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P A introduction: 1In this paper we discuss some specialized
aspects of the Neyman-Pearson problem in t esting hypotheses,

In particular, we are concerned with the method of weight
functions which are introduced to reduce a composite hypothesis
to a simple hypothesis, a composite alternative to a simple
alternative. It has been pointed out by Wald 9], pages 199 to 207
Lebmann [7], pages 2-9 to 2-15%, and others that if one has a
testing hypotheses problem and one collapses it to a simple
hypothesls versus a single alternative in such a manner that an
o =most powerful test for the auxiliary problem has a power
curve that satisfies certaln propertlies, then this test is
Xp=optimal for the origimal problem. That this collapsing can
be achieved follows 1in special cases from the interrelationships
in declision theory involving Bayes solutions and the admlissible
class. These results in decision theory, in turn, stem from

some basic theorems on the theory of convex bodies or simple
consequences of these theorems involving thé theory of games.
Furthermore, the theory of games is intimately relatss . to the
theory of linear programming (eg., the fundamental theorem in
both cases is a direct consequence of the theorem that noa-inter-
secting convex sets can be separated by a hyperplane). Ws wish
to point out that for some simple problems of the Neyman-Pearson
testing hypotheses variety the theory of llnear programming seems
ideally suited and that from a single technique many important
results immediately follow,
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2, Surmery of ithe duality thecrem of linear pro ramming:

For completcness sake, we Tirst surmurizs scme necessary
results frcm the thecry of lincar programming. For self-
contained references to vroofs of the results of this section
sea tne papers Déntzig (1], Gale [3], Gerstenhaber (5], and
Gale, Kuhn, Tucker [l]. As datum of the vprodlem let
us be given an a.cav of reslsg numbers uaij“ p 1 = Ly25..a.00%
J = 1:25..50; and re. 1 numbers bl,be,.‘,,bnand CysCopcnnf o

Problenm 2.1: Let

l,25...,n and

F = {5_= (xl,xa,...,xn): xj >» 0 for j

ZZJ aij xJ < ci for i = 1,2,....7 } $

to £ind x(%) € F suen thet x(0) 15 & naximizer of b

\
x & Z_.b xz(o’ all x € F).

(1,e., such that ZJbJ ; 5%,

Problem 2.2: Let

s

,
H = i~z = (yl,yzp...,ym): yi_z O for 1 = 1,2,..,m and
z:i.yi aij 2> bJ for § = 1,2,...,50 } S

A
to find x‘o)eg H such thet Z(O’ is a winlmlzer of §:iciyi

(1.e., such that 2 ,c,7, > Ziciyi(o) all y € H).




Theorem 1l:
2) There exists » solution to Problem 2.1 if and caly if

there exists a soclutlon of Problem 2.2.

b) If x € ¥ and § € H then Z_ b x_ <« Ziciy

IV 1

& &
e} If _:3\0) and gj‘)} are sclutions of Problems 2.1 and 2.2

- : . 1, r (O) _— pr—— (O)
respectively, then Z’jbj?‘j = ZT 0¥y o

d4) If 35(1) e P, X(l) € H and Zjbjxj(l) P ziciyi(l)

thon zt_(l) and z(l) are solutions to Problem 2.1 and
2.2 respecetively.

Problens 2.1 and 2.2 are sald to be dual to each othsr,
Note that these problems arse simultaneously sclved if ws can
satisfy the hypothesls of part d) of the theorem which does
not require 2 minimigation or maximization feature. This

dombined version is callied the syumetric form of the problem,




3., Simple hypothesls vs. single alternative:

We apply the results of section 2 to prove a simplc case
of the well-known Neyman-Psarson Lerma. Our interest is not
in the result of the theorem but in the techniques of the proof
which will be utilized in sections L and 5.

Let w9 and ey be two states of nature; let S be the
sample space with a finite set of points Xy sX200 e 09Xy and let
P {xil wo} = 1’i and P{xil 8] 1)5 = g4 for 1 = 1,2;,...,n.

Let g = (&,+%2s---:8,) be the randomized decision rule which
agserts that 1t X, is observed we should accept a.vo and 4
with probabilities 1 - @, and ﬁi respoctively (naturally

0 < 551 £ 1 for 1 =1,2,...,n). Each declsion rule g 1is
appraised by its error vector (X (g), g(g)) wherse

« (g) = =, fiﬁfl (the probability of the error of type I)
and g(g) =1 °2131¢i (the probasbility of the error of type
II). The Neyman-Pearson problem is to find Q(O) such that for
a preassigned < ,, (the significance level) Q(O) is a
minimizer of pg(g) emong the class of @ such that X (g) £ X 0"
We restate this problem as follows:

Problem 3.1l: Let F be the set of all g = (Qfl,...,ﬁ.‘n) such that

1) efi Y0, 1=1,2,...5n
(3.1) 11) ¢'14 1, i=1,2,...,n
i11) K@) = Z, 1, 4, ¢ X s (o<oc°<l);




to £ind g(0} € F wuiich is a maximizer of

(3.2 1-8(@) =2, ¢, ¢ -

The dual problem is then

Froblem 3.2: Let H be the set of all ni+letuples

(3 §55-+1 3,°) such that

WV

i) 3 3 O, i = 1,2....,!1 and / ) 0,

(303) ii) 5 . + ﬂ b o 1 )/ gi’ i = l,2,...,n;

to rina (3,%9),..., 5 (), 2(®)) ¢ 1 wnich 1s & minimizer of

Without any loss of generallity we can label the sample

Folnts X9 ,...,xn such thsat /\l > )\2 S eeo > )\n'where
Ny =84/ (i gy = ¥, = 0 we merely exclude x; from the

sample space), 1 = 1,2,...,ng furthermore, we can assume that

fL 2 o0 for 1 = 2,3,...,11.




Theorem 2: Let € be a real number where 0 <€ < 1 and let
u be a non-negative interger such that
(3.8) £, +f) +...+f_, +€ f, =«
a) If (glm "”.gn(o) ,/O(O)) is defined as follows:
1) /0(°)=f\u_ (,0(‘2.400 since &, > 0)
(3.6) 11) §L(°) YA T 8» i<u -
111) §.L(°> =0 for 12u,
then it 1s a solution of Problem 3.2,
b) Ir £  1s such that

dl\_(o) =1 for i< u
=€ fori=u

O fori > u

then it is a solution of Problem 3.1.

Proof: To see that (gl(o) ....,i:a),/o(c))e H we note the
following: A, 2> 03 since A <A for 1< u -| it follows that
/\Q_-FL % g; and EL(Q)} O for all i; since A(_(_Z)I,‘_ for L >u
it follows that )\u. 'ﬂ')/g;_ for 12> u and therefore

§,1” +p0 “

.
L

>g, all i. By




0

the definition of the pair (€ ,u) it also follows thrt
g(o)é ‘F. Now from 3.6 ii1) and 3.5

0
-x,6,4,0 =1 - pg'®),
and from Theorem i, part d), Theorem 2 follows.

A _eomstricel interpretation for Problem 3.2 is rather
interestir.,;. We illustrate it in Figure 1 below for n = 2.
The generzlization tc arbitrary (finite) n is obvious. Les
us consider the points (f'l.ffa). (gl,ga) and the displaced
positive orthant with vertex at (gl,ga)n We assert that
Problem 3.2 1s equivalent to the

‘

Figure 1
problen of finding the minimum distunce from the origin to the

displaced positive crthant where the distance is taken under the




constraint that one can only move parallel to the coordinate
axes or along & ray with direction numbers (fl . fL); further-
more the unit of measurement along this ray is such that the
distance from (0,0) to (fl, f2.) is 4. Thus for a glven
configuration the minimum path depends on the X, (the
smaller the o, the more Ou, units one should travel along
the ray). 1If X, < fy then one should not move along §L,

(1 = 1,2) but rather along the ray.




L. The composite hypothesis versus the single alternatives.

Now suppose that «w . is & cumposite hypothesis with

0

> - ol - gt
again let gy = P?.xi‘wl }. Let g = (dl, ¢2,...,¢n) a:zain be

tnhe randoriized declsion which acccpts a.Jo and c.)l with

and ¢i’ respectively, if x, is cbserved.

probabilities 1 - @ 1

i

Problem Li,1: Let F be the set of all @ such that

i) ¢1>/0’ 1 =l,2,...,n,

(k1) 11) 4,1, 1 =1,2,...,n,

1]

111) xj(g) Zi fij ¢i < %X FOr § = 1,25...,03

to find 2(0) € P waich is a maximizer of
(4.2) - -

The dual problem is thens
Problem lj.2: Let H be the set of all n4+r - tuples

(31...., 5n, /ol,...,/o’r) such that

1} 3 o, >0, 1 =1,25.c.9n 28nd J = 1,25...,7,
Ty ) L ? 4y >

i1) 31 + Zj /oj ‘rij }gi, 1 = 1,2,...,n3




(e

S)0=

to find ( 3 (0,..., 360) ﬁl (O)) € H which is a nminimizer of
r

Z, 3; * X 5

Let 4 = E_J s and 9 = (/1*,...,/0:) where

4
pj = /OJ// for § = 1,2,...5r. There misht be scme difficulty

if /2= 0. Ve assvmo /°# O since the case where /= 0 is
trivial and cun be cleaned up at the end. Note that‘ﬁl_ is
& probability vector (i.e., /0 »0, =, /oj* =1). Let
£ (4_ ) = Z f ig /oj We can now rewrite Problem L.2 as
followa:

Problem [[.2': Let II' be thc set of all elements ( 3 ,...,5 ,/, !z )
i n g
such that

(4.5 1) §i>/ov 1 =1,25...5n, 220 , and -!t

is a probability vector with r components.
(h"B) :‘-i) 3 i - /ofi(q) >/ gi’ i = lgz.ao.,n;
to find (3(0,..., 3 (0),/»‘0),!%(07)6 H! which is a minimizer of
n

(4.6) T, 5,0t Xy

It is eusily checkcd that Zi fi(.e.) = 1 and ri(Q) >0

i = 1,2,..4n Tor all probabllity vectors q_ . For an arbitrary




but fixed _V%_ we can define the dual of Problem [.2' wiich
in turn has the foliowing; auxiliary statistical problen
associated with it: test the simple hypothesis No(!")

against cul whera

4. 7) P{xilwo(!(z_)} = fi( Z}_) and P{xi lwl} = 8y

1 = 1,2,-...1'!.

If we let g (q_) be the most powerful size e(o test for
the auxiliary problem (i.e., auong those Q for w.aich

R (B) ==, fi(Q_)ﬁ'i € Ko let g (Q') be a minimizer of
() =1 - Zi 8, 7!1) then the results of Section 3 indicate

that for the fixed ) the elewent ( 3,53 ,s---53,,/°) which
satisfies (.5 1) and ii)) and minimizes (}4.6) yields a

minimum value 1 - g(ﬁ(!})) =1 = Zigi¢1(g‘)' Consequently,

we obtain a solution of Problem .27 'by choosing Zz_ to

ninimize 1 -~ B [ﬂ_‘(!@_ )_] or equivalently tc¢ maximize B(Q(Q )).

Let Q‘( ' be a maximizer of (3[2_’_(12 )J taken over all probability
vectors. (The existence of such an t?_ (0) follows trivially

from a compactness argument invoked o.n Prcblem 4.1 and thus

by Theorer la) a sclution exists for Problem 4.2 and thus for
Problem }.2'). The element Q_ (0) is then said to be g least

favorable a priori wei_htin_: over « g relative to the significunce

level «,- ,

~}




Let @ ve a sclution of Problem L4.1. Then from Theoremn

1l ¢) we have

0
Sirce OQJ(Q( ))g o(o for § =1,2,...,r, Z(O) is a most
powerful size °(O test of the auxiliary problem wo(q_(o))
ajainst @_ . ie tius conclude that 2(9) must be included

amoni st the class of most powerful size o(o - tests 9_1:

(0)
wO(Q_ )

'e summarilize by rmeans of the following thecremn.

azainst 6)1.

Theorem 3: If Q(o) 1s a sélution of Problem L.l then g(0)

is a niost powerful & - test for cuo([z_(o)) azainst @

0]
(ef. l4.7) vhere qu is a least favcrable a priori weighting

-

over oy, relative to significance level 0(0.

0

Corollury: For e given a priori welghting, say Q_ (1), let
Q(q_ (1)) be a most »owerful °(O - tcst for c..;o(!l_(l)) against
&, If g(q:(l))s F (cf. Prcblem l.1) then g(\_’i_(l))is 2
solution of Problem 4.l and q,(l) is a least favorable a

priori weighting over «w _ relative to significance level °(0.

0

Proof of Corollary: The proof is an immediate consequence of

Theorem 1 (part ¢&)} as applied to Problems l.1 and L.2¢.

" The fact that a least favarable a priori weigshting over
CUO relative to & significuance level °(0 may indeed depend

on °(o may be illustrated br the following; simple example.

—_— e —
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Example l.1 s P(x, ,‘61) P(xilfuba) Pﬁf;‘“Jl)
x .05 .10 .6
%, 215 .05 .2
%4 .8 .85 S

In the above ex.mple the least favorable a priori welghtings

over coo ={a)01, CJOZ} relative to significance levels

D(O = ,1 and .2 are % (0)(.

1) = (0,1) and %‘°’(.2) = (1,0)

respectively. These assertions are easily verified by

invoking the corolliary to Thecrem 3.

Theorem 3 does not asscrt tuat every most powerful X -

0

test of QJO(Q,(O)) agzainst &)l(where %.(O) is a least favorable

welghting over 4.}0 relative

a solution to Problem L.l.

to a significance level *ko) is

Exumple l.2 illustrates this point.

Exariplo .2 s Pixgl @) Px 9,0 pixle)
x 28/1;8 136/48 1/3
x5 /48 2/48 1/3
) 6/48 10/48 1/3

For the above example, the least favorable weightling over

650 relative to a significance level of .01l is ( 1/2,1/2) which

yields an auxiliary problem:

P(xi‘Cvo(l/Zsl/ZD p(xi\aJI)
2/3 1/3
1/6 1/3
1/6 1/3
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For this auxiliary problem, ﬁ(o) = (0,.03, .03) is a most

powerful ,Cl-test but ﬁ(o) g F; however, ﬁm = (0, .015, .O45)

is a most powerful .0Ol-test and Q(') € F. Consequently, Q'O)

is a solution of the problem and (1/2,1/2) is the lsast favorable a

priori weighting over Wy relative to the significance level .01,
The geometric interpretation of Problem }.2' is similar to

that of Problem 3.2 which wag discussed in Section 3. To this
)

end, consider the r+l polntsa in E space, viz: _f_‘J).—. .ir” ,...,rw-).

J = 1,290009 andg_ = (8' ’8?-’.."8'n)' Let V:):_l.‘_('))

the convex hull of the points _f_'(‘) » J =1,2,...,r and let P1g

represent

represent the closed positive orthant displaced by the vector

B+ To each a priori weighting% we can assoclate the point

f(%) = (r, (%),...,tn_(%) ) € VJ-_I.'_G) » and conversely each point of
v;£4 1s associated with at least one a priori weighting 9.
Problem lj.2' is equivalent to the problem of finding the minimum
distance from the origin to the displaced orthant P+g where the
distance is taken under the constraints that one can only move
parallel to the coordinate axes or along a single ray from the
origin through some point of Vj £(j) 3 furthermore, the unit of
measurement along this ray is such that the distance from the
origin to the convex set VJ‘_I: () is « oﬁ: ‘Stated slightly differently
we are constralned to move parallel to the coordinate axes or along
a single ray of the convex polyhedral cone which is the sum cone

of the vectors ;_(J‘) o J =1,25cec.9r. The ray of the cone assoclated

with the path ylelding the minimum dlistance 1s assoclated with
some element of V; f(J) and thus with some %(o) . This element

(o
% g is a least favorable a priori weighting over Wy relative
to the significance level X, .
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5. Composite hypothesis versus composite alternative.

In thi ti tha = ceey W
8 section we assume t wo {UO].’ ’ Or}

a.nda)l =iw11,m12,...,6.>18§. Let fij = P{xi\wo:‘} and

gik = Exilwlk} Whel‘e i = l.a,oou,n; j = 1’2’-«0031‘;
k = 1,2,...48. The randomized strategy @ = (¢l,...,¢n)

accepts 4, and @, with probabilities 1 - ¢, and @,, respectively,

0
if Xy is observed.

Problem 5.1: Let F be the set of all g such that:

1) ¢1 70, 1 = 1,250..30,
(5.1) 11) g, €1, 1 =1,2,...,m,

111) xj(g) =Z, £y #i& £y for § =1,2,...,73

to find 2(0)6 F which is a meximizer of

(5.2) mink [1 - Bk(ﬁ)] = mink[z 1 81k gi-l

(L.e., to find Q(o) € F waieh maximizes the minimum power over

the elements of a.)l).

Note that if instead of 5.2 we wished to maximize, say:

(5.8 ) [, =, 6 8]

where 3, » 0, =, 5, = 1 then the altered Problem 5.2 wculd
boll down to Problem L.l by simply collapsing the composite




alternutive to a sinple alternaetive according te the vei_hua

(5 sees Sy)

Ve alter Protirom £.1 3lightly to yiclia:

Problem 5. 17: L+t ' be the set of all g such that g setiafies

conditions (5 1) % in addition
(5-1) Lep o= 2, 8 By $HM 2o &= 1,2,..0048;

to find the maximun L. for waich F¢ £ 0 [erpty seh).

Expression {5.4) is equivalent to

(5.5) M- 2,5, 8,0  fork=1,2,....8

Pinally wo adjust Prcblem 5.1' to yileld:

Problem 5.1!%: Lot F'' be the sct of all pairs (Ii, gf-) such

that ¥ is non-ne_ative, g satlsfiez conditions (5.)) =nd

(1, @) savisfies (.5} ; to find {LI(O:',_Q{O)} &€ #'% vhich ia

a maximizor ol M.

The dual of Problem 5.1'! can then be put in the formg

Problen 5.2: Let !l Ls the set of elemernie (31, 32,,..,’3
ﬁ'? HY 5-) whers

(5.6) i)

a) %L7/ 0, L = lpl?.govejn)

a
8

¥

b)/oz»o and:):u: (’Z, oe =g wherez_jzj = L, ‘237/0 for J == 1:;2,....7,

(.r

c;)/(/(_z,o andsz (S‘,.u. ’34) wherolég',/f 155;,(’%0 for k =1,

CyeecesBy
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1) 4 21,

QS 2y e 808 = 2y P Si

:QP 1 =z 1,2,.;.,!1;

O 2 ’ { .
to fird (5'(~ )g.h 5 (0)3/0(0)3%‘0);‘,&"0), 5-(0136 K which is
a minimizer of
.. 3. + ' /°

(57 SRR X

It L8 clear that 4 (0 1. For a siven (1, 5! ve
inveatigate how we siiculd minimize (5.7) subject to thLe
constrainis (%.§). Slnce this restricted problem (for the
ssecific ’,Q, ,3 ) pair) can be identified with Problem 3.2,
we are led e the followilng atetistical problen correcponding

to the dual of taisgs restricted proolem: Test & (Yj, against
} el 13 = I i =
wl(s._) where P% xi\_w@(‘%)} T (%) and P% rd \w (SJS bi(é.)

for 1 = 1,2,...,0. L€t g(_? ,_5_) be a mess powerful O(O-fcest

for thls auxl_iary prcbhlen, and let the power for thieg test

be B [g(_"g -5 )J . Prcm Secticn 3 we conclude that the solution
! =

of Problen ».2 (for & i‘ixed% S) yields a mirlmum value for

{(5.7) ecunl to 1 = (‘f \2 S J Hence to sclive Problem 5.2
107 ;(O . 3
we must find _‘% ', S 3) which is a maxinlzer of @ \'g(n s E‘.)j

¥obta that oxiatence cuesticng foilow readily slnce (?_
(“‘

csn crnlv “ake cn vaelics in a compact set. The pair ({(‘_

) 5.(0) )

-
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1s said to be a least favorable a prioril weighting over (q)o,bdl)

relative to the significance level o,..

0
Let Z( )be a solution of Problem 5.1. Then from Theorem 1 ¢)

we have

(5.8) ming [zi g, 81k] =1 -8 [g (%w) CER

Since ﬁ(o) € F, O(J(g(o) ) =Zi fij¢1(°)$qo for

(©)
j=1,2,...,r, we can conclude from (5.8) that & is a most

powerful dq-test for UO(% (°>) against col(S_ () ). We summarize

by means of the following theorem:

0
Theorem L: 1If Z( ) is a solution of Problem 5.1 then ﬁ(()) is &

" most powerful . -test for LJO(.Z (0)) against cdl(§ (¢ ) where

0
(_'&(0) ,5(0)) is a least favorable a priori weighting over (.do,o)l)

relative to significance level O(o.

(1) )
Corollary: For a given a priori welghting, say (2 .5 ) over (“?)'“)i.)
let QQ(') ,§ W ) be a most powerful X,-test for Cs)o(g () against
Q,(S (')) vielding a p~value of B_[Z(_?(') .S_ ® )]l = 5(') » say. If.
[1-g ,2(2(') ,§ ('))] €& F" then a) 2(2 W ,§ (’)) is a solution of Problem
5.1; b) (_2_(') ,5 .(O) is a least favorable a priori weighting over
(oJO,LJ) relative to the significance leve_lo(o; and c)ﬂ(') = min—@_/

/
max, ﬂk(Z) where min, 1is taken over all of F.
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{ .
In particular, (1-¢ ,g(12(/,S V)] € P it and only if:

1) XJ[ﬁ(lcl) ,S a )] £ X,for § =1,2,...,r (condition 5.1, 111)
and

11) p, (g() ", §Wy1<« a% for k = 1,2,...,s (condition 5.5)

Proof of Ccrollary: The proof is an immediate consequence of

of Theorem 1 (part d) as applied ito Problems 5.1'! and 5.2.

The geometric interpretation of Problem 5.2 is as follows:

(k) = (glk,...,gnk) for k = 1,2,...,8 and let the convex

hull of these points be donoted by V,g'¥). problem 5.2 1s equi-
X8

Let g

valent to finding the minimum distance from the origin to some

(k)

displaced orthent P + g, where g € ng s along a path whieh is

constrained to follow parallel to the coordinate axes and along a
single ray of the polyhedral sum cone generated by g(-”, J = 1,25.c0,r3
the unit of measurement along the ray of the cone is such that the
distance from the origin to V; £ (7 44 Xpye
a ray of the cone which is associated to some _?:(o) s and, the par-

A minimum path selects

ticular dlsplaced orthant, say, P + 5(0) assoclated with the path
0)

'?
yields some element g( where g (s (O)) =g (@ . The pasr
(2 (G) ,5 (0 ) is then a least fa.voréble a priori weighting over

(UO.Ul) relative to the significanco level Xn.
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5, Concluding Remarks:

Sivce problems of type .1l or 5.1'' are linear programming
problems there are existing computationai algorithms for
obtaining solutions. One could consider Problem 5.1 in
the form of Provlem 5.1!' and use the simplex techrique of
pantzig (2] and others; or, one could aoply the techniques
used in the paper by lMotzkin, Raiffa, Thompson and Thrall [8] to
handle the problem directlr in the form ¢f Problem 5.1 by
first using the doubls description nethod to characterize F
and then to build up the miniinun polyhedrzl surfacse correspond-

ing to expression (5.2).
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