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A  GENERAL PROBLEW M  THE  C_.LüüLUS OF VARIATIONS 

„ITH APPLICATIONS  TC PATHS OF   Lüa-T TIME 

M.   ii. •   Hestenes 

Sumrr.ary.   The nresent paper is concerned with paths of least 

time for an airplane«  This problem when formulated analytically 

leftde us to a problem in the calculus of variationa of a type 

which has not been adequately treated in the literature.  However, 

the problem can bo transformed into a problem, commonly called 

the problen) of Bolza«  The purpose of the present paper is to 

co1lect known results for the problem of Bolza and interpret them 

in terms of"the new problem here formulatedt  This is done in 

Sections 2,3,4 and f..  In sections 1o and 11 we treat the case 

when additional constraints are imposed.  Applications to paths 

of least time ere found in Sections S, 9 a  n. 

The derivation of the results on the problem of Bolza which 

we have uced  can be found in. a book by G. km   Bliss entitled 
'"Lectures on the Calculus of Variations1', The University of 

Chicago Press.  The results given by Bliss are stated in a'some— 

what different form than those here given.  The/ are however • 

equivalent and are related by the transformation given by Bliss 

in tie introuuctoi-y sections on the proclcm of Bolza, 

/ 
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1.  Introduction.  The problem at hand is that of finding an 
optimum path of an airplane P of known performance.  In order 
to describe the equations of motion of the airplane we introduce 
the following notations: 

r ■ position vector of the airplane 
v - j~ - velocity of the airplane 

v » ]v| ■ speed  of the airplane 
^ = weight vector of magnitude w 

m ■ mass of the airplane 
T ■ thrust of magnitude T 
L » lift of magnitude L 

D " drag of magnitude D 
■^ ■ angle of attack 
ß ■ angle of bank 
h - altitude 
t " time 

The equations of motion are then ^iven by the equations 

d  (n. v) - T + L + ^ + W 
dt 

(1:1) 
dw = «(VjT.h) 
dt 

In these equations L and D are known functions of rf", p,   h, v. 

It will be assumed that the tnrust T is a prescribed function 

of v and h.  The path of the airplane is then determined completely 

by initial values of r, v and w and by the values of c/(t) and 

/3 (t) over the flight path.  The problem at hand is to determine 

the functions 

^(t),/5(t) V  < r-  < *-*. 

which will,  irinimize  the   time   of   flight   tg  among   all   paths  with 
prescribed   conditions   on  the   initial  ana   final values   r(ü), 

v(ü) ,  wlO) ,   rUs) ,   vUaJ . 



The problem just described suggests the following general 

problem in the calculus of variations.  Consider a class of 

functions and a set of parameters 

ah(t)   and  b^e 

and 3 class of arcs 

q1U) 

connected by the differential equations 

(1 :2) q| - Q^t^.a) 

and end conditions 

t,   =  T,(b) 

(1:3) 
ta   ■  T^(b) 

( h  =   1 , . . . , m;  i*«   1 ,.. . , r) 

(t,   <: t   < t,,;   1   =   1 ,. .. ,n) 

■Ve  seek  to   find  a  set   a* 

of the form 

V. 

g(b] 

q^{t,) - ^i)(b) 

nd q. which minimizes a function 

Ut.q.ajdt. 

This problem, hiereafter referred to as problem A, is one of bolza 

type and is equivalent to the problem of Bolza under an assumption 

usually made in the development of its theory. 

The problem described initially is a specia]. case of protlem 

A if we set a](t) = oC (t) j- a2(t) ■ /^(t), b, *   t^.     The quantities 
qj,...,q7 denote the coinponents of r and v and w.  The equations 

(1:1) are of the form (1:2).  The equations (1:3) described the 

end values t, ■ 0, q. (t)/ = constant, q^t^) ■ constant, and 
tc ■ b| .  The function to be minimized is I « g(b} ■ C|, tiie time 

of flight.  Normally, q^it^)   ■ v.^t^) is not prescribed. 

.. I 
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Prgj I'-...  c f  Boj z; .    T ie  pr »blem  fon    1  t* i  in the  Last  section 
Is a  special  case  oJ       very  general problem,   commonly called the 
problem  oi   Bolza.     This   problea  has   be«      formulated   In many  ways, 
Thi    rormulstj m   re  pi'opose to use is the following one,     Consider 
a   el  f::   oi   elei ;ei t 

^ ■   Ie   up   ^i        set   ■? f   numl ei 

(t i   a- t  ==   t ^ J ^ -   1 , . . . , r;   j   -   1 p) 

a   (b,,...,br ;   nnc set   of functions 
Kj(t),,..tx  (t),     Such   ■   system wil] called  an    re.     The   first 
r coi    xne it.j      f  this    ire   ^re   constants.       e  shall  be  interested   only 
I ,     rc£   that  sat.j • be     oJ    llfferent   al   equations 

(i       1,...,) n u: 1 i ^jlt^x.x' J   -   . 

i eni   con iitions 

(. :-.; t,   - tj (b)     ,     x1(t1 i   = X   . 

t^  -  t2(b), x.t^-J   " Ii2( 

. •.   seek   In  •    clasi   ol   .'T-
C:   satisfying conditions   (2:1)   r.r!u  (2:2), 

one  • r ich   sinlmi unction  of  the form 

\ 2 I  =  g{bj   + J f (t ,y ,;: ' jdt. 

■I 

This     ■■ m  is c the   problem  a       c ] 
to 

. ■    ' • 

, J : ■ i   ,    : .     0 ve that if theri 
tiind ■:,.• ■    function  of r vari   hies   b],,*,,b  • 
1? \-      • .■   ■' .: end  ^oirt   problem.     ;ve   idmit 

c 
■ 

r ■ >n] 7  ca] led   the )1   em  oi 

The  general   problem   .   fon il   t   d   Ln  the last   section  is 
r e d u c io  this ,   •■•      • t 
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x.U) - q.lt) (i - 1 n) 

{2:U) xnfh(ti) "  J  ah(t,dt       {h '  1 ■' 
.t 

t, 

so that a^ - x' . .  Set 

^i(t,x,x') - ^(tfVi xn'XR*1'---'xA*m) " xl 

(2:5)  X^ib) -Q^ib) ',  In+h)1(b) - D 

Ii2(b) .Qi2{b)  ,  In+h)2(b) - b^^ 

where b +1,...,b   are m additional constants t'o be adjoined to 

the set b^-.-.b given in problem A.  Thus, to every set of 

functions ahlt), b^ in problem A there corresponds a unique arc 

b,,...,b;Ti+r , x,(t),..., x^UJ        ^i   < *  * 'i] 

satisfying the differential equations 

U:6J t^t,  x, x') - 0 

and end conditions 

t, - T(b) , x(t,)- 1     vb;     (J =. ^....m+n) 

t« - Kb) , x (t2) - i^ib)' 

Moreover every arc of this type determines a unique set 

^....jb ,  au(t) ■ xn+h^^ satisfying the conditions in problem A. 

In terms of the new variables bi ti   , x. ' t) , . . . , x ^ (t) 

tne function to be minimiaed takes the form 

•a r 

1   - r(b, , . .. ,br) ♦   j    L(t,x. , . .. ,xn,x:'i+1 , . . . .X^jjjlrlt. 
t, 
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The problem of minimizing I subject to the conditions (2:fe) and 

(2:7) is clearly equivalent to problem A. 

Conversely problem B can be reduced to one of type A if one 

aseumes that there exist m - p — n functions ^n+h^
t,x'x,^ 

(• ■ l,...,m) of class c" such that the equations 

^(t.x.x' )   - 0 

^n+h't.*»*') a. n+h  "'*'*   '       ah 

have  unique   solutions 

(2:8) xlj   -  P.(t,x,a) ( j  -  1 , ....p) 

on  the   domain  ur.der  consideration.     The  functions x.(t)   are then 

completely  determined when the values  of x-lt,)   and   a. (t)   are J n 
known.  Consequently if we eliminate the derivatives x'. appearing 

in (2:3) problem 3 becomes equivalent to thfit of minimizing 

I - g(b) *       f(t,x, P(t,x,a))at 

in a class of arcs 

ah(t) , bp , xjlt) (tt ^ t < t2) 

satisfying the conditions (2:5) and (2:1).  This problem is of 

type A with q^t) • x.(t). 

The problem of Bolza as formulated above has been studied 

extensively in the literature.  A comprehensive tre tmeot of this 

problem can be found in a recent book by G. A. Bliss entitled 

"Lectures in the Calculus of Variations" published by the univer- 

sity of Chicago Press.  In this book an extensive bibliography 

can be found for this problem.  The formulation giver, by bliss 

differs somewhat in detail with the one here given.  However, 

Bliss indicates how to interpret his results for the case here 
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considered.     The next  section will be  devoted to these  interpre- 
tations, j 

3.     Necessary conditions for a minlmuw for  problem B. 

Consider now the problem B formulated at the  beginning  of Section 2. 
In this problem the  variables b  -  (bj...,br)   are  restricted to lie 

on an  open  set  B and the  element   (t,x,xT)  to lie  in an open  set Ü. 
In the  sequel  ige shall restrict  ourselves to elements  of this type, 
called adaissible elements,   even  though no explicit mention may be 
made of this fact.     An arc  C 

C: ly Xj(t) (t,   ^ t ^ ta;^-  ^....r;   j  -   1,.,.,p) 

will be called admissible if (1) the functions x,(t) are continuous 

and have piecewise continuous derivatives on t, tz  and (2) Its 

elements (bjtjX.x') are admissible.  We shall be concerned only 

with admissible arcs.  Consequently the adjective "admissible* 
usually will be omitted. 

Consider now an arc CQ that is a solution to our problem. 

We make the following assumptions regarding C0. 

1) The arc C0 is of class C*, that is, the functions x^t) 

defining C0 have continuous first and second derivatives 

2) The matrix || Ä_i ll has rank n on C0 
i 

3) The arc CQ is normal In the sense to be described later 

in this section.  The abnormal case is highly singular and will 

not be descussed.  Moreover it is not Jlkely to occur in applica- 

tions if the problem is properly formulated. 

Under these hypotheses there exists a unique set of continu- 

ous multipliers A^it) such that if we set   

P(t,x,x;>) - f ♦ Ai^i (i summed) 

the conaitions I, II, III, IV described below hold on C0. 
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I.     The first necessary condition.     Along  Cp the Suler- 
La^ranfie equations 

(3:1)   df^-^x.) -Ft. at-V-V ^i-0 
j J      j 

hold.  Moreover, the end values of Cg  are such that the transve: 

sality condition 

hold. where the subscript ^  on T (b), X^ (b) . .■!   ,     denotes the 

derivative with respect to b/» evaluated on C0.  The quantity in 

the brackets is to be evaluated at the final enJpoint of C0 when 

s ■ 2 and at the initial endpoint when s " 1. 

II. The necessary condition of Weierstrass.  At each eleaent 

(t,x ,x' , A) on Cfi the inequality 

E(t,x,x,.A.X') > 0 

holds lor every admissible element (tjX,!1)» wnere 

I - F(I') - F(x') - |tl - x'.) Fv,(x') , 

and the elements not exhibited are (t,x,A) . 

III. The necessary condition of Clebsch (Le^enore).  At 

each element, (tjX.x'jA) on Co the inequality 

F ,  , TT . TT.  > 0 
xjxk  ^  k a 

holds for every solution (TT) ^ (0) -.f the equations 

^ixl, nJ - 0  ' 



■ 

At this point it is convenient to introduce the concept of 

nonsingularity.  The arc C0 will be said to be aon  singular in 
case the determinant 

xjxk   lxj 

«^ 

(i,h - 1, »"> J ,k 

is'different from »ero.  This condition insures the existence of 

a 2p-parameter family of solutions of the Euler Equations (3:1)- 

having C0 as one of its members. 

It remains to describe condition IV.  To this end we need to 

introduce the concept of variations.  Consider therefore a one- 

paraweter family of arcs ' 

^a;   bf(a)   ,   at.{t,a)      t,(a) ^t^t2(a) 

satisfying the conditions of our problem and containing C0 for 

a - 0.  Let the operator S denote the derivative with respect to 

a evaluated at a "0.  The quantity 

is called the variation of the family along Co 

^i(t,x(t,a), x'Ct.a)) - Q 

is an identity in a we have 

^i m*i*i
i*l  * 'ix!, ix,3'0 

Consequently the variation jr satisfies the equatiors of variation 

(3:3) ^.S^VI - ^ixj h*   ^J« " Ü 

of 0. alonj; C0, the derivatives of ^^ being evaluated on C0. 

t, < t < t( 

Inasmuch as 
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Turnii ' miw to th« end conuitionr. we observe that t (a) ■ T (b(a)) 
S 5 

( S -  1 , He-irp, the tquat ons 

x1 J,./"(a) ) ,JJ - X1g JlUJj (s • 1,2) 

hold identically In a. Operatlas by | yields 

whetf,  ■ bfTwie, thl •ubseritt * on T , I.  denotes the derivative s'     j s 

with  it.ifiect   to  b,»   »TSluAtcd  en   Co •      Setting 

(3: J 

it   is   se^r    that   trie   variation   r  batisfies  varintional  end   conditions 

(3:5) VV " cjs.. ^ (s ' 1'i:J- 

'..e  are  iiow  in  position  to  d«fine  normality.     ^  system of  the 

]•# JSf J       s      s^ 

f 0 no 

^.    5j<*) (t, < t < t^) 

will be called ^ variation in case the functions 5-;^' are 

continuous and have piecewise continuous derivatives on tj tj. 

The .ire Cc will oe said to be normal if there exist 2p variations 

^ ßp- .   ! j«- 
(t, < t < t2; r- 1, ...,2p) 

satisfying   equations   (3:3),   no   proper   linear   combination  of  which 

satibiies equations   (3:^)'      3uch a   fa.iily  has  this   letter   01 operty 

if  a;.u   only  il   the   deteifninant 

Bj«-(t,)  - C„     ^r 

la   diffeient   from  zero.     For   a   normal  arc   Cc   every   variation    > 

satlifying  e'-iuations   (3:3)   and ' (3: i?)   is  related  to  a  one  paran.eter 



'      >. 

-. 
■ 

.. -  ■ 

-   - ;    .-r 
■   r -11— •■■■« 

,; ■ 

family CE in the sense described in the preceding paragraph. 

This aey not be the case for «bnornjpl problems.. In £«ct if C& is. 

abnormal, it may be the only arc eatiafying the conditions of our 

problem. 
■     .   . v 

When the integral I is evaluated along the family C    described      "> 4. 
above and is differentiated twice with respect to a ^t a - Ü, " .   %• " 
one obtains the  second variatien !%{¥)  of I along C0.     By mean« of } 
suitable manipulations the  second variation I2{sr)   can  be pet  in the 
form                                              «.                                                                                     ■ . '■' 

r 2 

lair) • v*^ ♦   i    2w{t,i,y)it 

where fit<r - 1,... ,r; f ^ " 1,... ,p ^ 

the   subscripts ^ltf'   denoting derivatives with respect  to  hf and 
b^ evaluated  on  C0. 

The  fourth  necessary condition  can ne^     s   stated  as  follows: 

IV. TSe second order condition. The second variation Ig (y) 
oX I al£J3£ C0 Is ngBn^^JTe fpr ^yffy ^ftriat^po ? satisfying 
.-ouations  (3:3)   aa^  (3:5). 

* ' 
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I 
4.     Necessary conditions for a minimum  for  problem A. 

The results described  in the  last   section can  be used to 
obtain aecessar-' conditions   for a minimum  for  problem A,     In 
problem A the  parameters b ■   (bj,...,b   )   «re restricted to lie 
on  an open  set  B and   (t,q,a)   to  lie  in  an  open  set   3.     V.'e  admit 
only  arcs 
C: ah(t}   ,   hr       ,       qi(t) (t,   < tg x2, 

with  b  in B,   (t,q,a)   in  S,   the  functions q!{t)   bein£  piacewise 
continuous. 

Consider now a minimising arc  C0   having the  following two 
properties: 

1) the   functions q'(t)   ,   a, (t)   belonging to CQ are continuous 

and  possess   continuous  derivatives. 

2) the  arc   CQ   is  normal  in the  sense described below.     Under 
these assumptions  there  exist  unique  multipliers  p^Ct)   of class 
C   such that  if   we   set 

H(t,q,p,a)   -  p1Qi - L, 

the arc CQ satisfies t!» conditions I, II, III, IV described 
below. 

I.  The fi rst necessary condition.  Qn CQ the equations 

(4:1)     q^ - H     ,   p' - - H , H   • 0 
1   pi       '     qi     ah 

hold and   hence  ^Iso   the  equation 

dt     H       Ht   * 
Moreover,   the  end  values  ?/  C0  are   euch  that  the  trari<ver3a^^Y 

condition 

U:3)   •    "  p V* pi^J[ "' +^"c 

holes. 
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In order to eetablish this result we introduce new variables 

x.i(t)  (j ■ 1,...,n ♦ m) defined by equations (2:4) together with 

additional end conditions 

n+h (t,/   - 0, n* h(t.) Jr+h (h -  1,...,m) 

Since a. it  will  be   convenient  to use  aw  and xj int lh " -"-n+h "^ ""* uc *«w^-*—• -- — «h cw.^ ^n+h 

changeably.  Similarly we shall use q, in place Of x, when it is 

convenient to do so. 

Set 
F(t,x,x;p) ■ L(t,q,a) ♦ V^^l -  Qi(t,q,a)) . 

It is clear that 

F ♦ H - p^i 

Consequently 

t K  f -Ht , -H. x    -a  '  ^ * pi xi    qi    xi   1 
(1 - 1,...,n) 

o , r -H -  *' " xi Fx] * -H 'n+h       "n*b-    ^h        * Ai 

Using these facts the Euler Lagrange equations 

-  xi - ^ fi- 'xJ - Fx.  » S" Fx' , * F> 
1     i n+h    n 

take the form 

pi " -\   '   \  " COr'St*  '  qi " "Pi 

jslng the part of the transversality condition (3:2) correspond- 

ing to the new parameters b +..,...,b   we find that 

H  - 0 i 
ah 

at t ■ t.j and hence on the whole interval tj t2.  The equation» 

(4:1) accordingly hold.  Inasmuch as 



»« 
-"*■    ■#?* 

(4:5) 
P - xi Fv,   - F - xl  F^,  - x'   ^ F. > ; / T.^ J    xj i    x^ n+lv   x^+h ; -^ Air;V 

->Jf.vV 

and H       - 0    th© condition  (4:2)   and  (4:3)   follow from tha  remaitt-.    \   - <'•* 
•h ,      ■    'V    •   ^     ,:■..■   <^ 

ing  condition»   (3:t)ai»<i 0:2)« .' ,       ' ^     ■ ■.' 
...    •       -        - •'■ '** 

It  is  interasting to obaarre  that  in case  the-aquations 
^.   '       ■*■ "■ ■• V«f *'•'. 

ql   - ^j^    are oX the.foMi 

so that a.   is but another «yinbol fer q], ve have »" '<Ä.' • 

ai       ^ ai       ^ ^i •    "    ,       * *-   ^        T 

Consequently alon^^ golutlo«  of equations  (4:1 ),   p< are th# . ,<M*' 
cahnonical variableaand  H coincides with the  Hamiltonian  function.. V . - ,     -n        ,   •,  . 
It follows that the'functions p.   and H her« used can ba eonsiderjed" v    v.» ,' 
to be a generalization of these quantities.. ' *•    **     ».■ 

When the Veierstrass B~function for problem B ift  interprets 
In terms of H for problem A by the use  of  (4l4)  and  (4:5)   it takes .* 
the   form ' > . 

^   , .*   i ■■ . 

(4:6) BU.q.p.a.A)   - -Htt,«q,p,A)  ■»   H(t,q,p,a)   ♦ 
(Ah-ah) v f*.%»pv*). .   , r ■:+ 

n        . 

Inasmuch  as  H0     «0  along  C0  we  have ^ »- 
ah * 

.•-■ 

II.    Tos. necessary condition of Weierstraas.    Alofi^ C0 üjft lnequ>l>tT 

H(t,q,p,A)     ^    H(t,q,p,a) <        ^ 

must hold f9r evenr adaisslble ^lyn^nt (trq.A). . Jg.* 

Thus, H ha« a maximum value with respect to a. along a ninl— 
aizing curve C0. -'"■  '.^ 
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In a similar manner we obtain 

III.  The necei sai y  conuition of Glebsc^ (L&,-:enare) 

element (t, q , p, a ) _of Gc tue ineguality 

t  each 

e 

n K 

■'.'•-List   liül.i   for  ever-y   set   (n)   ^   (0) . 

The  condition of nonainsularity for-  problem  B when   interpreted 
for   problem  A  yields  the   following   condition«     The   arc   C^   is   uor.iBlr.-' ,.I.ar 
in  case the determinant 

dhnk 
JLF    different   from   zero  along   Gö. 

For  problem   A  a   system 
(tj   $ t   -  tijj 

will be called a v^rintion  in case the functions ,§.(t) £;i e con- 

tinuous and 5i (t ) , av.(t) are piecewise continuous on t,t_.  The 

analogues of equations (3^3) are 

M 
'iah-h 

and  the  analogue  of  (3:5)   i 

(4:8) ^i(t-'  =  c 
i.s^^ , 2) , 

s^ 

where,   as  in  problen B, 

(4:9) C^   = <iiv-qi(tsi   .. 

evaluated on Cg, 

The arc Cg is nor.::jl if there exists a set of 2n—variations 

^> :  *< n,,^      /^ >   ^i^^ t) . (/* = 1 , . . . , 2ri) 

satisfying aquations (4:7), no proper linear combination of which 

satisfies equations {i+iC). 
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!■: 

The   second   variation  I^d^)   of   I  along   C0   takes  tie  form 

where 

2W=  Hq.q.  h*  +  2H-av,  i^h*   Va^h^k' qi^.1 in lhak 

fW- ' ^r -J« V Pi9iV +   (Ht^iHqiT^»« 
+   H,    (Q.      T     +   w.      T   „) q.i        ISy.     B is.- a^ Js-1 

As  before  the   subscripts/«,(rdenote  derivatives  with   respectto 

hf   und  bjT-. 

IV.     The  second   order  condition.     The   second  variation  I - (^   oi_  I 

along   GQ-TK  jionneg: itive  for every variation  ^r sntisfyinp;  er;ui:tioiu'. 

(4:7)   and   (4:t-). 

5«     The   Case  L  =  0.     In  the  applications  with  which  we   shall   be 

concerned the   Integrand L   is   identically   zero«      In this   case  an 

important   phenomenon   occurs which,  we   Shall   now  explain.     To  this   end we 

shall   need  the   following« 

Lemmn   5:1        Suppose  L  =  0   and   let   Cg   be   sn  F<rc  satisfying   the 

riuler—Lagr?.n^e  eguations   (4:1 )   with  a   set   of   multipliers   p• ,   then 

the relation 

(5:1 ) • pi(t)XL(t} -  constant 

holds   for   every  variation y satisfying  equations   (4:7). 

For   if   we  multiply  equations   (4:7)   by   p.   we  obtain  the relation 

i n 

Using  the Euler—L&granpe   equations   (4:1)   this   becomes 

Mi  +   -±h   =   df   IPi^l   *   ü 

t  t is, P^5- is a constant, as was to be rroved. 
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The lünctions p.(t) being solutions of a   system of linear 
equations 

p! = -n .Q . 

do not vanish simultaneously unless they are identically zero. 

The multipliers associated with a Minimizing arc do not vanish 

identically.  Hence equations ( 5:'') state that the end value 

T^d^) and JLft^) for a solution of the equations (4:7) are not 

independent, that is, one cannot assign the values .^(t]) and 

^(t^) arbitrarily and expect to be able to find a solution of 

equations (4:7) passing through, the points (t|,^.(t,)), (t^ ,'§( t^.) ) . 

When this result is interpreted in tertofl of tne original system of 

equations q! = *4.(t,q,a) it oieans that w« cannot, in general, expect 

to be able to find a solution of the equation  q! = Q.(t(qta] 

passing through an arbitrarily chosen pair of points (t],q(t))) 

(tt,q(ta)) is a neighborhood of the end values of C0. 

In order to illustrate the phenomenon, consider the case 

when n = 2, t = x, q] 

takes the form 

0; 12 z an d the differential equations 

-' = ^ + a1 

Then z(x) measures the arc length of the curve y(x) in (x,y) space. 

The equations (4:1) vitii H = p; a + p^ Jl ♦ ä take  the form 

^ + a^ P; - o. Ü, p Pi p^ = 0 

^ ♦ a2 

Thus Pj-and p2 are constants.  Setti ng 

sin   $  ■  -T>|/Pä 
these   equations  reduce   to the   system 

s 

■>|i + y'^    ,   _iLL sin B 
rra >(T +   y 

It   follows  that   y'   ■  tuns   and   hence   that 

y  =   x  tar.   s     +   d      ,      z  =   x  sec   s    +   e 
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are the solutions of the Euler—Lagrange equations, 

that pass through the origin are given by 

The solutions 

y = x tan <?  , 

and hence lie on the cone 

z = x sec G 

3 
z 

I 
x + y 

The arcs satisfying the f/;iven equations  z1 ■ ^j 1 + y'*  and 

passing through the origin must lip interior to this cone.  To 

see this we need only recall that z denotes the length of arc 

of. the projection of the curve in the xy—plane.  Consequently z 

must exceed or equal the distance -j x2 ••■ y-  of the point (x,y) 

to the origin, that is, z > Jx'-' + y^ , as was to be shown.  Since 

a solution of the iJuler equc3tion.-5 lies on the cone there exists 

points, nearly (namely, those exterior to the cone) v/hich cannot 

be joined to the origin by an arc satisfying the given differential 
equations  z' = J 1 + y'^ . 

The situation we have just described is characteristic of 

problems in which the integrand L is identically zero. 

6•  The aerodynamic equations of an airolane in terms of 
riprnt—handed coorainate systems .  The Jifferential equations of 

motion of an airplane are given by equations (1:1) in the intro- 

duction.  We shall now select a suitable coordinate system to which 

the theory described in the preceding sections can be applied.  It 

will be convenient to derive our equations vectorially, using right- 

handed coordinate syste-ns.  These results will then be interpreted 

in terms of the left—handed systems normally used.  ..e restrict our- 

selves to short paths in which the curvature of the earth need not 

be taken into account. 

As a reference frame -..'e choose a right—handed system of 

x—, y—, z— axes, with z Jenoting the altitude of the point (x,y,zy. 

Let 5c, JJo, "JJQ denote unit vectors in the direction of the x—, y—, z- 

axes respectively.  Let 5 he a unit vector in the direction of the 

velocity v of the airplane and let "$_ he unit vector in the direction 

k 
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Of the lift.  The right handed triple 1, I?  ■ ü x §L*  f.  wil1 be used 

to describe the orientation of the airplane.  The systein ^_, 2.> £ 
can be obtained from the systein £c, 7^, ^_L by three successive 

rotations, as follows: 

Firstg a rotation about fg through an angle ß1, called a'3i.7iuth 

anp-le. to yield a system 1J, li» li " lo« 

Second, a rotation about ^p] through an angle d, called the 

anglg of live, to obtain a system £2» H* = iii 1 1^2 with ^^ ■ ^. 

Third, a rotation about ^   - ^  through an angle ß,   called 
the anpile of bank, to yield the system |_, 2., -£. 

The vectors described in the Introduction are of the for.n 

v = v ^ , 'ü = -.;! , L = Lf , 

( 0 :1 J 

T - T(^ cos K ♦ ^ sin^ ),  w - -w^c, 

where *(.  is the angle of attack. 
We are now in position to prove the following 

Theorem 6 :1  The 1 unctions x (t) , y (t) , z [t i   degcril.inf. 
t j 1 [ or it ion of the plane at the time r, are connected v/ith the 

^■^eed v {t) , ti e azimutn an£le & it) ,   t.r.ti   - Qglg oJ dl ve 5 (t) , the 

anrle of bank /? (t) , the anrle of -ttack od (t J , the -.voiFht w {t ] b^ 

the equ.^'.t ions 

X ■ v cos 9  cos £ 

y = v sin (9 cos S 
z = —v sin § 

(6;2) 

-^-[T ^^-^^ —D -v V<j + g sin S 
e 

S = z£ cos ß   (T Bin <x + l.j + g_coa S 
V'v v 

51 _       g     see C    sin y5   LJ   ein ä  +   Lj 
. v • 

t 
t-here   T is   the   r. rust .   L  is   ^hg   lift.   D   \^_ tt g  .'.rag,   f?   i_s  the 
rra vAtational   acceleration .   a no   w   describes   the   r a t, g   of   c ha n,":e   of 
■■-•e: ght ♦     The   acceleration   A.   oX_ the   j.:l-.ne   in  the   direction  of tre 
li : t   is   r'.iven   by .. 
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(6:3) AT   = ^_ LT
   sin^C   ♦ Lj — g  cor, $   cos  ^ 

-v   ( tf coa   S   sin ^9   +  5   cor 3 ) 

The  first  three relations follow from the  fact  that  the 
direction cosines  of v  = vj    with respect  to  the xy*—coordinate 
sjrstttn  are 

(6:4) L'iü   "   co.- e   cos §     ,   |.*^0   -   sin 0   COS S     ,   5,*Jto   "^sin  i. 

In  order to  derive  formula  for  t! e acceleration ^ " i  recall that 

A_  =     d   (v I)   =   v^g +   ^xj 
■if 

where ^. is the angular velocity of the reference frnme ^»5»^' 

The vector-^ is the sum of three angular velocities 

-^ = /3 J + S ii + ^fo 

by  virtue  of our  choice   of the  angles ytf f{ ttf>     It  follows that  the 
components   A»,   A»,    kjpof  A  in   the  directions  ^,   7,  5  are 

A| - A:I - ♦ 

A< ■ A-i ■ V^x \.± - -v^L^ - -vi ^.,.1 -v^lü.,2 

Ob serving that 

(6:5) l.li   ■  cos^l , l.fv  =  cot  S   sin   ft 

i.'li   " - ; i:- Z5   .       l-i.   =   cos S    cos ^ 

ve   find   that 

(6:6) 
A^  =   ^ 

l^ ■ v{—J sin # ♦    & coa S   cos^j.' 
/" —v( ? cos ß   +   & cos S    sin/) . 

Solving  the  last two  equations   for £   and 6 •.-.•e  obtain 

§ - 1 

(6:7) 
-U/(  sin^   ♦    .^ coi   ft\ , 

■ec r 

*—   ( .   n COS^    —Ayp   s ir, / 
( » 
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Retuming no''.- to equation (1 :1 i, that is, to the relation 

dtvg -'   g-g----- 

arid 'naking use  of   (6:1),(6:4)  and   (6:5)   it  is  seen that  the 
components  .-..,    .„,   A^ of A are also given  by the  formulas 

(6; 

nl      *   LT cos*    -D -v »j  +  g  sini 
g 

A>- ■ —g   COS S    sin /3 

'^ "   wCr  sin ^   +   LJ   _?   cos S    cos r3 . 

Consequently 

A M sin ^  +  A> cos /S  =  g  cos/^' [r sin at ♦ Lj  —g  cos s 

AM COS/*  "-A/    sin ^   = —g   sin^    (T  sin s<   +   L , 
w 

Combining these results with (6:7) gives the formulas for $  and c? in 

(6:2}a  The formula for ♦ ■ Ar in (6:2) is obt- ined from the first 

equation in {6:o).  Equation (6:3) follows from (6:0) and (6:6). 

7.  Tne aerodyti'-mic equations o'' .^  g ir pluue in ter-i.-.s oi 

& left handed systCLi.   The coordinate system used in the last 

section was chosen so that the rules in vector analysis could be 

applied directly.  As • result the azimuth angle is measured in a 

counterclockwise ad viewed by the pilot.  In practice the azimuth angle 

is nor ally measured in the clockv/ise direction.  .e shall accordingly 

replace & by — ^and shall reverse the y—axis so that a lefthanded 

system is obtained.  .,e shall also replace t e an^le of dive S by the 

air.p.le of climb iT* —S.     '.'hen these changes have been made Theorem 6:1 
C"n be restated as follows. 



*> 

t 

Ti je or err.   7 '• 1        Let   the   r-osit ion   oi    the   plt ne   be   jescribed 
by   a   left   hanciea   coot-'ilnr.te   syste...   .-Ith  the z —>xis   "ü   the   vertical 

325 i 8 •     The   functions  x (t) ,   y {t) ,   z ! t,'   aesct ibin^  the   nop it ion  of 
the   plane  at   any  ti.r.e   t   ^re   con.-iected  with  the   speed  v(t > ,   the 
azimuth  angle  9 {tj ,   th.e  an-^le   of   clirab  ^(t) ,   the   arpzle   of  bank   ^(t), 

the   angl^   of  attack c< (t.) ,   th>::-   weight   u-(t) ,   b^ t hg  di Vferentir.l 
equaLJoug 

x   =   v   COS #   COS / 

f  =   v   sin (9   cos «J' 

i   =  v  sin it 

♦   =   A 

(7:1 ) 

0 

■   LT  cos9(   - D - v W j - G  sin/ 

= il_ co"/^   L^  sin^  +  L j  ~ ü cos /" 
VtT v 

w  - 

£_  ^ec * 
vv.r 

v: 

T  si n »C   +   L j 

where T i_s the thrust. L is, the lift. D i_s the drgg, g is the 

.qr ';vit ational qcceler<t. ion, and Ä lescrit;eg the rate oi chnnre 

of "^ei.^ht.  The acceleration nr £f t;!e pi a ne in the Hlri'Ction 

of the lift is given by 

\ 

(7:2) AL  -     £   LT  sin »C ♦  L J - g cos ^  cos /f 
w 

-     v   (si eos /  sin /S  +  y cos/) 

Ö«     Path^   of lea fit  time,   unrestnlctgd  case.     Consider now 
an  airplane P  with   initial   conditions 

x   =   x, ,   y   =   y, ,    /.   =   z, ,   v   =   v, ,   J   =   *, ,    S'SitV*vitlatt 

to  aetermine   the   path   with terminal   conditions 

* • »a,  y ■ y^,   • • «a, ▼ • v2,   3r =   jr^,   9 m 0*     at  t   = t^ 
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traversed  ir. the least tlnM tg.  It is understood that the 
equations of notion -re those described in the last section. 
This problem is of the type described in Section 4 if we ret 

a, (t) = s<(t; ,   a2(t) = /?(t) ,   b, = T^,  b2 - w2 > 
72 

q,(t) = x(t), qaCt) - y(t), q3(t) = 3(t), q4(t) = v(t) 

q^t) = y{t),  q6(t) = 9{t),   r.7{t)    =   W, g^b) = b,, L 2 C 

If we denote the multipliers p^ introduced in section U   by 

Pv, P-i P, V« ^ 

respectively,   then   the   function  H  takes  the   form 

H  ■  v(p     cos &   co.-/   +   D    sin  5 cos >   ♦  r     sinjr) x ■ y z 

—15   (p     sin y   +  ^£_   cos £*" ) 
v 

+ &   v 
(T cos0<   -U-vW) 

g 

V +f^-  (T  sin^   +  L^P^ coc  -^ +   P* r'ec ^  sin^l 

+ P,:.     ■ 

It   is   convenient   to   Jivide   H   into   three   parts 

H • F — Q ♦   p    Irf, (6:1) 

where 

(0:2) 

i- ■ v(p  eoa ö cos ^ + p  sin 9 cos ^ + p  sin ^ ) 

-%(pv  sin ^r + p^, cos * ), 
v- 

n = p.n   — • _ &'v j D — T cos *, + v .< j 

"fr" l-T bin ;< + L j (p^ cos ^ + p& sec l* sin r*). 



The function F ic independent of the characteristics of the 

airplane and the function G depends upon these characteristics. 

Trie svEteiri of equations (4:1) gives us in -diition to equation 

(7:1) the equations 

i K ' - K  = 0 

-Hy = 0 

-H  = -p  W 

(8:3 -K  = v - Fv - PW
Wv 

** - F* 

P© =s ne = l6 

?;  - -H  ■ G w     v;    w 

ik = cu = o 

The transversali ty conlitions (4:3) v.'ith b, = t^, bg = Wj, g ■ bj 

yields the relations 

(8:/J H - 1, P« at t = t . 

Since   H   is   indenen.Jent   of t   equation   (4:2)   tells   us   that   H   is   a 
constant  along   the   patha      Consequently,   by   (8:1)   and   (6:4) 

H v   — G  ♦   p 1 

or 

(8:5) 

The equations f>  = G  may be replaced by equation (8:5)« 

y 
'.'e now turn to the equntioas G^ ■ G- ■ 0 in (8:3)«  lo or ler to 
dtttermine the consequences of these equations ^e assume that ü  and 
L are exnressiblo in the form 



' 
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where   Lj ,   D0,   D^   are;-   indenendent   of TC.     Moreover  v/e  assu::ie   that 
aC is  so  snail,   that we   can   replace  sin oC by ■* and   cos a(   by   1.     Then 

G     = £_   [p     D^v -   (T  +   LtHp> cos/   +   pe   sec d'   sln^ )]   =  0. 

;ien ce, 

J   '     TrT*   L'    (^y     cos^    +  ^e_  sec ^   sin,?] vu2 
1 V 

Similarly 

Consequently 

(8:7) 

~ £ [ T^t +   L j   (-p^,   sin /?   +   Pe   sec r   cosß]   =  0. 
vw 

ta n 5    ■   P|      sec /. 

In these derivations we hrve assume i that p  and p>, do not 

vanish.  ,.e shall now show that the Legendre condition requires 

the::: to be positive.  The Legendre condition III of Sectl ^»i U,   with 
the equality excluded, states that 

H^ Aa + 2^ AB + ^ ^ < 0 

unless A = B = 0.  In terms of G this becomes 

G^ A2 * 2G3(/j AB ♦ G^ 5^ > 0 

unless   A  ■  B " 0.     rron  the  theory   of  quadratic  forms   this   condition 
is  equivalent to tl e  inequalities 

(fc:B)       G,^   > 0     ,       G 

InasTiUch  as 

<*   QM    >   ^/S 

J^    "  ^   Pv   ^ 

Ml   see  that   p     must   be   positive   since   D^   is   known  to   be  positive. 
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ilro 

'^ £_   L T +  Lij(-P^  Blrifl    +   p^   8ec>   cos/S ^   =  0 
rw 

by  virtue   of  the   equation  forecedlnp   (c:7i-     Consaqu«   tly,   by   (6:6i 

ß4j   = £_   üTo( +   L J^V   co8/9    +   P«   8ec  y   sin^J   > 0- 
vw 

• 

V.;e   have   accordirif^iv 

—r>     siri/S   +   v&   sec f   C08 fi   =  0 
p     COS fi   +   n     sec ^   cin,/S> Ü 

Inasioueh  as  cos ^5 > Q these  equations   can  hold  siinuirtaneously only 
in   case   p>-> 0,   as   can  be   seen  by  nmltiplying'the   first   relation   by 

—sin A  and the   second by  cos S   and adding« 

The   results  described  in this section  can  be  summarized as 
follows« 

Theore::i  6:1.     !_£ a_n   aii'rl,-ru'::   tratLSverses  a_  oath o'.    le--- gt   time 
v.'ith   end   values   arescribwü   gg   described   above,   there   ex ist   '..ultirll^r 
p   ,   p   ,   p   ,   p   ,   n ^ ,   p^   sucn that  the  followinfe   rel ati ons  nold  '-ith  V x'     y'      z'     v*   ' # '     6        '■   ■'    
and   G  de lined  b ■.,   equ.'.tions   (d: 2) 

■    x  =  v  cos 0   cos y 
^  =   v   sin <9   cos K 
&  =  v   sin ^ 
f   =  £_L,T - D — v_ WJ   - g   sin ^ 

M g 

>  =   ^   cor fi    ,1=^ +   hj   - .IL.   cos -T 
vw •   " v 

£ = £_ : ec ^   sin/f   jx ♦   L] 

^ ' (  IV   cos |ß   +   p,9     sec f  sin ^) 

T+ i ■ '/ 

•        * 



(0:9) tan Ä sec J" 

-(1-F   +   G)     ■? 

a   -F   -fi-F + v       v 

p    s n i 

p     >  0, 
y 

are   constants 

0  alone  the  path. 

P — G - 1       at t ■ t,;. 

In the problem formulated above the terminal values ol x, 
v> J" t & were prescribed. If we did not prescribe one of these 
say  X2i   then   the   problem  would  contain  an additional   parameter 

iversality  condition  (4 
Consequently,   we  have the  following 
and   the  transverrality   condition   (4:3)   would  require  that   p.    = 

1 1 
/J 

i 

V   .1 u J; S ) 

b3 - X 2 

0. 

Theorem 6i If the problem described above is modified so 

to not pr'escribe the te L ^.iiial value of x ti■ e■ i th.e -Tiultl^lier p ■ 0 
at t " tg.  A_ similar statement holds for the remaining variables 

y, Z, v, <? , s> .     I_f p  .JT p_ vanishes the pi-obi era beco nes a si nr.al-'-r. 
•-ig can be seen iroi'i t.'ie F ^r.-iula g for =< -'.nd M  in (t: 9) . 

In viev/ of the last remark it follows that the velocity v and 

the angle of climb J"  must be prescribed at the end value. 

9«  Motion of an air plane in a verti cal rlane.  If we assume 

thet the airplane moves in a vertical plane, the angle of bank /& 
is zero.  By a suitable choice of axis we can suppose that y = 0 

and that the x—axis have been chosen so that &   is positive.  In 
this case the equations oi motion take the ti:r.riler 'orm 



(9:1) 

5  =  v  sin   y 

f ,> ^in K 

/ vv rCr •An*. +   L ;OK   ^ 

in Section  8,  set 

F -  v(py  cos **  +  p    sin^j  -   :{pv  sin r +  p^,  cos ^ ) 

(9:2) 

w '1 vw     • 

The   path  of  least  time  with   prescribed   initial   v lue& 

z i >   ,'', i .   ^ i . •1 >   »i 

md   terminal  values 

1 ) i at  t - t,   • 0 

at  t « ts 

,  itisfies the  conditions  described  in the   following   thtorenii 
■provided we  replace  coaot   by  1   and  sin o<   by «<. 

Theorem  9:1-     If an airplane  traverse _  the     • iti. ] eü:;     tii 
12  with  end   values  pi'esci" i bed c;"   descri.bed   abovr,,  t' ^■r^  ex 1 bt  Enulti* 

pliers  p_s  p.i   p   ,   p     such that the  follov.-iu ■•  relations   hold 

X    =    V    COP    f 

z  =   v  sin & 

v  = _   rT _ 
w      t- v  WJ sin * 

*   ^ J* + L.: - « cos ^ 

(9:3) 

Pv 

T  +   L- 



^ -   (1   - F  *   G)   '., 

6     - G    - F    -   (1   - F 

W 

p     =  constant 

pv > 0,   p^ > 0 

F - G =  1       at t • t2. 

In these   equation;;   i^t _i_s   assumed  th;,t   D  and   L  are   of   the   form 

(9:4) D =   30  +   y2D2*2   ,       L ^\* 

where.  Dc ,   Dg,   L,   are  independent  of d ,     I_f  the  terminal  valoe   of  x 
is   not   prescribed   then   p     =  0. 

This  result   can  be   obtained  formally  from   (0:9)   by  setting 

/3 = o,  p r  = ps   =0  and  disregarding  the equations  Involving f,& ,   f>a 

10.     A Droblem with  additional  constraints«     Consider  now the 
case   in which  the  arcs 

C: ah(t),     b^     ,        q^t; (t,   < t S- t2) 

not   only   satisfy  a   set   of   differential   equations 

(10:2) q!_   -   ^(t.c.a) 

but  also  a   set   of  auxiliary   conditions 

(10:3) ^ (t, q , a )   =  0 . ( o" =   1 , . . . , ü ^ m) 

As  before  we  suppose  that   the   end   conditions   are   of  the   form 

t,   =  T, (b) , qi(t) )   =   ^(b) 

«»l^a1  =   -i2(b: (10:4) t2   =  Tjb) 

and  that   the   functior.  to be   -linimized  is   of  the   form 

k 
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= .-(b) ♦     I L {t,q,n)dt 
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This problem v.'ill be called problem A*.  It differs from problem A 

in that additional constraints (10:3) h'Ve been :.Juea. 

Consider now a minimizing arc Cy having the following three 

properties 

1) the functions ql, ai(t) belonging to CQ are continuous 

and have piecewise continuous derivatives. 

2)  Tl.e matrix , sf has rank--? alone Cn, 

3)  The arc Cg is rior;n'il in the sense described below. 

Under these assumptions there exist continuous multipliers 

p.(t), A (t) such that if we'set 

(10:5) K(t,q,p,a,A) -■ p^ -L - A^/^ 

the   arc CQ   satisfies  conditions  I,II,   III,   IV   described  belcWi 

I. The   first   ;. ecesa -<ry   cornlit ion.      un   Cjj   the   equ itioiis. 

(10:6) q!   =  H„       ,       p!   « -H ,       HÄ     =0       ,     /„. 
Pi ^i  ' ah 

hold ?.i-.d hence c-I so the equations 

do:?; M = li. 
dt 

Fioreoever.   the   end  v slues   of   C0   'jre   such   th;'t   the   trsns versal .t y 

coalition 

(lOjß) 
s   =   2 

-H  T 
-P 

pi   *is*  s  -  1 P 

The proof of this result is like that of the analogous result 

given infc4 if we use the function 

b (' , x ,x' ,, ,A , = L(t tq,a) 
+ > ;. /,,_ (t, c , a ) 

+   pi^i ~"i   ^'^»^J 

In     I   ce  of the  function  f defined  in  Section  4- 
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The   .veierstra^e  P—function  is  of the   form   (4:6]   and   since 
H,     =0   alonp;   C0   we  have 

' h 

II. The   necessary   co^iition   of   ..eierstr'.~s.      A] onp   C0 

the  inequality 

H(t ,c: jp,...,/j   <:  H(t,ü,p,a,A) 

taust  hold for   every admissible element   (t,q,A)   satisfying the 
conuition   <f     (t,fi,A)=0. 

Similarly,   by   virtue   of   condition   III   described   in   Section   3, 
v.'e   h'fve 

III. The  necersarv  condition  of  Clebsch   (Le^en-'.re) .      ftt   each 
element   (t,q,p,a,Ai   £n   C0   tP e   inequality 

H rr,    rr,    < 0 ahak    h    k = 

must   hold   for   every   solution   (TT)   f   (0)   of the   equati ons 

If  we  interpret   t!e   condition of nonaingularity  for  problem 
B  in terms  of   problem  A'   we  find  that   CQ   is   nonsingular   in   case 
the  determinant 

H <p 
ahak ^■ah 

4 
(cr,t   -   1 , . . . ,>£;    h, k   =   1 , . . . , 

is different from zero along Cn. 

r    •• 
For   problea A'   we   are   interested   in variations 

»(h( t)      , ^     , (t) (t,   ^  t   ^  12 ] 

which  satisfy the   conditions 
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(1U:9; ^i lah  h 

.^crq^i + ^<rah
Xh 

together  with the  end  conlitions 

(10:1U, 3L(tJ • c4,   4 r l s -  t, 2;    ^ 
X v     £ 1 Sil 

where  C.        is  p;iven by   (4:9).     These  eouations  differ  from  thoee 

given for problem  A  in that  we have adjoined the  aquations  of vari- 
ation   of the   functions  ^.(tjq,?.)   along   CQ« 

The   arc   CQ   is  nor'.ial   in  caae  there  exists   2n—variations 

*> ! * h/M >    ßfp     ,    Ji^ (t) ^=1,.,.,2nl 

satisfying equations  (10:9)|   no proper  linear  combination of which 
satisfies  (tO:1C). 

The   second  varietion  \--L[^)   takes  the   same   for.:;  as   for  problem 
rt,  the   function  H being  defined     by   (10:5)•     Consequently we  have 

IV.     The secoad  order  condition.     The second v irij tion  11(j^) 

of  I  alotij-   CQ ^is   r.onnü^ative   for   every  vari. tion %  sati?:f yin' 

equations      (10;9)   and   (10110}, 

1 1 .     A   problem  with   ir.equalitiP'7   as   constraints.      ..e  now   con- 
sider  a  modification  of  problem  A   in  which we   have   inequalities   as 

constraints.     Consider therefore  a  class  of arc: 

C:    i      ~ ._ ah^     • b/     ' ^i^' 

satisfying a   set   of differential  equations 

(11:1)     ' , q[  ■  ai(ttqta] 

together with, a   set   of  inequalities 

111:2) ^r-(t,'.,T'   >  0 (J" =   1 , ... .i < m) 

a in  addition to  a  set   of  end   conditions 

(11:3) ts - T8(b), q^t,)   -  .is(b) (s  -   1.2) 



■->>• 

Again the function to be  -riinimized   is   of the   forrri 

rta 

I   -  gU      v J L{t,q,a)dt. 
ti 

This   problem  will   be   Cflled   problem   A". 

Consider now an arc  C0  that  is  a  minimizing;  arc  for  problem  A*. 
.-e  make  the  following  assumptions  regarding C0. 

(1;   The   functions  q'it)   ,     ah^t^   belonging  to   C0   are   continuous 

and  have  piecewise   continuous derivatives« 

(2)   Tne  matrix   ntf  ~   il   has  rank J? at   each   point   of Co   at  which 

A r " 0, 
(3)   The   arc   C0   is   normal  in   the   sense  described  below. 

Under these assumptiooa there exist  continuous multipliers 
pj(t),  X   (t)   such  ti'ut   if   we   set 

(11:4) H(t,q,p,<,,/\ )   =  pi ^.   - L - Xrf*- 

then  conditions  I,   II,   III,   IV  described below hold  on   C0. 

I.     The   first   necas^ary   condition.     A1 on,^   CQ   the   eQu.itions 

(11:5) q!   =   H        ,      p!   =  -  ii        ,      H        =0,        'L > '^ Hi p.    •      Ki q.    ' a. ' ^ ■ h 

in.i-st  hold   and   hence   also 

(■ii :6) d       H  =   H.    . 
lit- z 

.'■'o^eover.   the   riiultiplier   } (t)   vanisnes   nt   each   goint   of  C0   at 
which  ^_ > 0.        The   end  v , 1 ues  of  Co   are   such th-:t   the   transversality 
coniitions 

8-2 
(11:7) 

hold. 

I—H T      +  p.   ^.      i +  P;» =  0 



The proof of this result can be made by <p
: device usi . by 

Valentine, "The Problem of Lagrange with Differential Inequalitie 

as Added Gide Condition^;" .Contr ioationr. to tne Gnlrulu.',. of Vuri— 

ations t933""37| The University of Chicago Frees.  To this ead w 

introduce new variables 
t- 

x^t) = q^t) xn+h
(t) =   J  ah(t)dt » 

,t 

ti 

I 

r'+ n * J'i~ ^2) - ^m**-. 

Unaer this  transformation  our  probleio becomes that  of finding   in a 
class   of rircs 

V '       Xi(tj     '    >3-(t) (t,    <   t   ^   1^;^   =    1 ,,..,-+..+ /  ; 
i   =   1 , . . . , r;+ ! ;c- =    1 , . . . , X , 

satisfying the differential equations 

x| - i1(ttX},...,xn,x^1 *n+ni   =0 ^ m   1 r^ 

y. *-€ (t.x,, 
'x-.i.'xn+1 ' * • * 'xn+r;; 0 

ind  end  conditions 

^ ts  • T8{b,,...tbr)   ,   v.(ts)      Q^ibj, 

=   0 kn+h 

>V(t1]   ■ 0 

one  which  minimises 

xn*h{t2] 

y^z) 

Jr+h 

a   =   1,2) 

(1,   -   1 ... . ..n) 

(<r -   1 ,... , X / 

1  = -(b^   +      J        ^(t.x,,...^:   ,x' + 1 
xn+1»'*-»xA*a)d1 

t, 

This   problem  is   one   of type   B described  In  Section  3.      Getting 

P(t,x,x',y*,p,AJ  = h +A^ (^.-y^-)  ♦  pi(x^-*.) 

it la   seen,   as  in Section   '+,  that tne  equations 

d    F  .   » F 
IK    xi        xi y^ = rtr- 
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Cince y^- does not appear are equivalent to the set (11:5) 

explicitly, tre correspond in?; Euler equations tell us that F - 
y 0 -■ 

is  a   constant along  CQ.     The  transversal itv  condition   corresponding 

o  y   (t^)   =   b +   +     requires  that  this   constant   be   zero. hence 

-2/\. =  0 [<y not   summed/ 

Irom  this  result  we   conclude  that/\^.=  0  wnenever yj_    f 0     that   is, 
whenever d^j- > 0.     The  equations   (11:7)   are  obtained  by the  argument 

i~iven  in  Section   4. 

Since F   ,   =  0 along  CQ the   weierstrass  E—function  takes  the 

Torm   (4:6).     Hence  \.-e   have 

II. The   neceFsarv   condition  of  .jeierstrassw     At   each   element 

(t'j^iP»3»^)   on  CQ ,   the   ir.equal: ty 

H(t,q,p,A,A)   <  H(t,q,p,a,/\ ) 

holds  for every  admissible  element   (t,q,A)   for   which A. (t,q,A)   ^ 0 

Similarly,   by  virtue  of   condition  III  ior   problem   B,   we   have 
III. The   neceesary   condition  of   Clebsch   (Legendre) .     _it_ each 

e] emerit   (t, <; , D, a »A)   thie   inequality 

Vk "^+ 2 ^ =ü 

holds   for   ^11   sets   ("^f-f.J   such that 

tnL   nh 
ri 

ir s^ fer =    1 , . . . ,A / 

This   condition  can  be  restated  as  follows. 

III.     The  necessary   condition of  Clebsch   (Leprendre) .     The 
multipliers   X«-^'   satisfy  tie   rel  tlou   ^(t)   v 0   alonf;   CQI   the 
eQuality   hioldiaf;   whenever   ^j. > 0.     Moreover  at  each   el ement 
(t,q,p,a,A)   on   C0   v;e   have 

H TT, n.    < 0 ahak    h k = 

holding" for -.11 sets (it) ^ (ü) satisfying the relations 

r/-ah   h 



v.'here /^raup.es   over c-he integers 1, . . . ,/ for wi ich ^ = 0. 

The arc C0 will be said to be nonsi:,,-■■ ul.-:r in case at each 

element (t|qfp,af^j on CQ the determinant 

H 
lhak v^a, 

^ 

la different from zero where/**, >/ ranges over the integers 1, 

for which oL. = 0 not only at (t,q,a) bit also .at neighboring 

elements (t,q,a) on CQ. 

The variations 

y-. ochit) ,     $   ,   ^(t)        (t, ^ t s- tj 

have  associated  vith   them   a   set   of  conuitions   of  the   form 

1 

(lt:d) 

together with  the   enc  conditions 

(11:9) 5i(tiJ   =   Cir.h/5?h fs  "   1'2> 

I      *l«u h 
j h 

5    +   j^ .,     =0  whenever    ^ 0 

^ 

Let 

The 

The new condition  in  (11:6]  can be derived as follows, 

he   the  variations   of the   variables  y^.- described  above, 

equ-.tions   of variations   of the equations 

are 

(11:10) t-^V     --^^'(o-=-1 li. 

Consequently,    <£  =  0  v.'henever  ^r   =   0«      '.t   points, where j^ > 0  tne 

values  of1?'   cj-n be  chosen  so  that   (11:10)   hoi is. 
«■ 

The   arc   C0   is   normal   in   case   there   exists  2n  variations 

*h. Ct)  , A-, Si-Ct)     (t, S t^taj/*- lt...t2n) 7-      -/    y 
atisfylng equations (li:c/, no proper linear eombination of which 
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satisfies equations (11:9). 

Let 1^ (JO be defined as In Section 4, with H definea by 

(11:4).  Adjoining the variations ^^to ¥  it is found by applying 

condition IV for problem B to the rroblern. described in the deriva- 

tion of condition I above that ti e inequality 

l2(/) - 5 
ts 

2^n »2 dt > 0 
■1 

holds for all variations 

satisfying equations (11:0), (11:10) -md (11:9). Recall that 

(1) X < 0,   (2) A -0 whenever ^_> 0, (3)7'  is arbitrary when 

^- = O.  In view of this fact we have 

IV.  The secorvi order condition.  The second vari itions I^(^) 

lor.p; CQ must satiafy t i | e condition l^{i')   ^  0 for every yard at ion 

y  satisfying equations (11:8) '-md (11:0), 

''•'-•  Paths of lea, t tin.e w ith a^ conaiti onon thg I ift ccei'f lei ent. 

In section S we discussed the optimum path of an airplane in which we 

tacitly assumed that the variables remained in the domain of validity 

of the uifferertdal equations.  ..e shall now consider a restriction 

encountered uue to the fact that tie coefficient of lift C. Cannot 

exceen 0 critical value C, , that is, 

G, (..,*) -i a (M). 

Hare M is the mach numcer arid o< is the angle of attack. Since v/e 
have assua.ed that C. contains «l.as a linear factor this condition 
is equivalent   to   one   of   the   form 

(12:1 ) 4   <. A U')   =   A ( v , z ) 

The mach number M is a function of the speed v and the altitude» 

If v.-e adjoin the condition (12:1 ) to the problem described in 

Section 6  we Obtain one of the type described in the last section 

with 
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The   results   stnted   in  Theorem  S:1   must   be   modified   aa   follows 

The ore, .   12:2     LL üH airplane  traverses   a_  ga t h  of   lecst   t^iue 
ct to the   con-lit ion   (12:1),   there   exist   raultipliers   p   ,   p   , 

such  that   the   followinr   re]...        ^    .olu  '-/itI:  F   and 
Pa,   Pv,   ^,   P5 

defir^ed  by   eountions   (6:2) 

(12:2) 

S = v cos S cos ^ 
^ = v sin ö cos y 

ft   =  v   sin </ 

g -6- L1 
W 

vw 

— g   sin ^ 

Cos ^   Jot +   L]  - £ COS ^ 

sec ^   sin f?    \J^ *   ijj 
vw 

o(  v,  A (v, z ) 

3C in FT ♦ L.   <pv + vB sec > sin/?)  and  Mv.z; 

^ "V ' V 

tan^S 

p*1 

sec ^ 

XA, -(1 - F ♦  G)   "T. 

QV*XAY-FV-  (1  -F*   0)^t 

*V = Gr " Fy 

P^  and Pv ■ire  constants 

> -  ü       if      A < Al»,«) 
A =   a ,   < 0     if   <<   =   .. (v , r.) 

pxr > C, if   ^   <  AlVf« I 

D      >   0 

- G •  1 it  t 
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In this theorem it is un ierstoou that tlie   initial and 
terminal conditions of the path are the same as those imposed in 

Theorem t': 1 . 

According to the results described in the last section the new 

multiplier X  ia zero whenever o< < A(v,z).  It follows that the 
conditiona described in Theorem 0:1 are valid in this case. 

When«( = .\{v,z)   then by virtue of the theory developed in the last 

section we replace the function H given by (8:1) by 

Consequently 

H     =   H - \ ( . - A ; 

—  h Gz   +    A \z    -{1-F   ♦   0) 

w       • 

6     =  -H     =   G     +    A A     -y     -(1-F  +   G)      v 
'V „ V ^      V V -       "I— 

V t.i 

where,   as   before,   p ir  has  been   evaluated   by   the   formula 

F - G  +   p     V.~A(-.-o<)   -  F - 0 +   p     M   ■   1 w w 

K^   + A   = -q^   + > =  o 
From the  relation 

<■ 
we   conclude   that 

v.'J'.enever o<  ■    .{v, .   »     In  fact  this  holds  when oC < A(v,z/   since 

then A   =   3,   =  0.     In   view  of   condition   III given   in   the   last   section 
■•j   see   that 

along the minimizing arc C&.     ..hen^   =    .(y,?.)   conviition  III  states 
further that 

*C TT2 + 2i;^ TT k + HJ* k'; =o 
wVienever   (n,k)   satisfies   the   equation 

^ tt - - n  - 0 

where  ^   =    •  — o( .      Consequently     na^ 0. 

By an argument like that made ir. the paragraph nrecelinp Tt eorem 

:1 it a i: seen that p  > 0 and ir, f-'.ct that P—> 0 if our problem 

1:    to be nonsingular«  This ^roves the theorem. 
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13. AH illustrative example. In order to illustrate the 

method described in Section 11 consider- the following exasaple. 

To find arno'v all arcs 

y(x) x, <. x < x2 

joining  the   points 

Ujtjr,)   ■   (-2 4T,     U)       , Cx2l   y2!     -     {Z {T,     4) 

of length 4 + ^  and having 

one whict minimises the area integral 

J  y dx 
xi 

This problem, as it stands, is not of the type described 

in Section 11.  However by the introduction of nevn variables it 

can he reduced to one of this type.  The ficat variable we shall 

introduce is 

z(x' \      ^1 + 

which measurea the length of arc from xj to x.  Tue second 

variable/ $    , is the inclination of the arc jr(x), that is, 

tan &   ~  y' . 
The problem then becomes that of choosing 

such that 

13:1) 

y(x) , z{y.)   and & ( 

tan e 
sec 6 

X, - -2 ^2 ,   ylx, ) = 4  ,  «(x, ) = 0 

x^ = 2 f2" ,   y(x^) - 4  ,  zUJ = IT + 4 

"^    y dx = ninlauio 

xi 
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■ 

■ 

This new problem is of the type described in section 11 if we set 

Ql " V, a = © 

The variables b,,...^ of Section 11 are absent.  The equations 

%. > 0  reduce to 
J  ■ TT^ — o^ > 0 

16 

The function H of Lection 11 takes the form 

H ■ p tan Ö  + p  sec 9  -y - A(n| — fiz) 
' To 

Consequently condition I becomes 

y.' ■ t a n S1 

z ' = ? e c 6* 

P' - 1 
(13:2) 

nÄ = p  sec2 f + p, sec a   tan S + , A© ■ 0 
y 

>(ni -^2) =0 
1o 

Moreover since H is independent of x we have 

H = —b = constant« 

From these relations it is seen that 

x — a  ,  p_ - — r D 
- y - > fa 

where a and r are constants.  Inasmuch as H  = 0 and H = —b we have 

(x-a) sec2# - r sec a   tan s   +   2X& = 0 
y = b + (x—a) tan 9   — r sec 5 

Consider now the case when 

(13:3) 

9- TT ̂  16 

Then A = u   and by (13:3) 

x = a + r sin Q 

^ ' - • ^' y = b - r cor i9 

Consequently, the ire smst be a circular arc with its center at 

(a,b) und radius. ♦ r.  We shall see presently that r is positive 



or zero.  The corresponding arc length is 

(13*. 5) z = r6»+c 

as can be seen from the relations 

dz ■ (Sz     dx ■ r . 
dö   dx  dö 

To show that r is nositive we use the Legendre condition H^^ < 0. 

This yields, by (13:4), 

H  = {x—a) 2 sec2£ tan • — r (sec3ö ♦ sec^ 5 tan tf 1 

=  —r sec ^ ^ 0« 

Hence r ^ 0, as was to he proved«  Inasmuch as (sin &   1 ^ Vl*^ 

when #a < TT
2
/ ; we have the inequality 

_ __. a —r/^2"-> x ^ a + r/-j2 

along the circulai arc under consideration. 

When ö1 = - IL_ it follows from (13:3) and tl3:2) that 
U 

y = b — (x—a) — r ^2 

t  = '(2 (x—a ) + c, ,. , 

A - k. (r/f2  ♦ x-,a) 
n 

Observe  that 
X   =  0 when x  =  a — r/fT 

The  Legendre  coiidition states  that   A ^ 0  it   follows  that 

x «f a — r/fl7 

along  that   portion  of  the  arc  on which   # • — rt  » 

Similarly  when   & = 4 
y   =  b  +   x—'     —r >f~2' 
z   =   -fT (x—a /    +    C 2 

A =  ^-(rAT"- x   ♦   a) 
Consequently 

X m 0 when x = a +  p/ >j~T 
Gince  /\ ^ 0 we   see   that 

x  >   '   +   r />f2" 

along  that  portion   of the  arc   on  ..hier,   ö»  n/k 
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From  these  considerations   it   is   seen that the  solutiori   to 
,our   problem  must  be  a   segment  of  an  arc  defined   by  the  relations 

y   =   b  -  r NJ 2     -  >:  +   a x  S a — r rr 
{13:6! 

y - b - ^r- -   (x-.)- a-r/^fT < x  ^ a  ♦  r/JT 

y  =  b - r >f T ♦ x — a a  +   r AfT s x 

The   corresponding values   of   z   are   p:iveti   by 

( x—a ) N["2     +      r ( 1   -  rr)   +   c :<   S a - r/{T 

(13:7) 
z r  sin     lx—a j   ♦   c 

r 

z   =   be —a y^jT" — r (1   - n   )   ♦   c 
4 

The  multiplier   A  is   given   by 

>  =  i-.(r-/f^+   x  - a) 
IT 

A ■= o 

A" kJr/fT- x ♦  a] 

- r/>(T <; x ^ 

a  +   r/fT 

a  +   r -/. /{? 

X   S   8 v^- 
a-r/|T^ x ^ a +  r/[T 

a +   r/f2 <. x 

If  we   cn.oose 

a - 0 ,     b = 4,     r - 2,     c  =  2 +  IT/2 

the  end  conditions   in   (13:1)   will  be   satisfied.     For   in this  evert 
we  have 

y  =   4  -   ^ >j 2 - x -2 >pr < x  < — -|T~ 

(13:£1) .  
y   ■   4  - H 4 -   : - 

y   =   4  -   2>fT~+   x 

and 

z  = x >fT'  +4 -2 -^fT k x  -. - -«(T" 

z   =   2   -resin  x  +   <.  +   n/2 H^" - X  ■_ "i^- 

z   =   x "w -.     +     fl 

— ^flT 5, x ^ 'fT- 

"pr^. x ^ 2 sfT 

-{T- - x < . >fT" 
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In this   event 

X - u 

TT 

The  Tiultipliei   A  is   s   continuous  function   Df x  whose   .er'ivtive 
is   llscontinuoue  at  x ■ l.'>(~7". 

The  variable & which  plnys a   role  analogous to the - ngle    f 
attacked  In   Bection   12  is    -Ivor, by  the   relations 

$  - - 4- —2 -j 2 < x  < —\ 2 

Q   ■  2 arcsln x ~ f^ i x =-T^~ 

4 i 
md  is  accordingly  continuoua«     Its dorivatiy« with  respect to x, 

Ö'   = ü -2 'fT < x < - fT 
t    — 5 

>nr-xt 
-^Fsx ^ fT 

= ü 

is discontinuous at x ■ ♦ H2 . 

The derivatives y' = tan 6» and z' = sec &   are continuous along 
t he ?. r c. 

To show U, t the arc (13:0) is the only arc (13:6) of length 

TT + 4 passing through the points (+. ,: "fT" , 4; , observe first that 

: n 0     since tht value of y. is the sane at x = «.""j 2 as at x = —.J *{TT 

If r_ > 212 (i.e. r > 4) the arc would be composed of a circular arc 

whose length could not exceed ^T',     Hence r '. 4 and the arc is made 

up of t'.vo line segment;- and a circular arc.  Since z  " 0 

it x = - ._ "f2~ an^ 7'  = ^ + 4 at x - 2^2 the equation (13:73 yield 
the relations 

0 = - 4 + r (1 - n -) + c 
I 

TT+4=.4-r(l-£_j + c 

4 



i 

: 

■ 

Consequently 
c   =   2  +   TT/2        ,     r   =   2 

Using- the  fact  that  7 =  4 wh«n x  ■  zflTwe  find  fron   (1 
b  ■  k.     The   arc   (13:8)   is* accordingly the   only arc  of  '   i 
(13:6)   that   satisfies the  cölWitiona of our  problea. 


