  » alon8 a Patl1 »hich is 

constrained to follow parallel to the coordinate axes and along a 

single ray of the polyhedral sum cone generated by f^ , j s 1,2,.. .»r; 

the unit of measurement along the ray of the cone is such that the 

distance from the origin to Vj j£ J  is o(   A minimum path selects 

a ray of the cone which is associated to some 5-   » and, the par- 

ticular displaced orthant, say, P + £ ' associated with the path 

yields some element ^  where £ (.2   ) = £ "^ •  The pair 

(9. 3»^ ^ ) is then a least favorable a priori weighting over 

OAJ^O. ) relative to the signif icanco level ^ A • 

^ 
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5^  Concluding Remarka; 

3i-.ce probleas of type li.l or S>.1,: are linear prosramming 

problems there ere existing coraputational algorithms for 

obtaining solutions. One could consider Problem 3.1 in 

the form of Problem 5.1'' and use the simplex technique of 

Dantzig 12] and othersj orp one could aooly the techniques 

used in the paper by Motzkin, Raiffac, Thompson and Thrall [8] to 

handle the problem directlT in the form cf Problem 5.1 by 

first using the double description method to characterize P 

and then to build up the miniuum polyhedral surface correspond- 

ing to expression (i>.2). 
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