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A GENERAL PROBLEM IN THE CALCULUS OF VARIATICHS
wITH APPLICATIONS TO PATHS OF LEAST TINb
. . Hestenes

s ce o — B - =g . o - - 3 2 - >

Summary. The present peper is concerned with paths of least
time for an airplane. This problem when formulsted analytically
lends us to a problem in the calculus of variationes of a type
which has not been adesquately treated in the literature. However,
the problem can be transformed into a problem, commonly called
the problem of Eolza. The purpose of the present p.per is to
collect known results for the problem cf Belza and interpret them
in terms of the new problem here formulated. This is done in
Sections 2,3,4 and 5. In secticns 10 and 11 we treat the case
when additional constrzints are imposed. AppRications to paths
of least time 2re found in Sections &, 9 a (14

The derivation of the results on the problem of Bolza which
we have used can be found in a book by G. A. Bliss entitled
"lL.ectures on the Czalculus ol VariationsY, The University of
Chicago Press. The results given by Bliss are strted in a some—
what different form thaen those here given. They are however .
equivalent and are related by the transformation given by Eliss
in the introductory sections on the protlem of Bolza.




1. Introduction. The problem at hand is that of finding an
optimum path of an airplane P of known performance. In order

to describe the equations of motion of the airplane we introduce
the following notations:

= position vector of the airplane
= r = velocity of the airplane

= |y} = speed of the airplane
= weight vector of magnitude w
= mass of the airplane

= thrust of magnitude T

lift of magnitude L

= drag of magnitude D

= angle of attack

= angle of bank

= altitude

= time

o g XNloitt =3 B E < < ™
"

The equations of motion are then civen by the equations

wd (i) =8 & E & G
dt
(181% . )
dw = w(v,T,bh)
dt

In these aquations L and D are known functions of o, g, h, v.
It will be assumed that the tinrust T is a prescribed function
of v and h. The path of the airplane is then determined completely
by -initial velues of r, v and w and by the values of «(t) and
g{t) over the flight - path. The problem at hand is to determine
the functrions :
“(t) , Alt) 0gtgt,

which will minimize the time of flight t, among all paths with
prescribed conditions on the initial aud final values r(u},
¥(0), w(0), rl(ta), ¥(ta).




The problem just described suggests the following general

T

~

problem in the calculus of variations. Consider a class of

functions and a set of parameters
ap(t) and by (h =

and a class of arcs

qq (t) (t; st

connected by the differential equations

(4:12) q:;_ = éi(t’Q)a)
and end conditions

t, = T](b) qi(t'[) = ‘;i,(b)
(1:3)

1 ) B Tg_(b) : qi(tz) = Qiz(b)

We seek to find a set EINp be, and qy which minimizes 2 function

of the form

te
I = g(b) ® s Lt @) d.

t,

~

This problem, hereafter referred to as problem A, is one of Bolza

type and is equivalent to the problem of Bolza under an assumption

usually made in the development of its theory.

The problem described initially is a special case of protlem
A if we set aj(t) = (t); az(t) = F(t), by = t,.
Qj,+++,G7 denote the components of r and v and w,
(1:1) are of the form (1:2). The equations (1:3) descrited the
end values t; = O, qi(t,) = constant, qi(tz) = constant, and
tz = b;. The function to be minimized is I = g(b) = b,, the time
of flight. Normally, q-{tz)} = w(tz) is not prescribed.

The quantities
The equations

g g
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« Eroblescct Bolae. -Th rebliem formulated in tre last section
is a special case i very gerneral problea, commonly called the
problem o Bolza. This sroblem has be Termulated 1m msny ways.
The formulgtion 4e proRosSe e use 1S Lhe llowing one. Consider
a ¢l 0" elenents

£ - %A i pesEfet, ST TNE N L L 0 0 g BB
Y Ly,
nade u i & of 1 AL (11.-.-»‘r nit 2 set affrfunekians
Bk E) g amogX o {5 w Sl system will te cnlled an are. The first
il e el e Bl Ui e C  Sireficon Sttt e smiid he dinterestel ondy
imdres that g 16 10 e of Cifferential eguations
. { = 1 = [
WEECE .7“‘.\(,,. e S (18 1,..., ]
. . ]
T (GOt e
HSy O = 6 (b ’ '\i(tjl = A 1 )
= 7
_ T = AR ey U >Lj.z, g
eex in cl r'eid tisfying {itions (2:1) (el 802 ) o
orne whic nimi ction of the for
‘I—N
i=E3) I = eg(l) + I 25 Trr il K
v
2
Thi r el t rovle £ Sokaa and 1] reler
o R0 el . ( ve that it ther e ! e b

1L i % t unctior G G Bs € b ,...,{r.

If tonere are lph. fi end point vroblenr. e admit

thle c@ls¢ i 205 THbde & G nly c=llec the nronlem o
The rener robl em roulated in the last section is

re v M) C ) i 8 e 10 +'i. B waE et




xi(t) - qi(t)t (il = s )
(2:4) xn+h(t) - ‘J ap(t)de Coel S Reets
ty

so that . > xﬁ+h . Set *‘

pylt,x,x") = Qi(t,iﬁ,...,xn,x;,1,...,xé,m) - x}

(@Es) By UB) S G 6) T (B = 3

n+h,1

Xi2(b) = Quplbl , Xpyp o(B) = brypy

where br+1""’br+m are m additional constants to be adjoined to

the set b1""’br given in problem A. Thus, to every set of

functions ah(t), bp in problem A there corresponds a unique arc

b],-..,bm"r ’ X|(t),‘--, Xm*n(t) (_Cl S t } :2\
satisfying the differential equations
(c:0) gilt, x, x') =0

and end conditions

t~| (3 T(b) ’ xSt,)- XJ1 \L‘) (

= 1,...,m+n)

(SN

tz = T(b) , xi(tz) = X.,{b)

J2

Moreover every arc of this type determines a unicue set
by,...,b., ap(t) = x ., (t) satisfying the conditions in problem A.

In terms of the new variables b,,...,b xy(e)yeae, x ()

m+n
the function to be minimiged takes the form
t2
I = g(b,,...,br) + j L(t,xy,...,xn.x;’1,...,xé,m)dt,

t




The problem of minimizing I subject to the corditions (2:6) and
(2:7) is clearly equivalent to problem A.

Conversely problem B can be reduced to one of type A if one
assumes that there exist m = p — n functions ¢ _,, (t,x,x")

(- = 1,...,m) of class c" such that the equations
#i(t,x,x') =0

g

nen!trXex') = ay

have unique solutions

(2:8) xs - Pj(t,x,a) (e 1, .o

on the domain under consideration. The functions xj(t) are then
completely determined when the values of xj(t,) and ay(t) are

known. Consequently if we eliminate the derivatives xs appearing

in (2:3) problem B becomes equivalent to that of minimizing

t2
I =g(b) + g‘ f(t,x, P{t,x,a))at
T
in a class of arcs
a,(e) , bp , xj(t) (t; St <tp)

satisfying the conditions (2:8) and (2:1). This problem is of
type A with qj(t) = xj(t).

The problem of Bolza as formulated above has been studied
extensively in the literature. A comprehensive treatment of this
problem can be found in a recent book by G. A. Bliss entitled
"Lectures in the Calculus of VYariations" published by the Univer—=
sity of Chicago Press. In this book an extensive bibliography
can be found for this problem. The formulation giver. by Bliss
differs somewhet in detail with the one here given. However,
Bliss indicates how to interpret his results for the case here
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considered. The next section will be devoted to these interpre—

tations. 1
"

3. Necessary conditions for a mipimum for problem B. -

Consider now the problem B formulated at the beginning of Section 2.
In this problem the variables b = (b},-eo,br) are restricted to lie

on an open set B and the element (t,x,x') to lie in an open set R.
In the seqtel Wwe shall restric¢t ourselves to elements of this type,
called admissible elements, even though no explicit mention may be
made of this fact. An arc C

C: be xj(t) (t; St Sta;P= 1,05 §- R

will be called admissible if (1) the funmections xi(t) are continuous

and have piecewise continuous derivatives on t; tp and (2) its

elements (b,t,x,x') are admissible. We shall be concerned only
with admissible arcs. Consequently the sdjective ®admissivle"

usually will be omitted. i

Consider now an arc Cg that is a solution to our problem.
We make the following assumptions regarding Cg.

1) The arc Co is of class C", that is, the functions xj(t)
defining Cy have continuous first and second derivatives

2) The matrix jlﬁixslihas rank n on Cgq

3) The arc Co is normal in the sense to be described later
in this section. The abnormal case is highly singular and will
not be descussed. Moreover it is not dikely to occur in applica—
tions if the problem is properly formulated. !

Under these hypotheses there exists a unique set of coatinu-
ous multipliers );(t) such that if we set A
Plt,x,x})) = £ + Ai‘i (i summed)
the conaitions I, II, III, IV described below hold on Cg.

<]
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I. The firs essary condit . _Along Cp the Euler-—

v

Lazranse equations

(3:1) _d - —g. e - -
dt (F—xan‘) Ft‘ dt ixﬂ P ? di ¢
J J J
hold. Moreover, the end values of Cg are such that the transyer—
sality condition

x .5+2
(3:2)  [(F - x} Fx.'i) T ? I.x;j Towll., &0

hold, where the subseript # on Ts(b)’ Xis(b). i, denotes the

derivative with respect to bp evaluated on Cg. The quantity in
the bracketes is to be evaluated at the final enlpoint of Cp when
s = 2 and at the initial endpoint when s = 1.

II. The necessary condition of Welerstrass. At each element
(t,x,x',A) on Co the inegquality

Rltix £ , 1, %") 2 O

G )

holds for every admigsible element (t,x,X'), wiiere

BE=F(X') - F(x') - (XS - x3) Fxs(x') . Al

and the elements not exhibited are (t,x,A).

III. The necesgary condition of Clebsch (Legenare). At
each element (t,x,x',A) on Co the inequality

F

Ky 3 Ty X0

holds for every solution (n) # (0) uf the eguations

‘ixs "j = Q .
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At this point it is convenient to introduce the concept of
nonsingularity. The arc Cg will-be said to be ngp singylar in
case the determinant

1
J

) } xsx
. ‘ |
“hxl" o |
is different from gzero. This condition insures the existence of

a 2p-parameter family of solutions of the Euler Ecquations (3:1)-
having Co as one of its members. 1

e ‘

$
K ix

Clolt & 1, .00 ip=i, K = Li...;p)

It remains to describe condition IV. To this end we need to
introduce the concept of variations. Consider therefore a one-
parameter family of arcs )

sl by (a) . ML tyla) st < tala)
satisfying the conditions of our problem and containing Co for
a = O, Let the operator § denote the derivative with respect to

a evaluated at a = 0. The quahntity
Y Fr = 8o, SJ - ij ty S % &t
is called the yariation of the family along Cpo. Inasmuch as

$,(t,x(t,a), x'(t,a)) = 0

is an identity in a we have

Jdi - dix 8xj + ‘ixl ‘x'j =00
g J
Consequently the variation ¥ satisfies the equations of variation
1) = T ar
(3:2) 0 Qi(t"SCJ ) ¢ixj §5.* ‘1x353 9

of dialonq Co, the derivatives of ‘i being evaluated on Cg.
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Turnins naw to the end conaitions we observe that'ts(a) = Ts(b(a))

(s = 1,.!, deuce, the equations

xy (T lola)),uy = X, Lblal)] (& = 1,2) -

hold ide.tically in a. OUperating by § yields

x:(t,s l'sﬂt" + 3xj(cs) - xjsbe, _
where, =5 befure, the subscriyt 2 on Ts’ xjs denotes the derivative
with respect to be evaluated cn Cy. Setting

(3:-0’ c x'-('.,S)T

jem xjsp - . sp

it 1is seer that tne variation * satisfies variational end conditions

(3:5) yle,) Cyq, AP (s = 1,2).

“e are now in position to define normality. s system of the
form t
¥: 5 Fj(r.) (ty St <ty)

will be called a variation in case the functions Sj(t) are

continuous and h:ave plecewise continuous derivatives on t; t,.
The arc C¢ will be said to be normal if there exist 2p variations

Ty Bor » Sjc'(t) Wy § & g €8 &9 in..;2p]
satisfying equations (3:3}), no proper linear combination of which
satisfies equations (3:5}). Such a family has this latter property
if ana only if the detemminant

Sieier) = Cyy, oo

gjd"(tz) ] CJZ,‘ ﬁ/“r
ifferent from zero. For = normzl arc Cy -ever ; variation >

A
satisfying equations (3:3) and'(3:5) ie related to a one parameter

N
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family C in the sense descrikhed in the preceding paragraph.
This may not be the case for- lbnormpl problema.. In cht if C; 1s.
abnormal, it may be the only arc satisfying the conditions of our

problem. 4
When the integral I is evalunted along the fanily C describod

above and is differenpiated twice with respect to a’ gt a - 0,
one obtains the second variatiom 1,(#) of 1T along Co. By means of

suitable manipulations the second varlation I,(Y) can be put in the
£ ‘ "
orm ta
I.(y) = &’rﬁfff 4+ S 2'(‘45,5')‘“
t 3
where p,0 = 1,...,r3 §hk = 1,...,p ; 3
2w = + 2F ! ¢ F 'el , R
xaxkggsk ‘in Sjsk x3xi§35k ) : £

Bo = [(:1-‘t - x} ij). 2, Ty de('l's',xj.r—-t T Xss )

8=2

+ (P - x3 innw + "ij"f']s-y + 8po

the subscripts #,o denoting derivatives with respect to be and
b, evaluated on Cqp.

The fourth necessary corndition can nc. 3 stated as follows:

IV. THe second order cogdigipﬁ. The second varistion I, (V)
of I along Co is nopnegative for every variatjion y satisiyving
cnuations (3:3) and (3:5).

s %
~
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4. Necessa ondition [o nim for pro m A.

The results described in the last section can be used to
obtain necessarv conditions for a minimum for problem A. 1In
problem A the parameters b = (b,,...,br) are restricted to lie
on an open set B and (t,q,a) to lie in an open set 3. Ve admit
only arcs
C: ah(t) y bp ’ qi(t) (ty <t g X2,
with b in B, (t,y,a) in S, the funections qi(t) being piecewise:
continuous.

Consider now a minimizing arc Cop having the following two
properties: y "
1) the functions q;(t) y ap(t) belonging to Cop are continuoue

and possess continuous derivatives.

¢

2) the are Co is normal in the sense described below. Under
these assumptions there exist unique multipliers pi(t) of class
C' such that if we set

H(t,q,p,a) = piQi - L,

the arc C, satisfies the conditions I, 11, III, IV described
below. .

I. The first necessary conditjon. Qn C¢ the equations

(4:1) q} = H p! = - H e D)
Ry e . U

hold and hence also the eguation

(L:2) d Ly

Moreover, the end velues 9f Co are guch thit the graneversality

condition

Tis = 2

(4:3) [ T * By QiSPJs. g -0

nolcds.
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In order to establish this result we introduce new variables
xj(t) (3 =1,e..,n + m) defined by equations (2:4) together with

Y

additional end conditions
xr‘*b(t]) = o, xn’h(tz) CJ br"h (h — 1’--c,m)

Since a, = xﬁ*h it will be convenient to use ay and x$+h inter—

changeably. Similarly we shall use Q4 in place of xy when it is
convenient to do so.

Set ; it
F(t,x,x;p) 2 L(t,q,a) + pi(Qi T Qi(t’Qsa)) U

It is clear that
F+H - pga)
Consequently

B, '®=f, , T, =N in - p; (£ = 1,...,n)

(L:t)
¥

. =O0,F, =-H, , F-x{F

‘ = —
n+h- &n ']

n+h

Using these facts the Euler Lagrange equations

d e - - 3 - - = ¢
dx xi Fx. » dx I‘x' F. r %5 Qi
take the form
- ! =
q Hah const. , g3 Hpi
Jsing the part of the transversality condition (3:2) correspond—

ing to the new parameters br+1""'br*m we find that

= 3
Hah 0] 3
at t = t, and hence on the whole interval t; t,. The equations
(4L:1) accordingly hold. Inasmuch as :

L




= Sy , M- §) 3 R e
el ER Ny ’ 53 :l; B ‘a“"\'\".
£% P | P, q g ol e * e
K i s t?(l\f:’st ,"t}:' ‘ i - I;"_, s ~ ',"H’ y’tm;; - ::"Z‘»(;; ():‘,:\

an . N, G . A L S PR =

= .‘9: F'S".' P N - N r Taie i b;f.‘f >
C A L, & 3 15 's‘ e s .
4_».&4“‘1 ’ il < 3 ‘?‘- - : :‘t ’,r"- oy ¥
" : T e oA

) S ¥ ’;‘.;Aﬁ’ .
B fr:»' .’:‘J

- 1 14 1§ B ., @ oyt
F xj in 8x xi x! xn‘*h‘.'Fx;“h > . ¥ :‘f'f‘,‘.,\a \C‘r
(“:5) | E T o - ) & '.f,_.", v T
. o l . ,d- i i ] ;A}%&N 4

= ‘h ﬂ'" ¥ L . q : 4' e "

and H, .= 0 the cand:ltion (4: 2) and (4:3) {ollow from the remaim~ . Y ;‘i
h . ’ 2 ' “._ 3 ﬂu.'), -~ b
ing eondftions (3: 1)and {3:2). o g & ;T
It is 1nc¢roating £9. obnerve that 1n cdse the Qquatxogs P ey
Ko AN

- ’1 ‘are of the. l‘o!"h : ¢ . " e

4 4 ”, ’ g -

R T i e
. p, I Tag W ey e
so that a; is but another symbol fer qi, yq-fha'n Y e of
r : ‘J * v : ?‘ Ve "“

H - s L ) L. A= L [ % £

i Pi T Py q'i ; ~ Pt o
« % 3 2z _'.:-}J\.:":
Conscquently alonu solutien of oqua’tiona b 1), p; are the '—w-:[;mﬁr.

eghnonical variablesand H coincides with the Haniltoninn mnctiofx. e
It follows that the fuwnctions p, and H here used can be considerﬁ i"’? o

to be a generalization of these qugntitios. " N’
When the Weierstrass E—function for préblom B is interpretad ) i ?
in terms of H for problem A by the use of (4ik) and (4:5) 1t takes *'{{‘:
the form e o A s
(4:6) B(t,q,p,a,4) = -Htt,q,p_,A) +'B(t,q,p,a) LA D
(yap) K, (2,,p,3). i
Inasmuch as H, = O along Co we have i - e '.-
h -
) _ . e
11. The necessary copdition of Weierstraps. Along Co the inequality
' : & Pt
- H(t,q,p,A) € Hft,q,p,a) . i
must hold for every adgissible glement (t,q,A). ) *:
Thus, H has' a maximum value with respect to ‘ay along a mini~— 7- b 2 ],
mizing curve Cgq. : " ' ) T R &
¢ ¥




In a similar manner we obtain
III. The necessary condition of Clebsch (Legendre). .t each
element (t,q,p,a) of Co the inequality -

H it i o (O
2,8, h k

must Lold fer every set (m) # (0).

The condition of nonsingularitv for problem b when interpreted

for problem A yields the following condition. The arc C_ is nonsinsalar .

in case tle determinant

R -
faet e

is different from zero along Cg.

For problem A a system

o . o(h(t) ’ & ’

2 g (t)

TP = T S

will be called a variation in case the functions Si(t) are con—

tinuous and §] (%), a,(t) are piecewise continuous on tj;t.. The

-

in4logues of equations (3:3) are

7 L ‘ E. v
(4:7) 31 % Qg 35t P
and the analogue of {3:5) is
(14‘:() gi(t‘o) = Cisp /gfo (5 -~ 1,21)

vhere, as in problem B,

evaluated on Cy.

The arc Cp is normul if there exists a set of 2n—variations

Tpo b A s Fess  Sip

satisfying equations {4:7), no proper linear co

satisfies equations (4:9).

(6.

v
‘

(=1, aae ,8m)

bination of which




A

= S

The second variation Iz(x) of I along Cy takes tle form
: ta -
I.(J) = Bpg Koot — S 2wit, §,«)dt
t :

where

= q 24 3 L o
_w Hqiqj §1§3 " ZHqiab 559, ¥ Hahak h k!

i
B,pcr‘ * oo ‘ﬁ{ TSPG’ = piQiS,aa- - (Ht_q{Hq%Tsﬁ?sr

I

g=
o

¥ Hqi(Q'is/,oTs::--+ uiSrTSﬂ{J

s5=1

As before the subscripts g2 ,0denote derivatives with respectto

IV. The second order condition. The second vroriation I (&) of I

along Cg—Is nonnegative for every variation J satisfying ecuations
(L:7) and (4:8).

5. The Case L =2 0O, 1In the applications vwith which we shall be
concerned the integrand L is identically zero. 1In this case an
important phenomenon occurs which we shall now explain. To this end we
shall need the following.

Lemma 5:1 Supnose L = O and let Ch be an arc satisfying the

Euler—Lacranse ecuntions (4:1) with a set of multipliers 2 then

the relation
£8a) ) pi(t)SE(t) = constant

holds for every variation & satisfying equations (4:7).

For if we multiply equaticns (4:7) by p; we obtain the relation
p;E! =H_ E + H_o_ =0,
S g;~1 ap 1
Using the Euler—Lzgrange equations (4:1) this becomes

R | =
P38l * BlEy mges (By&y) = O

that is, Pi 84 is a constant, as was to be prroved.
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The functions pi(t) being solutions of a system of linear
equations

' = — r ) 2
R

do not vanish simultaneously unless they are identically zero. e
The multipliers assoclated with a minimizing arc do not vanish

identically. Hence equations (5:1) state that the end value

gi(g) and Ei(tz) for a solution of the equations (4:7) are not

independent, that is, one cannot assigi tie values 3;(t;) and .
Si(ta) arbitrarily and expect to be able to find a solution of

equations (4:7) passing throush the points (t;,5;{(t;)), (t:,B(tz)).

when this resul? is interpreted in terms of the original system of

equations q} = Q;(t,q,a) it means that we cannot, in_peneral, expect

to be able to find a solution of the equation qi = Qi(t,q,a)

passing through an arbitrarily chosen pair of points (t;,q(t;))

(ty,a(tz)) is a neighborhood of the end values of Cg.

In order to illustrate the phenoménon, consider the case
when n = 2, t = x, q; = ¥, G2 = ¢ and the differential equations

y'' =a , z' = \t+ a?

Then Z(x)} measures the arec length of the curve y(x) in (x,y) space.
The equations (4:1) with H = p; a + p, 41 + a< take the form

v
R s, e 41 SORE |y By =y B R Byt Pl MR =D
41 NGl

takes the form

Thus p;-and pz are constants. Cfetting

sin @ = =py/pa
these equations reduce to the system

" ='\|1 F pla o g = sin &
fi+y2 -

It follows tlat y' = tan g and hence that

S e e\ 4 () S 2 e e = 5 3 () )
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are the solutions of the Huler—Lagrange equations. The solutions
that pass through the oririn are given by

R e I e D e X SIETC )

and hence lie on the cone
2 2 2

BV SE e ST
The arcs satisfying the given equations gl = 12 ny -and
passing through the origin must lie imterior to this cone. To
see this we need only recall that 2z denotes the length of arc
of the projection of the curve in the xy—plane., Consequently z
must exceed or egual the distance yx? + y< of the point (x,y)
to the origin, that is, 2z 2> 4xd + y< , as was to be shown. Since
a solution of the Luler equations lies on the cone there exists
points, nearly (namely, those exterior to the cone) which cannot

be joined to the origin by an arc satisfying the given differentisl

eguations gz' = 4 iR A=t &

The situation we have just descrivbed is ctaracteristic of
probtlems in which the integrand L is identically zero.

6. The aerodynamic equations of an girplane in terms of
right—handed coordinzte svstems . The differential equations of
motion of an airplane are given by equations (1:1) in the intro—

duction. We shall now select a suitable coordin:ite system to which
the theory described in the preceding sections can be applied. It
will be convenient to derive our equations vectorizlly, using right—
handed coordinate systems. These results will then be interpreted
in tcrms of the left—handed systems normally used. .e restrict our—
selves to short paths in which the curvature of the earth need not
be taken into account.

As a reference frame we choose a right—fhanded system of
x—-, y—, z— axes, with z denoting the altitude of the point (x,y,z).
Let %o, 20,'20 denote unit vectors in the direction of the x—, y—, z—
axes respectively. Let ¥ be a unit vector in the direction of the
velocity ¥ of the airpl;;e and lei'ﬁ be unit vector in the direction
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of the 1ift. The richt handed triple §, ‘i » §, € will be used
to describe the orientation of the airplane. The system %, 7,
can be obtained from tie system _5_0, 1¢, €¢ by three successive
rotations, as follows: "

First, A rotastion about Qo through an angle &, called azimuth i
angle, to yieli a system %;, N1, £ = £o-

Second, a rotation about R; through an angle §, called the
angle of dive, to obtain a system §,, 1, = 4,;, €, with §, = X.

Third, a rotation about §; = ¥ through an ansle 8, called
the angle of bank, to vield the system §, 7, €. T

The vectors described in the Introductiocon are of the form

TENE R UE; LR,
(92 9 )
T=T(E cosk + £ sine( ), w=-vf,

where £ 1s the angle of attack.
A\

wWe are now in position to prove the following

; Theorem 6:1 The lunctions x(t), y{t), 2{(t) describing

the pogition of the plafie at ghe time t are counected with the
sneed v(t), the azimuth angle @(t), the angle of dive §(t), the
: angle of bank £(t), the angle of attack«x(t), the weieht w(t) by
tl.e equations b
. v
X = v cos O cosé
Yy = v sin @ cosé
2 = —v sin §
! =-—%—EI‘ dosih =By MW % g €35 § Los
e
(T2 $= =g cos B (I sine + L) + g cos §
vw — e
$. B se@ed sin g [T sink + L
. A :
W= W
where T is the thrust, L is the 11ft,,' D is the drag, 2 is the
gravétational acceleration, and w describes the rate of change of
weight. The accelerstion »; of the plane in the direction of the

LE ais rediven B, | ~
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620 Ay = g T sinsk + Lj — g cos§ cos &
W

= -y (& cos § sinB + & cos 8)

The first three relations follow from the fact that the
direction cosines of ¥ = v§ with respect to the xyz—coordinate
system are

(6:4) 880 = cos® cos§ , B'Y = sin @ cos§ , E'Ty ==sin §.

In orcer to derive formula for the accelerstion . = ¥ recall that

2 =g (vFh = %E + va X3
it
where £ is the angular velocity of the reference frame &,7,%.

The vector /L is the swn of three a2npuler velocities
A= gE+ §0, +0%

by virtue of our choice of the anglecs A1+§:6. It follows that the

components Ag, Ap, 4¢of 4 in the directions §, 4, 2 ard

5
g= ot
Ay ™ Al = wA x B2
-

i
<
D

o
<
Qi
1<
S

+

5
f:“e
ks

=N vialhe B = VLN = =v§ ;.0 =V é.’ﬁ.,-_'l

Observing that

((Srsh) oy cos 8 , Yl.fo = cos § sin &
14

>
it
|
1=
o
|
Id'h
!xr&.
|
o
C
4
o
o)
A
Rt

Ag = ¢
'»,7 = v(—§ sin/:? + G cos § cosﬂ;_f
{= —v(§ cos g + 6 cos § singl.
Solving the last two equations for § and 6 we obtzin

=" 1 v
| ;(A,( sindé + g cos A,
(937) .
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Returning now to equation {(1:1}, that is, to the relation

~d_(w - X L o= I

and making use of (6:1),(6:4) and (6:5) it is seen that the
components g '.,(, .fxf of A are also given by the formul:

- % [T cos =D~y W, + g sin§
g

(6:8) Ay = =7 cos 5 sing

=4
v
1}

éﬁl‘ sink + L) —g cos § cos & .
Consequently

Ay sin A+ Ag cos f = g cosk 1:’1‘ sin x + L] —g cos §

Aw cosp =Ag sin g = -z sind [_’-I sin &£ + L:,

Cgr‘binin‘r, these results with (6:7) gives the formulus for § and 4 in
(&a2). The Hormula fior & = Ag in (6:2) is obtudined from the first
equition in (6:£). BEquation (6:3) follows from (6:8) and (&:6).

7. The aerodynamic equations of an cirvlane in terms of

a left handed system. The coordinate system used in the last

R e

section was chosen so that the rules in vector analysis could be
applied direectly. As result the azimut anzle is measured in a
counterclockwise as viewed by the pilot. In practice the azimutn angle
is normally measured in the clockwise direction. .e siall accordiigly
renlace ® by —§ and shall reverse the y—axis so thut a lefthanced
system 1s obtained. Wwe shzall also replace the angle of dive § by the
arrgle of climb &= —J, When these changes have been made Theorem G:1

czn be restated as follows:




Theorem 7:1 Let_the posjtion oi the plone be deseribed
by a left handed coordinate system with the z—axis as the vertical

axis. The funetions x(t), y(t), z(t) describing the position of

the plane at any time t are connected with the sreed v(t), the
azimuth angle @(t), the anzle of climb x{(t), the angle of bank At),

the anrle of attack £(t), the weight w(t), bty the differential
eguations '

X = Vv cos # cosd

§ = v sin@® cos?

i.-'—' v sin &

¥ = 2=

_%‘:Tcm"x—D—

Rl

x.
[]

E_cos B CTsina(+L__‘—gcosa’
vee

o = B st & sin £ | Tusins + L J
vw .
L4 o -

" ™
— Wir= W
whlere T 5= Criiles thnust, L ia tie e 0 s, the drags ¢ iis the

L]

gravitational acceleration, and W describes the rate of chanre

of weight. The acceleration A of the plone in the direction

of the 1ift is given by

7w A, = & LT sinsk # L J =g cos ¥ cos A&
W

= v (pcos s sin g + y cosp)

&. Paths of least time, unrestricted case. Consider now

an airplane P with initiel conditions

X® R T TR B B U= Ny, B E, OBy W= W, a6y =0
to determine the path with terminal conditions

Thom g Yi=sges Bl @ lEy, W Bata Y = A, 6= 2 S8G G S0

~
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traversed in the least time tp,. It is unierstood that the
equations of motion =re those deéscribed in the last section,.
This problem is of the type described in Section 4 if we set

a](t) =5‘<(t), az(t) = ﬂ(t), b] = T;_, b“‘ = WhH =G o
gohe) =),  galel) B F(E), qa(t) =B(t), qalt) = w(t) -
gete) mu ey wplth = @), a- (%) = w, Eb) *#8,, LEDC
I we denote the multipliers Py introduced in section L by
Pys Pys Pys Pys Pys Py Py

respectively, then the function H takes the form

He=vwip cose cosd + p_ sin & cosy + [, siny)

52 57
- (pV siny + Pr coso)
v
gD .
4 Yll (T cosxXx — D — v W)

w A2
g

+%T (T sin« + L)de., cos £+ pgy sec g sin #£)

) w
It is convenient t ivide H into three parts
v
(5:1) H=F-—-0GC+ ")“I v;,
where
F = v(px cos 8 cos & + Py sin @ cosd + p, sind )
el
Sglp, sim ¥y + Py cos Y ),
v
X )
(8:2) G

= Py ._D-Tcos:(+lw]
w = g

{ —sw LT sin £ + L_j (Pd'r cos £ + pg sec ¥ sin Bls
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The functicon F is independent of the characteristics of the
airplane and the function G depends upon these characteristics.,

The system of equations (4:1) gives us in adiition to equation
(7:1) the equations

= -H. =0
By y .
By F=H_ ® G SRl W,
(8:3) By =Sl 505 S - = BN

w v w
B, <@ %0
H, =G, = O
A Ve
The transversality conditions (4:3) with by = t,, b, = Wy, g = by
yields the relations
(8:4) o=l P 9) C o MR =
Since H iz independent of t equation (i) e lNikse us) ihieEs BN SE

constant along <he path. Consequently, by (8:1) and (€:4)

H=A*-3’+pw.¢=1
or
1=t
(8:5) gy & lsfed
The equations B, = G may be replaced by equation (&35)c
\-'xl

We now turn to the equations Gy = Gp =5 O e SR e or e o

determine the consequences of tlese equations we assuue that D and
L are expressible in the form




ar

L=L,9(, D'—‘Do‘*']/ZDZOKZ

where L,, Dg, D; are independent of . Moreover we assume that
K is so small, that we can replace sin « by « and cosx by 1. Then

Gd = gv; !:pv DZdV T (T + L~')(pa cos,é’ + pe sec v Sinﬂ)—] = Q.

(€:0) o = %ﬁ:—]:u— ()53( cos g + S@ sec ¥ sin #).
v i
Similarly
Gﬁn_g [T+ L] (—pa, sinf + pg sec¥ cos@8) = C.
vw ;

Consequently
(8:7) tan 8 = Po  sec /.
: Py
In these derivations we hove assumed thoat Py and py, do not
vanish. We shall now show that the Legendre condition requires
them to be positive. The Legendre condition III of Secti~n 4, with
the equality excluded, st ‘tes that

H s 2}{%3 AB + H B2 < O

AL b5
unless A = B = 0. In terms of G this becomes

G;(,( A': a7 ZGiﬂ AB ot G‘Svﬁ BZ > O

unless A = B = O. From the theory of quadratic forms this condition
is equivalent to the inequalities

(8:8) G =9 G“Gpl,>G§p

Inasmuch as
G = =
E®Y é pv E~

we see that p, must heé peositivie. since s ds—lenown torbespossitisers
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Also

G»(ﬂ ’—%T [T + L'._J(‘p; sing + py secd cosB) =0
N 3

by virtue of the equation forece:dings {(c¢:7). Conseque tly, by (£:8)
Gag = & LT+ L j(p, cospg + p, sec¥y sin@) > 0.
vw
de have accordineglv
=Py sing + p, sec y cosg =0
Py Cosfg + p, secy sing> 0

Inasmuch as cos g > O these equations c¢an hold simudtaneously only
in case pa,> 0, as can be seen by multiplyine the {irst relation by
—sin # and the second by cos g and adding,

The results described in this section c¢un be summarized as

follows.
: Theorem £€:1. Ii an airplane transverses a path ot least time
L, =feorerm 41 an a ok

with end wvalues prescribed as described above, there exist multipliers
Pys Pys Pgs Dyy Dy s Pg Sucn that the followins reiations nold with F

-y,

and G defired by equations @2)
/

cCOosS & Ccos ¥

v
¥ = v sin & cos &
Ei=s v sl X
vt=g T -D-v W} =g sinv
w o
¥ 2, Eon 1:T°K+ L] — g cosa
VW v
g = & secy sin g CTJL &
vw
A = T+L y
-‘\;—;-H Tx cos g + Po_ secy sinpg) =
E Py : By i
M"—L—— ( s ')&- sec< I}A'/‘
Y= p p., &

i v




(8:9) ten B = Bg_ sec s
9; i
= 3 -— - + ":7_
B, = G, —(1-F G v . —4
P oG =B =(iep - §) e
v v W
B = % %
% = =it
Py and py are constants
> a ] ath.
P, = U pj 0 a2long the ©
F—-3g=1 alp % = ta.
In the problem formulated above the terminal values of x, vy, 2,
v, ¥, & were prescribed. If we did not prescribe one of these values,
say Xa, then the problem would contain an additional parameter b; = xp
and the transversality cendition (4:3) would require that p, = U
Consequently, we have ti.e¢ following
Theorem €£:2. 1f the problem described above is modified so as
to not prescribe the te.minal value of x then the multiplier Byl = 0
at t = tz. A similar statement holds for the remaining variables
| B
T E i DA | il Py & Py vanishes the problem becones a singular, 1
as can belsseen Sugn, -t SermuiEist - Ton and}ﬁ in (8:9).
In view of the last remark it follows that the velocity v and
\-

the angle of climb 2 must be prescribed at the end value.

Fe vertical rlane.

thet the airplane moves in a vertical plane, the angle of bank

Motion of an airplane in a2

I1{ we assume
= 0

In

is zero, By a suitable choice of axis we c¢z2n suppose that y
and that the x—axis have been chosen so that %X is positive.

this caze the equations oif motion taxe the simpler form

-9




s T 1]

|

o
= v cos o
2 = v sin &
r .,
= = :
—5—['1‘ el SR AT FESHE otz
w =
= -
L] o e 4 t - o ¢
v e [’I‘ ing + L] gu cosl A
L
wo= W
As in Section 8, set
¥ = v(p, cos s *+ p, sin ) - i{p, sin & + p, cosd )
v
[ (G:2)
N . - Tm o i |
G=g p, (W~ Tcos + ¥y W —g P, LI sdn< + L}
W % vw
The path of least time with prescribed initial wvalues
o a0 — = N
, X1, Z3s Vis F1a Wy © B T (¥
L ind terminal values
May B2y Ve, 9z Coplo a7
1itisfies the conditions described in the {following tlheorewm,

‘orovided we replace cos« by 1 and sino by K.

Theorem 9:1. If un sadrplane traverses Luna path of leagt Lime

e & A
% k3 . . b
t, with end values prescribed as described above, tlhere exist wmulti—
PSS Pys Pos Py r:/ such thit the followin-s relations hold
X = vV cos &
| ZE=l Vs T e o
v = - . i
L ;-LT—D—-I‘T{]—_“ in &
g %
= = =
7 ?;WL.Ti'* Li =g eos r
v
& =W

JES AU

G: > o=
i (6:3)




o
(]
L]

GZ—(1_I“+G)‘-'

B &, it i< ¥ 5 a) 4y

W
pa,t-Ff
B = constant

Py > 0, Py > O

S ST = at t = t,.

In these equations it is assumed that D and L are of the form

98 ) D = Do + V,Du%= , L = Lo

where Dy, D, L; are independent of o2 . If the terminal value of x

is not prescribed then Py = 0.

This result can be obtained formally from (8:9) by setting

B=0, p, = Pg = O and disregarling the equations involving ¥,6 , D

)V

10. A problem with additional constraints. Consider now the

case in which the arcs
oF aplt)y Bp 5 . qylt) {5 oe e iy g b
not only satisfy a set of differential ecuations

?
\

(16:2) q} = lt,q,a)

but also a set of auxiliary conditions

L) #- (t,q,a) = O. (F= 1, 0..,8 < m)

\s before we suppose thit the end conditions are of the form
t; = T,(b) : q;{t;) = y,(b)

(1034 ) tz = T.(b) , q3(t2) = Y5y

and that the function to be minimized is of the form

&




=5 O

tz
I = g(b) + S L{tsqea)dt .
ty
This problem will be called problem -A'. It differs from problem A

in that adiitional constraints (10:3) have been added.

Consider now a mwminimizing arc Cy havine the following three
properties

1) the functions q!, a,(t) belonging to Cy are contirnuous

1! } O
il

and have pilecewise cortinuous derivatives.

2) The matrix "fra b bas rank-f along Cgn

3) The arc Cg is normal in the sense describtea belo..
Under these assumptions there exist continuous multiplier

pyltl, Af_(t) such that if we set

(10:5) H(t,q,p,a,)\) ='piQi ~-L —Aa‘ﬂc-

tie a%e B setlsfies conditions I1,1¥, 111, IV deseribed below.

I. The first necessary condition. ©On Cy the eguatious

(10:6) = - B uah=o , P =
s

hold and hence also the eqguations

(1\J:7; d H = i
It N
Morecever, the end values of Cg are such that the transversal.ty
condition
15 =S F e
o=t — + =
(10:8) L H TSP Py Sagghs = 1 ¢ @ =0

Tne proof of this result is like that of the annlogous result
given inéih if we use the function

Fltsaqetipadl = Blsa, o) + O £ (t460)
+ piDL'i =y (t1Q!:*}-__I

in place of the function I defined in Section 4.
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The vieierstrass F—function is of the form (4:6) and since

H_ =0 along Cy we have
9k

II. The necessary condition of weierstrass. Aloneg O

the ineouality

H(t";)pr‘y/.‘) £ H(t,q,p,a,)\}

must hold for every admissible element (t,q,4i) satisfyine the

condition zr'(t,q,A) = Q,

Similarly, by virtue of condition III described in Section 3,

we have
IIX. The necgessarv condition of Clebsch (Legenire). At each

element (t,q,p,a,)) on Co tte ineguality

H A ©)
apay h k =

must hold for every solution (m) # (0) of the equations

?é"ah ﬁhz 0]
If we interpret tte condition of nonsingularity for vroblem
B in terms of problem A' we find that Oy is nonsingular in case
the determxinant
H

Sy TR,
=& 1,0 K Tk - 1w
‘eay O

is different from zero along Cg.

For problem (' we are interested in varistions
i
¥ i ALy (t) ,’3’/ y o4t (81 € ¢ & tald

which satisfy tle conditions
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(10:9) 5!

O = B e =
CE PR Tap h
together with the end conditions

(10:10) e

1 s)=cis[¢’€" FETTAEE . = SF PR

where C;__ is given by (4,:S). These equations differ fron those

given for problem & in that we have adjoined the esguations of veri-

ation of the functions ¢.(t,q,a) along Cq.

The arc Cg is normal in case there exists 2n—variations

a/’u: xh/“, /5/,/ , Eiv“(t) (A = oy R
satisfying equatioans (10:9), no proper lirenr combinntion of which
setisfies (10:10).
The second varistion I,{Y) takes the sae form as for problem
, the function H beins defined . by (10:5). Consequently we have

IV. The second order conacition. The second variation I_(2)

of I along Cp is nonnegutive for everv vari:-tion ¥ satisfyine

gouations (10:9) and (10:10).

11. A problem with ineqgualities 2s constraints. we now con—

sider a modification of problem A in which we hazve inequalities as

constraints. Consider therefore a class of arcs

Cp— ah(t,) 2 b/p . qi(t) (e, €8 & Byl
=
satisPying a set of differential equations
(11:1) ‘\ qi 3 Qj(t,q,a)
together with a set of inequalities
(19.52) %r(t,q,1) 50 (AT DR < m)

in addition to a set of end conditions

(ves3) By =0 W) qi(ts) = 415(5) (& = 9,27




Again the function to be minimized is of the form

-t
I =gt + j L{®,@aldts
t,

This problem will be called problem A",

Consider now an arc Cg that is a minimizing arc for problem Ai".
e make the following assumptions regarding Cg.

(1) The functions qj(t) , a,(t) belonging to Co are continuous
and have plecewise continuous derivztives.

(2) The matrix l‘%ra ii has rank £ at each point of Cy at which

h

¢a‘ =O-

{3) The arc Cg is normal in the sense described below.

Under these zssunptions there exist continuous multinliers
p;(t), A (t) such timt if we set

(11:4) H(t)Qap"-‘s/\) =09 Qi ® 5 = Ag—¢a'
then conditions I, II, III, IV described below hold on Cg.
I. The first necessaryv condition. Alongs Co the equations

ql ’ Hah s O, Z_z O

(11 2.5 gy > B o LS
ot

must hold and hence also

WEEEY d e A
ot E

Moreover, the multivplier )vﬂt) vanishes at each point of Cq at
which QL Ok The end values of (g are such thnt the transversality

conditions

{11:7) E+ITSF +p

s = 2
+

i ‘*is,:]s ik

hold,




The proof of this result can be made by & device A dbyy
Valentine, "The Probtlemn of Lagrance with Differential lInequalities
as Added Side Conditions™,Contributions to the CLuleulus of Vari-
ations 19323—37, The University of Chicago Fress. To tlis ead we

introduce new variasbles

.
X velTEg ) e = f  (T)de
ty
T
Lo TS
Y- 7 j 4 — Xn+h(t3) = renr Yo (ta) = Pt mrer,
ts

Under this transformation our ovroblem becomes that of rindins in a

class of arcs

paa et g de) (ep & T g Sy T Tyewo,ream+ £

satisfying the differential equations

Po— ' TR e s
x! éi(t’x’”"’xn’xn+1""'xn+m' I OB R

y;_z_%.(t)XI""’X"XY'A""]""’X",."() =

nd end condition:

L= Ts(b,,...,br LHE e 2
xn+h(t1) = 0 )h+h(tg} = br+h (ol Sl e i)
Yolty) =0 . g (t2) = b, (= 1,...,4
one vhich minimizes
S
R
= I} { : . { 5
I = Wi} J L\t’k,’...’)‘x.’xl“z"’T’.."X.'.*"l"”’)\T,z"'.’u)ut
T,

This problem is one of type b descrited in Section 3. Jettin:s
L]
!

F(t)x)x')y"prl\} = L +/\q- (d;,.""jc'_‘?'} & pi(xZ!L = 41)

it isg seen, as in Section 4, thot the equations

1 = & o1 _ e
- e - 30_2 gt ¢1'




are equivalent to the set {(11:5,. Since Yo~ does not appear
explicitly, the corresponding KEuler eguations tell us that Fv

'-

Yo
is a constant along Cp. Tre trensversality condition corresponding
%0 Xr(tz) = b, 4. FeQuires that this -constant be zero. hence

F., ==2A_vi =0 (= not summed)

Yo g
¥rom this result we conclude that A_= O whenever yl' # 0 Ehet 18,
whenever‘¢r-> 0. The equations (11:7) are obtained by the argument
given in Section 4.

Since Fy = 0 along Cp the weierstrass E—function takes the

=
form (4:6)., Hence we have

I1. The nececssary condition of JWeierstrass. .t each element
(t,q,p,2,A) on Co, the inequality

Bty e pyheiill 6 H(t’q’p;a)A)

holds for every admissible elemeut (t,q,~) for which £ (t,q,A) 2O

Similarly, by virtue of condition III for problem B, we have
I1I. The necessary condition of Clebsch (Legendre). st each

element (t,q,v,a,)\) the ineguglitv

i Y .+ jd 0
’Iahak T T« A~ Py ®

holds for 211 sets (nk,{gj such that
¢a’a ﬂh=2'§r‘l;’o" (3“1,.-.,/(/
ol

This condition can be restated as follows.

J11. The necessarvy cond;pion 22 Clebsch !Legendre). The
multipliers ), {t) satis{vy the relation ), {t) & O along Co, the
equality holding whenever #_ > O. Moreover at each element '
(t)Q:p:a1A) on Co we have

H in s
'(xhak
holding for all sets (m) # (0) satisfyipg tbhe pelations

¢;“ah = 0




where A‘ranges over the integers 1,...,1 fomewhdcli @) = 0.

The arc Cg will be said to be nonsinpular in case at each
element (t,q,p,a,A) on Co the determinant

I
e Tray
- ; : 0
¥V 'k
is different from zero where #,3” ranges over the integers 1,...,4

for which gy = 0 not only at {t,q,a) bat also.at neighboring
elenents (t,q,a) on Cg. j

The variations 1
s gl B s Sik) (¢ &t 5 te)
have associazted with them a set of condiﬁions of the form
3% = Qiqj Ej + 4. hdh

(11:8)
@c ¥ ?}q_ g8 + ¢. = Q whenever ¢.=0

together with the end conditions

{0 »9) Bt )= cishﬂh (s = 1,2)

The new condition in (11:£) can be derived as follows. Let
be the variations of the variables y,. described above. The
equations of variations of the equations

#. = x;a
are

(19390 ) ® =il = 2 (o= iR
Consequently, §;= O whenever fL = 0., At points,"hereﬁ?l> 0 the
values of 7; czn be chosen so that (11:10) holis.

The arc Cp is normal in cease tlere exists 2n variations

{*h”(:) : éé“, E}ﬂ(t) (%, o8 ) 1, a8yl

satisfying equations (llzc;, nc oner linear combination of which

——eg—




L B

satisfies equations (11:9).

Let I, () be defined as in Section 4, with Hd defined by
(11:4). Adjoining the variations ¥ _to & it is found by applying
condition IV for problem B to the prrobtlem described in the deriva—
tion of condition I above that the inequality

holds for all variations

Lplt) B Bi(t) . Y[O_(t)

elitisiriag dauatiens (11:8),, (11:10) and (18290« Recall that

() S O Y28 A ®.0 whenaver g > 0, () Y(:_ is arbitrary when

o =

$. = 0., 1In view of this fact we have

IV. The secon! order condition. The second varictions I.()

nlong Co must satisfy the condition I,(¥) > O for every variation
v satisfying sougtigns (11:3) amd (11:9).

12. Paths of least time with a conditionon the 1ift ccefficient.

In section 8 we discussed the optimum path of an airpl-ne in which we
tacitly assumed that the variables remained in the domain of validity
of the uifferential ecuations. « shall now consider a restriction
encountered due to tlte faect that tre coefficient of 1lift CL tonnot
exceed a criticel value Ci DR O LS

o
A~
C (o) & Cp (M),
Here M is the msoch number and o« is the angle of attaeck. )ince we
have assumed that CL contains o . as & linear factor this condition
f
is equivalent to one of the form

fnaE) * < A(M) = Alv,z)

’

The mach number M is a function of the speed v 2nd the altitude,
If we adjoin the condition (12:1) to the problemn described in

ection & we obtain one of the type described in tie last section
with




¢(v,z,q() = i{v,2) = A

o)

The results stated in Theorem Srolil

Theore:n 12:2 If an airplane tra

must be m

rses a path of least ti:e

subject to the condition (12:1), there

Pas Pys Pysr Py such that the following

exist 'nultvpllprs Pys py,
with F

defirned g;,; ecuations (£:2)

oot e e

= MT=—-D-v ¥ ~8
s e

vw

(22 2) :
W= W
AL < Alv, Z )
A = [ Uv\‘,s;ecé’ﬁn,ﬁ

te n/s = p, Sec 24

—

87
B o T e, - e, Sl G )=t
i
pV=GV+,\Av—FV—(1—F+G;‘v

@2
@

P, and p, are constants

B

A’ 9, S A < A(V,Zl
S )\=’3*§0 f K = Av

py > 85 if & < A

sl >

Ty

-~

9=_\g,_‘; sec sinp’ CI‘ok+ L

(5, e t & = 'tap

rel..
= v cos 6 cos Y
= v sin & cos ¢
= v sin &
L[]
sin &

. =g Cos £ o L) = § cosd
v

and




—30=

In this tleorem it is uniderstood that the initial and
terminal conditions of the path are the same as those imposed in
Theorem £:1.

fecording to the results described in the last section the new
multiplier )\ is zero whenever X < A(v,z). It follows that the

conditions described in Theorem 8:1 are valid in this case,
when o = A(v,z) then by virtue of the theory developed in the last
section we replace the function H given by (£:1) by
-
H =H"-A("\"‘7\)-
Consequerntly .
R 9
a - = + —~( 1= + 3) W
pz HZ G, A,Az (1=F 3) ¥
* . y W
- = & —_r - -~} +
pv Hv By * AR =Hy (1~F G) ¥
3 W
where, us before, By has been evazluated by the formula
3 * i (=G 9
. H =F—'G+pw L’J—A(ri-d)=}‘—d+ '?,1 w = 1
From the relation
* ~ = ¢
}‘L(':Hc(*’):—\&‘*/\—d
we conciude that
A= oy
whenever o = iA{v,z)s» In fact this holds when ol < A{v,z} since
then A = 3& = 0, In view of condition IIIgiven in the last section ¥
2 see that
A=03 50
along the minimizing arc Cg. Wheno = A(y,z) condition III states
further that i
td i * r
Hdd me + 2ligg T k+ Hy, kagO

vhenever (i,k) satisfies the equation

ﬂ‘ M= =1 =

* :
viere ¢ = . —a. Consequently Hﬁf = - Ggﬁ % O

3 By an argurent like that made in the paragraph nreceding Tieoren

©:1 it 1s seen that p. 2 0 and in fact that p > O if our probiem
is to be nonsingulur. This proves the theorem.




=1,0

13 i dldustratdve exaiple. In order to illustrate tha
method describied in Section 11 consider the followine exzuple.

To find amone 41l arcs

vix) X; S xS xa2
joining the points
(o) = =242, &), {xa, vl = (20T, &)

of length 4 + m and having

y!é\ 1 0

one whicl minimizes the area integral

ta
S y dx
=S
This problem, as it stands, is not of the type described
“ in Section 11. However by the introduction of new variables it
can be reduced to ove of this type. The first variable we shall

introduce is

_‘X

{ I
algk) = \ in ® e g

AT

which measures the length of arc from x; to x. Tne second

veriable, @ ., is the dneclinasion of the zre y{x), that is,
feamy JEORN= vl LJ

The problem then becores that of choosing

%)y eln) and G.(x)

y' = tan @
z! = sec &
L#2SH x, = —=2+y2 , Yhwy) = & +, =ix;) =0
' xe = 247, ylxal =k , zlxo) =k
ﬁ-2/16 _.9;. 2 QO

5%
g ¥y dx = minimum
¥
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This new problem is of the type described in section 11 if we set

D=3 ) Qal = Y, Tzl 2% &= 18 o

The variables b1yeee,b of Section 11 are absent. The equations
Q, 2 0 reduce to
ok SR’ i B
¢ 16
The function H of Cection 11 takes the form

H = py tan 6 + p, sec g =y = A(%é_ = &‘)

Consequently condition I becones

y! = tan 6

zl = sec &

SEET

Ty :

0132 2) P = © .

L= Py sec®g + p, secé tansd + sAe =0
higd=g?l =0

10

P4 < ﬁz .
. @ = Ao
Moreover since H is independent of x we Lave

H = =b = constant.

Yrom these relations it is seen th-t

= — o Ty = ——
oy 5% T 13
where a and r are constants. Inasmuch as Eg = 0 and H = =b we have
(13:3) (x=2) sec®e® — r sec® tan® + 2 6= 0
y =b + (x-a) ten 8 — r sec &
Consider rnow the case when
16

Then A = O ind by (13:3)

Xx = a + r sin @
(13:4) y =b -r cos @
Consecuently, the arc must gr 1 eircul @r-are with- il § “cenver‘ae

(a,b) and radius + r. ‘e shall see vresently that r is positive




m

or zerv. The corresponding arc length is

TR ED zZ = r8+ ¢
as can be seen from the relations

dz = dz dx = r .
de dx de
To show that r is positive we use the Legendre conlition Hg, ¢
This yields, by (13:4), i
H, = (x—-a) 2 sec s tan® — r (sec3g + sec<s t

66 y
= —=r sec & < U.

Hence r 2 O, as was to be vroved. Inasmuch as ;sin & | & yAZ
when 84 < ﬂ2/16 we have the inequality
p= a r/fZsxga+r/i2

along the circular arc under consideration.

When & = — o_ it follows from (13:3} and (13:2) that

£12

[}

b= (x~a) = r {2
2 (x-a) + ¢, ,

z-

A= %_ (r/4e % 5= o)
Cbserve that

A =0 when x = a - r/{2

The Legendre coitaition states that A < 0 it follows that

x <a-r/{2

along that portion of the arc on which &= -1 .
IN
i b
Similprly when @ = T
y =b+ x— -ry2
z = Y2 (x—a) + ¢,
A= %—(r/{?'— %+ &)
Consequently
A=0 when % = a + r',/~]2
Since A £ O we see that

wlone that portion of the arc on which 6= n/, ,




-t
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From these considerations it is seen tliat the solution to
sour problem must be a segment of 2n arc defined by the relations

Yy=b—=ry2 —x+a x<8=-r/J2

(%€ )
a-r/ZT < x s a+ v T

y =b —~jr2 =" e =
2+ x = a g ¢ AT £ x

L}
o

|
5

y

The corresponding values of z are given by

z = (x=a)y2 + r(1 -m + ¢’ x $a-rA~2
(#.3%7) 3

z = r sin’ {x=a) + ¢ = r/ﬁ; w'e g 't AR

T
z = k=alN2 —r(1 —_) + ¢ a+ rAZ g x
’ L ]

The multiplier A is given by

A=L4 (rAZ+ x = a) x <a=—-rN2

11

A=0 o= /2 § o B r/qjy
A= L (P2 = x + a) L+ BAE < X

ks
If we choose

e 1t (0) o) EST LR S 2 S N S A o ) o2
the end conditions in (13:1) will be satisfied. For in this event

we have

Val=a = 2~(E—— 5% —2 Jl 2 ITxg= {:—
(13:8) :

y = & =Yy& —x< -yZ2 < x =V%

i e NTsxs 247
and

z = x'{E- + L —2'{;-; x & =32

X =

{z
S (& x‘{:_ P poi 475_ = s 2*{3—

N

= 2 arcsin x + 2 + n/2 =¥

]

#/




41»

In this event
X= 5 07+ x)
) S
A= 4 < = x)
v

(]

~l -

—ZF;:X % '—‘{7

The multiplier A is & conviruous function of x whose derivotive

is dilscontinucus at x = 1*{[.

The variable 8 wvhich plavs a role analogous to the

attack X in 3ection 12 is :iven by t

i
6 -

@ = 2 arcsin

2o

o=

S l

ol Bt

the relations

—2{_2_'ix<—*r§—
T
{—2_§x§2‘{?

A

i NS RS

and is accoriingly continuows. Its derivative with resipelctEiol

g =0

L 2
9 ——

NT =7 |
g =0 |
e litale amEHimons @ = 1'{5“.
The derivatives y' = t=n & and
the arc.
To show that the are (13:8) is

—2JZ <x <=-V2
=% 2 2

YTsx3 o7

WA
b3
7

z' = sec ® are continuous along

the only arc (13:0) of length

Tt % 4 passing through the points (£ 24Z , &) , observe first that

5 0 esince the value of y is the

ne at x = 2Y2 as at x = =242,

L > .{f'(i.c. r 2 4) the arc would be composed of a circular arec
:‘ o

whose length could not exceed .me, Hence r L and the arc is made

o twe Lin® segnemnt el circular arc. Since z =

LB = == 4'{2 CIR ORI . ) s ol Ol
the relations

2¥2 the ecuation (13:7) yield




Consequently

c = 2 + n/2 B

Using the fact that y = 4 when x

i)

2{4 we fin8 from (1
b = 4. The arc (13:8) i& accordingly the only arc of the !
(13:6) that satisfies the coRditions of our »roblem.




